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Abstract On a smooth bounded domain we study the Trudinger-Moser functional
Eq(u) ::/ (eo”‘2 - 1) dx, ucH'(Q)
Q

for a € (0,27) and its restriction Eq |y, , where £ := {u € H'(Q) | [ (|Vu[* + Au*)dx =1}
for A > 0. By applying the asymptotic analysis and the variational method, we obtain asymp-
totic behavior of critical points of Eq|x, both as A — 0 and as 4 — +-oo. In particular, we

prove that when « is sufficiently small, maximizers for sup,c5, Eq(u) tend to 0 in C(£2) as
A — oo

Keywords asymptotic behavior - Neumann problem - subcritical - Trudinger-Moser
inequality - two dimension
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1 Introduction

Let Q C R? be a smooth bounded domain. It is well-known that there is a Sobolev embed-
ding Wol"’(.Q) s L2P/2=P)(Q) for p € [1,2). If we look at the limiting Sobolev case p = 2,
then H} (Q) := WOI’Z(.Q) < L9(Q) for any ¢ > 1, but H} () #» L=(2). To fill in this gap,
it is natural to look for the maximal growth function g : R — R such that

sup /g(u)dx<+°<>7
ueHL (@) 7€
[Vull2<1

where ||Vu||3 = [ |[Vu|?dx denotes the Dirichlet norm of u. Pohozaev [12] and Trudinger
[15] proved independently that the maximal growth is of exponential type and more pre-
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cisely that there exists a constant ¢ such that

2
sup ™ dx < oo,
ueH} (@) 7€
[Vull2<1

Later, this inequality was sharpened by Moser [8] as follows:

“w / o g < C|Q] if a<d4rn i
MGH(;I()_Q) Q = o0 if o>4r.
[Vul2<1

Lions [7] showed that for (1) there is a loss of compactness at the limiting exponent & = 47.
But, despite the loss of compactness, the existence of a function which attains the supremum
in (1) for ¢ = 4x is shown by Carleson and Chang [1] if € is a unit ball. This result was
extended to arbitrary bounded domains in R? by Flucher [3].

In the case of the whole space Q = R2, Ruf [13] and Li and Ruf [5] showed that for
o<4rm

dy = sup / (e“”z — 1) dx < +oo )
ueH' (R?) R?
J2 (\Vu|2+u2)dx§1

and that dy, is attained if & = 4. It is proved by Ishiwata [4] that there exists an explicit
constant Cg> such that dy, is attained for Cp2 < o < 47, while dg is not attained for o small
enough, by vanishing loss of compactness.

In this paper, we consider positive critical points of

Eou) = /Q (eauz - 1) dx, o€ (0,2m)

constrained to the manifold
X = {u cH'(Q) ‘ / (|Vu|2+/1u2)dx: 1},
Q

where A > 0 is a parameter. By the compactness of Eq|x, , i.e. by the continuity of E, with
respect to weak convergence sequence in Xy , there is a maximizer for sup ey, Eq (u), which
is a critical point of Eq| 5, - Critical points of Eq| 3, correspond to solutions of the nonlocal
problem
Au+A et in Q
—Au+Au=—*—— in
Jo 20 g ’ 3)
% =0 on 0%,

where v is the unit outer normal to d€2. In addition to maximizers for sup,cy, Eq(u) the

constant (A|Q])"/? is also a solution of (3), where || denotes the Lebesgue measure of
Q. Obviously, u is a solution of (3) if and only if uy (x) = u((x— p)/v/A) is a solution of

2
—Audu=—1" in
fo u2e® gy ’
UL

3—3:0 on dQ,,

for p € R? and Q; := {ﬂx+p ‘ X € Q}. So the parameter A means the scaling of the

domain. Our aim of this paper is to study asymptotic behavior of critical points of Ey|x,
both as A — 0 and as A — +oo.
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In [10,6,11,9], they considered the following Neumann problem for power type nonlin-
earity:

“

—&2Autu=f(u) in Q,
3—3:0 on 0Q,

where € is a parameter and f satisfies some conditions with f(¢) = O(¢?) as t — oo for p > 1.
In [10], it is shown that the constant solution is the only positive solution for (4) provided
that € is sufficiently large. In the case of small €, it is proved by [6, 11,9] that a solution at this
least energy level for the Neumann problem possesses just one local maximum point, which
lies on the boundary, and concentrates (up to subsequences) around a point where mean
curvature maximizes. The method employed consists of a combination of the variational
characterization of the solutions and exact estimates of the value of the energy functional
based on a precise asymptotic analysis of the solutions.
To state our results, let us define the constant /(a, 1) by

I(a, 1) := sup Eq(u)
MEZA

for a € (0,27) and 2 > 0. We make a remark that all maximizers for /(a, 1) are belong to
C%B (Q) and strictly positive in Q. We also define I, by

Iy = sup / (e“”z - l) dx,
ueH' (R2) R

(\Vu\z-&-uz)dxgl

2
T

Jr2
where R := {x € R? | x; > 0} is the half space. Then the constant a is defined by
o, :=inf{a € (0,27) | I > at}.

Note that o, € (0,27) holds. Indeed, by the radially symmetric rearrangement Iy, = dag /2
holds, where d», is defined in (2) for 2¢. Moreover, due to Ishiwata [4], doq > 2 if & is
close to 27 and do = 2@ if « is small enough. Thus, I, > o holds if « is close to 27 and
I, = a holds if « is small, which imply that . € (0,27).

In this setting, we obtain the following results:

Theorem 1 Assume that o € (o, 27). Let uy be a maximizer of (o, A) for A > 0. Then
the following statements hold:

(I) There exist positive constants Ay,M and M, such that for any A > A; we have

My < supuy (x) <M.
xeQ

(Il) For A sufficiently large, u), has a unique maximum and the maximum point lies on the
boundary of Q.
(LIl) For any € > 0, there exist positive constants R and A, such that for any A > Ay we have

14,1(x)§M3€(f“'6()‘)‘/I for xEE\BR/\/I(xA),

where x; € dQ is the unique maximum point of uy, 6 (x) = min {dist(x7 8BR/\/I(x;L)7u2}
and M3, [y, Ly are positive constants depending only on .
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Theorem 2 Assume that o € (0, ). Let uy be a maximizer of I(a, 1) for A > 0. Then we
have

uy —0 in CYQ)
and

/ |Vuy |*dx — 0, PL/ uidx — 1
Q Q
as A — +oo.

In the case of a € (a,27), there is a maximizer for . So the situation is similar to
the case of power type nonlinearity (4). For large A, a maximizer u; has a unique maximum
which located on the boundary of the domain and ) can be made arbitrarily small in the
outer region Q \ B ®/ \/I(x/l)- In addition to Theorem 1, we derive that u; converges to some
maximizer of I, in some sense as A — oo, and it turns out that limy .. I(a, A1) = Iy. In
the case of a € (0, o), Iy is not attained by vanishing loss of compactness on maximizing
sequences. The situation is completely different from the case of (4). Theorem 2 asserts that
the vanishing phenomena occur for sequences of maximizers. Also in the case of & € (0, o),
it follows from Theorem 2 that lim, ., I(a,A) = I.

In the proofs of Theorems 1 and 2, we use a diffeomorphism straighting a boundary
portion around a point on d€2 which was introduced in [6,11,9] and some results of the
solution of the following equation:

—Aw+w=Lwe*™ in R, Le(0,1), weH (RY).

Concerning the equation, it is known that all positive solutions are in C?(R?) and radially
symmetric for any L € (0, 1). Moreover, they and their first derivatives decay exponentially
at infinity. By Ruf and Sani [14], it is proved that for each L € (0,1) there exists a solu-
tion which attains the ground state level. We use these result to reject the possibility that
maximizer u,, has infinitely many peak in Q.

The following result is asymptotic behavior of positive critical points of Eq |z, as 4 — 0.

