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Transition of blow-up mechanisms in k-equivariant
harmonic map heat flow

Pawel Biernat * Yukihiro Seki

Abstract

In the present article, we consider blow-up phenomena appearing in k-equivariant
harmonic map heat flow from R? to a unit sphere S¢ ¢ R4+
d—1 k(d+k—2)

Up = Upp + " Uy — 5,2 sin(2u), r>0,¢t>0.

Here the scalar variable u stands for latitudinal angle on S¢ from the north pole
(u = 0) to the south pole (u = 7). The integer k& > 1 corresponds to the eigen-
values associated to eigenmaps Q : S 1 — S9! that is, harmonic maps with
constant energy density. We prove constructively the existence of asymptotically
non-self-similar blow-up solutions with precise description of their local space-time
profiles. The blow-up solutions arise from, depending on the combination of d and
k, two different approximations of the nonlinear term: either through a Dirac mass
supported at the origin or via a Taylor expansion around equator map u = m/2.
Transition of the blow-up mechanisms arises, accordingly.

Key words: non-self-similar; harmonic map flow; matched asymptotic expansions
2010 Mathematics subject classification: 35K91; 35B44; 35C20.

1 Introduction

As a continuation of our previous work [8], we study the singularity formation of harmonic
map heat flow from R? to S¢ C R¥*!, i.e., the equation for map F : R¢ x R, — S%

OF = AF + |VF*F, (1.1)
a gradient flow for the Dirichlet energy
1
E[F]) = —/ |VF|*dz. (1.2)
2 Rd

Let € : S! — S9! denote an eigenmap, i.e., a harmonic map with constant energy
density |VQ|?> = Ag. From the general theory (cf. [11, Chapter VIII]), we know that

A =k(d+k—2) (1.3)
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and € is a d-tuple consisting of eigenfunctions of —Aga-1 and represented by homogeneous
polynomials of order k subject to a condition |Q2|* = 1. We particularize our analysis here
to, so called, k-equivariant map:

F(z,t) = (Qk (%) sinu(r, t), cosu(r, t)> : (1.4)

where r = |z|, € R%. The scalar variable u, on which we assume radial symmetricity
with respect to x, stands for latitudinal angle on S¢ from the north pole (u = 0) to the
south pole (u = 7). Direct computations then show that

Oy F =0,u (Q cosu, —sinu),

Opr F' =0t (Q cos u, —sinu) — (8ru)2 (Q sinu, cosu) ,
Vsi1 F' = ((Vga-1Q) sinu, 0),  Aga1F = ((Aga-1€y) sinwu, 0),

O F =0yu (g cosu, —sinu) .

The energy density is expressed as
2 2 1 2 2 Ay 2
\VE|* = |0, F|" + ﬁ‘VSd—lF’ = (Opu)” + —a Sin”u. (1.5)
Using the decomposition of the Laplacian into its radial and transversal parts, we get

d—1 1

AF =0, F + ——0,F + 5 Aga s F
r r

A

d—1
= (&ru + T&u + ﬁ) (Q cosu, —sinu) — (8,u)? (Q sinu, cos ) .

Consequently, the harmonic map heat flow (1.1) is reduced to a k-equivariant ansatz:
d—1 k(d+k—2)
Uy — —————=

2r2
u(r,0) = ug(r), r>0. (1.6Db)

Up = Upy + sin(2u), r>0,t>0, (1.6a)

Due to (1.5), the Dirichlet energy E[F] can be written as E[F] = Vol(S¥1)E},(u) with

[e.e] . 9

r

The continuity at » = 0 of the map F(-,¢) as in (1.4) imposes boundary condition
u(0,t) = 0. (1.6¢)

As a matter of fact, equation (1.6a) is a gradient flow for Ej(u). As for the initial data, we
assume that ug is a nonnegative function such that uy(r) = O(r*) as r — 0. Existence and
uniqueness of local-in-time classical solution of (1.6a)-(1.6¢) is shown by rather standard
arguments. See [8, Proposition 3.1] for the case k = 1. The proof begins with changing
unknown variable as ®,(r,t) = u(r,t)/r in order to transform equation (1.6a) to another
equation with a bounded nonlinear term. The same argument works for general &k > 1
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if we start with the transformation ®(r,t) = wu(r,t)/r*. We say that a solution u of
(1.6a)-(1.6¢) blows up in a finite time 7" if w is smooth in R, x (0,7") and

b
lim sup sup u(rk ) = +o0. (1.7)
t T >0 T

A blow-up is said to be of Type I if there exists a constant C' > 0 such that

u(r, t) C
Sup —— <
r>0 r T—t

, t<T,

and of type II otherwise. Type II blow-up means that the singularity structure is not
in accordance with the scaling property of (1.6a). Much effort has been recently paid
to determining blow-up types for (1.6a) with & = 1. Despite its apparent simplicity,
equation (1.6a) admits various blow-up mechanisms depending on the combination of k
and d. Below we just review some of the known results.

In the two-dimensional case d = 2, a generic blow-up pattern is of type II and is realized
by a shrinking harmonic map with finite energy so that the blow-up may be viewed
as “bubbling” process, where some portion of energy is trapped inside the singularity
3,29, 30,37]. In dimensions 3 < d < 6, there exist self-similar solutions, which exhibit
type I blow-up [12]. The shrinking self-similar solutions, together with expanding ones,
can be used to describe global (possibly nonunique) weak solutions to (1.6a) [5, 6, 16].
Moreover, the stability property of the shrinking self-similar solutions constructed in [6]
has been shown in [7]. On existence and regularity of weak solutions for rough initial
data of finite Dirichlet energy, readers are referred to [10] and the references cited therein.
Uniqueness of weak solutions in a class that includes blow-up solutions has been studied
in [15]. The blow-up solutions constructed in [8], however, do not satisfy a condition of
the uniqueness result in [15].

In higher dimensions 7 < d, type I blow-up cannot occur [9]. The proof given in [9]
is by contradiction, and hence no information on actual blow-up rate or the asymptotic
profiles is obtained there. We aim at constructing typical examples of type II blow-up
solutions with quantitative informations about their blow-up rate and profiles. In our
previous article [8], we have proven that there exist a countably many type II blow-up
solutions with exact rates, justifying some of the formal constructions in [4]. A stability
result of such blow-up solutions has been obtained in [17]. For further results, see the
introduction in [8].

The key point of the arguments in [8] consists in the linearization of (1.6a), after
introducing backward self-similar variables (®;y, s), around the singular map 7/2. The
operator associated to the linearization is formally written as

1 —
Av = __2 (p@) —k<k + g 2)1), p= yd_le_yQM.
pOy \" 9y y

It is realized as a symmetric operator in L2 ,(R?) (cf. (2.4) for the definition). Let us just
point out the following essential fact:

The linearized operator A is lower semi-bounded in L7 ,(R?)
if d > d*(k) =2+ (2+2V2)k.
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See Proposition 2.1 below. The spectrum of Friedrichs’ extension, still denoted by A,
consists only of simple eigenvalues {\,}>°, C R and A\, =n —~v/2 (n = 0,1,...), where
v = 7(k,d) > 0 is the constant defined in (1.9) below. Each blow-up solution constructed
in [8] is associated to a stable eigenvalue A\, > 0 (for the case k = 1). However, for each
n € N there exist k£ > 1 and d > d*(k) such that A\, = 0. In the present article we
construct blow-up solutions associated to the neutral eigenvalues for each k > 1.

In the general case k > 1, Gastel [14] proved the existence of self-similar blow-up so-
lutions for d < d*(k). So far, all the results on type II singularity in the high-dimensional
case were given only for the case £k = 1. In the case k > 2, there are several dimen-
sions where neutral eigenvalues appear. Recall the asymptotic property of the stationary
solution Uy (r) satisfying U;(0) = 0 and lim,_,o Uy (r)/r* = 1 [4,26]: If d > d*(k), then

Uy(r) = g —hr 7+ 0 (r7) (1.8)

as r — 0o, where h is a positive constant and

_d—2—w

" 2

with W = wpg = /(d —2)2 — 4dk(d — 2) — 4k? (1.9)
is the smaller root of quadratic equation v* — (d — 2)y + k(d + k — 2) = 0.

We are now in a position to state our main results. As a main novelty, we show that
type II blow-up solutions associated to neutral eigenvalues actually exist and their blow-up
mechanisms are quite different depending on whether 2v > w (i.e., 4y > d —2) or 2y < w
(i.e., 4y < d — 2). The simplest case, A\; = 0, happens if and only if (k,d,v) = (1,7, 2),
and hence condition 4y > d — 2 is satisfied. Suppose next that Ay vanishes. This is true
if and only if (k,d,v) = (2,12,4) or (3,27,4). Notice that condition 4y > d — 2 holds for
the former triplet, whereas condition 4y < d — 2 holds for the latter one. In general, the
both situations occur in accordance with suitable choice of £ > 2 and d > d*(k) when a
higher eigenvalue \,, (ng > 2) vanishes (cf. Remark 2.2 below).

Theorem 1.1. Assume that d > d*(k) = 2+ (2+2v/2)k holds. Suppose that v = 2n, for
some integer ng > 1. Then there exists a solution u of (1.6a)-(1.6b), with Ej(ug) < oo,
that blows up in a finite time T and that fulfills the following properties:

(i) (Ezact blow-up rate) There exists a constant 6 € (0,1) such that the limit

k2
LT )
t—T |log(T — t)[F/0  rk

with § = min{27y,w} (1.10)
exists and is positive. The convergence is uniform on the set {0 < r < C|log(T —
t)|720/°\/T —t} for every constant C' > 0.

(ii) (Estimates in a neighborhood of the inner layer) There exists a positive smooth
function €(s) satistying, if 2y > w,

e(s) = Ks™V% {1+ o(1)}, (1.11a)

£(s) = —gs_l/w_l {1+0(1)} (1.11b)



and if 2y < w,

e(s) = Ks™V/2 {14 0(1)}, (1.12a)
é(s) = —531/2“ {1+0(1)} (1.12b)

as s — oo for some constants K, K > 0, and

u(r,t) — U, (ﬁ) ' < (s)? (ﬁ) (1.13)

for r < e(s)’/T —t, t < T, where s = |log(T — t)| and V¥ is a positive smooth

function satisfying o) ‘o
as & — 0,

(i1i) (Estimates in self-similar regions) For every M > 0 there exists a constant Cpy > 0
such that

m r U r?
u(rt) = 5 + De(s) ( — t) L/ (m)
for e(s)’NT —t <r < MNT —t,t <T, (1.15)

where D = hN with N' = N(ng,d) > 0 is a constant and LY (x) denotes the

associated Laguerre polynomial of order n:
xve® d" (

~nl dan

< Cagel(s) 2 (T—t)"/2—

e—xxn+u) ,

and where €(s) is as above.

(i) (Number of intersections) There exist exactly ng simple zeros {r;(t)}72, of u(-,t) —
/2 in (0,00) for every 0 < t < T, which satisty r;(t) = O(vT —t) ast /T for
j = 1, ..., No.

