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VANISHING VISCOSITY LIMITS FOR AXISYMMETRIC FLOWS WITH
BOUNDARY

K. ABE

ABsTRACT. We construct global weak solutions of the Euler equations in an infinite cylinder
II={xeR|x; = (x,x), r = |x] < 1} for axisymmetric initial data without swirl when
initial vorticity wy = wie, satisfies wf)/r € L7 for ¢ € [3/2,3). The solutions constructed
are Holder continuous for spatial variables in I1 if in addition that wg/ r e L* for s € (3,0)
and unique if s = co. The proof is by a vanishing viscosity method. We show that the
Navier-Stokes equations subject to the Neumann boundary condition is globally well-posed
for axisymmetric data without swirl in L? for all p € [3, o). It is also shown that the energy
dissipation tends to zero if wg /r € L1 for q € [3/2,2], and Navier-Stokes flows converge
to Euler flow in L? locally uniformly for ¢ € [0, eo) if additionally w$/r € L*. The L*-
convergence in particular implies the energy equality for weak solutions.

Résumé. Nous développons des solutions faibles globales des équations d’Euler dans un
cylindre infini I = {x € R® | x, = (x;,x2), ¥ = |x,| < 1} pour les données initiales
axisymétriques sans tourbillon lorsque la vorticité initiale wy = wiey satisfait & wf)/r € L4
pour g € [3/2,3). Les solutions développées sont la continuité de Holder pour les variables
en I si, par ailleurs, wh/r € L* pour s € (3,00), et sont uniques si s = co. La preuve est
établie par une méthode de disparition de la viscosité. Nous démontrons que les équations
de Navier-Stokes soumises a la condition aux limites de Neumann sont globalement bien
posées pour les données axisymétriques sans tourbillon dans L? pour tout p € [3,00).
Nous démontrons également que la dissipation d’énergie tend vers zéro si wf)/r € LY pour
q € [3/2,2] et que les flux de Navier-Stokes convergent vers le flux d’Euler dans L? locale-
ment de maniere uniforme pour ¢ € [0, o) si, par ailleurs, wg /r € L*. La convergence L?
implique notamment I’égalité eénergétique pour les solutions faibles.

1. INTRODUCTION

We consider the Navier-Stokes equations:

ou—vAu+u-Vu+Vp=0, divu=0 in IT X (0, o0),
0 on JI1 x (0, c0),

uo on Il x {tr = 0},

(1.1) VXuxn=0, u-n

u

for the infinite cylinder
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IT = {x = (x1,%,x3) € R |y = (x1, x%2), Jxul < 1)

Here, n denotes the unit outward normal vector field on dIl and v > O is the kinematic
viscosity.

We study the problem (1.1) for axisymmetric initial data. We say that a vector field
u is axisymmetric if u(x) = ‘Ru(Rx) for x € II, n € [0,2n], R = (e, ep,e;) and e, =
!(cosm, sinn,0), eg = '(— sinny, cosn, 0), e, = (0,0, 1). By the cylindrical coordinate (r, 6, z),
an axisymmetric vector field is decomposed into three terms u = u"e, + u’ey + uée, and the
azimuthal component u? is called swirl velocity (e.g., [67]). It is known that the Cauchy
problem is globally well-posed for axisymmetric initial data without swirl in H? [58], [81],
[60]. See also [3] for H!/2.

The purpose of this paper is to study axisymmetric solutions in L”. It is well known
that the Cauchy problem is locally well-posed in L? for all p > 3 [53]. However, global
well-posedness results are unknown even if initial data is axisymmetric without swirl. For
the two-dimensional case, the problem is globally well-posed in L? for all p > 2 (including
p = oo [41]), since vorticity of two-dimensional flows are uniformly bounded. On the other
hand, for axisymmetric flows without swirl, vorticity estimates are more involved due to the
vortex stretching as r — oo.

Recently, global-in-time solutions of the Cauchy problem are constructed in [32] for
axisymmetric data without swirl when initial vorticity wy = cugeg is a vortex ring, i.e.,
a)g = K0y, for k € R and a Dirac measure 6, ;, in the (r, z)-plane. See [37] for the unique-
ness. For such initial data, initial velocity belong to L? for p € (1,2) and BMO™! by the
Biot-Savart law. For small data in BMO™!, a global well-posedness result is in known [57].

In this paper, we study axisymmetric solutions in the infinite cylinder I1 = {r < 1},
subject to the Neumann boundary condition. Since the cylinder is horizontally bounded,
vorticity estimates are simpler than those in the whole space. We prove that vorticity of
axisymmetric solutions without swirl to (1.1) is uniformly bounded in the infinite cylinder
I1, and unique global-in-time solutions exist for large axisymmetric data without swirl in L
for all p € [3, ).

An important application of our well-poseness result is a vanishing viscosity limit as
v — 0. We apply our global well-posedness result to (1.1) and construct global weak
solutions of the Euler equations. Although local well-posedness results are well known for
the Euler equations with boundary (see below Theorem 1.1), a few results are known on
existence of global weak solutions. The well-posedness result to (1.1) in L? for p € [3, o)
enable us to study weak solutions of the Euler equations when initial vorticity is in L? for
q € [3/2,3) by the Biot-Savart law 1/p = 1/g — 1/3.

To state a result, let Lg denote the LP-closure of C¢,, the space of all smooth solenoidal
vector fields with compact support in IT. The space L% agrees with the space of all divergence-
free vector fields whose normal trace is vanishing on OI1 [75]. By a local well-posedness
result in the companion paper [1], unique local-in-time solutions to (1.1) exist for uy € LL.
and p € [3, 00). Our first result is:
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Theorem 1.1. Let uy € L. be an axisymmetric vector field without swirl for p € [3, ).
Then, there exists a unique axisymmetric solution Wl'thOEl swirl u € C([0, 00); LP) N C* (1 %
(0, 0)) of (1.1) with some associated pressure p € C*(I1 X (0, 00)).

We apply Theorem 1.1 to construct global weak solutions of the Euler equations:

ou+u-Vu+Vp=0, divu=0 in IT X (0, o0),
(1.2) u-n=0 on OI1 X (0, 00),
u = uy onIlx {r=0}.

Unique existence of local-in-time solutions of the Euler equations u € C([0, T]; W*9) N
Cl([0, T]; W*=1-4) is known for sufficiently smooth initial data uy € Wk4 with integers k >
1 +n/q and g € (1, 00), when II is smoothly bounded in R” for n > 2 [27], [12], [79], [54].
For axisymmetric data without swirl, it is known that local-in-time solutions for ug € H*
(s = 3) are continued for all time [74]. Observe that for k = 2 and n = 3, the condition
g € (3, ) is required in order to construct local-in-time unique solutions. We construct
global weak solutions under the lower regularity condition g € [3/2, 3); see below.

When I1 is a two-dimensional bounded and simply-connected domain (e.g., a unit disk),
global weak solutions of the Euler equations are constructed in [70] by a vanishing viscosity
method for initial vorticity satisfying wg € L? and ¢ € (1, 2) (see [25], [43] for R?). For the
two-dimensional case, the Neumann boundary condition in (1.1) is reduced to the condition
w = 0and u-n = 0 on I, called the free condition [62] ( [63, p.129]). The vanishing
viscosity method subject to the free condition is studied in [7], [82] for wy € L?. The
condition g € (1,2) implies that initial velocity belongs to L? for some p € (2, o) by the
Biot-Savart law ug = V-(=Ap)~lwg for 1/p = 1/q — 1/2. Here, V*+ = (0, -8;) and —Ap
denotes the Laplace operator subject to the Dirichlet boundary condition.

Our goal is to construct three-dimensional weak solutions in the infinite cylinder IT for
axisymmetric data without swirl when initial vorticity wy = wgeg satisfies a)g /r € L1 for
q € [3/2,3). The assumption for wg /r is stronger than that for vorticity itself and implies that
the initial velocity is in L? for some p € [3, co) by the Biot-Savart law ug = V X (-Ap)~'wy
and 1/p = 1/g — 1/3. For such initial data, unique global-in-time solutions to (1.1) exist by
Theorem 1.1. Note that the condition wg/ r € L9 is weaker than ug € W4 for q € [3/2,3)
since w/r = —e, - (€g - Vay).

Let BC,,([0, 00); L?) denote the space of bounded and weakly continuous (resp. weakly-
star continuous) functions from [0, co) to L? for p € (1, o) (resp. for p = o). Let P denote
the Helmholtz projection on L? [75]. We construct global weak solutions for wg /r e L1
and g € [3/2, 3), which are LP-integrable and may not be continuous. Under the additional
regularity assumptions wg /r € L* for s € (3,00) and s = oo, the weak solutions are Holder
continuous and unique. The main result of this paper is the following:

Theorem 1.2. Let ug € LY. be an axisymmetric vector field without swirl for p € [3, ) such
that a)g/r e Ll forqe(3/2,3)and 1/p=1/qg—-1/3.

(i) (Existence) There exists a weak solution u € BC,,([0, 00); LP) of (1.2) in the sense that
Vu € BC,,([0, 0); L?) and



(1.3) f f(u -0 + uu : Vo)dxdt = — f ug - podx
0o Jn II

forall ¢ € Cg(ﬁ X [0, 0)) such that div ¢ = 0 in Il and ¢ - n = 0 on Ol for t > 0, where
@o(x) = ¢(x, 0).

