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Analysing time evolution of density
distributions in the financial domain:

A literature review and

recent technical developments

Yusuke Takase

ABSTRACT

This study investigates the analysis scheme of the dynamics of asset price returns us-

ing non-parametric density estimation. The estimation can significantly improve the

study of the time evolution of the statistical characteristics of asset price returns using

summary statistical approaches, such as variance and skewness, which have been com-

monly used in financial research for a long time. The study surveys the common fea-

tures of financial data analytical procedures using non-parametric density estimation

and highlights their significance and challenges. In addition, the effectiveness of data

analysis techniques that could solve the challenges mentioned above is empirically dem-

onstrated. The study improves the research design and fact-finding for financial time-

series dynamic analysis using non-parametric density estimation.

1 Introduction

Understanding asset price dynamics is important in financial econometrics 1) (Campbell

et al., 1998). In particular, the development of market systems has made the use of high-

frequency trading data 2) available, and understanding the dynamics of high-frequency re-

turns 3) on asset prices has become a major research topic (Barndorff-Nielsen et al., 2009;

Brownlees & Gallo, 2006; Engle, 2000). Markets can suddenly crash, as in the financial cri-

sis of 2008 triggered by the collapse of Lehman Brothers and the financial crisis of 2020 in-

duced by the COVID-19 pandemic, inflicting heavy losses on the economy and society. Em-

pirically investigating the statistical characteristics of asset price return dynamics can

help develop models and theories of future asset price dynamics, contributing to market
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participants’ rapid risk control and overall market stability.

In financial econometrics, it is common to measure the statistical characteristics of as-

set price returns in terms of moment statistics 4), such as variance, skewness, and kurto-

sis (Arneri , 2020). Consistency with existing financial theory and simplicity of calcula-

tion in practice are partial reasons for the widespread use of these statistics. This trend

is also the case in high-frequency return dynamics research, in which moment statistics

have been actively studied as realised volatility, realised skewness, and realised kurtosis,

especially in the field of market microstructure (Amaya et al., 2015; Barndorff-Nielsen et

al., 2009; Mei et al., 2017).

However, the conventional summary statistics approach can only partially represent

the statistical characteristics of return dynamics. For example, variance indicates the de-

gree of spread of the density distribution, while skewness indicates only the asymmetry

of the density distribution. In this respect, it has been seen as problematic over the

years that summary statistics fail to make use of the potential shape information on den-

sity distribution that should be available from time-series data (Arroyo & Mat , 2009;

Bessa et al., 2012; Krempl et al., 2019; Tay, 2015). Indeed, it is known that for time-series

data of large size and frequency and non-stationary time-series data 5), approaches using

summary statistics hinder a proper understanding of the temporal evolution of statisti-

cal features of time-series data (Lampe & Hauser, 2011). In other words, the conventional

summary statistics approach in financial econometrics may miss important statistical fea-

tures and their time-evolution patterns that should be found in asset price returns, espe-

cially high-frequency returns.

An alternative approach is to analyse the comprehensive shape of the density distribu-

tion of returns obtained directly from the sample and the time evolution of the shape,

without making arbitrary assumptions and without summarising the information. The

effectiveness of directly analysing the density distribution of returns using non-

parametric 6) probability density estimation has been reported (Arneri , 2020; Iwamoto &

Takada, 2018; Semeyutin & O’Neill, 2019; Takada, 2009; X. Wang et al., 2018). This ap-

proach is a highly useful time-series analysis method that is increasingly being used inter-

disciplinary in the time-series analysis domain as well as in the financial domain

(Goswami et al., 2018; He & Li, 2018; Kraemer et al., 2021; Krempl et al., 2019; Lampe &

Hauser, 2011; Lampert, 2015). However, a common analysis scheme for asset price re-

turns using this non-parametric probability density estimation, the utilisation barriers

to be considered, and the effective techniques to solve the barriers have not yet been
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discussed.

To address these research gaps, this study focuses on the kernel method, commonly

used for non-parametric probability density estimation, and reviews the previous litera-

ture to explore the procedural features and issues of density distribution analysis of as-

set price returns. This study makes a unique contribution to the literature because it con-

siders applying non-parametric probability density estimation methods to high-

frequency financial data considering recent trends in the financial domain. In addition,

an interdisciplinary survey of data analysis techniques that could address the current chal-

lenges identified in the review mentioned above is conducted, and the effectiveness of

these techniques is tested.

The main contributions of this study are as follows. The first contribution is that,

through a comprehensive review of previous studies in the financial domain, common as-

pects of density distribution studies of returns using non-parametric density estimation

are organised, such as its significance, procedures, and points to note. To the best of my

knowledge, there is no comprehensive review of existing studies in this context, which is

a highly novel endeavour. It provides a better understanding of density distribution analy-

sis of returns using non-parametric density estimation and assists in constructing an ana-

lytical design that meets the research objectives. The second contribution is the practical

introduction of data analysis techniques that could solve the identified problems of den-

sity distribution studies of returns in terms of their effectiveness. It helps to remove bar-

riers to the introduction of non-parametric density estimation methods in studies of

higher frequency financial data in general, including studies of returns on price assets.