Remark 1.2. Tt is readily seen that sup,.qu(r,t)/r" is attained in the region where r <
Ce(s)V/T —t,C > 0, for each t € (0,7) and not outside a ball with radius of order greater
than (s)v/T — t. In particular, there is a constant M > 0 such that

u(r,t M|log(T — t)[k0/9
sup{ (Tk ); e(s)VT —t < T} < | (Yg’(— t)k/y :

Remark 1.3. The constant 7/2 is a stationary solution of (1.6a) as well as of the rescaled
equation (2.1c) below, although it does not satisfy the boundary condition (1.6¢). The
associated Laguerre polynomials in (1.15) appear in the expression of the eigenfunctions:

bno(y) = Ny TLE) (42 /4) (1.16)

for the linearized operator around 7/2 in the self-similar variables (cf. (2.8) below). The
even integer assumption of v is merely for guaranteeing that 0 is an eigenvalue.
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We thus complete the first step of our project, which was presented (partly) in [4]
by means of the formal asymptotic expansions coupled with numerical evidence, prior to
the rigorous mathematical analysis due to [8] and the present paper. We conjecture that
blow-up rate of a general blow-up solution of (1.6a) is the same as one of the particular
solutions constructed in [8] and the present paper. See Remark 1.4 below for the detail.

Remark 1.4. As stated in [8, Remark 1.5], there is a striking analogy on singularity
formation between equation (1.6a) and a semilinear heat equation u; = Au + u?, p > 1.
For this equation Herrero and Veldzquez [22,23] proved the existence of type II blow-up
solutions {uspy}e if N > 11, p > 14+ 4/(N — 4 — 2y/N — 1), which play essential role
in the classification of general blow-up solutions due to [27,28]. Analogous classification
result was obtained for a different parabolic problem in [18] based on [19,32]. Taking
account of these works, the authors expect that the blow-up solutions as in Theorem 1.1
and [8, Theorem 1.1] exhibit all possible blow-up mechanisms of (1.6a) for d > d*(k) with
k = 1. The same should be true also for k& > 2, as [8, Theorem 1.1] is extended to the
case k > 2 [33], though type I blow-up could occur in that case. The information about
the number of intersections as stated in (iv) of Theorem 1.1 should be essential to claim
such a statement.

Statement (ii) in Theorem 1.1 shows that the leading term near the singularity evolves
in a non-self-similar scale due to the presence of function e(s), whereas statement (iii)
implies that the solution behaves in a self-similar manner in the region r ~ /1" — t. This
fact is a key qualitative description of type II singularity. Based on the local estimates
in Theorem 1.1, we may show that it applies also in its derivatives. Moreover, we may
obtain the asymptotics of the energy density of the corresponding k-equivariant map.

Theorem 1.5. Assume the same hypotheses as in Theorem 1.1. Let u and (s) with
s = —log(T —t) be as in Theorem 1.1 and let ¢,,(y) be the function as in (1.16). Then

(i) Function (&,t) — u(&e(s)V/T — t,t) is close to Uy(€) in CE.[0,00) in the sense that

((ge( WT—1,t) = Ui (¢ ‘—>o ast /T (1.172)

for every K > 0, and function (y,t) — u(yv/T —t,t) is close to u*(y,t) := /2 —
De(5)Y¢n,(y) in C2_(0,00) in the sense that

2

a]
sup
Loy | Oy;

((y\/ tt) —ut(y,t ‘—>0 ast /T (1.17h)

=0
for every M > L > 0.
(ii) Let F(x,t), Fy(z,t), F*(x,t) be the k-equivariant maps defined by (1.4) correspond-

ing to u(r,t), Uy(r/e(s)V/T —t), u*(r/v/T — t,t) with r = |z|, respectively. Then:
sup £(s)2(T — 1) ‘(|VF]2 — |VE?) (55(5)\/T 3, t) ‘ S0 ast AT (1.18a)

<K



for every K > 0, and

(T —1t)
Ssu
Ly £(5)%

((|VF|2 — |VFP) <y\/T — t,t)‘ S0 ast AT (1.18b)
for every M > L > 0.

Remark 1.6. Estimates (1.18) show that the leading term of the energy density |VF|? in
the designated regions are precisely given by |VFy|? and |VE*|?, respectively, since we
have

Ay < e(s)2(T — t)sup |V |2 (55(5)\/T - t,t) < A, (1.192)
E<K
By < (T —t) sup |VF*J (y\/T — t,t) < B, (1.19Db)
L<y<M

for some constants Ay, As, By, By > 0. In particular, the energy density |V F|? behaves in
non-self-similar manner in the inner region r < e(s)v/1" — t, but in self-similar manner in
the self-similar region r ~ /T — t.

We just recall a general decay estimate essentially due to [15]. Suppose that initial
data ug = hg satisfies |ho(r)| < My, r|hy(r)] < M, for a.e. r > 0 for some constants
My, M; > 0. Then any bounded solution h of (1.6a) on [0, 7] with A(-,0) = hq satisfies

\hy(r,t)| < %, r >0, (1.20)
uniformly on [0, 7], where My > 0 is a constant depending only on k, d, My, and M;. The
proof of (1.20) is given in [15, Proposition B.1] for k = 1 by using a heat kernel estimate,
which works for any k& > 1 without any change. Applying (1.20) as well as the identity
(1.5) to our solution u in the region {r > ev/T' —t}, we immediately see that there holds
|\VF|> < C/e*(T — t), whence the following corollary. In particular, the singularities of
our solutions are categorized into the second kind in terms of Struwe’s classification [36].

Corollary 1.7. Assume the same hypotheses as in Theorem 1.1. Then the energy density
of F' enjoys the following blow-up rate estimate:

Cy

Cy
- - < |\VF(- 2 <
8(8)2(T— t) = || ( 7t)||L°°(Rd)

< m, (1.21)

where Cy,Cy > 0 are some constants, where €(s) is the function as in Theorem 1.1.

We finally mention a technical aspect of our approach. Our fundamental tool bases on a
method of matched asymptotic expansions, which has been used in a number of nonlinear
problems at least on a formal level, e.g, [4,13,34,37]. This method describes possible
singularity mechanisms, especially locally in space, prior to verifying the actual existence
of sought-for solutions. On the other hand, the justification of such formal asymptotic
expansions is known to be a delicate problem, in general. In semilinear problems, a
method of linearization about a stationary solution is commonly used. Information in
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the region away from the singularity is given by such a linearized problem. Such an
approach has been adopted in various nonlinear parabolic problems; e.g, [19-21, 31, 35]
after the pioneering work [22,23]. A related technique was used in [2]. In these works,
the leading terms are obtained completely on the linear level. In subtler problems, such
as the situation where 0 is an eigenvalue, deeper analysis is required. In particular, the
situation becomes more complicated in a problem where a non-self-similar singularity can
arise, because the standard method of higher-order approximation may not work. Some
(but a few) works deal with such a situation [24,25] in the asymptotic methods, but the
authors doubt if it would apply for our problem at least not directly. Instead, we adopt
here the approach that has been recently developed in the second author’s work [32]. See
§663.1.1 for detail.

The plan of the present article is as follows. In §2 we recall some preliminary results
and revisit the formal construction of our sought-for solutions presented in [4]. A full proof
of Theorem 1.1 is given in §3, which consists of six subsections. After some preparations
in §§3.1, the topological fixed-point argument is carried out in §§3.2 by admitting a key
a priori estimate. Consequently, Theorem 1.1 is proved. The remaining subsections of §3
are devoted to deriving a prior estimates. The most important one is about a bound of
oscillation near the origin, presented in Lemma 3.6 in §§3.3. This leads to sharp estimates
suggested by the formal construction as demonstrated in §§3.4 and §§3.5. The section
ends with the proof of Theorem 1.5 in §§3.6.

2 The formal construction

In this section we formally derive the main results by means of the matched asymptotic
expansions. Such a singularity mechanism was essentially found in [4]. We shall revisit
and slightly modify the formal argument in that article, so as to estimate the magnitude
of the remainder terms. No essential change on the most important terms from [4] appears
in the final result but the reconstruction of the formal solution is convenient to prove the
actual existence of the sought-for solution.

2.1 Preliminary results
To study the blow-up asymptotics around (r,¢) = (0,7"), we use the self-similar variables:
P(y,s) = u(r,t), (2.1a)

,
. s=—log(T —1). 2.1b
S s = log(T -1 (2.10)

y:

In the following, let us write Ay := k(d+ k —2) for simplicity. The new unknown function
® then satisfies the rescaled equation:
d—1 A
¢, =, + i <by——ksin(2<b) y>0,—logT < s < +o0, (2.1¢)
y 2 2y?
as well as the boundary condition ®(0,s) = 0. We will construct a solution f of equation
(2.1c) that converges to m/2 as s — oo in an appropriate manner, setting

™

v(y,s) =Py, s) — 3 (2.2)



Let us set
p(y) =y exp (=7 /4).
It is readily seen that v solves the equation

d—1 A
Vs = Vyy + <——%) Uy — :U‘i‘f@)

10 ov Ak
=——|p=— ) ——v+ fv)=-Av+ f(v), 2.3a
Pl G B (0 (2.30)

A .
fw) = g5 (sin(20) = 24). (2.3b)
Let us write
Lip(]Rd) = {v € L2 [0,00); ||v]* := /0 v pdy < oo} , (2.4)
H%(Rd) — {v € H"]0,00); HUH%%(W) = Z |Sl|l_pj ||D;”u||2 < oo} , (2.5)
=0 1=

where m = 1,2, ... These function spaces have Hilbert space structures endowed with
canonical scalar products, respectively. When d > d*(k), a linearized operator A :
L} (RY) — L2 ,(R?), that is initially defined in the set of smooth functions, may be
extended to a unique self-adjoint operator (Friedrichs’ extension) satisfying

(Av,v) > —%||v||2, v e D(A), (2.6)

where v is the positive constant defined in (1.9). The following lemma was obtained in
[8, Lemma 3.4] for k£ = 1 (cf. also [4]). The proof for k& > 2 is entirely similar and thus
omitted.