(ii) (Holder continuity) Ifwg/r € L® for s € (3, ), then u € BC([0, 0); L®) satisfies Vu €
BC,,([0, 00); L®), 0;u € L>(0, 00; L%) and

(1.4) Ou+Pu-Vu=0 onlL’ forae t>0.

In particular, u(-,1) is bounded and Hélder continuous in 11 of exponent 1 — 3/s for each
t>0.

(iii) (Uniqueness) If in addition that wg/r € L%, then V xu € BC,,([0, 00); L*) and the weak
solution is unique.

It is an interesting question whether the weak solutions constructed in Theorem 1.2 con-
serve the energy. Since the Poincaré inequality holds for the infinite cylinder (see Remarks
4.4 (ii)), the condition wg/ r € L4 for g € [3/2,2] implies the finite energy ug € L7 N L?
and the energy equality holds for global-in-time solutions to (1.1); see below (1.5). In the
sequel, we consider the case g € [3/2,2].

In the Kolmogorov’s theory of turbulence, it is a basic hypothesis that the energy dissi-
pation tends to a positive constant at large Reynolds numbers. See, e.g., [33]. If the energy
dissipation converges to a positive constant for global-in-time solutions u, to (1.1) as v — 0,
we would obtain a weak solution strictly decreasing the energy as a vanishing viscosity limit.
Unfortunately, due to a regularizing effect, the energy dissipation converges to zero at least
under the initial condition wg/ r € L1 for g € [3/2,2]. However, it is still non-trivial whether
vanishing viscosity limits conserve the energy since they are no longer continuous.

In the sequel, we prove that global-in-time solutions to (1.1) converge to a limit in L2
locally uniformly for ¢ € [0, co) under the additional assumption a)g /r € L. If the limit is
a C'-solution, the L?-convergence to a limit is equivalent to the convergence of the energy
dissipation [52]. The equivalence may not always hold if a limit is a weak solution. The
assumption wg /r € L™ does not imply that Vu is bounded for the limit and at present is
optimal in order to obtain the L>-convergence. Once we know the L?-convergence, the
energy conservation immediately follows as a consequence.

Theorem 1.3. Let uy € LY. N L? be an axisymmetric vector field without swirl such that
wg/r € L9 forqe[3/2,2]and 1/p = 1/q — 1/3. Let u, be a solution of (1.1) as in Theorem
1.1.

(i) (Energy dissipation) The solution u, € BC([0, o); L?) satisfies the energy equality

!
(1.5) f |u, |dx + 2v f f \Vu,|>dxds = f luo|?dx, >0,
I 0 IT IT



and

T
(1.6) v f f IVu,|*dxds < Cv'*™3/9 50 asv—0 foreachT >0,
0 11

with some constant C = C(q,T).
(ii) ( Lz-convergence ) Assume in addition that wg /r € L. Then,

(1.7) lim - sup {luy = llp2qmy = 0.
v, 1=0 0<<T

In particular, the limit u € BC([0, o0); L?) satisfies the energy equality of (1.2):

(1.8) f lul>dx = f luo|dx, t>0.
IT I1

It is noted that there is a possibility that the energy equality (1.8) holds under a weaker
assumption than cug /r € L™ although we assumed it in order to prove the L2-convergence
(1.7). In fact, it is known as a celebrated Onsager’s conjecture [71] that Holder continuous
weak solutions to the Euler equations of exponent @ > 1/3 conserve the energy (but not
necessarily if @ < 1/3). The conjecture is studied in [31] and the energy conservation is
proved for weak solutions in the whole space under a stronger assumption. A simple proof
is given in [20] under a weaker and natural assumption in the Besov space u € L3(0, T; B™)
for @ > 1/3. See [26], [16] for further developments and [30] for a review. Recently,‘ the
energy conservation is proved in [8] for weak solutions in a bounded domain in the Holder
space u € L3(0, T; C(ID)) for @ > 1/3. The weak solutions constructed in Theorem 1.2 are
indeed Holder continuous of exponent @ = 1 — 3/s > 1/3 if in addition that wg /r € L* for
s € (9/2,00]. If the result of [8] holds also for the infinite cylinder, the weak solutions in
Theorem 1.2 satisfy (1.8) even for s € (9/2, oo].

We outline the proofs of Theorems 1.1-1.3. By a local well-posedness result of (1.1) in
[11, tﬂere exist local-in-time smooth axisymmetric solutions without swirl u € C([0, T']; L?)N
C>(II % (0,T]) for uy € L and p € [3, ) satisfying the integral equation

t
u=e "y, - f e =AD (- Vu)(s)ds.
0

Here, A denotes the Stokes operator subject to the Neumann boundary condition. We estab-
lish an apriori estimate in L” based on the vorticity equation. Since the vorticity w = w’eq
vanishes on the boundary subject to the Neumann boundary condition, w?/r satisfies the

drift-diffusion equation with the homogeneous Dirichlet boundary condition:



o’ w? 2 w? )
o aprpm-w7q—4A+;@x72:o in I x (0, 7),
%—:0 on 811 x (0, T).
We prove the a priori estimate
o’ (& W
(1.10) ”T“U(H) = WHTO Ly’ £>0,v>0,

for 1 < g < p < oo, with C = C(g), independent of p and v. The estimate (1.10) for
p = q is proved in [81] for I1 = R3. Moreover, the decay estimate for p € [1,c0] and
g = 1 is established in [32]. We prove (1.10) for the infinite cylinder II. Since local-in-time
solutions of (1.1) are smooth for #+ > 0, we may assume that a)g /r is bounded. Then, the
a priori estimate (1.10) for p = g = oo implies that vorticity is uniformly bounded in the
infinite cylinder IT = {r < 1}. Since Pu - Vu = Pw X u, by the Gronwall’s inequality we
obtain an exponential bound of the form

t>0

’

%
<C exp (]| =2 ... 1)
lullran < Clluolleran exp (C| 2| . )
with some constant C = C(p), independent of v. This estimate implies that the L”-norm
does not blow-up. Hence the local-in-time solutions are continued for all time. (Moreover,
the solutions converge to zero in L for p € (p, 00) as time goes to infinity; see Remarks 2.6
(ii).)
The proof of Theorem 1.2 is based on the Biot-Savart law in the infinite cylinder. We
show that axisymmetric vector fields without swirl satisfy

(1.11) u=Vx(=Ap) ' (Vxu),

(1.12) lullzr +[IVulle < CIIV X ullga,  1/p =1/qg—1/3,

with C = C(g). The existence of global weak solutions (i) and regularity properties (ii)
follow from the a priori estimate (1.10) for p = ¢ and (1.12) by taking a vanishing viscosity
limit and applying an abstract compactness theorem. The uniqueness in Theorem 1.2 (iii) is
based on the growth estimate of the /°-norm

(1.13) IVullzeany < CpllV X ullzenzeo ),

for 3 < pg < p < oo with some absolute constant C, independent of p. The estimate (1.13)
is proved in [84] for bounded domains. We extend it for the infinite cylinder and adjust the
Yudovich’s energy method of uniqueness [85] for solutions with infinite energy by a cut-off
function argument.
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The convergence of the energy dissipation (1.6) follows from the vorticity estimate (1.10)
for p =2 and g € [3/2,2]. The L2—c0nvergence (1.7) is based on the estimate (1.13). Since
the condition (ug /r € L™ implies that V X u, is uniformly bounded for v > 0 and p > 3, we
estimate the energy norm of u, — u,, for two solutions of (1.1) by using the estimate (1.13).

Let us remark a novelty from the perspective of technique. Although the a priori estimate
(1.10) for p = g = oo is well known, the exponential bound on the L”-norm of u is a
new estimate. Since a bound for w’/r does not imply that for w? in R3, the exponential
bound can not be obtained for R? in the same way as the cylinder II. We developed the
LP-theory of (1.1) for the cylinder with the Neumann boundary condition which may be
non-standard compared with R? or bounded domains with the Dirichlet boundary condition.
The technical difficulty is the construction of the local-in-time solutions in this setting [1],
which relies on linear tools developed in [75], [6], [39]. Once the local well-posedness is
established, global-in-time solutions for axisymmetric data without swirl are constructed by
a simple approach as explained above.

During the revision of this paper, the author learned existence results on global weak
solutions to the Euler equation (1.2) in R? for axisymmetric data without swirl [14], [13]. In
the papers, global weak solutions are constructed under a weak regularity condition for a)g /r,
motivated by two-dimensional weak solutions for vortex-sheet initial data [23], [29], [66]
(see [67]). The constructions in [14], [13] are based on approximation of initial data and a
global well-posedness result of the Euler equations. More recently, global weak solutions
are constructed in [48] for axisymmetric data ug € LZ(R?) satisfying w/r € LY N L'(R?)
for g € (1, ), by a vanishing viscosity method based on the global well-posedness result to
(1.1) in H*(R?) [58], [81], [60]. Our construction is based on the LP-global wellposedness
result to (1.1) (Theorem 1.1) which enables us to study vanishing viscosity limits under the
condition ug € LE(TI) for p € [3, o0) without approximation of initial data or a finite energy
condition.