Theorem 3 Assume that o € (0,27) and that vy, is a positive critical point of Eq|x, for
A > 0. Then we have

(AlQ)iv; > 1 in Q)
as A — 0.

Theorem 3 means that vy /||v; [|z=(q) — 1 in C*(Q) and (A]R[)/2|[v3]|=(0) — 1 as
A — 0. In order to prove the theorem, we show that |[v; || =(q) — > as A — 0 and use a
blow-up analysis. For small A, the situation is more delicate than the case of (4) considered
in [10], and then the uniqueness of the positive critical point of Ey| 5, 1s still open.

This paper is organized as follows. In Section 2, we will prove Theorems 1 and 2. By
using asymptotic analysis, we will show that either “concentration at one point” or “van-
ishing” occurs on sequence of maximizers. In order to prove the claim, we will investigate
the asymptotic behavior of maximizers in the region around concentration point as well as
in the outer region. In Section 3, we will prove Theorem 3. In Section 4, the relationship
between dy and I, will be discussed. In particular, we will show that o, is the threshold
dividing existence and non-existence of a maximizer for /.
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2 Proofs of Theorems 1 and 2

In this section we prove Theorems 1 and 2. In order to derive the asymptotic behavior of 1,
we study a nonlocal elliptic equation and estimate I(o, A).

Before proving Theorems 1 and 2, we recall some facts about a diffeomorphism straight-
ening a boundary portion around a point P on 9, which was introduced in [6,11,9]. Fix
P € dQ. We may assume that P is the origin and the inner normal to dQ at P is pointing
in the direction of the positive x;-axis, here x = (x1,x3) € RZ. Ina neighborhood N of P,
dQ NN can be represented by

1
X2 = yla) = 313 + o),

where 7 is the curvature of dQ at P. Define a map x = ®(y) = (D) (y), P2(y)) by

P
‘pl(y):yl_YZTZ(YI)v Dy (y) =y2+v¥(1)- 5)

Since Y/ (0) = 0, the differential map D® of @ satisfies DP(0) = I, the identity map. Thus
@ has the inverse mapping y = @~ !(x) for small |x|. We write as ¥(x) = (¥ (x), ¥4 (x))
instead of @~ (x).

For fixed o € (0,27) and a sequence A, such that A, — oo as n — o a maximizer of
I(a, A,) is denoted by u,,. The maximizer u, € X, satisfies
u ellu% .
—Al/ln + /‘l,nun = m m Q, (6)
% =0 on 0Q.

v

2.1 Concentration profile

Proposition 1 There exists a positive constant Cy such that |[uy||;=(q) < C1 for sufficiently
large n.

Proof Set ¢, = |[up||=(q) and assume that x, € Q satisfies u,(x,) = c,. We assume that
¢, — o as n — o and derive a contradiction. We define r,, such that

2
» o uze®indx
yo=t -

n
c2e%ci

and then, it follows that
2
2 Jo uzdx < 1 . o

If dist(x,,, 0R2) /1y — oo, we define 2, ;= {(x —x,)/r, | x € 2} and

¢n(y) ::C;lun(rny'i‘xn) y € £y,
N (¥) := cn(tn(ray +x0) —cn) ¥ € Q.

Then, ¢, and n, satisfy

2042
—Ay, + )“n’%d’n = C;2¢neac"(¢" 71)7
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7Aynn+lnrﬁcﬁ¢n (be (44 i, ()

Since dist(x,,dR2)/r, — oo, for any R > 0 there exists K such that Bg(x,) C @, for any
n > K. Thus, by (7), the elliptic regularity theory and the maximum principle we see that

o —Po=1 in C.(R*), —A¢p=0 in R

Using the behavior of ¢, we estimate A,,72¢2 in (8). Since u, € 2),» We have

2 .
1> 2, / udx > Ayc2 / <ul> dx:lncﬁrﬁ/ drdy
Brry (xn) \ Cn JBR

= 2022 [ (1+0(1)Pdy = M3 Bal (1 +o(1)
v DR

for any R > 0, and thus /"t,lc,%r,% — 0 as n — oo. Applying the elliptic regularity theory to (8),

we have

M—no in C>.(R?), —Any=e**" in RZ

Moreover, it follows that

/i u; 200165
/ . Mgy = lim lim / @219 gy < lim lim By () 1
R

R—scon—roo R—con—soo j_Q uﬁea”ndx

and then |
o
mo=——log (1+ ).