The rest of this paper is structured as follows. Section 2 provides an overview of non-

parametric density estimation. The significance of focusing on density distributions and

specific analysis methods are explained. Section 3 presents the results of a previous re-

search review of asset price return studies using kernel density estimation. It highlights

the commonalities in the analysis and the issues remaining in the current state of the

art. Finally, the effectiveness of data analysis methods that address the issues high-

lighted in the previous section is tested using synthetic data.

2 Non-parametric kernel density estimation

2.1 Non-parametric density estimation

Non-parametric density estimation is a statistical method for estimating, from sample

data, the true density function7) f廓X較that a continuous random variable X follows
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without assuming a model for the density distribution. Non-parametric density estima-

tion has been applied in a variety of applications and now underpins data analysis tech-

niques, non-parametric regression ( ek & Sad ko lu, 2020; Eubank, 1999; H.-G. M ller,

2012), non-parametric independence tests (Bagnato et al., 2014; Rosenblatt, 1975), and non-

parametric pattern recognition (Fukunaga, 2013; Jain et al., 2000). Recent developments

in the data analysis environment, such as improved computer performance and increased

data volumes, have further expanded the use cases for approaches based on non-

parametric density estimation.

There are three general validities of non-parametric density estimation (Izenman,

1991).

A) Exploratory Analysis. It aims to explore latent features behind the data in an explora-

tory manner. Non-parametric density estimation allows for flexible numerical de-

scriptions of features of random variables, such as multimodality8) and fat tails 9).

B) Confirmatory Analysis. It aims to test models and hypotheses from the sample

data. Non-parametric density estimates are the basis for decision-useful statistical

analysis methods, such as independence tests.

C) Presentation (Visualisation). With non-parametric density estimation, the statistical

peculiarities of the data can be easily explained and interpreted through a graph of

density function curves.

Various approaches have been proposed for non-parametric density estimation, includ-

ing the histogram algorithm (Scott, 1979), frequency polygons algorithm (Scott, 1985), ker-

nel algorithm (Silverman, 1986), spline algorithm (Eilers & Marx, 1996), projection pur-

suit algorithm (Friedman & Tukey, 1974), and orthogonal series algorithm (Efromovich,

2010). Recent advances in machine learning technology have also led to using non-

parametric density estimation approaches with neural network algorithms (Q. Liu et al.,

2021; Sindagi & Patel, 2018). Among them, the long-established kernel algorithm is still

one of the most popular approaches (Izenman, 1991).

2.2 Kernel method

This study focuses on kernel algorithms and describes non-parametric kernel density es-

timation computation. Given the data x厩格X1, 且, Xn隔, the traditional fixed kernel den-

sity estimation f…is as follows.

f…厩
1

n
郁
n

i厩 1

1

h
K
x芋Xi
h今 混.
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K廓逸較is a kernel function 10), where h is a fixed bandwidth that controls smoothness.

When multimodal or fat-tailed distributions are assumed in probability density time se-

ries, or when the presence of outliers 11) is assumed in the data, adaptive kernel density es-

timation robust to those cases is preferred (Iwamoto & Takada, 2018; Takada, 2009). The

adaptive kernel density estimation method locally varies the bandwidth of the fixed ker-

nel density estimation (Abramson, 1982; Breiman et al., 1977). Its definition f is as fol-

lows.

f厩
1

n
郁
n

i厩 1

1

hëi
K
x芋Xi
hëi今 混.

ëi are weights that vary the bandwidth locally. The weights ëi are calculated as

格f…廓Xi較慰g隔
芋1慰2

using the pilot estimate12) from fixed kernel density estimation, where

log g厩 n
芋1
郁log f…廓Xi較. Compared to other major non-parametric probability density esti-

mation methods, the adaptive kernel density estimation changes the bandwidth locally de-

pending on the density of the data, thus accurately capturing non-normal probability den-

sity distribution 13) shapes, such as a tail with little data and a peak of gathered data

(Takada, 2008).

2.3 Kernel selection

As mentioned above, kernel density estimation requires several parameters: the choice

of kernel function K廓逸較and bandwidth h. Depending on the choice of parameters, the es-

timated probability density can vary significantly (Arneri , 2020; Takada, 2008). The

choice of parameters in kernel density estimation is, therefore, a very important proce-

dure, as it determines the quality of the probability density estimation results.

First, the choice of kernel function is explained. Table 1 presents a list of typical ker-

nel functions. Figure 1 shows the kernel functions shown in the same coordinates. The

shape of the probability density distribution differs depending on the kernel function.

The histogram can be seen as a kernel density estimation method with uniform kernel

functions.

