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The smooth torus orbit closures in the Grassmannians

Masashi Noji and Kazuaki Ogiwara

Abstract

It is known that for the natural algebraic torus actions on the Grassmannians, the closures of
torus orbits are toric varieties, and that these toric varieties are smooth if and only if the corre-
sponding matroid polytopes are simple. We prove that simple matroid polytopes are products of
simplices and smooth torus orbit closures in the Grassmannians are products of complex projective
spaces. Moreover, it turns out that the smooth torus orbit closures are uniquely determined by the

corresponding simple matroid polytopes.
Introduction

Let G (C™) be the Grassmannian consisting of all k-dimensional linear subspaces of the n-dimensional
complex linear space C™ and set T" = (C*)™. The coordinatewise multiplication of 7" on C™ induces a
T-action on G (C™). The study of T-orbits in G (C™) was initiated by Gel’fand [4], Gel’fand-Serganova
[7] and Aomoto [1] in connection with hypergeometric functions and Gel’fand-MacPherson [5] constructed
the correspondence between polytopes and T-orbit closures to get differential forms on the (real) Grass-
mannians. This correspondence was developed by Gel’fand-Goresky-MacPherson-Serganova in [6]. They
discovered a connection between T-orbits, the theory of polytopes, and the theory of combinatorial ge-
ometries. Recently, Buchstaber-Terzié [2], [3] investigated T-orbits and their closures in detail especially
when (n, k) = (4,2), (5,2).

It is known that the closure of any T-orbit in G (C™) is normal and hence a toric variety. These T-orbit
closures are not necessarily smooth. In this paper we will completely identify smooth T-orbit closures in
G (C™) for an arbitrary value of (n, k).

If (nq,...,n,) is a partition of n and (k1, ..., k,) is a partition of k, then the product of Grassmannians
Gr (C™) X Gy (C™2) x -+ X G, (C™) (1)

is naturally sitting in Gj(C™) and stable under the T-action. As is easily observed, the product above
is a T-orbit closure if and only if each Gy, (C™) is a point or a complex projective space, i.e. k; €
{0,1,n; — 1,n;} for each i. This provides examples of smooth T-orbit closures in G;(C™). Our main

result in this paper stated below says that these are essentially all smooth T-orbit closures in G (C™).

Theorem A (see Theorem 2.1). If a T-orbit closure in the Grassmannian G (C™) is smooth, then it is
of the form (1) with k; € {0,1,n; — 1,n;} for each i up to permutations of coordinates of C™ and hence

isomorphic to a product of complex projective spaces.

The proof of Theorem A reduces to combinatorics on polytopes, which we shall explain. Gel’fand-

Goresky-MacPherson-Serganova [6] introduced a map p: Gi(C") — R" called a moment map. It is
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invariant under the T-action on Gy (C™) and the image p(Gr(C™)) is the hypersimplex A, j that is the
convex hull of (Z) points in R™ with k£ 1’s and n — k 0’s in the coordinates. They show that the image of a
T-orbit closure O in G (C™) by p is a polytope sharing vertices and edges with A,, x. Such a polytope is
called an (n, k)-hypersimplex in [7] but called a matroid polytope nowadays. A key fact we will use is that
the T-orbit closure O is smooth if and only if the matroid polytope p(O) is simple (cf. [6, Proposition 1
in p.150]).

We note that if (ni,...,n,) is a partition of n and (k1,...,k,) is a partition of k, then the product of

hypersimplices
Anhkl X A’ﬂz,kz X X An1'7k7' (2)

is naturally sitting in A, , and it is simple if and only if each A,, s, is a point or a simplex, i.e.
k; € {0,1,n; — 1,n;} for each i. It turns out that these are essentially all simple matroid polytopes in

A, ; as stated below and this combinatorial result implies Theorem A above.

Theorem B (see Theorem 1.3). If a matroid polytope in the hypersimplex A, j is simple, then it is of
the form (2) with k; € {0,1,n; — 1,n;} for each i up to permutations of coordinates of R™ and hence

isomorphic to a product of simplices.

This paper is organized as follows. The first section is devoted to the proof of Theorem B above. To
prove it, we associate a graph to each vertex v of a matroid polytope by using the edge vectors emanating
from the vertex v. This graph is an analogue of that introduced in [8]. The key fact we use is that the v
is a simple vertex if and only if the graph has no cycle. In the second section, we prove Theorem A by

applying Theorem B through the moment maps.