The LP-theory for axisymmetric solutions to (1.1) is a new tool to study Leray-Hopf
weak solutions [61], [44]. The Leray-Hopf weak solutions are known to exist for general
up € L2(R?) and their regularity and uniqueness are questions. If the problem (1.1) is
globally well-posed on L? for p € [3,00), one can deduce that they are smooth for all
t > 0. See [61] for Leray’s structure theorem (also [40, Theorem 5]). In the present setting,
we may construct axisymmetric Leray-Hopf weak solutions without swirl for uy € L2 by
approximation of initial data and using Theorem 1.1. Since (1.1) is globally well-posed on
L? for axisymmetric data without swirl by Theorem 1.1, such solutions will be smooth for
all > 0.

On the other hand, uniqueness is a question even if Leray-Hopf weak solutions are ax-
isymmetric without swirl. See [59], [47]. It is also a question whether there exists a Leray-
Hopf weak solution for ug € L2 satisfying the energy equality (1.5). If ug € LL N L? for
p € [3, ), (1.5) holds as in Theorem 1.3. The energy equality (1.5) is necessary to study
the energy conservation for vanishing viscosity limits (1.8).

It is an interesting question whether the energy dissipation tends to a positive constant as
vy — 0. If wg/r € L4 for q € [3/2,2], ug belongs to LY for some p € [3, 6] by the Biot-Savart
law and the energy dissipation converges to zero as in (1.6). The case ¢ € (1,3/2) is a
question. We may study this case for strong solutions assuming that uy € L for p € [3, o)
or for Leray-Hopf weak solutions for ug € L2. The case ¢ € (1,6/5] seems particularly
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important since the decay estimate (1.10) does not imply the convergence (1.6). We give a
detailed comment for ¢ = 1 in Remarks 6.4 (i).

This paper is organized as follows. In Section 2, we prove the vorticity estimate (1.10)
for local-in-time solutions to (1.1). Since we only use the estimate (1.10) for p = ¢ = o in
order to prove Theorem 1.1, we give a proof for the case p # g in Appendix A. In Section 3,
we prove the Biot-Savart law (1.11) and the estimate (1.13). In Section 4, we prove Theorem
1.2 (i) and (ii) by applying a vanishing viscosity method. In Section 5, we prove Theorem
1.2 (iii). In Section 6, we prove Theorem 1.3.

2. GLOBAL SMOOTH SOLUTIONS WITH VISCOSITY

We prove Theorem 1.1. We first observe unique existence of local-in-time axisymmetric
solutions without swirl for ug € LY. and p € [3, ). The vorticity estimate (1.10) for p = g is
obtained by integration by parts for g € [1, co]. Throughout this section, we denote solutions
of (1.1) by u = u, and suppressing v > 0.

2.1. Local-in-time solutions. We set the Laplace operator subject to the Neumann bound-
ary condition

Bu = —Au, foru € D(B),
DB)={ue W) |VX uxn=0, u-n=00ndll},

It is proved in [1, Lemma B.1] that the operator —B generates a bounded Cy-analytic semi-
group on L? (1 < p < oo) for the infinite cylinder I1. We set the Stokes operator

Au = Bu, forue€ D(A),
D(A) = LY. n D(B).

Since Au € LY by the Neumann boundary condition, the operator —A generates a bounded
Co-analytic semigroup on the solenoidal vector space LY. By the analyticity of the semi-
group, we are able to construct local-in-time solutions satisfying the integral form

!
2.1 u=e"yy- f e =P (y . Vu)(s)ds, 0<r<T,
0

for some 7 > 0, depending on v > 0. By a standard argument using a fractional power of
the Stokes operator, it is not difficult to see that all derivatives of the mild solution belong to
the Holder space CH((0, T']; L®) for u € (0,1/2) and s € (p, o). Hence the mild solution is
smooth for ¢ > 0 and satisfies (1.1).
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Lemma 2.1. For an axisymmetric vector field without swirl ug € LY. and p € [3, o), there
exists T > 0 and a unique axisymmetric mild solution without swirl u € C([0,T]; LF) N
C(I x (0, T)) of (1.1). All derivatives of u belong to C*((0,T]; L*) for u € (0,1/2) and
s € (p, o).

Proof. The unique existence of local-in-time smooth mild solutions is proved in [1, Theo-
rems 1.1, 6.3]. The axial symmetry follows from the uniqueness. We consider a rotation
operator U : f + 'Rf(Rx) for R = (e,(n)), es(n), ;) and n € [0, 27]. Since the Stokes semi-
group e~ and the Helmholtz projection P are commutable with the operator U (see [2,
Proposition 2.6]), by multiplying U by (2.1) we see that Uu is a mild solution for the same
axisymmetric initial data uy. By the uniqueness of mild solutions, the function Uu agrees
with u. Hence u(x, t) = 'Ru(Rx, t) for n € [0, 2x] and u is axisymmetric.

It is not difficult to see that u is without swirl. By the Neumann boundary condition in
(1.1), we see that an axisymmetric solution u = u"e, + u’ey + ue, satisfies

(2.2) =0, 0 +u’=0, 6,°=0 on{r=1}.

Since u is smooth for ¢ > 0 and ug = 0, by a fundamental calculation, we see that ¢ = u’eq €
C([0,T]; LP) N C=(TT x (0, T)) satisfies

Op—Ap+u-Vo—(0,u" +0,u’)p=0 inIlx(0,T),
O +¢9=0 ondllx(,T),
=0 onllx{t=0}

Since the Laplace operator —Ag with the Robin boundary condition generates a Cp-analytic
semigroup on L? [5] ( [65, Theorem 3.1.3]), by the uniqueness of the inhomogeneous heat
equation, the function ¢ satisfies the integral form

!
o= _f e(t—s)vAR(u . V(p — (6,1,/ + azuz)go)ds.
0

Since u € C([0,T];LP) and t'/>Vu e C([0,T]; LP), it is not difficult to show that ¢ = 0
by estimating L”-norms of ¢. Hence the local-in-time solution u is axisymmetric without
swirl. O

In order to prove Theorem 1.3 later in Section 6, we show that local-in-time solutions
satisfy the energy equality (1.5) for initial data with finite energy.

Proposition 2.2. For axisymmetric initial data without swirl uy € LE. 0 L? for p € [3, o),
the local-in-time solution u satisfies

(2.3) u, 1'?*Vu e C([0,T]; L” N L?),



and the energy equality (1.5) fort > 0.

Proof. We prove (2.3). The energy equality (1.5) follows from (2.2) and integration by parts.
We give a proof for the case p = 3 since we are able to prove the case p € (3, ) in a similar
way. We may assume that v = 1. We invoke an iterative argument in [1, Theorem 5.2]. We
use regularizing estimates of the Stokes semigroup [1, Lemma 5.1],

_c

3,1_1 L]
£2Gm+rr

(2.4) 6% fll;» < £l

fort < Ty, |kl < 1 and p € [6/5,2] with C = C(p, k, T¢). We set a sequence {u;} as usual by

up = e "uy,

!
ujr1 = e Aug — fo e APy Vuds, j>1,
and the constants

Kj= sup #"|lujllze(t),
0<t<T

M; = sup (lujll;> +t"2IVujll2),

0<t<T
fory = 3/2(1/3 - 1/q) and g € (3, ). Then, we have K; < K| for all j > 1 for sufficiently

small 7 > 0. Weset 1/p = 1/2 + 1/q. Since p € (6/5,2], applying (2.4) and the Holder
inequality imply that

f
—tA
|MMWSW’mm+f
0

311 IIMJ--VujIIUst
(t— 5202
< lleugll;2 + C'K;M;.

We estimate the L2-norm of Vu j+1 in a similar way and obtain
Mj+1 <M +CK\M;,

with C = C(q). We take T > O sufficiently small so that CK; < 1/2 and obtain the
uniform bound M;;; < 2M; for all j > 1. Since the sequence {u;} converges to a limit
u € C([0,T]; L) such that '/2Vu € C([0, T]; L?), in a similar way, the uniform estimate for
M is inherited by the limit. We obtained (2.3). O



2.2. Vorticity estimates. We shall prove the vorticity estimate (1.10) for p = g € [1, oo].

Lemma 2.3. Let u be an axisymmetric solution as in Lemma 2.1. Assume that wg /r e L1
for g € [1,00]. Then, the estimate

(2.5) ||“’76 (>0

Wy
<y
La(IT) r HLa(ID)

holds.

Proof. We prove (2.5) for g € [1,0). The case g = oo follows by sending g — co. We
observe that w?/r is smooth for ¢ > 0 and satisfies

o(L)+u-v(L) ~v(a+ 20

r

W?

—) =0 inIIx(0,T),
.
w@

(—) =0 ondllx(0,7).

r

(2.6)

In order to differentiate the L¢-norm of Q = w’/r, we approximate the absolute value func-
tion ¥(s) = |s|. For an arbitrary & > 0, we set a smooth non-negative convex function
Ye(s) = (s2+ )2 —gfors € R, ie., 0 < We < s, Yo > 0. The function ¢, satifies
Y:(0) = yr.(0) = 0. We differentiate y(Q) to see that

8,(WQ) = (0. QUL (Q),
VWAQ) = g(VQU(Qui™ Q).