The Gaussian kernel is the most common kernel function. It is known that differences

in kernel functions have little effect on the results of density estimation (Marron &

Nolan, 1988; Scott, 2015; Wasserman, 2006). Therefore, most literature ignores this topic

(Y.-C. Chen, 2017). The most natural choice is the Gaussian kernel (Janssen et al., 1995;

Silverman, 1986).
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2.4 Bandwidth selection

Next, the bandwidth selection methods are described. As shown in Figure 2, band-

width selection methods can be broadly classified (Jones et al., 1996) into first- and second-

generation types. First-generation bandwidth selection methods include the rule-of-

thumb method (Scott, 2015; Silverman, 1986), the least-squares cross-validation method

経営研究 第73巻 第 4号88

Table 1: List of typical kernel functions.
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(Bowman, 1984; Rudemo, 1982), and the biased cross-validation method (Scott & Terrell,

1987). Second-generation bandwidth selection methods include the plug-in method

(Sheather & Jones, 1991; Woodroofe, 1970) and smoothed bootstrap method (Faraway &

Jhun, 1990; Taylor, 1989). The differences between the first- and second-generation meth-

ods are classified according to when they were proposed. The details of bandwidth selec-

tion methods and performance comparisons are not discussed in this paper, as there are al-

ready several useful existing studies (Jones et al., 1996; Scott, 2015; Sheather, 2004;

Wasserman, 2006).

Both bias and variance in density estimation results depend on bandwidth (Arneri ,

2020). Figure 3 shows the density estimation results when various bandwidths are ap-

plied － the shape of the distribution leads to very different results for different band-

widths. When the bandwidth is too small (left-hand side of Figure 3), local features are

overestimated, and the density estimates vary significantly from one random variable to

another. If the bandwidth is too large (right-hand diagram in Figure 3), smooth estima-

tion results can be obtained, and the results are largely erroneous. Therefore, using the ap-

propriate bandwidth selection method and estimating the appropriate bandwidth is a

very important task in density estimation.

However, all bandwidth selection methods have advantages and disadvantages (Arneri ,

2020). It is essential to understand each bandwidth selection method’s advantages and dis-

advantages and use the appropriate bandwidth selection method according to the

89
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research objectives, data characteristics, and other analysis requirements.

3 Application of kernel density estimation methods to financial time series

3.1 Literature selection criteria

This subsection surveys the literature that applies univariate kernel density estima-

tion, focusing on return studies in the stock market (including stock derivatives 14)), a par-

ticularly representative research subject in the financial time-series research area. This

subsection describes the selection criteria.

(a) First, this study investigates papers in the ‘economics, econometrics, and finance’

field of Scopus for which the search terms’ kernel density estimation’, ‘stock’, and ‘re-

turn’ are used simultaneously in any search items (e.g. article title or abstract).

(b) Second, to focus only on English-language papers that had already been published, pa-

pers that also fulfilled the following criteria were included; literature type ‘Article’,

publication stage ‘Final’, publication type ‘Journal’, and text language ‘English’.

( c ) Third, the search excluded literature with low citation counts, literature published be-

fore 2019 and with zero citations was excluded from the search. By applying condi-

tions (a) to (c) above, the number of eligible references was 83.

(d) Fourth, because conditions (a) to (c) also search for papers that do not apply kernel den-

sity estimation to stock market returns (including stock derivatives), the references

that apply kernel density estimation to stock market returns were manually

経営研究 第73巻 第 4号90

Note: Fixed kernel density estimation was carried out using 300 samples taken from the standard

normal random distribution. The grey dashed line shows the theoretical standard normal dis-
tribution, and the black solid line shows the estimated probability density distribution. The
figure shows that the same density estimation method gives very different results for differ-

ent bandwidths.

Figure 3: Density estimation results with different bandwidths.
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Note: For each item, the most common choices are underlined. Items not mentioned by the preced-
ing literature are marked with ‘-’.

Table 2: List of literature reviewed.



extracted from the 83 eligible references.

As a result, the review in this study focuses on a total of seven research papers that sat-

isfy all conditions.

3.2 Literature review

This subsection summarises commonalities in the previous literature that has con-

ducted kernel density estimation analyses on stock market returns (including stock deriva-

tives), particularly concerning their purpose of introducing kernel density estimation

and analytical design. Table briefly presents the results of the literature review. For

each item, characteristic common terms are underlined.

First, the purpose of introducing kernel density estimation into analysing stock mar-

ket returns is summarised. The most common purpose is visualising the return distribu-

tion (see ‘Usage’ section in Table ). By enjoying the effectiveness of A and C mentioned

in Subsection 2.1, it is possible to compare and evaluate the different shapes of the re-

turn distribution in a flexible manner. For example, the temporal evolution of return dis-

tributions (Cai et al., 2018; Gu et al., 2018; Tsay, 2016) and differences in return distribu-

tions by data type and condition (J. Chen et al., 2022; Gurrib et al., 2020; Tsay, 2016)

have been identified. Other literature also aims to develop kernel density estimation meth-

ods suitable for time-series analysis, such as stock market returns (Semeyutin & O’Neill,

2019; X. Wang et al., 2018).

Second, the analytical design of introducing kernel density estimation into analysing

stock market returns is organised. As a result, some commonalities can be identified (‘Al-

gorithm’ and ‘Kernel’ entries in Table). The traditional fixed kernel density estimation

method is often used as the basic algorithm for kernel density estimation methods.