Acknowledgement. We thank Professor Mikiya Masuda for bringing the papers [6], [7], [2], [3] to our
attention and for his support throughout the project.

1 Simple matroid polytopes

For a set S, let R¥ be the set of all real-valued functions on S and let [n] be the set of all natural
numbers from 1 to n. When S = [n], R[" can be identified with R™. For B C S, let 5 be the real-valued

function on S defined by
1 (i€ B)
0 (i¢B).

For an integer k between 0 and n, let Agy be the convex hull of {0p| B C S,|B| = k} where the

(0B)(1) = {

cardinality of the empty set () is understood to be 0. When S = [n], this convex polytope is called a
hypersimplex and denoted by A, ;. The hypersimplex A,  is a point when £ = 0 or n and is of
dimension n — 1 when 1 < k < n—1. The vertices of A, ; are dg’s with |B| = k and two vertices jp and
6pr of A, i are joined by an edge if and only if [BN B’| = k — 1. Therefore, A, ;, has (}) vertices and
k(n — k) edges at each vertex. In particular, A, j is not simple for 2 < k < n — 2. Note that when k =1

orn—1, A, ; is a simplex and hence simple.



Example. The hypersimplex Ay o is the regular octahedron:

Figure 1.1 The hypersimplex Ay .

Definition (Matroid and matroid polytope). A nonempty collection M of k-element subsets of S is
called a matroid of rank k on S if it satisfies the following: if I and J are distinct members of M and
i € I\ J, then there exists an element j € J \ I such that (I \ {i}) U{j} € M. A matroid polytope (or a
matroid basis polytope) is the convex hull of 6;’s (I € M) in R¥ for a matroid M and denoted by A .

Remark. Any matroid polytope in R® has dimension at most |S| — 1 because the points 67 with |I| = k

for a fixed k lie on a hyperplane of R,

We recall two facts on matroid polytopes used in this paper. The first one is the following. For a

convex polytope P, we denote by V(P) (resp. E(P)) the set of all vertices (resp. edges) of P.

Proposition 1.1 ([6], 4.1. THEOREM). Let A4 be the matroid polytope of a matroid M of rank k on
S. Then
V(Am)={0r| I e M},
EAm)={0r05 | I, JeM, |INJ|=k—1}
={6r0s | I,J €M, 0105 € E(As )}
where 0707 denotes the edge between the vertices d; and d;. Moreover, a convex polytope A C Agy, is

a matroid polytope if and only if V(A) C V(Agy) and E(A) C E(Agy).

Example. Let S = [4] and £ = 2. Then the polytope on the left side of Figure 1.2 is not a matroid
polytope because the polytope has an edge which is not an edge of Ag . On the other hand, the polytope
on the right side of Figure 1.2 is a matroid polytope.

Figure 1.2 Not a matroid polytope and a matroid polytope

The second fact on matroid polytopes used in this paper is the following, which can be found in the

proof of [7, Proposition 4] for example.

Proposition 1.2 ([7], Proposition 4). If M is a matroid of rank k£ on S and dim A = |S| — ¢, then
there are a partition (Jy, J2,. .., Jy) of S and a matroid M, of rank k; on J; for each i =1,2,...,q such



that (ki, ks, ..., kq) is a partition of k£ and
A= Dpty X Apgy X - X Apq, C A CRT xR x ... x RIe =R® (3)
where dim Ay, = |J;| — 1 for each i =1,2,...,q.
Our main result in this section is the following:

Theorem 1.3. Let the situation be as in Proposition 1.2. If Ay is simple, then Ay, = Ay, k, and
k; € {0,1,|J;| = 1,|J;|} for each i = 1,2,...,q in (3). In particular, A is a product of simplices if it is

simple.

Remark. Any 2-face of a matroid polytope is combinatorially equivalent to a triangle or a square
because any face of a matroid polytope is a matroid polytope and any two dimensional matroid polytope
is combinatorially equivalent to a triangle or a square. On the other hand, it is known that if any 2-face
of a simple polytope is combinatorially equivalent to a triangle or a square, then the simple polytope
is combinatorially equivalent to a product of simplices (see [9, Appendix] for example). It follows from
this argument that a simple matroid polytope is combinatorially equivalent to a product of simplices.
However, the statement in Theorem 1.3 is stronger than this combinatorial statement because the theorem

describes the simple polytope Aaq precisely and also shows how it lies in Ag .