Since ¥-(Q) = y.(22) = 0 on JI1 by the boundary condition, integration by parts yields
d q 1 . g—1
— | Ye@@dx=q | (—u-VQ+vAQ + 2v—0, Q) (Qry  (Q)dx
dt I I r
; _ 1
= - f u- Vd(Q)dx + vq f AQ Q™ (dx + 2v f — 0, (Y(Q))dx.
I I nr

The first-term vanishes by the divergence-free condition. Since ¢, is non-negative and con-
vex, we see that

fn AQY( Q™ (Q)dx = — fn IVQP((q = DY Q@) + v (Q)i:(Q))dx

41 q/2 2
<-2(1-1) fn V(v22@)[dx,

1
f lar(gbg(ﬂ))dx:Zn f dz f 0,(vlQ))dr = —2x f Y0, z, 1))dz < 0,
o’ R 0 R



for Q = Q(r, z, ). Hence we have

2.7) — f YlQ)dx + 4v(1 - = f V(v @)[*dx <.

We integrate in [0, 7] and estimate

f Yl @Q)dx < f vl Qodx, t>0.
I I1

Since ¥¢(s) monotonically converges to y¥(s) = |[s|, sending € — 0 implies the desired
estimate for g € [1, o). O

Remark 2.4. Since the operator A, + 2r~19, can be regarded as the Laplace operator in R,
it is also possible to prove (2.5) for g = co by a maximum principle. See [56], [32].

We further deduce the decay estimate of vorticity from the inequality (2.7). We give a
proof for the following Lemma 2.5 in Appendix A.

Lemma 2.5. Under the same assumption of Lemma 2.3, the estimate

holds for 1 < g < p < co with some constant C = C(q), independent of p and v.

(2.8)

t>0,v>0,

1]
[ﬁ(l’[) L‘I(H)’

ill
qu

2.3. An exponential bound. We now complete:

Proof of Theorem 1.1. Letu € C([0,T]; L”)NC oo(ﬁx(O, T]) be alocal-in-time axisymmetric
solution as in Lemma 2.1 for 7 = T, > 0. Since all derivatives of u belong to C*((0, T']; L?)
for u € (0,1/2) and s € (p, o), particularly we have V2u € CH(0,T];L®) and o’/r =
—e; - (eg - Vw) € CH((0, T]; L™).

We take an arbitrary ¢y € (0, 7). We show that the LP-norm of u is globally bounded for
t > to. By translation, we set

(-, t) =u(,t+19), 0<t<T—1.

The function i is a local-in-time solution to (1.1) satisfying itg = #(-,0) € LL, @&o/r =
(@o/r)(-,0) € L* and



t
(2.9) it = e it — f TP (- Viy(s)ds, 0<t<T —t.
0
We apply Lemma 2.3 for ii to estimate
t>0

~0 ~0
““’_ ”ﬁ
r r

<[y
L(IT) Le(IT)

Since r < 1, this yields a uniform estimate of vorticity

)
-6 0
10" || oo rry < H_r

L=’

Since Pii - Vit = P& X it and the Stokes semigroup is a bounded semigroup on L?, it follows
from (2.9) that

~ 0 ;
w
i < Clli +C H—OH i ds, t>0.
llétl| ray < ChllitollLrany + C2 r le=an J, ll2tll Lr

with some constants C| and C», independent of v > 0. Applying the Gronwall’s inequality
yields

~60
w
(2.10) ldlzran < Cilldollzeam exp (cz||7° 1>0

Le(I0) t)’

Since the L”-norm of i is globally bounded, so is u. Hence the local-in-time solution u is
continued for all # > T'. The proof is complete. O

Remarks 2.6. (i) (p = oo) It is unknown whether the assertion of Theorem 1.1 holds for p =
oo. For the two-dimensional Cauchy problem, unique existence of global-in-time solutions
is known for bounded and non-decaying initial data ug € L [41]. Moreover, global-in-time
solutions satisfy a single exponential bound of the form

llull g2y < Cilluollpo g2y exp (Callwollps@2)?), 120,

with some constants C; and C,, independent of viscosity [72]. The single exponential bound
is further improved to a linear growth estimate as ¢t — oo by using viscosity. See [86],
[34]. For a two-dimensional layer, unique global-in-time solutions exist for bounded initial
data subject to the Neumann boundary condition. Moreover, the L*-norm of solutions are
uniformly bounded for all time [36], [35].

(i1) (Large time behavior) Global-in-time solutions in Theorem 1.1 are uniformly bounded
for all time, i.e., u € BC(]0,0);LP). In fact, we are able to assume that wg/r € L? by
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replacing the initial time since local-in-time solutions u(-, ) belong to W2P for p € [3, c0).
As proved later in Lemma 3.5 and Proposition 4.3, since axisymmetric solutions of (1.1)
are uniquely determined by the Biot-Savart law and the Poincaré inequality holds in the
cylinder, we have

(7
w
lullrary < CIVullrn < €IV Xl < €[ =

Ly’

with some constants C = C(p) and C’ = C’(p). By the vorticity estimate (2.8), the solutions
are uniformly bounded in L? and tend to zero in L* for p € (p, o) as t — oo.

3. THE BIOT-SAVART LAW

In this section, we give a Biot-Savart law in the infinite cylinder (Lemma 3.5). Since
stream functions exist for axisymmetric vector fields without swirl and satisfy the Dirichlet
boundary condition, we are able to represent axisymmetric vector fields without swirl by
the Laplace operator with the Dirichlet boundary condition u = V X (=Ap)~'V x u. We first
prepare LP-estimtates for the Dirichlet problem of the Poisson equation and apply them to
axisymmetric vector fields without swirl.

3.1. LP-estimates for the Poisson equation. We consider the Poisson equation in the infi-
nite cylinder:

3.1) -A¢p = f inll, ¢ =0 ondll

Lemma 3.1. (i) Let g € (1,00). For f € L9, there exists a unique solution ¢ € W24 of (3.1)
satisfying

(3.2) l¢llw2a < Cllfllzas

with some constant C = C(q).
(ii) For q € (1,3) and p € (3/2, ) satisfying 1/p = 1/q — 1/3, there exists a constant C’
such that

(3.3) Vel < C'llfllza.

with some constant C' = C’'(q).

We prove Lemma 3.1 by using the heat semigroup e/?.



Proposition 3.2. (i) There exists a constant M such that
(34) e flla < eI\ fliza, >0,

for f € LY with the constant 1, = M/(qq’), where q’ is the conjugate exponent to q € (1, 00).
(ii) The heat kernel K(x,y, t) of €' satisfies the Gaussian upper bound,

y—yl|2
P/

3.5 0< K(x,y,1) < )
(35) <KD < oo

x,yell, t>0.

Proof. The pointwise upper bound (3.5) is known for an arbitrary domain. See [22, Example
2.1.8]. We prove the assertion (i). It suffices to show (3.4) for f € C;°. Suppose that f > 0.
Then, u = ¢'*? f is non-negative by a maximum principle. By multiplying gu¢~! by the heat
equation and integration by parts, we see that ¢ = u%/? satisfies

d 4
— f lplPdx + — f [Ve|?dx = 0.
dt Jn q Jn

Since the function ¢ vanishes on JIl, we apply the Poincaré inequality in the cylinder
llellz2 < ClIVellz2 [4, 6.30 THEOREM] to estimate

d f 2 4 2
— | lpl"dx < ——fkpl dx.
dr Jn C*q’ Jn
By the Gronwall’s inequality,
_ 2 7
3 < llgC-, O)llze™ /<"

Since ||g0||§ = ||M||Z, the estimate (3.4) holds with the constant M = 4/C%. For general
f € CZ, we approximate the absolute value function as in the proof of Lemma 2.3 and
obtain (3.4). O

By (3.4), we are able to define the inverse operator of —Ap by using the Laplace trans-
form.

Proof of Lemma 3.1. We prove (i). We set

¢ = f e fdr  for f € LY.
0

Since the heat semigroup is an analytic semigroup on L9, it follows from (3.4) that



1
(3.6) @llwra < C(1+ —)ilfllzs
Hq

with some constant C = C(q), independent of g. Since —A¢ = f, by the elliptic regularity
estimate [5], if follows that

(3.7) IV2¢lle < CAI e + ligllwra),

with C = C(g). We obtained (3.2). The uniqueness follows from a maximum principle.

We prove (ii). Since ¢ = (=Ap)~ L f = (=Ap)V2(=Ap)~'/*f, we use a fractional power of
the operator —Ap. We set the domain D(~Ap) by a space of all functions in W29, vanishing
on JIl. By estimates of pure imaginary powers of the operator [73], the domain of the
fractional power D((-Ap)'/?) is continuously embedded to the Sobolev space W4, Hence
the operator d(—Ap)~!/? acts as a bounded operator on LY.