Proposition 2.1. Assume that d > d*(k) holds. Then the spectrum of A consists only
of simple eigenvalues {\,}52, C R with
/\n:n—%, n=0,1,2,..., (2.7)

Eigenfunctions of A associated to eigenvalues A, are given by
2
bn(y) = Ny VL& (yz) . n=0,12, .., (2.8a)

where w = wy, 4, LY denotes the standard associated Laguerre polynomial of order v, and

_ o—l-w/2 n!
A =2 \/r(n 1+ w/2) (2.8b)

is a normalizing constant so that (¢,, ¢m) = dpm. Moreover,

on(y) =cy (1 +0(1)) asy—0; (2.9a)
bn(y) = Gy 7T (1 +0o(1))  asy — oo, (2.9b)

where ¢, > 0 and ¢, are constants such that (—1)"¢, >0 forn =0,1,2,...
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Remark 2.2 (The existence of neutral eigenvalues). It is convenient to make a list of
triplets (k,d,~) for which an eigenvalue vanishes. Suppose that A, = 0, i.e., v = 2n,
which requires, in view of (1.9), \/(d — 2)? — 4k(d — 2) — 4k* = d — 2 — 4n. Under the
assumption d > d*(k), the last identity is equivalent to

(k—2n)(d —2) + k> + 4n* = 0, (2.10a)
d—2—4n > 0. (2.10D)

As a matter of fact, there is an infinite number of triplet (k, d, ) that consists of integers
satisfying (2.10). Up to n = 5, the triplets (k, d, ) producing \,, = 0 are as follows:

A =0 (kd~y) =(1,7,2),

Ao =0 < (k,d,y) = (2, 12 4), (3,27, 4),

A3 =0 <= (k,d,v) = (3,17,6), (4, 28,6), (5, 63,6),

A =0 <= (k,d,v) = (4,22,8), (6,52,8), (7,115,8),

As = 0 <= (k,d,v) = (5,27,10), (6,36, 10), (8, 84, 10), (9, 183, 10).

As already pointed out in §1, the both cases 2y > w and 27 < w can occur if ng > 2.

Assumption 2.1. There exists a neutral eigenvalue: \,, = 0 for some ny € N.

2.2 Derivation of the formal asymptotics

The asymptotic behavior (2.9a) of ¢,, shows that the linearization in pointwise sense does
not yield adequate first-order approximation for y close to the origin. This fact indicates
the onset of inner layer around the origin. We shall denote henceforth the size of inner
layer by £(s) and assume that £(s) > 0 for all s and

lim e(s) = lim £(s) = 0.

S5§—00 S§—00

To analyze the behavior in the inner layer we introduce new variables:

Y
éz @’ U(&S) :@(y,s).
Equation (2.1c) then reads
e(8)?U, = Uge + (dg L — (g(8)* — 25(3)5’(3))%) Ue — 2A—€251n(2U)

It is thus expected, to the leading order, U(E, s) behaves asymptotically to a stationary
solution of the original equation: U(¢, s) ~ U,(€) as s — oo locally uniformly in [0, co) for
some o > 0. Here we just recall that the stationary solutions are given by a one-parameter
family {U,}. Each function U, is characterized by the boundary condition:

. Ua(€
U,(0) =0, g% g(k):ak. (2.11)

We shall just summarize some properties of stationary solutions.

10



Proposition 2.3. Assume d > d*(k). Then any stationary solution U,(§), a > 0, of
(1.6a) satistying (2.11) is given by U,(§) = Ui(ag). Moreover, U,(§) has the following
asymptotics:

(&) =& +0 (&%) as€—0, (2.12a)
Ul(€) =k +0 (&%) as&—0; (2.12b)
Ui(§) = g —h&T+O(E777°)  as& — oo, (2.12¢)
Ul(€) =+ 0 (6777 as€ — o, (2.12d)

where 0 = min{2y,w}.

Proof. The first assertion is a consequence of uniqueness and scale-invariance. The proof
of (2.12¢) is found in [4,26]. One may easily prove (2.12d) by using (2.12c¢) and the
identity

k(d+k—2) [¢
Ui (€) = g/ ri=3 sin(2U, (r))dr, € >0,
26,
with the help of H'Lopital rule as well as the quadratic equation satisfied by . Similarly,
we may derive (2.12a) and (2.12b). O
By normalization, we may suppose U(&,s) ~ Ui(€) as long as (s)?¢ = o(1/€), i
y < 1 as s = oco. We thus obtain
O(y, s) ~ Pinn(y, s) :==Uh S VLI he(s)y™" (2.13)
’ ’ £(s) 2

for e(s) < y < 1, s — oo. Expansion (2.13) describes the approximation of out sought-
for solutions near the origin. We will describe another type of expansions valid for the
outside the inner region. Let us expand the solution v of (2.3) to a Fourier series:

U(y7 S) = a0(5)¢0 + a1(8)¢1<y) T an0<8)¢no (T) + Q(y7 S)? (214>
where (Q(+,8), o) = -+ = (Q(+, ), dn,) = 0. Fourier coefficients a,, n = 0,1, ..., solve
the ODE:

an(s) = —Anan(s) + (f(v(s)), ¢n), (2.15)

where f(v) is the function defined in (2.3).
As we have seen in Proposition 2.1, the eigenfunctions ¢;(y) behave as y=7 as y — 0.
To factor it out, we introduce the following dependent variable:

W =yv. (2.16)
Equation (2.3a) then reads:

—1
W, = W,, + (mT——)W +IW W) with m=d-2y,  (217)
gW) =y fly7 W) = y””gk {sin(2y™"W) = 2y W}
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(cf. (2.3)). Since v = 2ny by Assumption 2.1, it turns out that m is a positive inte-
ger. Hence the rescaled solution W is canonically identified with a radial solution of
m-~dimensional equation. Let us define

—1
LV =V, + (mT - %) v, + %v, V € D(L) := H?, (R™).

It is routine to see that the operator L is self-adjoint and its spectrum consists only of
eigenvalues. Moreover, the nth eigenvalue is equal to \,, i.e., the nth eigenvalue of the
operator A defined before. Eigenfunctions 1, of £ associated to A, are given by:

Un(y) = ¥ duly).

Notice that lim, o+ 1, (y) = ¢, exists for every n, where ¢, is the positive constant as in
(2.9a). The following Fourier expansions are then canonically obtained from (2.14):

Wiy, s) = ao(s)to + ar(s)1(y) + - - - + ang(5)ne (y) + 47 Q(y, ). (2.18)

Let ¢ be a continuous function on R, such that ¢(y) = O(y™7) as y — 0 and set
U(y) ==y o(y). A straightforward computation reveals that

(g(W (., S))7¢>L2’5(Rm) = (f(v(, 3))7¢>L$,0(Rd), (2.19)

where j = jp(y) = y" ‘e ¥"/4. To estimate a,(s) we examine the above amount in detail.
Let L = L(s) be a continuous function satisfying £(s) < L < 1 as s — oco. In order to
see the contributions of inner and outer parts to (g (W(-,s)), ¢), let us divide it as

wwton.o=( [+ [7) st ay
— I + . (2.20)

It is crucial to determine the contributions of I; and I, as s — oo, which depend on k
and d through the amounts w and ~.
Since v = O(y,s) — /2 ~ Pyun(y, s) — /2 ~ —he(s)y~" as y — 0, we obtain

1 2
L= [ 5 fsin(20) = 20 o(y)y™ ey
)

Ak g By - d—3 2/4
~ 2—3'h / (@) 1/1(y)y - _7€_y / dy as L — 0.
: 0

We then change the integral variable to the inner scale

¢ = o (2.21)

Since d — 3 — 4y = w — 2y — 1, the last integral converges if and only if w < 2v, whence:

V(O [ Gl (w < 29). o

I ~ A, B 0 (L w2y 2.22
b0 () ),

G() = 2 (sin (207(6) — 7) — (2U7(&) ~ ™) (2.23)

as L — 0.
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Assumption 2.2. The leading term of W (y,s) in the expansion (2.18) is @y (8)Un, (Y)
and €(s) = o0(e(s)) as s — 0.

The inner expansion (2.13) requires

i (5) = —— ()7 + 0 (e(s)")

Cno
as s — 0o. Taylor approximation yields

2A
szv——k/ (W (y, s)Po(y)y e/ dy.

Notice that the last integral diverges as L — 0 if and only if d — 2 < 4. We thus obtain

L=0 <a<s>v+w (%)) = o (=(s)"™) (w<2y).

- (2.24)
I ~ %Akh?’ (s)> / {¥no W) FPU(y)y "> Me ¥ hdy  (w > 29).
0
It then follows that
(g(W(,5)),1) ~ De(s)"° (2.25a)
with -
v [ G (w < 29)
D= (2.25b)

C2A 2
0 [ eyt ey (o> )
This last result suggests that the nonlinear term ¢ in (2.17) may be approximated by a

Dirac mass supported at the origin of R™ when w < 27v, whereas by a cubic function of
W when w > 2v. We begin with the former case.

2.2.1 The case w < 2v

Assumption 2.3. The nonlinear term g(W) may be replaced by xe(s)"t¥d(y) with

= 3 [ in(Ui©) —m - U - mle e (2.26)
Accordingly, the evolution of our sought-for solution is governed by equation
Wy = —LW + c(d)xe(s)"d(y)
in a weak sense, where c¢(d) > 0 is a universal constant depending only on d.

Notice that since G(§) is positive everywhere, so is x. Under the Assumption 2.3, the
Fourier coefficients in (2.18) are approximated as

o0
an(s) ~ —ch/ MT=e(r)yHdr  for n=0,1,... ng,

13



where ¢, > 0 is the constant as in (2.9a). As for the remainder term y7Q(y, s), we expect

y'Q(y, s) ~ c(d)xe(s)"™ F(y)
for some smooth function F' on (0, c0).
Under the Assumption 2.2, the function F' satisfies

no

- [F + (m—_l — —> F'+ F} =0(y) = Y (6, )b = S(y), (2.27a)

k=0
(b)) =0 (j=0,1,..,m0). (2.27b)

After suitable approximation, we argue with classical Riesz—Schauder theory (cf. [32,
§83.1]) to show that problem (2.27) has a unique solution, which is given by

ro - 3 BBl
j>no+1

in the dual norm for a suitable weighted Sobolev space. Moreover, the asymptotic behavior
of F(y) as y — 0 is determined by the Green function of the m-dimensional Laplace

equation. Namely,
F(y) ~ boy™ "2, (2.28)

where by > 0 is a constant. Since m —2 = d — 2y — 2 = w, it follows that
Q(y,s) ~ boc(d)xe(s)"™y 7™ asy — 0.

We have therefore obtained the following outer expansions:
O(y,s) ~ = — Xch/ VAT -y + boe(d) xe(s) Ty (2.29)

as y — 0. We just notice that the last term in the right-hand side of (2.29) is apparently
large, but is in fact small in the intermediate region £(s) < y < 1, as it can be seen at
the points, for instance, |y| = ¢(s)? with 6 € (0,1). Matching the both expansions (2.13)
and (2.29) in such a region, we obtain

Mg (1) edr — cho/ e(r)dr. (2.30)

The asymptotic behavior of (s) as s — oo is then obtained by solving (2.30) asymp-
totically. A dominance balance argument then shows that the first term in the right is
negligible. Hence:

e(s)? ~ XZ"O/ e(r)"*vdr (2.31)

as § — 00. An equivalent asymptotic differential equation is
. ~ _cho 1+w 2 32
é(a) ~ —Ae(s) (232
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which agrees with equation (45) in [4] with Ay = 0 there. We then solve this equation
asymptotically, to get

e(s) ~eo(s) = 1—/1 as s — 00, (2.33)
S w
where K = hy/xcn, > 0 is a constant. Scaling back to the original variables, we obtain

r

u(r,t) ~ Uy (W) for r < e(s)VT —t, (2.34a)

T h N r
u(r,t) ~ 5 c—nos(s) Ony (\/T——t) for e(s)VT —t < r. (2.34Db)

2.2.2 The case w > 2y

In this case the approximation of g(1¥) by Dirac mass does not yield the first order
approximation, but instead the cubic approximation dominates:

) 2A
g(W) ~ gcub<W) = _by_Q’y_QWgX{yzL} with b= ?k’
where y 4 stands for the indicator function of set A. The dependence of function ge,, (W)
on the space variable y has not been specified explicitly for simplicity. Assumption 2.3

should be then replaced by:

Assumption 2.4. The nonlinear term g(W) may be replaced by ge,,(W). Accordingly,
the evolution of our sought-for solution W is governed by equation

Wy = —LW + gewp(W).