Some literature also combines fixed kernel density estimation with sliding window 15)

methods to achieve density estimation that gives importance to the data nearest to the pre-

diction point (Cai et al., 2018; Tsay, 2016). The ease of use by users without information en-

gineering expertise may be one reason for the widespread use of fixed kernel density esti-

mation. Several programming languages already use kernel density estimation by de-

fault or have fixed kernel density estimation pre-installed in well-known packages, such

as R, Python, and MATLAB 16) (see ‘language’ entry in Table).

As mentioned above, other literature has shown that exponential weighting adaptively

reduces the impact of past data and adaptively emphasises the impact of data closer to

the prediction time point by using a new time-adaptive dynamic kernel density
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estimation (Semeyutin & O’Neill, 2019; X. Wang et al., 2018). However, this approach is

still new. There is room for further discussion as to whether it is appropriate for finan-

cial time-series analysis with any objectives, such as increasing computational costs or

the appropriateness of exponential weighting.

Except for the references that do not mention kernel functions, all references com-

monly use the Gaussian kernel as the kernel function. As mentioned in Subsection 2.3, it

is assumed that the use of the Gaussian kernel is the empirical default in the financial do-

main as well since the effect of the kernel function on the estimation results is small.

However, there is no commonality regarding the bandwidth selection method (see Ta-

ble under ‘Bandwidth selection’). The rule of thumb method is used most often, but due

to the small number of survey samples, it cannot be said that there are clear

commonalities. As mentioned in Subsection 2.4, all bandwidth selection methods have ad-

vantages and disadvantages (Arneri , 2020). It is assumed that the results from each

study select the appropriate band selection method according to the research objectives,

data characteristics, and other analysis requirements.

Third, the datasets covered by the previous literature are summarised. The analysis of

stock market returns using kernel density estimation targets US market data with a

timescale of days or less (see ‘Dataset’ in Table). Non-parametric statistical methods, in-

cluding kernel density estimation, require a certain amount of data to ensure estimation

accuracy, making applying them to weekly or monthly data difficult. The availability

and importance of intraday17) data are increasing as market trading, including algo-

rithmic and high-frequency trading18), is becoming faster. Analysis using intraday data

is likely to develop further in the future.

3.3 Future challenges in the financial high-frequency time-series research domain

This section refers to the challenges of applying kernel density estimation methods in

the financial domain. The challenge is adapting to the modern financial data analysis en-

vironment, especially larger and higher frequency data. With the development of informa-

tion technology, market trading is becoming faster through algorithmic and high-

frequency trading. The analytical significance of investigating the statistical properties

of the intraday variability of financial time series is increasing yearly. The analytical ef-

fectiveness of high-frequency data in the micro-market structure domain is already

known (Falkenberry, 2002; U. M ller, 2001; Verousis & Gwilym, 2010). Kernel density esti-

mation using intraday data, as in the previous literature (Falkenberry, 2002; U. M ller,
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2001; Verousis & Gwilym, 2010) presented in the previous section, is likely to become

more popular.

There are several barriers to overcome when applying kernel density estimation to high-

frequency financial data;

A) the presence of outliers,

B) high computational costs and

C) difficulties in visualisation.

The behaviour of the tail of the density distribution is of great importance in the

intraday analysis of financial time series. The tail of the distribution implies the occur-

rence of extreme fluctuations (tail events), such as financial crises and crashes, which are

dangerous and important signals in the market. It is known empirically that the probabil-

ity of tail events increases in intraday analysis and takes a fat-tailed density distribu-

tion shape (B. Liu et al., 2019). The accuracy of estimating the tail of the density distribu-

tion is, therefore, highly significant.

However, outliers exist in high-frequency financial time series (Falkenberry, 2002; U.

M ller, 2001; Verousis & Gwilym, 2010). Outliers reduce the reliability of the results of

density distribution tail estimation (Barrier A). However, the criteria for outliers are dif-

ficult to define, and outlier pre-processing 19) can distort reality if carried out excessively

(Falkenberry, 2002; U. M ller, 2001; Verousis & Gwilym, 2010). Therefore, when apply-
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Note: Fixed kernel density estimation was applied to 500 random numbers from the standard nor-
mal distribution (left panel), the t-distribution with three degrees of freedom (centre panel)

and the t-distribution with two degrees of freedom (right panel). The Gaussian kernel and Sil
verman’s rule of thumb, which were highly used in the previous literature review, were ap-
plied. It is observed that the errors in the estimation results are larger in the more fat-tailed

case (right panel).

Figure 4: Fixed kernel density estimation of fat-tailed distributions.
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ing kernel density estimation to high-frequency financial time series, it is necessary to

consider using approaches that are robust to outliers and can accurately estimate the

tail of the distribution.

Fixed kernel density estimation, the most used in the previous literature (previous sec-

tion), is vulnerable to noise and, as discussed above in Subsection 2.2, is generally known

to have low estimation accuracy in the tail. Figure 4 shows the fixed kernel density estima-

tion results for the fat-tailed distribution. It is observed that the errors in the estima-

tion results are larger in the more fat-tailed case (right panel of Figure 4). In addition,

comparative studies have reported that adaptive kernel density estimation has better accu-

racy for multimodal and fat-tailed distributions than fixed kernel density estimation

(Takada, 2008). However, it is assumed that the computational cost of the high accuracy

density estimation for the tail of distribution increases and the practicality decreases (bar-

rier B). The impact is even greater when the data is large scale. Kernel density estima-

tion methods suitable for intraday data need to be designed.