The rest of this section is devoted to the proof of Theorem 1.3. We may take S = [n]. Note that the
product P; X Py X --- X P, of convex polytopes P; is simple if and only if every F; is simple. Therefore, it
suffices to prove the theorem when A, is of maximal dimension, i.e. dim Ay = n—1 by Proposition 1.2.

Let ® = {6, — 9, | i # j € [n]}. For R C ® with RN (—R) = (), we define a graph I'(R) as follows: the

vertex set is [n] and
{i,7} is an edge of I'(R) & 0; — 6; € Ror §; — d; € R.
Note that the graph I'(R) is simple, i.e. it has no multiple edges and loops.

Example. Iftn= 4,R1 = {(51 — (53,(51 - 54,(52 — (53,(52 — 54},R2 = {(51 — (53,(52 — (53}, then F(Rl),F(RQ)
are the following graphs:

2 4 2 o4

Figure 1.3 Graphs I'(R;),['(R2)
The following lemma can easily be proved, see [8, Section 6].

Lemma 1.4. For R C ® with RN (—R) = 0, the graph I'(R) has no cycle if and only if elements of R are
linearly independent, and I'(R) is connected if and only if the linear subspace spanned by the elements
of R is of codimension one in R™. Therefore, I'(R) is tree if and only if R has n — 1 elements and they

are linearly independent.

Henceforth our matroid polytope A in R™ is assumed to be of maximal dimension, i.e. dim Ay = n—1

unless otherwise stated. Let v be a vertex of Axq. By Proposition 1.1, v = §; for some J € M and



any edge vector emanating from v is of the form d; — §; for I € M with |[I N J| = k — 1. Note that
dr — 6y = 6; — 0; where {i} = I\J and {j} = J\I. Based on this observation, for v = §; € V(Ap) we

define
Ry(Ap) ={6; = 6; [ {i} = I\J, {j} = J\I, 6165 € E(Am)}- (4)

Lemma 1.5. The graph I'(R,(Ax)) is a connected bipartite graph with parts J and [n]\ J. It is a tree
if and only if A g is simple at v € V(A ).

Proof. It follows from (4) and the definition of I'(R) that any edge of I'(R,(Aa)) has one endpoint in
J and the other endpoint in [n]\J. This together with Lemma 1.4 implies the lemma. ]

For a vertex v =467 € A, ; and a positive integer s we introduce two notations:

Wys={LCn]||LNJ|=]|L\J| =s},
Vs ={0x € V(Anx) | K C[n|, |[K|=k, |JNK|=k— s}

There is a bijection
0: Wy — Vs (5)

Indeed, to L € W, ; we associate the symmetric difference of L and J as K, that is, K = (J\L) U (L\J),
and this induces the bijection ¢. Note that V;, ; is the set of vertices of A,, ; that are connected to v =

by an edge of A, ;. If i ¢ J and j € J, then {i,j} € W, ; and
e({i,g}) = 05+ (6 = 6;) € Vou CV(An ).
With this understood, we have
Lemma 1.6. ¢({4,;}) is a vertex of A if and only if ¢ and j are joined by an edge of T'(R,(Am)).

Proof. The lemma follows from the following observation:
5J + (51 - 5]) c V(AM) = 51 — 5j S RU(AM)

< i and j are joined by an edge of I'(R,(Ax)). [

Example. Let S = [4], k =2, J = {1,2} and consider the following matroid polytope A:

(1,1,0,0), J={1,2}

0,1,1,0),{2,3} ./

Wi e, (1,0,1,0),{L,3)
Fragh
\\ 1IOIOI1)I {114}

(0,0,1,1), {3,4}

Figure 1.4 An example of a matroid polytope with the vertex §;

Then, for v =46; = (1,1,0,0), the graph I' = I'(R,(A)) associated to A is the following:

1 3

2 4

Figure 1.5 The bipartite graph I' associated to A



Indeed, since
(170307 1) - (17 17070) = (07 _1703 1) = 64 - 52
(1,0,1,0) — (1,1,0,0) = (0,—1,1,0) = d3 — &
(Oa 17 170) - (17 17070) = (_170a 1,0) = 63 - 617

the vertices 4 and 2, 3 and 2, 3 and 1 are respectively joined by an edge.