Assumption 2.2 is kept as is. Consider expansion (2.18). It follows from (2.25) and
Assumption 2.4 that

an(s) ~ Dn/ e T=)e(1)dr forn=0,1,...,ng, (2.35)

where D, is the constant obtained by substituting ¢ = 1, in (2.25). More explicitly,
an(s) =0 ((s)>) for n=0,...,n9—1, (2.36a)
Uny(8) = —Ce(s)’(1 4 0(1)) with some constant C' > 0. (2.36b)

Notice that the former estimate is due to integration by parts and Assumption 2.2,
whereas the latter one is due to the matching condition required by the inner expansion
(2.13). As for the remainder term y"Q(y, s), we expect, up to higher order terms,

QY. s) ~ e(s) F(y)
for some smooth function F on (0,00) and ¢ > ~. The function F' should then satisfy

no

le(s) () F = —e(8)'LF + geup(W) — Z<gcub(W)>¢n>¢m (2.37)

n=0

(F,1p,) =0 for n=0,...,ng. (2.38)
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Taking the inner product with ¢; (i =ng + 1,...) in (2.37) and using (2.25), we obtain
Ce(8) T () (F, ;) = —Nie(8)(F, ;) + Dpe(s)®

up to higher order terms. Suppose that ¢ < 3v holds. The last equation then implies
(F ;) =0 for all : = 0,1,..., whence F' = 0. Suppose next that ¢ = 3~ holds. It then
follows from (2.37) that, to the leading term,

—1
F' o+ (mT_%) F'+ JF =y ™2 (140(1),  L<y<l

Hence there holds F(y) ~ —By~?" as y — 0 with y > L, where B = h3b/2vy(w — 27) > 0.
Retuning to the self-similar variables, we obtain the following outer expansions:

o > h%b
O(y, s) ~ g — [Z ann/ AT (1) dr + 5 e(s) Ty y T (2.39)
n=0 s

Y(w —27)

for e(s) < y < 1, s — oo, where ¢, > 0 are the constants as in (2.9a). Matching the
inner and outer expansions (2.13) and (2.39) in an intermediate region {e(s) < y < 1}
and using (2.36), we obtain

—he(s)? = —Cpy Dy h e(T)dr + o ((s)7) (2.40)

s

The asymptotic behavior of £(s) as s — oo is then obtained by solving the ODE corre-
sponding to (2.40) asymptotically, which essentially agrees with equation (45) in [4]. The

result is: s
2¢5, Dy ) —1/2y

3 (2.41)

e(s) ~ eo(s) == As™Y? with A = (

as s — 0o, whence the result.

3 Full construction

In this section we shall prove the actual existence of blow-up solutions that behave like
the formal solutions constructed in §2. Let 6 € (0, 1) be a constant satisfying

2y —w gl
2y —w+2 y+2

1
f < —min

5 } (27 > w), (3.1a)

1 . w — 27y ot
0 < - 27 <w). 3.1b

We now state our main results in the self-similar variables as follows:

Theorem 3.1. Assume that d > d*(k). Suppose that \,, vanishes, i.e., v = 2n for some
Un 2 1. Let

(3.2)

g Hw w
a={ 4 28

As7V2 (27 < w),
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where K, and A are the positive constants as in (2.33) and (2.41), respectively. Then
there exist initial data ®g € L>(R") with ®o(0) = 0 and a positive smooth function &(s),
that depends on the order of 2y and w, satisfying

le(s) — eo(s)] < Ceg(s) 2 (3.3)

with some constant C' > 0 such that the solution ® of (2.1c) with ®(-, sg) = ¢ fulfills
< e(s)’H (i> for y < eo(s)’; (3.4)

w905 )

T h _ o
(g, 5) = 2 () ()] < ()L )
Mo

for 50(5)9 <y <00, s <s<oo. (3.5)

Here H(&) is a positive smooth function on RT satisfying

no- {90, B0 o
In particular, there holds
Sli_)no1O w =1 uniformly on the set {y < £(s)’}. (3.7)
Moreover, the graphs of ®(y, s) and 7 /2 intersect transversely exactly ng times:
Z(0,00) [@(-’ s) — a =g (3.8)

and all the zeros lie in (R™*, R) with some large fixed number R > 0 for all s > sy, where
Z(0,00) Stands for the number of zeros in (0, 00).

3.1 Setting of initial data and a basic functional framework

Let £¢(s) be the positive function as in (3.2) and set n(s) = {go(s)} =30+ Let S(y)
be a nonnegative smooth function such that S(y) = 7/2 at y = 2n(so), 7/2 < S(y) < 7
for 2n(sg) < y < 4n(so)?, and S(y) = 7 for 4n(sy)® < y < oco. For a given parameter
a= (g, ..., 0p,) € R we define

( L [w (%) T Z aj@(y)] (y < 2ols0))

no

Guo(Y) = Do () » (e0(s0)* <y < 2n(s0))  (3.9)
! { a;0;(y) —S(y) + g} (2n(s0) <y < o0)

Jj=

A,
L 0

and
no—1

+ Z Oéjqu(y) + Oénoggno(y)y

J=0

Do(y) =

NS
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so that

( =) e

P T ) (@l <y <2 (310)

\ S(y) (2n(s0) < y < 00).

Remark 3.2. Due to the choice of S(y), the initial data has finite energy. In terms of the
original variables, the initial data ug(|x|) satisfies

up(0) =0, lim ug(|z]) =7 (3.11)

|z| =00

and O,ug(x) = 0 for all sufficiently large |z|. The actually required condition on ®q (thus
on wug) for |y| > n(se)? is merely boundedness, so S(y) = 7 there may be replaced by
S(y) = nm with n € NU {0}. It means that ®¢(y) gets free of the equator /2 near oco.

In terms of W variable, the initial data is rephrased as

no—1

Wy, 50) = Wolw) =y |o(y) = 5| = D ati(y) + uyns (v)
=0
no—1
= Z a;(s0)Y;(y) +y" Eo(y),
where a;(s) = (W(-,5),%) and 9, (y) = 47 én, (y). Then there holds

a;(50) =0t + Qg Vg, ¥3), 7 =0,1,....,n9 — 1, (3.12a)
g (50) =g (Dngs Uny)- (3.12b)

It is not difficult to check that

| [{Dng, 9] < Ce(s0)™2™, j=0,1,..,m0 — 1, (3.13a)
[ty |11 = (g by | < C((50)7 727 (3.13b)

Then we have

Buly) = Wlo) 3 0550}, )

no—1
= g D (s U35 (0) + g [Ena(9) = G () + {1 = (B o) } a(0)]
j=0
(3.14)
and
Ceo(s0)” for |y| < eo(s0)’
|E0(y)| S { 052<Sg)'y+49 (1 + |y|2no+1/2) for 50(30)90< Ty| < 00. (3'15>

18



3.1.1 The case 27 > w

Let ®(y,s) = ®(y, s; ) be the solution of (2.1¢) with initial data ®(-,s9) = ®@q, defined
for sp < s < s; with some s; > sy. We then define a function £(s) = (s : sg, 51, P) as a
(unique) solution of

X [ er) 4 p(s) = he(s) (s> ) (3.16)
e(s0) = €0(s0)

with

o(s) :{ i ' (51 < 5). (3.17)
Y(e,¥(+,9))

= Ay /0629 {cos <2U1 (g) — 7r> — 1} {\If(y, s)— Uy <g> } @Dno(y)yd_”_?’e_%dy.

The unique existence of a local solution is shown once we rewrite the integral equation
(3.16) to an explicit differential equation. The function ¢(s) may be considered to be
a small perturbation, so that the equation (3.16) should be a regular perturbation of
the equation (2.31) in §2. Indeed, existence and uniqueness of a solution to (3.16) is
guaranteed as long as |s; — sg| small enough. Moreover, it can be extended to [sg, s1] with
any s; > so provided that ® belongs to A(sg, s1;1).

Notice that the as long as ¢(s) = o (g(s)?) in (3.16), there holds

e(s) ~eo(s) as s— 00 (3.18)

and the asymptotic identity for the corresponding derivative holds as well (cf. Proposition
3.3). Our goal is to show that if ®(y, s) is a solution of (2.1c), defined for sy < s < sy,
that belongs to a certain functional framework, then ®(y,s) ~ (y/e(s))* for y < £(s).
This amounts to showing that the solution ® may be approximated by the formal solution
constructed in §2.2. This last task is accomplished by comparing equations

-1
W, = W,, + (mT = %) Wy + W +g(W) (3.19)
with ,
Vo (P = ) Vi 0 cle(s) o) (3.20)

for the same initial data at s = sy, where g(W) = y"F(y~"W) and 6(y) denotes the Dirac
mass supported at the origin of R™, m = d — 2y € N. Equation (3.20) suggests another
way of defining true size of the boundary layer:

4

eo(s)
S = [ o (3.21)

As a matter of fact, e(s) # €1(s) in general. This idea was adopted by [24,25] in different
problems. We do not adopt this approach because it requires a priori pointwise estimates
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of the derivative v,(y, s), which is a hard task in general. Our approach, which comes from
the second author’s recent work [32], does not need such estimates, but instead sharp error
estimates on approximate solutions in the inner regions. This last task is accomplished
by computations based on asymptotic series expansions and the definition of &(s).

Let A(sg, s1;7) (0 < v < 1) be the set of all functions ®(y, s) on R, x [sq, 5] satisfying
‘Cb(y, s) — U (%) < ve(s)?Hy (%) for y < eo(s)?; (3.22)

‘q)(y’ 5) — % + he(s)" dng (y)‘ < ve(s) TPy (1 4 yProt)

for 50(5)9 <y <o00,5 <s<si. (3.23)

We now define U, ;, C R™T! as the open subset of all points @ = (ay, ..., ap,) € R
satisfying
< 60(80)7+20 (324)

|Oéj| < 80(30)74_20 (j = O, e, Ny — 1)7 Qlpy =+ —50(80)’Y

no

and
O(y, s; ) € A(so, s1,1).
We note that
Usy.s = {a c R™M: o = (a, ..., ay, ) satisfies (3.24) }
and is nonempty. By a continuous dependence results, one has

Usys, 70  whenever (s; —sg) s sufficiently small.