In addition, as financial time series become more frequent, more detailed visualisation

of the time evolution of density distributions will be required, making it more difficult
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Note: Fixed kernel density estimation was applied 50 times to 50 random numbers based on the stan-

dard normal distribution and visualised simultaneously. The Gaussian kernel and Silverman’s
rule of thumb, which were highly used in the previous literature review, were applied. The left-
hand figure shows the results visualised in two dimensions, while the right-hand figure

shows the results visualised in three dimensions. In the left-hand figure, the differences in
the characteristics of each distribution can be seen in detail. However, when there are many
density distributions to be visualised simultaneously, the density distribution close to the

back cannot be correctly evaluated due to excessive overlap of the figures. In the right-hand dia-
gram, all density distributions can be checked at once. However, if there are many density dis-
tributions to be visualised at the same time, the detailed differences in each density distribu-

tion cannot be correctly evaluated.

Figure 5: Visualisation of multiple density distributions.



to express using existing visualisation methods (Barrier C). Figure 5 shows the results

of visualising many density distributions simultaneously in a single graph. The left

hand of Figure 5 shows the results in two dimensions, while the right hand of Figure 5

shows the results in three dimensions. In the left-hand Figure 5, the differences in the

characteristics of each distribution can be seen in detail. However, when many density dis-

tributions are visualised simultaneously, the density distribution close to the back can-

not be correctly evaluated due to excessive figures overlap. In the right-hand Figure 5,

all density distributions can be checked at once. However, if many density distributions

are visualised simultaneously, each minor difference in the distributions cannot be cor-

rectly evaluated. New visualisation expressions suitable for describing the time evolution

of high-frequency time-series data will be required in the financial domain.

4 Recent progress in density estimation using kernel methods

This section examines the techniques that effectively solve future problems identified

in the previous section in financial time-series research using kernel density estimation.

Kernel density estimation is being used in several time-series analysis domains other

than the financial domain; energetics (Bessa et al., 2012; He & Li, 2018), meteorology

(Lampe & Hauser, 2011), land and water sciences (Kraemer et al., 2021; R. Wang et al.,

2012), oceanography (Goswami et al., 2018), acoustics (Lampe & Hauser, 2011), mechani-

cal engineering (Aggarwal, 2003; Lampe & Hauser, 2011), astronomy (Li et al., 2021), eco-

nomics (Aggarwal, 2003), information engineering (Lampert, 2015), environmental stud-

ies (Krempl et al., 2019), and cinematic art studies (Sreenivasan, 2013). In particular, with

the growth of data volume and the development of IT devices, relevant techniques for ker-

nel density estimation in time-series analysis are advancing, especially in streaming

data 20) analysis, where data is handled and analysed at high speed and in large volumes.

The three subsections in this section provide useful techniques for solving the problems

in financial time-series research using kernel density estimation are mentioned in interdis-

ciplinary domains, not limited to the previous literature in the financial domain;

visualisation of high-frequency time-evolving density distributions, prediction of future

density distributions and faster density estimation without loss of accuracy.

4.1 Visualisation of high-frequency time-evolving density distributions

Detailed visualisation of the time evolution of the density distribution of data is one

of the most important tasks in the various area of time-series analysis, including the
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financial domain. When using time series with large amounts of data or using non-

stationary time series, it is not easy to comprehensively describe the time evolution of sta-

tistical features of time series from general visualisation approaches, such as functions

and line plots, or time-series plots of summary statistics, such as mean and variance

(Lampe & Hauser, 2011). Conversely, a comprehensive observation of the time evolution

of density distributions using time-series data enables a more detailed understanding of

its time-evolution pattern, which is difficult to achieve with the general approaches men-

tioned above (Arroyo & Mat , 2009; Krempl et al., 2019). Indeed, the effectiveness of

visualising the time evolution based on kernel density estimation has already been demon-

strated using large or non-stationary time series (Lampe & Hauser, 2011; Li et al., 2021).

It is also very significant from a practical and ethical point of view in data analysis. Ma-

chine learning21) techniques, such as deep learning, are advancing rapidly in time-series

analysis, leading to increasingly complex and non-linear modelling between time series

and predictions based on this modelling. However, this situation is beginning to raise prac-
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Figure 6: Visualisation of the time evolution of density distributions using

the idea of contour plots.

Note: As in Figure 5, the fixed kernel density estimation was applied 50 times to 50
random numbers based on the standard normal distribution and visualised si-

multaneously. This figure, which utilises the idea of contour plots, provides a
balanced view of the time evolution of the features of the density distribution
from its central behaviour near the mean to the local behaviour at the tail of

the distribution. The problem of too many overlapping lines, which was a prob-
lem in Figure 5 left figure, and the difficulty in observing the time evolution
of the local structure in Figure 5 right figure, are resolved in a well-balanced

manner.



tical and ethical issues as they increase the black box of decision-making processes, such

as modelling and predictions based on increasingly complex methods (Guidotti et al.,

2018). Detailed visualisation of the time evolution of a time series using density estima-

tion leads to the discovery of its time-evolution patterns, which also can significantly con-

tribute to explaining modelling and forecasting processes.