We recall that if T is a graph and U is a subset of the vertex set of I'; then the induced subgraph,
denoted T'|U, is the subgraph of I whose vertex set is U and whose edge set consists of all of the edges

in I' that have both endpoints in U. The following lemma plays a key role to prove Theorem 1.3.

Lemma 1.7. Let v = §; € V(Au) as before and U € W, o. If the induced subgraph I'(R, (An))|U is

isomorphic to one of the following two graphs:

Figure 1.6  The induced subgraphs I'(R, (Am))|U
then p(U) is a vertex of Axq, where ¢ is the bijection in (5)

Proof. We may assume U = {1,2,3,4} and J = {1,2,5,6,...,k + 2} through a permutation on [n] if
necessary. Let Jy = {5,6,...,k+ 2}. Consider the half space

{1, &) eR" &+ &+ +&hyo—Epga— - — & < k—2}

and let H be the hyperplane in R™ that is the boundary of the above half space. Since the half space
above contains A, j, the intersection A, ; N H is a face of A,, j, denoted by f. Note that

f is the convex hull of {04 4+, | A CU ={1,2,3,4}, |A| =2}, (6)

so f is isomorphic to Ay . Similarly, since Apq is contained in A,, j, the intersection Ay N H is a face

of A . Here
AMﬂf:AMﬂ(An,ka) = (AM ﬂAn)k)ﬂH:AMﬂH,

so Ay N f is a face of Ay and hence we have
VAN ) CV(AMm) CV(ALk), EAmNf) CE(AM) CE(A,L).

Therefore,
Ap N f is a matroid polytope (7)
by Proposition 1.1.
The v = §; is a vertex of Ay by assumption and also a vertex of f by (6) Therefore it is a vertex of
Ap N fsince Apg N fis a face of Apy. Since U = {1,2,3,4} and J = {1,2,5,6,...,k + 2} as remarked

at the beginning of the proof, we have
©(U) = 6(3,4,56,...k+2} = Of3,4} T 6.5,

and it is a vertex of f by (6). We shall show that 034} + 0, is a vertex of Ay¢N f under the assumption

in the lemma.



8= duzn+ g,

8 + 9
{23} Jo 6(1'3} + 5]0

8243 + 6y 81,4 + 6,

Syt Gy,

Figure 1.7 The face f = Ay

Case 1. The case where the induced subgragh I'(R,(Axq))|U is isomorphic to the graph on the left
hand side of Figure 1.6. In this case we may assume without loss of generality that {1,3} and {2,4} are
edges of I'(R,(Ax)) while {1,4} and {2,3} are not. Therefore it follows from Lemma 1.6 that

5J+537§1:5{2,3}+5J0 and (5(]4*64752:5{1,4}#*5‘]0
are vertices of A while
5]"‘54_(51:6{2,4}“!_6]0 and (5]4’(53—52:(5{113}4-5‘]0

are not. Since the four elements above are vertices of f by (6), the former two elements above are vertices
of Ape N f while the latter two elements above are not. Then ¢34y + 5, must be a vertex of Ay N f
by (7), see the figure on the left side of Figure 1.8.

Figure 1.8 Case 1 Case 2

Case 2. The case where the induced subgraph I'(R, (A ))|U is isomorphic to the graph on the right
side of Figure 1.6. In this case we may assume without loss of generality that {1,3}, {2,4} and {1,4} are
edges of I'(R,(A)) while {2,3} is not. Then the same argument as in Case 1 shows that dyo 3y + 0,
01,4y + 0y, and gz 4y + 9, are vertices of A M f while 04y 33 +d, is not. Then 3 4y + 5, must be a
vertex of Aag N f by (7) as before, see the figure on the right side of Figure 1.8. [

Since it suffices to prove Theorem 1.3 when the matroid polytope A, is of maximal dimension by

Proposition 1.2, the theorem follows from the following.

Theorem 1.8. Let k,n — k > 2 and A be a matroid polytope of a matroid of rank k on [n] such that

dim A =n — 1. If v is a simple vertex of A, then there is a non-simple vertex of A adjacent to v.

Proof. Let I denote I'(R,(A)) and v = vy. Since A is of maximal dimension and v = v; is a simple
vertex, I' is a tree with vertices [n] and bipartite with parts J and [n]\J by Lemma 1.5. Both |J| = k
and [[n]\J| = n — k are more than one by assumption, so I has an edge, say {i,j}, whose endpoints i
and j are not endpoints of the graph I'. We may assume ¢ € [n]\ J and j € J since T is a bipartite graph
with parts J and [n]\J. Note that {i,j} € W, 1 (see the paragraph above (5)).