3.1.2 The case 27 <w

Let ¢ € (0,1) be a constant such that 8 > 26. We denote by g (W) the leading term in
the set {y > £o(s)?} of the nonlinear term g(W) as a function of W

gL(W) = _by_27_2W3X{y>so(s)9,}‘ (325)

For a given function ®, we define a function £(s) as a solution of

Doy = (i) [ et 5> 0 (3.26a)

X
3(s) = { Ji" ¥ (etr), 2 m)dr (o gs <o) (3.26b)
}7(57 (I)(v 5)) = <g/L(W0ut>(W - Wout)X{y>€0(s)0’}, 7ano> (3266)
Wout(y, 5) :=ap, (5)tn, (y) := —Cie(s)ﬁ/}no (y). (3.26d)

no

such that e(sg) = £¢(so), where ’ denotes the differentiation with respect to W. The
setting of initial data, the definitions of A(s, s1;v) and Uy, s, are exactly the same as of
§83.1 except for the definitions of £¢(s) and &(s).
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3.2 Topological arguments

We begin with showing that the positive function £(s) defined in (3.16) (or respectively
(3.26)) behaves as o(s) (cf. (3.2)) to the leading term as well as its first derivative.

Proposition 3.3. Suppose that a solution ® of (2.1¢) belongs to A(sg, s1;1). Then there
exist constants D, D' > 0 such that

le(s) — eo(s)| < Deo(s)', (3.27a)
(s) — Eo(s)| < D'eg(s) ! (3.27D)

for sp < s < s1. Moreover, £(s) is Holder continuous in (s, s1] for every a € (0,1) and
its Hélder norm is locally bounded in (sg, s1| uniformly with respect to s.

Proof. We shall state the proof only for the case of 2y > w since the case of 2v < w
is entirely similar. The membership of ® to A(sp, s1;1) and the elementary inequality
1 —cosz <2722 (x € R) imply

)6—1

e(s
V(o0 <Ce™™ [ 20 - m) ol g
0
<Ce(s)?™rH, (3.28)
Boundedness of the last integral is a consequence of the asymptotics (2.12¢) of U;(§) and
Hy(§) ~ hy&é7 as € — oo and the assumption 2y > w.

We now begin with the proof of the estimates in (3.27). leferentlatmg the both sides
of (3.16), we obtain —xc,,e(s)"™ — Y (e, ®(-,s)) = hye(s)7"1é(s), whence:

E(s) = — %5(8)”“’ - % (3.29)
= —as(s) {1+ fle(s))},

where a = xcp, /by > 0. Since |f(e(s))| < Ce(s)? and &y(s) = —ago(s)™ with e(sg) =
€0(s0), it is rather easy to show that £(s) < 0 and the following rough bounds hold:

1 3
550(5) <eg(s) < 550(5) for sp < s < s (3.30)

as long as £(sg) is small enough. Taking a difference between the identities satisfied by
1/e(s)¥ and 1/g¢(s)¥ and using £(sg) = £o(so), we obtain

1 1 s
— = aw e(r))dr 3.31
oF " aop = [ fe) (3:31)
for s9 < s < s5;. We now exploit the elementary inequality |t}/w 1/“] < |ty — to -
min{ty, t }1/“7 (¢, £, > 0) and use (3.31), to get
le(s) — eo(s)| < awep(s / |f(e())| dr. (3.32)
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Since w > 1 > 6, the error estimate | f(g(s))| < Ce(s)? and the rough bound (3.30) yield

/ F () dr < Clels) (3.33)

for some constant C' > 0. The first claim (3.27a) then follows from (3.32) and (3.33).
We then proceed to show the second claim (3.27b). Taking a difference in the differ-
ential equations satisfied by e(s) and g¢(s), we obtain, by (3.28),
[(s) — co(s)] <ale(s)™ — g™ (s)| + [V (e, @( 5))]
<ae(s)” |e(s) — eo(s)| 4+ Ce(s) .

The desired estimate then follows from the first claim (3.27a) and (3.30).
We next estimate a Holder norm of £(s). To this end, it suffices to show:

For every a € (0,1), v > 0 there is a constant C' > 0 independent of s; such that
Y (e(5), ®(-, 8)) = Y(e(s', ®(-, 8))| < Ce(s) s — 8|, Vs,8 €[so+v,s1]. (3.34)

We are going to show this claim by applying classical parabolic estimates for equation
(2.1c). Suppose firstly & > 2. Then for any p > d+ 1 there is a constant C,, > 0 such that

s+1 1
I
s 0

This is readily seen by splitting the space integral as fol = J5+ f; with ¢ = £(s) and
using the bound |®(y, s)| < 2(y/e)* for y < 1. Set Q = By x (¢, 51] with B, = {|y| < r}.
Then, due to L? theory, for any v € (0, 1) there exists a constant M > 0 such that

1@/l gy < M (I1@llzr@) + Capae(s)™) (3.36)

in(2®) |”
Sm;—z) Yty < Cppe(s)2P. (3.35)

where Q(v) = Bi/2 X (so + v, s1]. Notice that ||®||1»(g) is bounded by a positive constant
depending only on ||ug|| = (0,00)- By a version of Sobolev inequality [1, Lemma 4.28, IV],
we have

H(I)HCDHQ/?(W) < C(d7 b, ka v, M)g(s)d/pr’

where C*2(Q)) stands for the standard Holder spaces of order A € (0, 1) in @ with respect
to parabolic distance. It then follows from this and (2.12¢) that, for s,s" € [so + v, s1],

[ () -+

vass [
<MD iy |5 — & /

2
1D (y,s) — Dy, )|y dy

2, (&:ZJ_s)) -

8(5)971
<G, |s — &' e(s)¥P2e(s) / 20, () — €071 de < e(s) 7 s — 8|
0

2
yw+'yfldy

since w > 1. The other terms arising when evaluating the difference Y (s, ®(-,s)) —
Y (s, ®(-, ")) are easily estimated, whence the result. In the case k = 1, the tuple satis-
fying our basic assumption is (d,~y,w) = (7,2,1). We change the dependent variable as
U(y,s) := ®(y, s)/y* and argue as before for the equation satisfied by . The detail is
left to the reader (cf. the proof of Proposition 3.14 below for a related argument). O
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Let

_ | xee(s)r (27 > w)
U.(s) = J 3.37
i) { (90 (Wae (- )5 (2 < ). (3:37)
We now define a continuous map P(-;s;) : R%! — R0+ a9
P(a;51) = (po(@; 81), - -+, Png (@5 51)) (3.38a)
s = (D sy~ T b T oAy
plass) = (B6ia) = F0) | eruman @)

When s; = sg, we have
P(a;s9) = a+(0,...,0,heg(so)”) + O (50(30)7+26)

for any o € Uy, 5, as sop — 0o. Thus, in particular, P(«a;sg) — (0, ..., 0, heg(so)?) is a small
perturbation of the identity map. Let deg stand for the mapping degree of P(-;s;) with
respect to 0 € R™*!. The standard homotopy invariance property implies

deg (P(+;50),0,Us, s,) = 1. (3.39)
We also have deg (P(+;$1),0,Usys,) = 1 as long as Uy, s, # 0.
Lemma 3.4. The set Uy, 5, is not empty for any s; € [sg, 00).

Lemma 3.5. Suppose that o € R™*! belong to the closure of U,
it turns out that ®(y, s; ) € A(so, s1,1/2).

Then if P(a;s1) =0,

0,51°

In order to keep the flow of the main arguments, we shall postpone the proof of Lemma
3.5 to §§3.5 and admit the claim here.

Proof of Lemma 3.4. Suppose that

*

s i=sup{s1 > 5o : Usys;, # 0} < 0. (3.40)

Then there exists a sequence {s,}%°, C [so,00) such that Us,s, # 0 for each n and
Sp ' 8" as m — 0o. Due to the homotopy invariance, there holds

deg (P(; 8n),0,Usy.s,) = deg (P(+;80),0,Usy.5) = 1.

Therefore there exists a root a,, of P(-;s,) inUs, s, for each n. Lemma 3.5 then guarantees
that ®(y, s; a,) is in A(sg, $,, 1/2). Since {a,}22, C R™*! is a bounded sequence, there
is a convergent subsequence, still denoted by {a,,}5°,. Set a, = lim,, 00 vy, In view of
Proposition 3.3, the sequence {e,(s)} = {e(s, so, Sn, P(-; )} satisfies

|En(s)| + en(s) < Keo(s)

with some constant K > 0 independent of n, thus converging, up to subsequence, to
a continuous function e,(s) uniformly in [sg,00) as n — oco. Let {¢,(s)} denote a se-
quence of the functions defined in (3.17) (or respectively, (3.26b)) with (s;, ®) replaced
by (sn, ®(; av,)) there. By continuous dependence on initial data and the dominated con-

vergence theorem, we have lim, . ¢, (s) = @«(s), where p.(s) = f;* Y(7,®(-,7;0%))dr
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for s < s* and p.(s) = 0 for s > s* (cf. proof of Proposition 3.3). Consider the case
29 > w. The function ,(s) solves

cho/oo £.(T)TdT + 0. (8) = he,(s)7, e(s0) = €o(s0).

It then turns out that a, belongs to Uy, s+ and P(a*;s*) = 0, whence ®(y, s;a*) is in
A(so, s*,1/2) due to Lemma 3.5. Moreover, Corollary 3.8 below, (3.12), and (3.13) imply

o] < eo(s0)"™ (j=0,...,n0 — 1), < eo(s0)" . (3.41)

h
Qo+ P~ e0(s0)”
no

Therefore a* lies in Uy, s+. A continuous dependence result then shows that there exists
§ > 0 such that U, s«ys # 0, which contradicts (3.40). The case 2y < w is similar and
thus omitted. The proof is complete.

Proof of Theorems 3.1 and 1.1. Take a sequence {s,,} ,* co. Due to Lemma 3.4, there
exists an a,, € Uy, s, such that P(a,;s,) = 0 for each n. Arguing as in the proof of Lemma
3.4, we may prove that the tuple of e(s) = e(s; s, 00, @(; ) and P(y,s) = P(y, s; ax)
satisfies conditions (3.3)—(3.7). The claim (3.8) is a consequence of (3.5) and the well-
known zero-number diminishing property for one-dimensional parabolic equation applied
to function ¥(y, s) = ®(y, s)/y*. Consequently, Theorem 3.1 is proved. Returning to the
variable (r,t) and u, we readily verify the claim of Theorem 1.1. The proof is complete.