The points mentioned above exist in the area of interdisciplinary time-series analysis,

and a visualisation method different from the previous section is also used; a

visualisation method of time evolution by density estimation, which is effective for time se-

ries with a large amount of data. It is a 2D visualisation approach based on heat maps

and contour plots, as shown in Figure 6, where the x-axis is represented as time, the y-

axis as random variables and the colour differences and shading as a probability den-

sity. This visualisation approach makes it possible to overcome the difficulties of interpre-

tation due to overdrawn lines in the density distribution and the difficulties of interpret-

ing local features of density distribution, as shown in Figure 5. Several empirical exam-

ples (e.g. music and temperature data) have shown that it is effective for visualising data

with non-normal distribution structures, such as multimodality and spatiotemporally

large-scale data (Lampe & Hauser, 2011). Similarly, in the space science field, it has

helped to empirically confirm the large time evolution and bimodality of density distribu-

tions of time series (Li et al., 2021).

Figure 6 shows the results of a test in which the idea of contour plots was applied to

the same sample as in Figure 5, with the x-axis representing time, the y-axis represent-

ing the random variable and the colour differences representing the probability density.

The respective time developments of the central and local structures of the density distri-

bution, which were difficult to understand in Figure 5, can be confirmed in a balanced

manner. Therefore, it is expected to be effective in visualising the time evolution of the

density distribution when estimating the kernel density to high-frequency financial time

series.

Visualising time evolution by density distributions, including the concept in Figure 6,

can complement the conventional description of time evolution by summary statistics

(e.g. mean and variance) without competing with the conventional description approach.

Summary statistics can also be calculated simultaneously from density distributions

(Bessa et al., 2012; Semeyutin & O’Neill, 2019), and their accuracy is reported to be

higher than when estimated directly from the samples (He & Li, 2018). In addition, new

methods to quantitatively describe time evolution based on the shape of the density
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distribution are available. Such approaches quantify the time evolution of the density dis-

tribution of data from the non-overlap of two distributions before and after in time

(Kraemer et al., 2021; Pastore & Calcagn , 2019), identify the distribution shape by quanti-

fying non-normality and asymmetry (Iwamoto & Takada, 2018), and establish changes

in the time-evolution pattern of the density distribution (Goswami et al., 2018). The combi-

nation of various visualisation methods, such as the above approach and popular sum-

mary statistics, enables the more detailed and comprehensive observation of the time evo-

lution of the density distribution of time-series data.

4.2 Prediction of future density distributions

Several new challenges have been made to solve the problem of analysing the time evolu-

tion of time series by density estimation, which was pointed out in the previous section,

namely the computational cost. This subsection describes one of these attempts, a tech-

nique called future density distribution prediction. This technique attempts to model the

time evolution of the density distribution shape and extrapolate it one period into the fu-

ture. While this does not directly reduce computational costs, it allows adaptive

behaviour in advance of the future time evolution of the density distribution, thus reduc-

ing the negative impact of computational costs on the analysis and decision-making proc-

ess, such as validation latency and obsolescence of analysis methods (Hofer & Krempl,

2013; Krempl et al., 2019; Lampert, 2015).

There is a common procedure for predicting future density distributions. Figure 7

shows an example of a future distribution forecast using density estimation. The pat-

tern of the time evolution of the density distribution is modelled on a data space, such

as Euclidean or Hilbert space, using modelling methods, such as regression analysis or

neural networks (see Processes 2 and 3 in Figure 7). The future density distribution is ex-

trapolated from the time weights (see Processes 4 and 5 in Figure 7). There is great diver-

sity in what data space is used and how the pattern of the time evolution of the density dis-

tribution of a time series is modelled (Arroyo & Mat , 2009; Bessa et al., 2012; He & Li,

2018; Krempl et al., 2019; Lampert, 2015), and there is currently no de facto standard-like

procedure. Demonstrations using time-series data from various domains have shown the

effectiveness of predicting their future density distribution, video and image data

(Lampert, 2015), credit score data (Krempl et al., 2019), environmental health data

(Krempl et al., 2019), wind data (Bessa et al., 2012; He & Li, 2018), and exchange rate

data (Arroyo & Mat , 2009). Therefore, as the literature is not mentioned individually in
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this paper, see them for details on the methodology.

Currently, future density distribution forecasting techniques are novel and embryonic.