It suffices to show that the fractional power (=Ap)~172
L7 to LP. We see that

acts as a bounded operator from

(aor 2pw = [ a= [ gy [ Ry
0 11 0
By (3.5), we have

0 C
f t_l/zK(x,y, ndr < >
0 lx =yl

with some absolute constant C. Since the operator f —s |x|™2* f acts as a bounded operator
from L7 to L? for 1/p = 1/q — 1/3 by the Hardy-Littlewood-Sobolev inequality [77, p.354],
s0 is (=Ap)~'/2. The proof is complete. O

3.2. Dependence of a constant. The growth rate of the constant in (3.2) is at most linear
as g — oo.

Lemma 3.3. Let gg € (3, ). There exists a constant C such that
(3.8) lpllw2aqry < CqllfllLanreo
holds for solutions of (3.1) for f € L1 N L1°(I1) and q € [qo, ), where

Iflzanzeo = max{|| fllza, [l fllzao }.

The constant C is independent of q.



We prove Lemma 3.3 by a cut-off function argument.

Proposition 3.4. Let G be a smoothly bounded domain in R3. Let qq € (3, ). There exists
a constant C such that

(3.9) Igllw2eG) < CqllfliLac)

holds for solutions of (3.1) for f € L1(G) and q € [qg, ). The constant C is independent of
q.

Proof. The assertion is proved in [84, Corollary 1] for general elliptic operators and n-
dimensional bounded domains. m]

Proof of Lemma 3.3. Let{¢ j};‘;_w C C(R) be a partition of the unity such that 0 < ¢; <1,
spto; C[j—1,j+ 1] and Z;‘;_w pi(x3)=1,x3€R. Letg € W?24(IT) be a solution of (3.1)
for f € L7 N L9°(II). We set ¢p; = ¢, and observe that

—A¢j=f; inGj,
¢j =0 on an,

forGi=Dx(j—1,j+1)and fj = fo; =2V - Vy; — pAp;. We take a smooth bounded
domain Gj such that G; C Gj C Dx[j—2,j+2]and apply (3.9) to estimate

6 llwzaic,y < Callfilliae,

for g € [qo, o) with some constant C, independent of j and g. It follows that
IV2¢@jllaan < Cqlllfllza, + Illwra))-

By summing over j, we obtain

(3.10) IV2lloqny < Cqlllfllzaan + llwraam)-

We estimate the lower order term of ¢. By Lemma 3.1(i), we have [|¢|249 < Cl[fllz90 With
C = C(qo)- In particular, ||¢||y1.« < C||f]lze0 by the Sobolev inequality. Applying the Holder
inequality implies that

(3.11) lollwraamy < ClIfllzaoqm



for g € [qp, o) with some constant C, independent of g. The estimate (3.8) follows from
(3.10) and (3.11). O

3.3. Stream functions. We shall give a Biot-Savart law for axisymmetric vector fields
without swirl. We see that a smooth axisymmetric solenoidal vector field without swirl
u = u"e, + ute, in I1 satisfies

0,(ru®) + 0,(ru’) =0 (z,r) eR % (0, 1),

ru =0 on{r=0,1}.

Since (ru?, ru") is regarded as a solenoidal vector field in the two-dimensional layer Rx(0, 1),
there exists a stream function (r, z) such that

L,y
=—, 1 =-—

o’ 0z’

ru

Since ¢ is constant on the boundary, we may assume that ¥ = 0 on {r = 1}. Since ¢ =
(W /r)eg satisfies

divg=0,Vxg¢p=u inll, ¢=0 ondll,

we see that —A¢ = V x u. Thus the stream function is represented by ¢ = (=Ap)~'V x u.

Lemma 3.5. (i) Let u be an axisymmetric vector field without swirl in LL. such that Vxu € L4
forqge (1,3)and 1/p =1/q —1/3. Then,

(3.12) u=Vx(=Ap) (Vxu).

(ii) The estimates

(3.13) lullr + IVulla < CHlIV X ullpa,
(3.14) IVully < CollV X ullp, 1< p < oo,
(3.15) IVullr < C3pllV X ullearo, 3 <po <p < oo,

hold with some constants C, = C1(q) and Cy = C2(p). The constant Cs is independent of p.

It suffices to show (3.12). The assertion (ii) follows from Lemmas 3.1 and 3.3.
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Proposition 3.6. Let w be an axisymmetric vector field without swirl in L? for p € (1, c0).
Assume that

divw=0,Vxw=0 inIll, w-n=0 ondll

Then, w = 0.

Proof. Since w = w'e, +we; is a harmonic vector field in [Tand A = 9% +r~'0, + r—Zag + 8?
by the cylindrical coordinate, we see that

0=Aw=AW"e,) + A(W'e,)
= {(83 +rlo, —r?+ c")g) wr} e, + (Anw)e,

={(A-r2)w e + (Awde..

Hence, (A — r)w" = 0 and Aw® = 0. By A(w'e,) = {(A — r>)w"}e, = 0, w'"e, is harmonic
in I1. Since w" vanishes on the boundary and the operator —Ap is invertible on L?, we see
that w" = 0. By the divergence-free condition d,w” + w"/r + d,w* = 0 and a decay condition
wt € LP, we have w* = 0. ]

Proof of Lemma 3.5. We set
d=(Ap) ' (Vxu), i=Vxp.
Since u is axisymmetric without swirl, ¢ is axisymmetric and ¢ = ¢%ey. Since ¢ satisfies
divg=0, -Ap=Vxu inll, é#=0 ondll,
it follows that
divii=0, VXia=Vxu inlIl, #-n=0 onoll

Applying Proposition 3.6 for w = u — i implies u = &i. We proved (3.12). O



20

4. VANISHING VISCOSITY LIMITS

We prove Theorem 1.2 (i) and (ii). When the initial vorticity satisfies wg /r € L4 for
q € [3/2,3), the initial velocity belongs to L? for p € [3, o) by the Biot-Savart law and a
global-in-time unique solution u = u, of (1.1) exists by Theorem 1.1. We use the vorticity
estimate (2.3) and construct global weak solutions of the Euler equations by sending v — 0.
In the subsequent section, we prove Holder continuity of weak solutions.

4.1. Convergence to a limit. We first derive a priori estimates independent of the viscosity
v > 0.

Lemma 4.1. (i) Let uy € L', be an axisymmetric vector field without swirl such that wg /r €
L7 for g € [3/2,3) and 1/p = 1/q — 1/3. Let u, € C([0, c0); L) N C®(II x (0, 0)) be a
solution of (1.1) for ug as in Theorem 1.1. There exits a constant C = C(q) such that

0
w,
@.1) iy + 19 oy < €[ =2

, t>0,v>0.
La(T0)

Moreover, for each bounded domain G C T1, there exists a constant C' = C’(q) such that

(4.2) ||6tuv||W*l,q(G) <C

r

“’8
(V+”— t>0,v>0,
r

La(IT) Lq(n))’

where W= denotes the dual space of Wé’ql and ¢’ is the conjugate exponent to q.
(ii) Ifcug/r € L’ for s € (3, 0), then

(4.3) IVt llsqany < CHQ)TS| pay 120.v>0.
with some constant C = C(5s).
(iii) Ifwg/r € L™, then
%
(4.4) IV X uyllzomy < HTHLDO(H)’ t>0, v>0.

Proof. Since wg/ r € L1, applying Lemma 2.3 implies the vorticity estimate

9
”&
r Le

0

w
<[5
L4 r

Since r < 1, the L9-norm of the vorticity V X u, is bounded. By the estimate of the Biot-
Savart law (3.13), we obtain (4.1). The estimates (4.3) and (4.4) follow in the same way.
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We prove (4.2). We take an arbitrary ¢ € C2°(G) and consider its zero extension to
IT\G (denoted by ¢). We set f = Py by the Helmholtz projection operator P. By a higher
regularity estimate of the Helmholtz projection operator [75, Theorem 6], we see that f €
C*(II) and

A llwrs = [Pellwrs < Cligliwrs

with some constant C = C(s) and s € (1, c0). By multiplying f by (1.1) and integration by
parts, we see that

f@tuv-fdx=vauy-fdx—f(uv-Vuv)-fdx
b I n
:—vaxuv-Vdex+fuvuv:Vfdx.
II II

By div u = 0, the left-hand side equals to the integral of d,u, - ¢ in G. By applying the
estimate of the Helmholtz projection, we obtain

f Oty - pdx
G

with C = C(q). Since p/(p — 2) < ¢/, the norms of ¢ are estimated by the W' -norm of ¢
in G. By (4.1), we obtain (4.2). O

< C(V”V”vl|L‘1(H)||90||W1,q’((;) + ||uv||]24p(n)||90|lwlvﬂ/(ﬁ2)((;));

We apply the estimates (4.1) and (4.2) in order to extract a subsequence of {u,}. We recall
an abstract compactness theorem in [80, Chapter III, Theorem 2.1].

Proposition 4.2. (i) Let Xy, X and X, be Banach spaces such that Xy, C X C X; with
continuous injections, Xy and X, are reflexive and the injection Xy C X is compact. For
T € (0,00) and s € (1, ), set the Banach space

Y ={ueL*0,T;Xo) | O € L*(0,T; X1)},

equipped with the norm |lully = |lullso,7.x,) + 0:ullso,7:x,). Then, the injection Y C
L*(0,T; X) is compact.