Let v' = ¢({i,5}) € V,1 where ¢ is the bijection in (5). The v’ is a vertex of A by Lemma 1.6
and adjacent to v since v’ € V,, 1. We shall prove that v’ is the desired non-simple vertex of A. Since
v =p({i,j}), we have v/ =05 + §; — d;. Let J' = (J\ {j}) U{i}. Then v’ =4, . Let V' denote the set
of vertices of A adjacent to v’ = /. Since dim A = n — 1, we will prove that |V’| > n which means that
A is not simple at v'.

Note that

V' CVpr1={0g | KCn], |[JNK|=k—-1}CV(Ank)
and V1 is the set of vertices of A, adjacent to v’. One can write K = (J'\ {p}) U {q} with some
p e J and q € [n]\ J'. We take four cases:

(@)p=i,q=j, O)p=iq#j, ()p#iq=3, (d)p#i,q#].

In each case, K is written as follows:

(a) J

() (J\{7}) Ui}t (g€ ([n\I)\{i})

(c) U\ {pHuliy (e J\{j})

(d) (J\Ll) U Ly (] eliCcJ i€lLyC [n]\J, |L1| = |L2‘ = 2)

In case (a) we have 6 = v. In case (b) or (¢) we have |[J N K| = k — 1 and in case (d) we have
|J N K| =k — 2. Therefore, through the symmetric difference (K\J) U (J\K), K corresponds to the

following element in case (b), (¢) or (d):

(b) LeW,y (LOfij}=1{})

() LeWyr (L0 {i,j} ={i})

(d) UeWy2 ({i,j}cU).
Note that dx is ¢(L) in case (b) or (¢) and ¢(U) in case (d).

We shall observe which dx is a vertex of the polytope A. In case (a), g = v that is a vertex of A.
In case (b) or (c), it follows from Lemma 1.6 that dx is a vertex of A if L is an edge of the graph T
Note that such an edge L meets the edge {i,j} at the vertex j or ¢ since LN {i,j} = {j} or {i}. In case
(d), write U as {i,J,z,y} and look at the induced subgraph T'|U. If {z,y} is an edge of T not adjacent
to {i,j}, then T|U is isomorphic to the graph on the left hand side of Figure 1.6 because I is a tree.
Therefore dk is a vertex of A by Lemma 1.7 in this case. Thus each edge of I" produces a vertex of A
adjacent to the vertex v' and these vertices are all distinct. Since I is a tree with vertices [n], I has n —1

edges; so |V'| > n — 1.

Case (¢) Case (d) (not adjacent to {i,j}) Case (d) (adjacent to {i,;})

Figure 1.9 Examples of edges of I in case (b), (c) or (d)

We shall prove that there is another element in V’. Since the endpoints ¢ and j of the edge {i,j} are
not the endpoints of T' by our choice of the edge {7, j}, there are edges {i,a} and {j,b} of T with some



a,b € [n]. More precisely, a € J and b € [n]\J because I' is a bipartite graph with parts J and [n]\J and
i € [n]\ and j € J. Therefore {i,7,a,b} € W, 2. We take U = {i,j,a,b}. Since I'|U has at least three
edges {i,7}, {i,a},{j,b} and T is tree, I'|U must be isomorphic to the graph on the right side of Figure
1.6. Therefore, dx = ¢(U) is a vertex of A by Lemma 1.7 that is the desired another element of V. []

2 Smooth torus orbit closures in the Grassmannians

For a subset .J C [n], let C” be the set of complex-valued functions on .J. We identify CI"} with C™. Let
Gi(E) denote the Grassmannian consisting of k-dimensional linear subspaces of a complex vector space
E. When (Jy, Ja,...,J,) is a partition of [n], we naturally identify C’* x C’2 x ... x CJ with C" and
regard Gy, (C71) x Gy, (C'2) x - - - x Gy, (C'7) as a subvariety of G (C") accordingly, where (ky, ko, ..., k)
is a partition of the integer k with k1 < |J1], ko < |Jof, ..., kr < |J.|.