Each proposed method has good and bad points, and its unthinking application to finan-

cial time series is controversial. Some examples show the effectiveness of future density

distribution forecasting techniques only for time-series data with monotonically time-

evolving density distribution patterns (Krempl et al., 2019; Lampert, 2015) and only for

time-series data with a repeating context (Arroyo & Mat , 2009). With current tech-

niques, it is expected to be difficult to capture rare and extreme temporal evolution of
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Figure 7: An example of a probability density-based approach to predicting

future distribution shapes

Note: This figure was adapted from Figure 1 in Krempl et al. (2019). Proess 1 illustrates the ob-
served time-series data X. Proess 2 illustrates the observed density distribution modelled
as an expansion of the density function. Proess 3 illustrates the compositional vectors

formed by the temporal weights of its basis functions. Proess 4 illustrates the time-
weighted compositional vectors modelled and extrapolated into the future. Proess 5 illus-
trates the extrapolated compositional vectors inverted to predict the new density distribu-

tion.
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density distributions. Therefore, its application to highly non-stationary and evolving

data, such as financial time series, is a challenging area that is expected to develop in fu-

ture density distribution prediction techniques.

4.3 Faster density estimation without loss of accuracy

A direct solution to the computational costs of continuous density estimation in time-

series analysis has also been suggested. This solution uses distributed parallel process-

ing 22) technology, such as GPUs 23), to speed up algorithms. Distributed parallel process-

ing technology enables speed-up without compromising the accuracy and detail of the

time evolution of the density distribution, such as simplifying the calculation results by

approximation and reducing the number of random variable positions in the density dis-

tribution to be estimated. Indeed, the use of GPUs has enabled real-time visualisation of

the time evolution of the density distribution of streaming data (Daae Lampe & Hauser,

2011; Lampe & Hauser, 2011).

The effect of the improved computational speed of the density estimation method is ex-

amined. Figure 8 shows how much faster the GPU-based fixed kernel density estimation

method is compared to the CPU-based fixed kernel density estimation method. How the re-

sults change with the number of random variable grids required and the number of data

is also investigated. As a result, a GPU speed-up effect was observed in all cases. The speed-

up effect increases for cases with a larger number of grids of random variables, that is,

those analysing more detailed density distribution shapes. Therefore, speeding up the

process of analysing the time evolution of the density distribution on a GPU has proved

very beneficial.

However, applying distributed parallel processing technologies, such as GPUs, to time-

series analysis, including in the financial domain, will reduce this benefit. The key to

GPU acceleration lies in managing GPU memory and data transmission and reception be-

tween CPU and GPU (Michailidis & Margaritis, 2013). Density estimation algorithms

have been improved to suit distributed parallel processing techniques according to the

analysis method, such as minimising GPU memory usage and GPU-CPU communication

(Lampe & Hauser, 2011). No previous studies have implemented density estimation meth-

ods, such as adaptive kernel density estimation mentioned in Section 2, which are robust

to anomalies and have high tail estimation accuracy on GPUs and used them for

analysing the time evolution of time series. The active introduction of distributed paral-

lel computing technology, such as GPUs, would greatly contribute to advancing research
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on analysing the time evolution of density distributions using financial time series.

5 Conclusion

This study’s approach was to analyse the comprehensive shape of the density distribu-

tion of returns directly from the sample and the time evolution of the shape, without mak-

ing arbitrary assumptions and without summarising the information. The previous litera-

ture was reviewed to explore the procedural features and problems of analysing the den-

sity distribution of asset price returns. This study is unique in that it considered
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Figure 8: Effects of GPUs on speeding up density estimation.

Note: The figure shows how many times faster the univariate GPU-

based fixed kernel density estimation (y-axis) was from the
univariate CPU-based fixed kernel density estimation. Y-axis
results are the median of 50 simulation results. x-axis shows

the amount of random data obtained from the standard nor-
mal distribution. A high-frequency financial time series (data
at 1-minute intervals) of the New York Stock Exchange in the

USA, the largest in the world, was assumed and a volume of
390 data per day was used (for example, 1 day means 390 data
were used, 5 days means 1950 data were used). The legend (dif-

ferent colours) indicates how many grids of random variables
for which the probability density was estimated. CPU (Intel
Xeon) and GPU (NVIDIA Tesla P100 PCIe) were used through

a python package (PyCuda) on Google Colaboratory. For the
setup of GPU-based kernel density estimation, 256 threads
per block and the most naive algorithm (Michailidis &

Margaritis, 2013) were used. As a result, a GPU speed-up ef-
fect was observed in all cases. The speed-up effect increases
for cases with a larger number of grids of random variables,

that is, those analysing more detailed density distribution
shapes.
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applying non-parametric probability density estimation methods to high-frequency finan-

cial data in light of recent trends in the financial domain. Furthermore, an interdiscipli-

nary survey of data analysis techniques that could address the current challenges identi-

fied in the review mentioned above was conducted, and the effectiveness of these tech-

niques was tested.

The results show common procedural features of density distribution analysis of asset

price returns in the financial domain. However, there is disagreement on the bandwidth se-

lection method, and the choice should suit the research objectives. The study also identi-

fied some remaining issues when using non-parametric probability density estimation in

the area of analysis of financial data, which is becoming more frequent: the existence of

outliers, high computational costs, and the difficulty of visualisation. Next, useful tech-

niques for solving problems in financial time-series research using kernel density estima-

tion were mentioned in three categories: visualisation of high-frequency time-evolving

density distributions, prediction of future density distributions, and speed-up of density

estimation without loss of accuracy. This study showed that algorithms using distrib-

uted parallel processing techniques, such as GPUs, can speed up the time evolution of den-

sity distributions without compromising their accuracy or detail, and in addition, with-

out simplifying the calculation results through approximation or reducing the number

of random variable positions in the density distribution to be estimated.