Proof of Theorem 1.2 (i). For an arbitrary bounded domain G c II, we set Xy = WH9(G),
X = L4G) and X; = W 4(G). Since {u,} is a bounded sequence in Y by (4.1) and (4.2),
we apply Proposition 4.2 to get a subsequence (still denoted by u,) that converges to a limit
u in L*(0, T; L1(G)). By choosing a subsequence, we may assume that
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u, —» u in L0, T; L1(G)),

for arbitrary G c ITand T > 0.
We take an arbitrary ¢ € CLI. (ITx [0, o)) such that div ¢ = 0 in IT and ¢ - n = 0 on JI1. By
multiplying ¢ by (1.1) and integration by parts, we see that

4.5) f f(uv - 0o —vVu, - Vo + uyu, : Vp)dxdt = — f ug - @odx
o Jn n

Note that the integral of d,u, - ¢ on JIl vanishes since 0,45 = 0 and ¢ - n = 0 on JIL
The first term converges to the integral of u - d,¢ and the second term vanishes by (4.1).
We take a bounded domain G C IT and T > 0 such that spt ¢ C G % [0,T]. Since u, is
uniformly bounded in L*(0, co; LP(IT)), by (4.1) and p > ¢’, u, is uniformly bounded in
L*(0,T; LY (G)). Hence

f f(uvuv : Vo — uu : Vo)dxdt
o Jn
T T
f f uy,(uy — u) : Vpdxdt f f (uy, — wu : Vdxdt
0 G 0 G

< ”VSDHL“’(GX(O,T)) (||uv||Ls/((),T;Lq’(G)) + ”“”LS'(O,T;L’I/(G))) llee, — MHLS(O,T;LCI(G)) -0 asv—0.

< +

Thus sending v — 0 to (4.5) yields (1.3). Since the estimate (4.1) is inherited to the limit u,
we see that u € L*(0, co; LP) and Vu € L*(0, oo; L9).

We show the weak continuity u € BC,,([0, o0); L?). We take an arbitrary ¢ € C2°(II) and
n € C°(0, o). By multiplying ¢n by (1.1) and integration by parts as we did in the proof of
Lemma 4.1, we obtain the estimate

foo(f u,(x, 1) - t,o(x)dx)f](t)dt
0 11

9 00
(,UO q
Lq(H)HSDHWl.p/(p—Z)(H)) (j()‘ n(t) l‘)

el + || =2

g
ot
r

Lq(n)(

with C = C(g), independent of v. Sending v — 0 yields

f N ( f u(x,t) - go(x)dx) n(t)dt
0 1

2

Lq(n)”(P”WLP/(pﬂ)(n) (L T](l)dl) .

()

w

< CH—O
;

Thus

h(t) = f u(x, 1) - p(x)dx
m
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is differentiable in the sense of distribution and

. _ . _0
fo o] = fo nondn < =2 el ( fo n(t)dt)-
By duality, 1 € L®(0, c0) and
d wg 2
& fn u(x, t) . go(x)dx < C||7 Lq(n)”t,D”Wl,p/(p—Z)(H), ae.t>0.

Hence for s € [0, o), we have

fu(x, 1) - p(x)dx — f u(x, s) - o(x)dx ast— s.
T m

By u € L®(0,c0; L") and the density, the above convergence holds for all ¢ € L”. Thus
u € BC,,([0,00); LP). The weak continuity of Vu on LY follows from that of u on L”. We
proved the assertion (i). O

4.2. Regularity of weak solutions. We prove Theorem 1.2 (ii). We use the Poincaré in-
equality.

Proposition 4.3. Let u € C(II) be an axisymmetric vector field without swirl such that
divu=0inll, u-n = 0ondll and u(x) — 0 as |x| — oo. Assume that Vu € L’(Il) for
s € (1,00). Then, the estimate

(4.6) lleellsy < ClIVullLsq)
holds with some constant C = C(s).

Proof. Since the radial component " vanishes on Il by u - n = 0, we apply the Poincaré
inequality [4] to estimate

llee" |zsqmy < ClIVU' || Lsqys

with C
D = {x,

C(s). We estimate u*. For arbitrary 71,20 € R, we set G = D X (z1,22) by
(x1,x2) | |xn| < 1}. Since div u = 0, it follows that

Ozfdiv udx:fuz(r,zz)d?{—fuz(r,m)dﬂ-
G D D
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Since u decays as |z] — oo, we see that the flux on D is zero, i.e.,

f uz(r,zl)dq-( =0.
D

We apply the Poincaré inequality [28] to estimate

el sy (z1) < ClIVRulspy(21)s

with C = C(s), where V}, denotes the gradient for the horizontal variable x; = (x1, xp). By
integrating for z; € R, we obtain (4.6). O

Proof of Theorem 1.2 (ii). If wg/r € Lf for s € (3, ), the limitu € BC,,([0, c0); L?) satisfies
Vu € L>(0, 00; L*) by (4.3). Thus u(-, t) is Holder continuous in II and decaying as [x| —
co. We apply the Poincaré inequality (4.6) to see that u € L*(0,00; W) and u - Vu €
L*(0, oo; L®) by the Sobolev inequality. By integration by parts, it follows from (1.3) that

4.7) f f u - endxdr = f f(u - Vu) - pndxdt
0 II 0 I1

for all ¢ € LY and n € C(0, o), where s’ is the conjugate exponent to s. By the bound-
edness of the Helmholtz projection on L* and a duality, we see that ,u € L*(0, co; L*) and
u € BC([0,0); L®). The equation (1.4) follows from (4.7) by integration by parts. Since
Vu € L*(0, 005 L¥) and u € BC([0, c0); L®), we see that for ¢ € C°(I1),

f ou(x,t) - p(x)dx = — f u(x, 1) - dp(x)dx — — f up(x) - Op(x)dx
I T T
= f Oup(x) - (x)dx ast — 0,
1
where d = X for |k| = 1. By density of C>(IT) in L*' (IT), we have for ¢ € L (IT)
f Ju(x,t) - p(x)dx — f Oup(x) - p(x)dx ast — 0.
n I

Thus Vu is weakly continuous at ¢ = 0, i.e., Vu € BC,,([0, 00); L*).
If in addition that a)g /r € L™, the limit satisfies V X u € BC,,([0, 00); L) by (4.4). O

Remarks 4.4. (i) The equation (1.4) is written as

Ou+u-Vu+Vp=0 onL’ forae.r>0,
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by the associated pressure Vp = —(I — P)u - Vu € L=(0, oo; LF).

(ii) The weak solutions in Theorem 1.2 are with finite energy for g € [3/2, 2]. In fact, by the
global estimate (4.1) and applying the Poincaré inequality (4.6) for global-in-time solutions
u = u, of (1.1) for wg/r € L7 in Theorem 1.1, we see that

0

W,

0
lusller + luyllee < CliVuylls < €7 - Hm’ 120, v>0,

with C’ = C’(g) for p € [3, 6] satisfying 1/p = 1/q — 1/3. By the Holder inequality,

]
w
% 1-6 0

oty llze < ||uv”Lq”uv”LP <C’ - H

, t>0,v>0,
L4

for 1/p = 6/q + (1 — 8)/p. Hence u, is uniformly bounded in L for all p € [g, p]. Since
[2,3] C [gq, p], in particular u, € L*(0, oo; L?) and the limit as v — 0 belongs to the same
space.

5. UNIQUENESS

We prove Theorem 1.2 (iii). It remains to show the uniqueness. Since the weak solutions
are with infinite energy for g € (2, 3), we estimate a local energy of two weak solutions in
the cylinder by using a cut-off function . We then send R — oo and prove the uniqueness
by using the growth bound of the L°-norm (3.15). To this end, we show decay properties of
weak solutions.

5.1. Decay properties of weak solutions. We use the Poincaré inequality (4.6) and deduce
decay properties of velocity as |x3| — oo.

Proposition 5.1. The weak solutions (u, p) as in Theorem 1.2 (iii) satisfy

(5.1 u, Vu,0u, Vp € L=(0, co; LY).

Proof. Since u(-,t) is bounded and Holder continuous in Iand Vu € BC,,([0, 00); L), we
see that u - Vu € L®(0, co; LY). Thus, 6,u and Vp = —(I — P)u - Vu belong to L>(0, co; L7) by
(1.4). By the Poincaré inequality (4.6), u € L*(0, co; L?) follows. O

We estimate the pressure p as |x3| — co. We set
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P(xp, x3, 1) = p(xp, x3,1) — p(x3,1),

(5.2) R 1
p(x3,0) = — | p(xp, x3,1)dxp.
Dl Jp
Proposition 5.2.
(5.3) p € L*(0, 00; LY),
(5.4) 1p(x3, 0l < C(A + |x3D'3, x3eR, >0,

with some constant C, independent of x3 € R and t > 0.