3.3 A priori estimates in the inner regions

The goal of this subsection is to estimate possible oscillation of ®(y, s) in the inner region,
to be presented in Lemma 3.6 below. To this end, we prepare some notations. Let us set
V(& s)=U(&s)— U (§) with U(E, s) = P(e(s)€, s). We have

VI s)

V(0,s) =0, él_r)% e = 0. (3.42)
The function V solves
d—1 A
e(5)°Vs =Vge + TVg — M(S)%‘/g — ?; cos(2U)V —
Ay,

T o {sin(2U; + 2V') — sin(2U;) — 2 cos(2U;)V'} — M(S)g(Ul)g, (3.43)

where, by (3.16),
p(s) = e(s)? — 2e(s)é(s) (3.44)

Let us consider a related equation:
d—1 Ay

0= Voee+ € Voe — ? cos(2U™) Vo — u(s)T'(§), (3.45a)
T(6) = S(U1)e (3.150)
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A solution V(& s) is given by V(&, s) = u(s)H (), where function H (&) solves

d—1 A
H" + TH’ - 5—5 cos(2U1)H = T(€), (3.46a)
H(0)=0, H(E) =0 (") as¢&—0. (3.46b)
Let & > 0 be a constant. It is readily seen that function

Hy(&) = 0aUa(§)la=a = EU{(a€) (3.47)
is a solution of the homogeneous equation with cos(2U;) replaced by cos(2U;) satisfying
Hy(0) =0, Hyl€) = (a€)*(1 +o(1)) as & -0,

By the variation of constant, a unique solution H;(§) of (3.46) with cos(2U;) replaced by

cos(2U,) is given by

3 v v
H,y () =H0(§)/0 W/o n® " Ho(n)T (n)dn. (3.48)

Because the asymptotics of Hy(§) as £ — oo is important in our approach, we shall
carefully compute the first and the second leading terms of 7'(§) and Hy(§). We begin
with T'(§). Recall the asymptotic expansions of U, (&) (cf. (2.12¢)) as £ — oco. We may
differentiate it with respect to £ and «, respectively, whence:

Ho(&) =hya "7'¢7 + 0 (£77%) (3.49a)
Hy(&) =hya (=)t + 0 (&7 (3.49D)
T(€) = %mgv +0(£77%) (3.49¢)

The asymptotics (3.49a) follows from (3.47) and (2.12d), whereas its derivative (3.49b)
is shown by differentiating (3.47) in £ and using the differential equation for U; with
asymptotics of U; and U{. The asymptotics (3.49c) of T'(§) is a direct consequence of
(2.12d). The asymptotics of H;(§) as & — oo may be computed by substituting (3.49) in
(3.48) with the help of H'Lopital rule as follows:

O+ (w<?2)
Hi (&) =C&72 44 O(E 7 ogé) (w=2) as & — o0 (3.50a)
O(™) (w>2)
: _ hy
with Cy RTCETE (3.50b)

We just emphasize that the leading term of H;(£) does not depend on @&. Formal differ-
entiation of (3.50) suggests

H(€) = Ci(=7 + 27+ 0 (§77H) as €= o0,

which is justified by differentiating (3.48) and using the asymptotics of the resulting
functions. We are now prepared to state the most crucial results in this section.

25



Lemma 3.6. Let 0 € (0,1) be the constant satisfying (3.1a). Then there exists a positive
smooth function H () on (0,00) satisfying

_H@)Z{:g@ﬂ e (3.51)

(€77)  as& = oo,

- ()| ()

for y < eo(s)?, so < s < s1.

such that

Proof. Set
(bOHt(y? 8) = g + a/:Lo (S>¢no(y); GZO(S) = _Ciéj(S)’y’ (352&)
_ Y
q)inn<yu S) == U1 (m) . (352}3)

In the matching region (s) < y < 1, we obtain

e(s)

The explicit formula of the eigenfunctions v, in Proposition 2.1 implies

[ 5
Un(y) — cn = Cp = fy—i—d/2 114"‘2 7+d/2 (Z>]

for all n > 2. Recalling the constant C as in (3.50b), we obtain

y N7
Dons (9,5) — D 8) =, () (Yna(y) — o) + O ((—) ) (3.53)

| Pout (Y, 8) — Pinn(y, s) — Cre(s)y 72| <Ce(s) 0y (3.54)
for y = £o(s)?. Combining (3.54) with the assumption ® € A(so, s1; 1), we deduce
|B(y, 5) = Pinn(y, s) — Cre(s)y 72| <2e(s)*y ™
for y = 50(3)9, so < s < s1. By means of the inner variables, this estimate reads
e(s)?Hi(€) — Moe(s)* Ho(€) S U(€,s) — Un(€) < e(s)*Hi(€) + Moe(s)* Ho(€)  (3.55)

with some constant My > 0 for & = g4(5)?/2(s), 5o < 5 < s1.
We will try to construct super- and subsolutions Wy (¢, s) of (3.43) of the form:

Vi(€,s) i=ps(s)Hy(€) £ Me(s)* Hy(€). (3.56a)
pe(s) =e(s)* {1Fe(s)"}. (3.56b)
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We shall first select plus sign from =+ of (3.56a) and prove that V' =V, is a supersolution.
We now particularize the free parameter & as @ = 2. A direct computation shows that

NV = Ve + %‘fg — % cos(2U,)V — M(S)HQJ{ — M(S)%—
- é\—sz {sin(2U) — sin(2U;) — 2 cos(2U;)V'} — 5(3)20:;—‘:
= % [{cos(2U2) — cos(2U1)}V — {sin(2U; + 2V) — sin(20;) — cos(2U1)2V}} — (3.57a)
(6§ e (L4 M9 ] o7 { i (5)Hu 4 25 (£(97) Hp 4 (357)
+{ps(s) — ()} T (3.57c)

The functions in (3.57b) and (3.57c) should be considered as source terms. For instance,
we have

~p(s)e(s) L)

‘ <Ce(s)*™ (1467 (3.58)

for £ < 2e4(5)?71, 59 < s < s;. Similar estimates for the source terms in (3.57c) may
readily be obtained. On the other hand, the definition of p, implies that

{14(s) = u(s)} T(€) = =)™ as € — oo,
which is larger than the quantity in (3.58) for £ < 2g4(s)?~!. We thus obtain
A . .
NV, < 5—5 {cos(2U3) — cos(2Uy) }Vy — {sin(2U; + 2V, ) — sin(2U;) — cos(2U1)2V+}]
as long as £ < 2¢4(5)?7!, 59 < s < s;. Negativity of this remaining term is verified due to

our choice & = 2. Indeed, the asymptotics of U, (§) implies

Ua(&) = Uh(€) =h(=277+ &7+ 0 (£77)
—sin(20s) =(2U; — 7)) + O ((2U; — 7)?)
=2 £ O + O

Since — sinz is monotone increasing in (—m/2, ), we obtain

{cos(2U3) — cos(201)}V, < —sin(20,) - 20(=277 4+ 1) €77+ O (£77%)] - 2V,
< _D6(8)29[§—37 +0 (5—3'}'—w)]7

where D > 0 is a constant depending on d, h,y, M, and Cy. On the other hand, we have

sin(2U; + 2V,) — sin(20U;) — cos(2U4)2V, = —sin(2U) - (2V4)° + O ((2V4)?)
=2(s)'0 (€M) +e(s)"0 (¢7)

for 1 < & < 2¢(s)?~1. Notice that

8(8)46—37-%4 < C€<8)2+20€—37+2 < 405(8)495_37
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for 1 < € <2¢(s)?71, whence NV < 0. As for € = O(1), negativity of N'V in any bounded
interval is verified by the presence of the term {cos(2Us) — cos(2U;)} - Me(s)* Hy(€).
Therefore the function V, is a supersolution for & < 250(8)9*1, so < s < s7.

To construct a subsolution, we select minus sign from =+ of (3.56). In this case we have

{u=(s) = u(s)} T(€) = e(s)* TP for &> 1

and {cos(2Uy) — cos(2U1)} - (—M)e(s)* dominates in any bounded interval, respectively.
The detail is similar to the construction of the supersolution and is thus omitted.
We just check that the initial condition satisfies

Do(y) — Uy (%) — e(s0)2H, (%)’ < Ce(s0)* Hy ( Y ) (3.59)

e(s0 S0 £(s0)

with some constant C' > 0 for y < £(s¢)?. This is clearly satisfied for y < £(s¢)%, since

Po(y) = Ui (y/e(s0)) there and Hy(€) = O(E772) for € > 1. Tt follows from (3.10) that

no—1

[D0(y) = Pour(y: 50)| < Y |y (w)| +

J=0

h _
g )] £ Oy
no

for e(s9)? < y < 1. Combining this estimate with (3.50), (3.54), we obtain (3.59).
Rewriting (3.59) by £ and choosing constant M > 0 in (3.56) large enough, we conclude

V(& 50) < U(E50) = Un(€) < Vi(€,50)  for € <e(s)’ .

Comparison principle then concludes the proof. O

3.4 A priori estimates of lower Fourier coefficients

Let us write

Dy, s) =

bo |

+ ) an(s)on(y) + QY. ),

where Q(+, s) satisfies the orthogonal condition (Q(-,s), ¢,) =0 for n =0, ..., no.

Lemma 3.7. Assume that 2y > w holds. Suppose that P(«y,...,q,,;s1) = 0 for some
a € Uy, s,. Then:

an(s) + ver / M () 4 / MY (e(7), (-, 7)) dr

Ce(s)1tet0 (np <ng—1)
= { C’i(s)”“‘e (n = ng)

(3.60)

for sp < s < s.

Proof. We first show:

[(gW) = ¢ (Winn) (W = Winn) Xqlyi<e(s)263> Un) — XCnE(8)T] < Ce(s)7 ™9 (3.61)
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Since ¢ (Winn) = Mgy =2 {cos(2y™ " Win,) — 1}, it follows that
<gl<VViHH)(W - VVinn)Xﬂy\Seo(s)?G}» ¢no> = Y(6(8)7 (I)(, 8))

and

gW) = g(Winn) — g/(Van)(W — Winn)
A

= {y”d [sin(2v) — sin(20im,) — €08(20in,) (20 — 20i50)] -

Lemma 3.6 implies [0 — Vinn| << [Vinn| for y < e(s)?, so < s < 51, 50

e(5)2°
/O {gW) — g(Winn) — g'(Van)(W — Winn)} ¢n(y)ym_1e_y2/4dy

SC/OE(S)QB Y220, (8?—8)) — 7| |e(s)*H (%) 2 () 4" 2 p(y)dy
<Ce(s)rTett?, (3.62)

Finiteness of the last integral is a consequence of (3.51), that is,
20, (&) =7 [H (P € =0 (¢717%)  as&— o0
and d — 4y — 2 = w — 27 < 0. A slight modification of the argument in §§2.2 shows

5(3)26 ,
/ I Winn (Y, $))0n(y)y™ e My — xene(s)7| < Ce(s)T, (3.63a)
0
/( " g(W (y, 8))¢n(y)y“”lp(y)dy‘ < Ce(s)rtetr1=20@r—w), (3.63b)

Since (1 —26)(2y —w) > 40 by (3.1a), inequality (3.61) follows from (3.62) and (3.63).
Taking inner products with ¢, in (3.19) and integrating the resulting ODE for e**a,,(s)
over [s, s1], we obtain, for n =0,. .., n,

e*la, (s1) +ch/ M Te(T) T dr

— Man(s) + Xen / T () / " (g (W) ) — xene (7] di.