The general linear group GL(C™) naturally acts on G (C™). Let T be the subgroup of GL(C"™) consisting
of diagonal non-singular matrices. We denote the T-orbit of X by TX and its closure in G (C") by TX.
It is known that TX is a toric variety (see [7, p.135, 1.1] for example). Our main result in this section is

the following.

Theorem 2.1. Let X € G4 (C"). If the torus orbit closure TX is smooth, then there exist a partition
(J1,Ja,...,Jy) of the set [n] and a partition (k1, ko, ..., k) of the integer k with k; € {0,1,|J;| = 1,|J;|}
such that -

TX = Gk1 ((CJI) X Gk’2 (CJZ) X X Gkr (CJr)a (8)

in particular, TX is a product of complex projective spaces.

We recall a moment map on Gy(C") which reduces Theorem 2.1 to Theorem 1.3. Let I, ; denote the
set of k-element subsets of [n]. Given X € G(C™), we represent it as an n X k matrix, say A, and for
any J = {j1,52,.-,jk} € Ink, define P7(X) to be the minor of the matrix consisiting of the rows of A
with indices ji, jo, ..., jkx. The moment map p: Gr(C™) — R™ is defined to be

S er IPYOP 5
WX =5 PR

The image p(Gx(C™)) is the hypersimplex A, j, that is the convex hull of {6; | J € I,, x} in R™. More

generally, it is known that u(7TX) is a convex polytope in R™ with vertex set {67 | P7(X) # 0} and the
map p: TX — pu(TX) induces a one-to-one correspondence between the p-dimensional orbits of 7' in TX
and the open p-dimensional faces of (T X) (see [7, Theorem 1 in p.139] for example).

The key fact on the moment map used in our argument is the following (see [7, Proposition 1 in p.150]

for example).
Proposition 2.2. Let X € G(C"). Then TX is smooth if and only if (7 X) is a simple polytope.

Remark. The theory of toric varieties says that if the moment polytope u(TX) is simple, then TX is
an orbifold. In our case, the primitive edge vectors of u(TX) are of the form +(J; — §;), so simpleness of

w(TX) implies that TX is non-singular (see [8, Lemma 6.6] for example).

When (n,k) = (n,0) or (n,n), Gx(C") is a point and when (n,k) = (n,1) or (n,n — 1), G(C™) is the

complex projective space of complex dimension n — 1. Therefore, the following lemma is obvious.



Lemma 2.3. Let X € G,(C"). When (n,k) = (n,0), (n,1), (n,n — 1) or (n,n), we have
TX = Gk((C”) 54 M(ﬁ) = An,k~

Suppose that (J1, Ja, ..., J;) is a partition of the set [n] and (k1, ko, ..., k,) is a partition of the integer
k with k1 < |J1|, ke < |Jal,..., k- < |J.|. Let T; be the subgroup of GL(C’?) consisting of non-singular
diagonal matrices. We naturally identify Ty X Ty X -+ x T}, with 7. Then for X = (X1, Xo,...,X,) €
G, (C71) x G1,(C’2) x --- x G}, (C7r), one can easily see that

TX =T1X; xToXg x - x T, X, and pu(TX)=pu1(T1X1) x pa(ToXa) x -+ x (T, X,
where p1; denotes the moment map on Gy, (C7¢) for each i = 1,2,...,r. Conversely, the following holds.
Lemma 2.4. Let X € G,(C"). If

WTX)=A1 x Ay x -+ XA, CR xR72 x ... x R/r =R"

where A; is a matroid polytope of some matroid of rank k; on J;, then X € G(C") belongs to Gy, (C/1) x
G, (C72) x -+ x G, (C7r) and if we write X as (X1, Xa,...,X,) with X; € Gy, (C/?) for each 1 <i <7,
then p;(T; X;) = A;.

We will give the proof of this lemma later and complete the proof of our main theorem.

Proof of Theorem 2.1. Suppose that TX is smooth. Then u(TX) is a simple polytope by Proposi-
tion 2.2. Therefore, it follows from Theorem 1.3 that there exist a partition (Ji, Ja,. .., J;) of the set [n]
and a partition (k1,ka,...,k,) of the integer k with k; € {0, 1,|J;| — 1,|J;|} such that

(TX) =Dy gy X Agyy X oo X Ak

From Lemma 2.4, X = (X1, Xa,...,X,) € Gg, (C) x Gk, (C*2) x - -+ x G, (C7r) and p;(T: X;) = Ay, i,
for each 1 < i < r. Since k; € {0,1,|J;| — 1,|J:|}, we have T; X; = G}, (C”?) for each 1 < i < r by Lemma
2.3. Thus we have

TX = T X1 xTeXo x---xT. X, = le((CJl) X sz((CJz) X oo X Gkr((CJ”),

proving the theorem. ]

We shall prove Lemma, 2.4.