Proof. The property (5.3) follows from (5.1) by applying the Poincaré inequality on D. We
show (5.4). We integrate the vertical component of (1.2) on D to see that

o [ . 0
— d - Viud — dx, = 0.
athu xh+fDu u xh+azj;pxh

Since the flux of u on D is zero as we have seen in the proof of Proposition 4.3, the first term
vanishes. We integrate the equation by the vertical variable between (0, z) to get

Z
fP(V,ZJ)dXh=fp(r,O,t)dxh—f fu-Vude.
D D 0o Jp

We observe that u € L®(0, c0; W) for p € [gq,3) by (5.1) and Theorem 1.2 (ii). Since
u-Vu € L*(0, 00; LP/?) for p > 2, we apply the Holder inequality to estimate

Z
f fu - Vutdx
0 D

Since p € [2,3) and 1 —2/p < 1/3, we obtain (5.4). |

<IDX (0,2 Pl - Vull o < Clf'™2°,  £>0.

We use the growth bound for the L°-norm of Vu as p — oo.

Proposition 5.3.
Vu € BC,,([0,); LF), p € (3, ),
V x u € BC,,([0, 00); L™),
IVullpp < Cp, p>3,t20,

with some constant C, independent of p.
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Proof. By construction, the weak solution u satisfies

W
IV xuly <=2, rz0.
p

for all p € (3, 00). We fix p € (3, o0) and take pg € (3, p). It follows from (3.15) that

(4
w,
0
Vully < CollV X ullye sC”—H ,
IVules < Coll¥ xullseam < Col =2,

with the constant C, independent of p. Since the L-norm of a)g/ r is uniformly bounded for
all p > 3 by wg /r € L™, we obtain the desired estimate for Vu. O

5.2. Local energy estimates. We now prove the uniqueness. Let (11, p1) and (u2, p2) be
two weak solutions to (1.2) in Theorem 1.2 (iii) for the same initial data. Then, w = u; — up
and m = p; — po satisfy

ow+u-Vw+w-Vupr +Vr=0, divw=0 in IT % (0, c0),
(5.5) w-n=0 on 011 x (0, 00),
w=0 on Il x {r = 0}.
Let 8 € C;°[0, c0) be a smooth monotone non-increasing function such that 8 = 1 in [0, 1]
and 6 = 0in [2, c0). We set Or(x3) = 0(Jx3]/R) for R > 1 sothat g = 1in [O,R], 6 = 0 in

[2R, ), [10+,0rllc < C/R and spt dy,6r C Ig for Iz = [R,2R]. By multiplying 2w6g by (1.2)
and integration by parts, we see that

d
(5.6) — f Iw?0gdx + 2 f (w - Vi) - whgdx — f uwl? - Vogrdx — 2 f aw - VOrdx = 0.
dr it I I II

We set

¢R(t):f|W|2(X,l)9R(X3)dx.

II

By Theorem 1.2 (ii), the function ¢g € CI[0, o0) is differentiable for a.e. ¢+ > 0 and satisfies
#r(0) = 0. We estimate errors in the cut-off procedure.

Proposition 5.4. There exists a constant C = C(R) such that

(5.7) f urwl? - Vogdx| + 2 f aw - VOrdx
I1 I1

+ <C, t>0.
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The constant C(R) converges to zero as R — oo for each t > 0.

Proof. Since u; € L*(0,00; L7) and w € L*(II X (0, o)) by Proposition 5.1 and Theorem
1.2 (ii), applying the Holder inequality yields

f uywl? - VOrdx
IT

with some constant C”, independent of R. We next estimate the second term of (5.7). We
set 1 = 7 + & by (5.2). Since 7 € L™(0, co0; LY) by (5.3), it follows that

f 7w - VOrdx
1

144

Rl/a’

C C’ ,
< —f lugldx < —|D x Ig|"¥ |ju||ze <
R Jpxig R

C 5 C’
< —= |7t|dx < .
R Jpxig R4

It follows from (5.4) that

f aw - VOrdx
II

with some constant C’, independent of R. Since 2/3 — 1/q’ > 0 for ¢ € [3/2, 3), the right-
hand side converges to zero as R — oo. O

’

C C l/ 4
< — < — q < —
< 2373 fox/R Iwldx < FIE ID X Ig|""* [Wllze < T

Proof of Theorem 1.2 (iii). By Proposition 5.3, there exist constants M| and M such that

Wl < My,
IVusllzr < Map, p>3,1t>0.

For an arbitrary 6 € (0,2/3), we set p = 2/6. We apply the Holder inequality with the
conjugate exponent p’ = 2/(2 — ) to see that

’2 f (W Vi) - whgdix| < 2 f IVuo|(Iwl6y ) dx
II I

<2M8 f IVuo|(Iwley *)>dx
I

1/p
ssznvugnU( f |w|29Rdx)
I1

1 ’
< 2MMapg”.

Thus, ¢ satisfies the differential inequality
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r() < agr®'* +b, >0,
¢r(0) =0,

with the constants a = 2M%M,p and b = C(R) by (5.6) and (5.7). Hence we have
1

R (1) ds
5.8 —F <t
(5-:8) fo as'/P +b
We prove that
(5.9) limg e Pr(f) < 00 for each t > 0.

Suppose on the contrary that (5.9) were false for some #y > 0. Then, there exists a sequence
{R;} such that lim;_,, ¢Rj(t0) = oo. For an arbitrary K > 0, we take a constant N > 1 such
that ¢g;(f0) > K for j > N. It follows from (5.8) that

fK ds <
1/ L =10
o asl’? +b

Since the constant b = C(R;) converges to zero as R; — oo, sending j — oo yields
(r/a)K'" < ty. Since K > 0 is arbitrary, this yields a contradiction. Thus (5.9) holds.
Since |w|*60g monotonically converges to lw|? in I1, it follows from (5.9) that

() = f wP(x, f)dx = lim f W (x, )0 (x3)dx < 0.
I R— o

Sending R — oo to (5.8) implies (p Ja)¢'P(t) < t. We thus obtain

f w(x, P dx < M7(2Ma0)>°.
II

Since the right-hand side converges to zero as  — 0 for r € [0, T] and T = (4M>)~", we see
that w = 0 in [0, T]. Applying the same argument for ¢ > T implies u; = u; for all r > 0.
The proof is now complete. m]

Remark 5.5. By a similar cut-off function argument, uniqueness of weak solutions of the Eu-
ler equations with infinite energy is proved in [15, Theorem 5.1.1] for the whole space under
different assumptions from Theorem 1.2 (iii). See also [21, Theorem 2]. We proved unique-
ness of weak solutions in the infinite cylinder based on the Yudovich’s estimate (Lemma
3.3).
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6. SOLUTIONS WITH FINITE ENERGY

It remains to prove Theorem 1.3. The proof of the L%-convergence (1.7) is simpler than
that of uniqueness of weak solutions since solutions are with finite energy.

6.1. Energy dissipation.
Proposition 6.1. The assertion of Theorem 1.3 (i) holds.

Proof. Let ug € L?. N L? be an axisymmetric vector field without swirl such that a)g /re Ll
for g € [3/2,2] and 1/p = 1/q — 1/3. By Theorem 1.1 and Proposition 2.2, there exists
a unique global-in-time solution u, € BC([0, 0); L? N L?) of (1.1) satisfying the energy
equality (1.5). Since wg /r € L1, applying Lemma 2.5 yields

() (7
w C wo
H , S 311 =1 t>0,v>0,
r L (Vt)z(q 2) r L4

with C = C(g), independent of v. It follows that

! 2 ! )12 "o
v f IV, |7, de = v f |2t < v f |~
0 0 0 r

Thus, (1.6) holds. O

2 wh2 5 3
dtsC”— vT)31.
L2 r lLe

6.2. L’-convergence. We prove Theorem 1.3 (ii). In order to apply the Yudovich’s energy
method, we prepare the following estimate (6.2) for ||Vu, ||z, which is uniform for v > O,
t > 0, and linearly growing as p — oo.

Proposition 6.2. Let ug € L”. N L? be an axisymmetric vector field without swirl such that
wj/r € L1 0L for q € [3/2,2] and 1/p = 1/q = 1/3. Let u, € BC([0,0); LP N L*) N
C®(IT % (0, 00)) be a solution of (1.1). Then, the estimates

%
(6.1) sl < €| =2,
110
(6.2) Vulir < Cpl| =2, e
6.3 \% < _wg
(63) 19z < [|=2] .

hold fort > 0 and 3 < py < p < oo with some constants C = C(pg) and C’, independent of p
and v.
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Proof. We take pg € (3, ). It follows from (4.3) and (4.6) that

0
“o
luslhyon < €[22 0v>0.

o’

By the Sobolev inequality, the estimate (6.1) follows. The estimates (6.2) and (6.3) follow
from (2.5) and (3.15). O

Let (uy, py) and (uy, p,) be two solutions of (1.1) for the same initial data uy. We may
assume that v > u. Then, w = u, — u, and m = p, — p,, satisfy

Oow —vAw — (v —w)Auy, +u, - Vw +w - Vu, + Vo =0 divw =0 inIIx (0, c0),
Vxwxn=0,w-n=0 ondllXx (0, ),
w=0 onllx{tr=0}
By multiplying 2w by the equation and integration by parts, we see that
d 2 2
— wl"dx +2v | |[Vw|"dx+2(v —p) | Vu,-Vwdx+2 | (w-Vu,) -wdx =0.
dr Jn I n il
We set
mm:fwmm%n
1
We show that K,(T) = supy,<7 ¢,(t) converges to zero as v — 0 for each T > 0.
Proposition 6.3. There exist constants M| — M3, independent of v, u > 0 such that
Wl < My,

IVuyllr < Map,
IVugll2 + Vw2 < M3,

hold fort > 0 and p > 3.