The left-hand side vanishes by assumption P(«;s;) = 0. It then follows from (3.61) that

o9} 51
an(s)—i—xcn/ 6)\”(7_8)5(7)7+wd7—+/ A=Y (e(7), (-, 7)) dr

s1
S/ eAn(T_S) ‘<g (W<T)) - g/(VVznn)(W - Winn)Xﬂy\ge(s)%}a 77Z)n> - ch5(7)7+w| dr

s1
SC/ e)\n(f—s)g(T)'warzledT

Ce(s)rtet0 (n <ng—1)
= { Ce(s)"™0  (n =nyg)

for 1 < sp < s < s1. The proof is now complete. O
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Recalling our definition of £(s) given in (3.16), we readily obtain the following corollary.

Corollary 3.8. Under the same assumptions as of Lemma 3.7, there holds

no—1
> lai(s) +
7=0

ana(5) + Cig(s)v — 0 (e(s)¥) (3.64)

0

for 1 < 59 <s<s;.

We then proceed to consider the case w > 2+.

Lemma 3.9. Assume that w > 2y holds. Suppose that P(«y,...,Q,;s1) = 0 for some
a € Us, s,. Then for any v > 0 there exists sy large enough such that

|ang (s) — azi, (s)] < ve(s)" (3.65)
for sy < s <'s, where a, (s) = —Z-e(s)7 (cf. (3.26d)).
nQ

Proof. We first show that there exists 6 > 0 such that

(9(W) = (90 (Wour) + 91 (Wout) (W = Wout)) Xgyseo(s)0'y o) | < Ce()*7HE7(3.66)

for s9 < s < s, where g, (W) and W, are the functions as in (3.25) and (3.26d),
respectively. Computations similar to those in §§2.2 shows that

/

e(s)?
/ g(W (y, 8)) b, (y)y™  pdy| <Ce(s)*H0 =2
0

I

where the change of variable y = £(s)£ has been used. Since 2y = 4ng € N, the assumption
w > 27 actually means w — 2y > 1. Our basic assumption ® € A(sg, s1;1) implies

|W(y> S) - Wout(ya 5)‘ S Cf50(57)’Y+20 (1 + y2"°+1) (367)

for q(s)? <y < 00, sp < s < s;. This last estimate holds also for 5(3)9/ <y < eo(s)Y,
so < s < 51, due to Lemma 3.6 and (2.12c). We then readily see that

((g2(W) = g(Wous) = g1 (Wou)(W = Wout)) X{y>eo(s)?'}> Vo)

< Ce(s)r 4 / s () 577l
0

and the last integral converges since m — 2y — 3 = w — 2y — 1 > —1 by assumption.
The error arising in replacing g(W) by its leading term gz (W) in {y > £o(s)?'} is readily
estimated by Taylor as well as the exponential weight function p. The result is:

/OO {oW) = gL(W)}%O(y)ym—lpdy‘ < Ce(s)rH20=00

o(s)?’

and 2(1 — 0")y > 20’ > 40. Summarizing these estimates, we obtain (3.66).
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Arguing as in the proof of Lemma 3.7, we obtain

o0

ang(s1) —x [ {asy(r)Yodr
—ana(s) — X /w{a,’;o(r)}?’dr— /Sl<gz<wout><w Wt X ymen(ay'}: o)

-/ " 0V) = (02 (W) + , (Wont)W — Wont)) Xymea(op'y: o)

The assumption P(a;s1) = 0 means that the left-hand side vanishes. Due to the definition
of £(s) given in (3.26a), we then obtain, by (3.66),

|, (5) — ar,(s)] =

— (92 (Wout) + 91(Wour) (W = Wour)) X{y>eo(s)?'}> Uno)dT

§05(5>7+(2+6)9'

The proof is now complete. O

3.5 Pointwise bounds for higher Fourier modes

We estimate the higher mode:
E(y,s) = Za] s);(y (E(,s),vj) =0 forj=0,...,n,

which solves

-V, E
AR +%E+R,

R=R(y,s) = Z ))s i) (y).

=0

E,=AE —

Here and henceforth, we abuse the notation of y to denote the variable in R™ with
m = d — 27 and the counterparts of the partial derivatives are denoted by V, and A,,
respectively. The standard semigroup theory shows

E,=T(s—so)Ey + / T(s—7)R(-,T)dr, 5> S,

with Ey = E(+, sg) and
e(1/2)s |y6—s/2 — z|?
IT(5)E] (y) = =T /]R e (—W)E(z)dz (3.680)

= Ze (B, i) () (3.68b)

for s > 0. The convergence of the series are understood in the norm of Lg(Rm) as well
as the uniform topology in every compact subset of R™. This last statement is due to
uniform boundedness of the Laguerre polynomials ¢; (j =0,1...).
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Our goal in this subsection is to show: If ® € A(s, s1;1), then there holds
|E(y, s)| < e(s)7+% (1 + yQ"OH) . eo(s)? < |yl < 00, s <5< sy (3.69)

To this end, we first show (3.69) for short-time sy < s < sy + 1 and then extend it to
long-time sp+1 < s, to get (3.69) for the whole time interval sy < s < s;1. In the following,
we always assume ® € A(sg, s1;1), even if it is not stated explicitly, and the indicator
function of interval I is denoted by x(I)()

3.5.1 A priori estimates for short-time interval

Lemma 3.10. For any v > 0 there exists sy large enough such that

[7(s — s0) Bol (9)] < ve(s)* (14 [y (3.70)
for e(s)? < |y| < o0, 59 <5< s+ 1.
Proof. We will estimate the left-hand side of (3.70) by (3.68a). Recall (3.15):

Ceo(so)? for |y| < eo(s0)’

<
|Eo(y)| < { 060(80)7+49 (1 + ‘y|2n0+1/2) for 50(80)9 < |yl < oo. (3.71)

The former estimate of (3.71) implies

| [T(S — s0) Eox([0, 50(30)20])} (y)\ <Ce(sp)r™™? (1 + |y|2n0+1/2)

for e9(s)? < |y|, since sup,- o 2™/2e"%/16 < oo. It follows from the latter estimate of (3.71)
that

|[T(5 — s0) Eox([e0(50)%, 2n(s0)])] ()| <Ce(s0)74 (1 + [y[>o+1/2)

for all y € R™. As long as the region {|y| < n(so)} is concerned, there holds ||y| — |z|| >
|z|/2 for |z| > 2n(so), and hence

705 = su)Bux((20(su). 500 ()] <Ce(oa) exp (=151,

whence the desired bound.
We finally consider the region {|y| > n(s¢)}. Split the integral as

[ |
/{|Z|>2n(50)} /{|Z|>4Iy|} {2n(s0)<|z|<|yl/4}

The former integral may be estimated as in the previous one. On the other hand, in the
region of the latter, we have |z|?no+1/2 < 271/2¢4(50)(0F20)/3| |2n0+1 " whence:

I[T(s = s0) Eox([21(s0), [y]/4])] ()] < Ce(s0) 020/ (1 4 [y[*o+)

for s9 < s < s9 + 1. Putting these estimates together, we obtain the desired estimate
(3.70). The proof is complete. O
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Lemma 3.11. For any v > 0 there exists sy large enough such that

< V8(8)7+20 (1 + ’y‘2n0+1)

[ 1= nre ) wyr

S0

for gq(s)? < |y| < o0, 59 < 8 < 89+ 1.

Proof. Note that

/8 T(s—71)R(-,7)dr = /8 T(s—71)g(W)dr — Z /S T(s—7)(g(W),),dr.

S0 S0

The second term is easily estimated, since |[(g(W), ;)| < Ce(s) w2} To estimate
the first term, let us write

gW) = gW)xqui<=s)e /83 + IW)Xqjyi>ets)0 /81 =2 My, 5) + ha(y, s).

Consider the term involving hy. By the change of variable z = ¢(7)(, one has

lye=(=7) — z|2)
P (_ —(s—71 |g<Wmn)| dz
/{IzISa(T)G/g} 4(1 — e=(s=7)

—(s—7) _ 2
<cetry [ e (=2 it sn 20h - ) - 2 - mac

where B = {¢ € R™ : [¢| < &(7)"1=9/8} and U, = U, (|¢]). We want to replace ()¢
by 0 in the exponential factor. To estimate the error that may arise, we take advantage
of an elementary inequality

1
(W= _ —u?| o Ce_w2/2|wHU| provided that  |v| < 5|w| (3.72)

with
e(1)¢ ye 577/
w—

V= =
21 — e=(s=7) 21 — e=(s=7)

As a result, we obtain

—(s—7) _ |2
ye z
/ eXp <_’ (ST)’ ) |g(Wznn)| dz
{l2l<e(r)?/8) A1 —emt77)
—(s—7)|2 —(s—7)|2 26 —(s—7)
mty—2 _ ye | _ lye ® \e(m) P lyle .
<Ce(T) {exp < =) + exp 31— =) =

s U 6D - 7~ (20 (<)) - ] de
{I¢I<e(r)?=1}

for £(s)? < |y|, so < s < 89+ 1. Since

sin (20 (r) — 7) — (2U; (r) — )| ~ % 20, (r) = 7" = O (™)
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asr —oo,and y—2—-3y+m—1=w— 27— 1, we obtain

s 1 |y67(577)/2 _ Z|2
- VVinn dzd
o {1 — e (mmpm/2 /{|Z<E(T)9/8} o < 41— e~7m) [9(Winn)] d=dr

s (7)Yt (1 4 g(7)0-D(w=27) —(s—7)/2|2
o [ e ) o (RN
s {1 _ e—(s—T)}m/Q 4(1 _ e—(s—q-))

<C%e(s0)" (1 + (s0) D@21 |y| 7, (3.73)

where the change of variable t = |y|2/4(1 — e=*=7)) has bee used as well. Since |g(W)| <
2g(Winn) due to Lemma 3.6, we obtain

< Ce(s)rt-6 (3.74)

[ s = i) s

S0

for £q(s)? < |y| < oo, where § = min{2y,w}.

We shall turn our attention to the term involving hs(y, 7). Recall the function n(s) =
{e0(5)}~@/30+20) " The function g(WW) may be estimated by a cubic function of |y|=YW
in {8 tep(s)? < |y| < n(s)} due to the assumption ® € A(sg,s;;1) and Lemma 3.6. We
then obtain

17t = e s ] ar <O [ <ty ar (14 )

<Le(s) (1 + |yt (3.75)

for £0(s)? < |y| < oo, since 2(1 — )y — 20 > 20 (cf. (3.1)). Our next task is to show:

/S [7(s = 7)hax([n(7), 00))] (y)] dr < ve(s) ™ (1+ [y[*"*) (3.76)

for g9(s)? < |y| < oo. Consider first the region {|y| < n(s)/4}, in which |z|—|y| > (3/4)|z|
for any |z| > n(s), whence:

e P o] on(s)?
ex — ex — ex — .
PATaa —e6n) ) =P\ 3200 — 6y ) P\ 7 32

The desired estimate then follows at once. Consider next the region {|y| > n(s)/4}. Split

the integral as
{lz21zn(n)}  Jmm<lzl<alyly S H{4lyl<l=l}

The latter part may be estimated as above. As for the former, we have [g(W (z,7))| <
Clz|772 < Oz {n(7)} 2 in the region of integration. Hence (3.76) holds. Summariz-
ing, we have obtained

[ s = 1t ) s

S0

< v2e(s)"T (1 + |y[*oth) (3.77)

for g9(s)? < |y| < o0, 59 < s < 89+ 1. Combining (3.74) with (3.77), we conclude the
desired estimate. The proof is complete. O]
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3.5.2 A priori estimates for long-time interval

We extend the estimates having been obtained in §§83.5.1 to the case s; > so + 1.