This study provides a better understanding of density distribution analysis of returns

using non-parametric density estimation and supports the construction of an analytical

design consistent with the research objectives. In addition, it removes barriers to introduc-

ing non-parametric density estimation methods in studies of higher frequency financial

data in general, including research on price asset returns. Empirically investigating the

statistical properties of asset price-return dynamics could help develop models and theo-

ries of future asset price dynamics, thereby contributing to rapid risk control by market

participants and overall market stability.

As confirmed in section 3, empirical analysis of the time evolution of density distribu-

tions in financial domain research is currently not very abundant. Further empirical

analysis of various research hypotheses using financial time series data, especially high-

frequency data, for various markets and timescales is required to clarify such analysis’s

effectiveness in financial domain research. Applying the useful analytical techniques iden-

tified in this paper to various financial time series data makes it possible to discover char-

acteristic patterns in the time evolution of density distributions in financial time series
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that have not been visible before. This work will consequently contribute to good

modelling of their time evolution patterns for predicting future density distributions dis-

cussed in Section 4 and refining research designs suited to the financial domain. Empiri-

cal analysis of the time evolution of density distributions using real data from high-

frequency financial transactions and the unique and novel fact-finding derived from this

analysis should be the subject of my future research.
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Note

1） Financial econometrics is a discipline that applies data analysis methods to financial time se-

ries to understand the nature of financial time series empirically and to predict the future of finan-

cial time series.

2） High-frequency financial data refers to time-series data recorded at small time-scale intervals,

such as per transaction, second, or minute.

3） Returns represent the rate of change in asset prices in financial markets, and in many cases,

the logarithmic rate of change is used due to its analytical validity.

4） Moment statistics are a quantitative measure of probability distribution shape. The first mo-

ment represents the expected value, the second moment the variance, the third moment the

skewness and the fourth moment the kurtosis.

5） Non-stationary data refers to time-series data whose statistical properties evolve with time,

and such time series are highly difficult to predict (model).

6） Non-parametric approaches differ from parametric approaches and refer to statistical analysis

approaches that are not based on arbitrary parameter assumptions of probability distributions.

7） A true density function is a function that represents the relative distribution of frequencies

that a continuous random variable would essentially follow. The integral value of an interval of

the function is the probability that the random variable corresponding to that interval will occur.

8） Multimodality refers to the property of a probability distribution to have multiple peaks.

9） Fat-tails refer to the property of a probability distribution to have a thick tail part of it, in

other words, to be relatively prone to rare phenomena.

10） A kernel function indicates a function that applies a fixed core mathematical process to input

data.

11） Outliers refer to data located far from the central position of the observed data. In some cases,

outliers are due to intrinsic properties of the data, while in others, they are data errors (noise)

that distort the results.

12） The pilot estimator refers to the preliminary estimator required in the calculation algorithm’s

pilot (intermediate) stage.

13） The normal or Gaussian distribution refers to a symmetrical, continuous probability density

distribution that takes a bell-like shape.
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14） Derivatives refer to financial contracts or instruments that are linked to the performance of

an underlying financial asset, such as a financial index or benchmark.

15） The sliding window method is one of the window models used in data stream analysis, where

data arrives in huge or theoretically infinite numbers, and refers to dividing data into a fixed or

adaptive number of windows in order of arrival and analysing each window separately. Other typi-

cal models include landmark window, damped window and sloping window models (Mansalis et

al., 2018; Silva et al., 2013).

16） R, Python and MATLAB are some of the high-level languages, in which statistical analysis

can be carried out with relative simplicity.

17） Intraday data refers to high-frequency data with time intervals smaller than daily in financial

time-series data, such as seconds and minutes.

18） Algorithmic trading refers to automated trading carried out mechanically according to some

rules, while high-frequency trading refers to high-speed trading completed in a short period, such

as a few seconds.

19） Data pre-processing refers to processing, deleting or organising raw data prior to analysis to

meet the research objectives. Excessive pre-processing can distort the nature of the data, and inter-

mediate processing to suit the analysis design is desirable.

20） Streaming data is continuously generated time series, which is large and high-frequency data

that is theoretically infinite.

21） Machine learning is the general term for disciplines and tools that perform analytical tasks,

such as classification and prediction of events with data using algorithms using statistical meth-

ods.

22） Distributed parallel processing refers to the distributed execution of tasks using a large num-

ber of computational cores. When processing a large number of tasks using computing cores of

the same performance, distributed execution of tasks tends to be faster than serial execution of

tasks on a single computing core.

23） GPU stands for graphics processing unit and originally refers to a specialised processor de-

signed to make a device’s screen display faster and smoother. In recent years, GPUs have also

been used for data analysis, such as machine learning, as they can simultaneously process large

numbers of data.
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