Proof. The assertion follows from Proposition 6.2. O
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Proof of Theorem 1.3 (ii). By Proposition 6.3, we estimate

|2(v ) f Vuy, - dex’ < 2VIVu |l IVwll 2 < 2VM§.
)|

For an arbitrary ¢ € (0,2/3), we set p = 2/6. Since p’ = 2/(2 — §), in a similar way as in the
proof of Theorem 1.2 (iii), we estimate

2 f (W - Vuy) - wdx| < 2M0Mopg)”.
11

Thus, ¢, satisfies

$u(t) < ag)” (1) + b,

$,(0) =0,

fora = 2M‘15M2p and b = 2VM§. We take an arbitrary T > 0. We integrate the differential
inequality between (0, #) and take a supremum for ¢ € [0, T] to estimate

va(T) ds
—FF < T.
0 as\/P +b

Since b = b, converges to zero as v — 0, by the same way as in the proof of Theorem 1.2
(iii), we see that the limit superior of K, (T) is finite for each 7 > 0. We set

K(T) := lim,_0K,(T) < co.

Sending v — 0 to the above inequality implies (o/a)K'/#'(T) < T. Since a = 2M‘15M2p and
p = 2/6, it follows that

K(T) < Mi(2MT)*".

Since the right-hand side converges to zero as 6 — 0 for T < Tp and Ty = (4M>)~!, we see
that K(7T') = 0. Thus the convergence (1.7) holds. By replacing the initial time and applying
the same argument for 7 > T, we are able to show the convergence (1.7) for an arbitrary
T > 0. The proof is now complete. ]

Remarks 6.4. (i) (¢ = 1) We constructed global weak solutions to the Euler equations
for axisymmetric data without swirl by a vanishing viscosity method. As explained in the
introduction, the condition wg/r € L? for g € [3/2,3) in Theorem 1.2 (i) is satisfied if
up € W4, This condition is weaker than uy € W24 for g € (3, c0), required for the local
well-posedness of the Euler equations.
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An interesting case is ¢ = 1 for which the condition is invariant under the scaling of (1.1)
in R3. In this case, vorticity can be a measure and we need to consider a space larger than
L3(R?) such as the Morrey space M 3(R3) [42] or BMO™! (R3) [57]. See [38]. Itis known [37,
Lemma 2.8] that the condition wf/r € L'(R?) implies that uy € (L)™' (R*) ¢ BMO™(R?).
We are able to write a)g/r e L'(R?) as wg € L'(H) for H = {(r,2) | r > 0,z € R}, or
more generally a)g € M(H), the space of measures on H. The existence of global-in-time
solutions to (1.1) in R? for a measure with compact support is proved in [32]. See [37] for
uniqueness. Moreover, global well-posedness for a)g € M(H) with a small pure point part is
proved in [38].

It seems unknown whether global weak solutions to (1.2) exist for vortex-sheet initial

data wf € M(H) (e.g., wf) > 0, with compact support and ug € L2 (H)). See [24], [49] for
convergence results. For such initial data global-in-time unique solutions to (1.1) are known
to exist [32], [38].
(i1) (Convergence in Sobolev space) Our approach is based on the a priori estimate (1.10)
which is a special property of axisymmetric solutions and is not available at the broad level.
On the other hand, there is an another approach to study vanishing viscosity limits when
the Euler equation is locally well-posed. When IT = R3, unique local-in-time solutions of
the Euler equations are constructed in [78], [50], [51] by a vanishing viscosity method. See
also [18]. In particular, for a local-in-time solution u € C([0, T]; H®) of the Euler equations
and ug € H®, s > 5/2, the convergence

u, —» u in L™(0,T; H®),

is known to hold [68]. The case with boundary is a difficult question related to analysis of
boundary layer. See [19] for a survey. However, convergence results are known subject to
the Neumann boundary condition (1.1). See [83], [9], [10] for the case with flat boundaries
and [11], [76] for curved boundaries.

(iii) (Navier boundary condition) The Neumann boundary condition in (1.1) may be viewed
as a special case of the Navier boundary condition,

(6.4) (DW)n + at)an =0, wu-n=0 ondll,

where D(u) = (Vu + VTu)/2 is the deformation tensor and fian = f — n(f - n) for a vector
field f. Indeed, for the two-dimensional case, the Neumann boundary condition is reduced
to the free condition w = 0 and u - n = 0 on JI1. The free condition is a special case of (6.4),
which is written as w + 2(a — «)u - n+ = 0 and u - n = 0 on JI1, with the curvature «(x) and
n* = (-n%,n"). For a two-dimensional bounded domain, vanishing viscosity limits subject
to (6.4) are studied in [17], [64], [55]. For the three-dimensional case, it is shown in [45]
that a Leray-Hopf weak solution u, subject to (6.4) converges to the local-in-time solution
u € C([0, T]; H*) of the Euler equations for ug € H> in the sense that

u, - u in L*(0,T;L?).
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For the Dirichlet boundary condition, the same convergence seems unknown. See [46] for a
boundary layer expansion subject to (6.4) and [69] for a stronger convergence result.

APPENDIX A. DECAY ESTIMATES OF VORTICITY
We prove the decay estimate (2.8) (Lemma 2.5). It suffices to show:

Lemma A.1. There exists a constant C = C(q) such that the estimate (2.8) holds for p =
2"q, q € [1, o) and non-negative integers m > 0.

Proof of Lemma 2.5. We apply Lemma A.1. Since

0 0
lim H%HUU) - HwTHLm(t)’

p—)OO

sending m — oo implies (2.8) for p = co and g € [1, 00). Since (2.8) holds for p = g € [1, oo],
we obtain (2.8) for all 1 < g < p < oo by the Holder inequality. m]

Let ¥.(s) be a non-negative convex function as in the proof of Lemma 2.3. We prove the
estimate (2.8) for ¥.(Q) and Q = w?/r. The assertion of Lemma A.1 follows by sending
e— 0.

Proposition A.2. There exists a constant C = C(q) such that the estimate
C
(A.D) e iy < —7 T W@l oy 1> 0. v>0,
()2
holds for all e > 0, p = 2"q and m > 0. The constant C is independent of m, v and &.
We consider differential inequalities for L°-norms of -(Q).

Proposition A.3. The function

bp(1) = fn Ye(Q)dx

satisfies
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5/3

(A.2) o) < —x(1 - %)j—/3 t>0

p/2

with some absolute constant k, independent of p and v.

Proof. We apply the interpolation inequality

2/5 3/5
lellz> < Collell2 IVl

for ¢ € Hé with some absolute constant Cy. Since y.(€2) satisfies
d 1 /2 2
= | vh@dx+ 4v(1 - =) |V(¢{; (Q))| dx <0,
dr Jn P’ Jn

by (2.7), applying the interpolation inequality for ¢ = wﬁ/ 2 yields

sd 5/3 5/3
[ (e @)f ax> e xnﬂz I

10/3 N 10/3
O (o)™
The differential inequality (A.2) follows from the above two inequalities with k = 4C 1073,
O

Proof of Proposition A.2. We set A = |[-(Qo)|lze. The estimate (A.1) is written as

C

(A3) 0,0 (1) < —
vn)2Gn)

A, t>0,

for p = 2™g and m > 0. We prove (A.3) by induction for m > 0. For m = 0, the estimate
(A.3) holds with C = 1 by Lemma 2.3.

Suppose that (A.3) holds for m = k with some constant C = C;. We set s = 2p for
p = 2"q. By the assumption of our induction, we see that

1 oni®h
()~ CI

It follows from (A.2) that
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B < —Kv(l - %)%4/3

1 (Vt)2k+l )

< — I P
< Kv(l . C:p/3/l4p/3.

We integrate the both sides between [f1, ¢] and estimate

3( 1 1 1, 2 =1 = ()2 1
PAVEIEPRTE >k(1-5) 4p]3 s
2470 @) s C PP pter3 2k+l _

2/3

Since the left-hand side is smaller than 3/2¢,°'~, sending #; — 0 yields

Pl 4p/3 2k+2
213y < Gk ,?H :
(v)? =1 k(1 = 1/s)

Since

3 4p 3 311
2y Moy =2(=-=
2s 3 ’ 25( ) Z(q s)’

and 1 — 1/s > 1/2, it follows that

¢ (1) <

1_1

(Vt)%(q s

CA (2 F7
e

1 k+3
We proved that (A.3) holds for m = k + 1 with the constant Cy| = a;Cy, for a; = b2¥2 d2*+2
and

b=x3l, d=2,

Thus (A.3) holds for all m > 0. Since

k , o
Cir1 = axCy = l_[ aj= i 2777 g 432 2,
j=1
and the right-hand side converges as k — oo, we are able to take a uniform constant C = C(q)
in (A.3) for all m > 0. The proof is now complete. O
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