Lemma 3.12. For any v > 0 there exists sg large enough such that
[7(s = s0)Eo] (y)] < ve(s)"™*" (1 + [y*"*) (3.78)
for g9(s)? < |y| < 00, s+ 1< s < 5.

Proof. Let K > 1 be a constant to be specified later. We first show (3.78) in [go(s)?, K] x
(so + 1, s1]. The series expression (3.68b) of the semigroup 7T'(s) yields

[T'(s — s0)Eo] (y)| < Ck Z e~ M=) [(By, )] (3.79)
Jj=no+1

Due to (3.14), we have |{Ey, ;)| < Ceo(so)?™™ for some constant C' > 0 independent of
J and so. Hence we obtain

y+mb o)
IT(s — so)Eul ()] < Cheels >m( W) 0 3 A ms)

E(S) J=no+1

< Clle(s)rtmle=(s—s0)/4 (3.80)

for ly| < K, sp+1 < s < s;. In particular, (3.78) holds there.
We will extend this bound to unbounded region [K, c0). Consider the function

w<y’ 8) — 67(1/4)(3730)‘y|2n0+1. (381)

A simple computation shows that

y.vw fy 1 S—S, T, no—
— Aw + 5~ W= ¢ —(1/4)(s=50) [Jy[>"ort — K2|y[*o 1], (3.82)

which is positive if |y|* > 4(2ng + 1)(2no + m — 1) =: K?. Namely, w is a supersolution
of equation vy = Av — 27 (y - V) + (v/2)v in (K, 00) X (g, 51). Moreover, we have

|Eo(y)| < v2e(s0) 7 y| ot (3.83)
for K < |y| < co. Furthermore, (3.80) and the corresponding short-time estimate imply
[T'(s — s0) Eo] (y)| < v2e(sq)7 e /Doy 2ot

whenever |y| = K, sop < s < s;. We may now apply comparison principle, to get

Els e — s—s n
(s = s0) B )] < 7500l ) = w7l (L) c-tmicso s

< IJE(S)W—F% |y|2n0+1

for K < |y, so < s < sy, which completes the proof. ]
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Lemma 3.13. For any v > 0 there exists sy large enough such that

/S [T(s —7)R(-,7)] (y)d7| < veo(s) T (1 + |y|2"°+1) (3.84)

50
for eg(s)? < |y| < o0, so+1<s< sy,

Proof. The proof is almost the same as of Lemma 3.12, so we state only the main points.
We first notice that fsso in (3.84) may be replaced by f:o_l, since the term corresponding

to fil may be estimated exactly as in the short-time estimates in §§3.5.1. Notice that
|<R('77—)7¢j>| ch(T)'erw, j:O,l,

Pick 7 € [sg,s — 1]. Since (R(-,s),v;) = 0 for j =0, ..., ng, the series expression (3.68b)
of the semigroup 7'(s) as well as local uniform bounds of Laguerre polynomials guarantee

[T(s — 7)R(-,7)] (y)| < Ce(r) e Ano+1(s=7)

if |y| < K. We now let 7 vary over [sg, s — 1] and integrate T'(s — 7) R(-, 7) there, to get

< CCge(s) e (1/6=50)

/ (s — TR ()dr

S0

for ly| < K, sp+1 < s < s;. Notice that

e(s) ¥y (1< [yl < 2n(s)),
l9(W(y, s))| < { Ce(5)20F20 |y 7+ (2n(s) < |y| < 00),

whence:
|R(y,7)| < ve(r) " |y[rort (3.85)

for all |y| > K. Comparison principle as well as integration in 7 then implies

s—1
< CV2|y|2nO+1 / 5(7)7+296_(1/4)(S_T)d7'

50
< () ¥y

/ (s — )R (n)dr

S0

for |y| > K, sp+1 < s < s1. The proof is now complete. H

Completion of the proof of Lemma 3.5. Due to Lemmas 3.10-3.13, we conclude the
estimate (3.69) on the higher Fourier mode. The a priori estimate ® € A(sq, s1;1/2) then
follows from Lemma 3.6, Corollary 3.8, and (3.69). The proof is complete.

3.6 Asymptotic behavior of energy density
Having proved theorems 3.1 and 1.1, we turn our attention to the proof of Theorem 1.5.

Proposition 3.14. Assume the same hypotheses as in Theorem 1.1. Let u and £(s) be
as in Theorem 1.5. Then for every K > 0 there exists a constant C' > 0 such that

2 (u(evT=1) -0 ©) | < et (3.56)
forT/2<t<T.
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Proof. We appeal to classical parabolic estimates after performing suitable change of
variables. Without loss of generality, we may assume that K = 1/4. Recall the notations
&, U(&,s) used in §83.3 (cf. (3.43)). Let us write

ds
e(s)*

Vies) = Ul6s) - (9 = €2, = | 5

S0

By direct computations, it turns out that Z satisfies the radial version of a (2k + d)-
dimensional parabolic equation with uniformly bounded continuous coefficients for || < 1,
7 > 0. To avoid ambiguity, we shall introduce different notations: Z(n,7) = Z(€,7),
n € R**4 || = £. The equation for Z(€,7) is then recast as

A k
Z. =N, 7 — ’“;)n-vnz + ﬁ (1 — cos(20,)) — ‘“2(7)} Z+F(np,1),  (3.87)

!
A
Ui b [sin(2U; + 2[n[FZ) — sin(20;) — cos(204)2n|* 2] ,

F(Tlﬂ') = _M1(7)2|n|k_1 - 2|77|2+k

where 111(7) = p(s) = e(s)? — 22(s)é(s), Uy = Ui(|n]), U} = Uj(n|), and V,, A, denote
the counterparts of differential operators in 7, respectively. Fix 7 > 0 and set ) =
By x (7*,7* 4+ 1]. Due to (3.4), there is a constant C' > 0 independent of 7* such that

HZHLOO(Q) < Cey(77)”, (3.88)

where £1(7) = €o(s), and thus [|Z]|, ) < Cey(7)? for every p > 2k +d + 1. By Talyor
expansion and Proposition 2.3, we readily obtain an L*°-estimate on the forcing term of
the form || F||p(q) < C'e1(7)%. Set Q' = By X (7" + 1/2,7* + 1]. L? theory for linear
parabolic equations implies

1Zlz 0y < D (12010 + 1Flligy) < K (C+Chea(r)®,  (3.89)

where D > 0 is a constant depending only on k,d, and the parabolic distance between
)’ and the parabolic boundary of Q. For A € (0,1 — (2k + d + 1)/p), let us denote by
CMV2(Q') the standard Holder spaces of order A in @’ with respect to parabolic distance.
Due to a version of Sobolev inequalities [1, Lemma 4.28, IV] as well as Taylor expansion
and Proposition 2.3, estimate (3.89) implies

[F [l crnra@ry < C"ey (%)%, (3.90)

where C” > 0 is a constant depending on C,C", D, p, k,d but not on 7*. Taking account
of the uniform Holder estimates for £(s) guaranteed by Proposition 3.3, we may verify
uniform bounds of Holder norms (independent of 7*) on coefficients of the linear part of
(3.87). Hence we may apply Schauder theory. Set Q" = B4 x (7" 4 3/4,7" 4 1]. Since
e(m*) < 2¢(7), it follows from (3.88)—(3.90) that

1Zllcasssenragry < M (120l miqy + IFloanag) < 2M (C+ C")er(r)*

for 7 +3/4 <7 <7+ 1. We now let 7* vary on (0, 00), to get, in particular,

1Z( )l czer @) < 2M (C +C”) e ()%, 7> 1. (3.91)
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Notice that V(¢,s) = |n|¥Z(n, 7) satisfies

ov _
% <klnl*=1Z(n, T) + " Ve Z(n,7)],
0*V

ez <k(k =Dl Z(n,7)| + (d = D" [V, Z(n, 1) + " |2y Z (0, 7)] -

Estimating the right-hand sides by (3.91), we obtain (3.86). The proof is complete. [

Proof of Theorem 1.5. The claim (1.17a) is a direct consequence of Proposition 3.14. We
prove the claim (1.17b), applying (3.5) and parabolic estimates to the function £ =
W(y,s) — any(5)Un,(y), where W(y,s) = y"(® — 7/2), an,(s) = (W(-,$),1n,). A direct
computation shows that E solves an m-dimensional parabolic equation

V. E
ES:ACE—C%Jr%EJrG,

G ::gl(y7 W) - <g1 ('7 W(7 8)) 7wno>wno (y)7
where ¢ denotes space variable in R™, m = d — 2y € N, such that y = |{| and

A , _ _
g1y, W) =g(W) = 7’“3/7‘2 [sin(2y"W) — 2y W] .

Due to (3.5), for every L, M > 0 there is a constant C' = C(L, M) > 0 such that
|E(C,8)| +|G(C,8)] < Ce(s) (L/2 < [¢] < 2M, so+1 < s). (3.92)
A similar argument to (and even simpler than) the proof of Proposition 3.14 shows
2

5=0 i1+ +im=j

J
8—E(C,S)‘ < Ce(s)™ (L<IC| <M, so+1<s).
9oy

Writing this estimate with self-similar variables, we obtain

i .
a—q-)(y,S) — ano(5)¢f£(y)‘ <COe(s)™ (L<y< M, sp+1<5s),

whence the result (1.17b).
The claim (ii) follows from (i) and identity (1.5), i.e., |VF|? = (u,)? + Apr~2sinu.
Indeed, for r < Ke(s)y/T —t, there holds

20 Ce (8)20
r 2 T 2 <2 r| EO(S) < : )
)" = () < 2 = < o)
A A
7’_5 |sin® u — sin® u; | < 7’_; 20wy (ryt)||u — |

<33 (W)”H (=) < Ty



where u; = uy(r,t) := Uy(r/e(s)vT —t). When L <r//T —t < M, we have

Ay

r2

e(s)? C(L, M)e(s)*

7“2_ ~%\2 <CLM 'yT_t—l/Q‘ * <
‘(U) (ur) ‘— ( ) )50(5) ( ) |CLn0(S) m = T —¢ )
: 9~ 2A _ . 1 . C(L,M)

2 2 ~x k * * %2 ) 2v+20
|sin® u — sin® @ §7<\cosuHu—u\—i—5|u—ul)§T—_tg(s)’Y :

where @* = a*(r,t) := u*(r/v/T — t,t). Therefore the desired estimates follow from (1.5).
The proof is now complete. O
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