Proof of Lemma 2.4. It suffices to prove Lemma 2.4 for r = 2. By permuting coordinates of C", we

may assume that Jy = [|J1]] and Jy = [n] \ [|J1]]. Let X € Gi(C™). Suppose that

w(TX)=A; x Ay C R x R, (9)

If X is represented by a n x k matrix of the form

A 0
0 Ay )’
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where each A; is a matrix of type |J;| x k;, then we can take X; € Gy, (C”?) represented by the matrix

A; and we have u,;(T; X;) = A; for each i. Let X be represented by a n x k matrix of rank k

a1
Q2
A= ,
70
where aq, s ...a, are row vectors. Let V be the vector space generated by aq,as,...,a,, Vi be the
subspace generated by ay, ag, ...,z and V5 the subspace generated by |z, |41, @k, +2, - - -, Q. We shall

prove that V' =V, @& V5. If this claim is proved, then there is a non-singular k& X k matrix g such that

(A0
Ag_<0 Ag)’

which completes the proof since the matrix Ag also represents X. Let a matroid M; on J; of rank k;

correspond to the matroid polytope A; for each i. Then assumption (9) means that
{Bel,, PP(X)#0}={B,UBy | B € My, By € Ms}. (10)

Note that B; C J; for each i. Since the n x k matrix A is of rank k, V' equals the vector space of row
vectors with k components. From (10), any basis of V' consisting of k& row vectors of A consists of k;
row vectors of A with indices in J; and kg row vectors of A with indices in J,. Thus k1 < dim V7 and
ky < dim V5. Suppose k1 < dim Vi (resp. ko < dim V3). Then there is a basis of V' consisting of k& row
vectors of A such that some vectors of the basis form a basis of V; (resp. V). However, for any basis
of V' consisting of k row vectors of A, the number of members of the basis with indices in J; (resp. Jz)

must be k1 (resp. kg). This is a contradiction. Thus k; = dim V; and ky = dim V5. M

References

[1] K. Aomoto, Les équations aux différences linéaires et les intégrales des fonctions multiformes, J. Fac.
Sci. Univ. Tokyo, Sect. ITA Math. 22 (1975), 271-297.

[2] Victor M. Buchstaber and Svjetlana Terzi¢, Topology and geometry of the canonical action of T on
the complex Grassmannian G, o and the complex projective space CP?, Moscow Math. J. Vol. 16,
Issue 2, (2016), 237-273.

[3] Victor M. Buchstaber and Svjetlana Terzi¢, Toric topology of the complex grassman manifold,
arXiv:1802.06449.

[4] I.M. Gel’fand, General theory of hypergeometric functions, Dokl. Akad. Nauk SSSR, 288 (1): (1986)
14-18.

[5] I.M. Gel'fand, and R.D. MacPherson, Geometry in Grassmannians and a Generalization of the Dilog-
arithm, Adv. in Math. 44,(1982) 279-312.

[6] .M. Gel'fand, R.M. Goresky, R.D. MacPherson, and V.V. Serganova, Combinatorial geometries,
convex polyhedra, and Schubert cells, Adv. in Math. 63 (1987), 301-316.

[7] IL.M. Gel'fand, and V.V. Serganova, Combinatorial geometries and torus strata on homogeneous com-
pact manifolds, Uspekhi Mat. Nauk 42:2 (1987), 107-134, Russian Math. Surveys 42:2 (1987), 133-168.

[8] Eunjeong Lee and Mikiya Masuda, Generic torus orbit closures in schubert varieties, arXiv:1807.02904.

[9] L. Yu and M. Masuda, On descriptions of products of simplices, arXiv:1609.05761.

11



DivisioN OF MATHEMATICS & PHYSICS, GRADUATE SCHOOL OF SCIENCE, OSAKA CIiTY UNIVER-
SITY, 3-3-138 SUGIMOTO, SUMIYOSHI-KU, OSAKA 558-8585, JAPAN
E-mail address : mathlibrary0824@gmail.com
m18sa005@du.osaka-cu.ac. jp

12