Since o < 27, by a direct computation, we have

4w
/ Mgy = = > 2.
e o

But this contradicts (9). Hence ¢, is bounded if dist(x,,dQ2)/r, — oo.

In the case of dist(x,,dQ) = O(r,), we follow [11]. One may assume that x,, — xp €
dQ by passing to a subsequence if necessary. Take the diffeomorphism y = ¥(x) which
straightens a boundary portion near xp as in (5). We may assume that & = ¥~! is defined in
an open set containing the closed ball By, k > 0, and that P, := ¥(x,) € B for all n. Put

va(y) 1= un(P(y)) for ye B3,

and extend it to By by reflection:

- L vn(y) if yEB;K,
Vn(y) :=
va((y1,—y2)) if yeB;,,

where By, := {y € Bax | y2 < 0}. Moreover, we define a scaled function w,(z) by
Wa(2) 1= Vp(raz+PB,) for z€By,,
and then ¢, and 1, are defined by
9n(2) = ¢, 'wn(2),
Mn(2) := cn(wn(2) — cn).
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By (6), ¢, and 1, satisfy the following elliptic equations

2 3%, ¢, B (o2
Za()azlazj-l-r lbj()a +l"n¢n—c 2¢e 2 (92 1)

i J=

2 9271»1 n 377n (14¢n)
Z 1 (2) 3Z91,+ Zb +lrcn¢n Pne®

i,j= J=1

where @, b"! are defined as follows: First, put

ij>7]
2 8‘1’
aij(y) = 8x4 L(D(y) 1<ij<2 (10)
bj(y) = (A )( ) 1<j<2 (11)
Then set P, := (pn,qury) and
a'f‘( ) _ aij(Pn+rilZ) 22 2 —qn, (12)
Y (1% %2a;((p+razt, —(@n+2)ra) 22 <dn,
bi(z) = b; (P + raz) 22 2 —n, (13)
’ (=1)%2bj((pa+raz1)s=(gn+22)rn) 22 <~y
where §;; is the Kronecker symbol. Using the elliptic regularity theory, we have
—1 2 2 0 2
op—>¢p=1 in Cj,(R°), —A¢p=0 in R
Mn—no in Ch.(R?), —Any=e**™ in RZ
We compute [g2 €2*™0dz in the same way as in (9). It follows that
2 [one 2 e dx
/ e**Mdz = lim lim 2 ¢2 @(149n)h g7 < lim lim a (Ban(Pn>)2 ! <2.
R2 R—soon—yoo R—yoon—yeo Jo uZe®idx
(14)

Hence, we see that

1 a
= Lioe (14 %)

4r
/ 20y = —
R2 o

But this equality and (14) contradict the hypothesis o < 27. Thus, ¢, is bounded if dist(x,,d Q) =
O(ry,). Consequently, in both cases, there exists a constant C; such that ¢, < C for suffi-
ciently large n.

and

Lemma 1 There exist a positive constant Cy such that

JL/ 200y € (1,Cy).
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Proof Since u,, satisfies the equation (6) and u,, > 0 in Q, we have

2
A / d Jo une®ndx Jo undx

n Updx = 5 5 -
Q Jouze®idx — [ouZetidx

2000 x> 1. Upper bound follows from Proposition 1. Indeed, as-

Thus, we have A, [, u;

sumin, al 1 1S the constant obtained 1n rroposition 1 and Settin 2 = e 1, we have
g that C| is th tant obtained in Proposition 1 and setting C ac h
: , :
An /_Q ute®ndx < Cyh, /Q uldx < C.

Therefore, we conclude that the lemma holds.

The next proposition follows from Theorem 2.1 in [14].

Proposition 2 For L > 1 and o > 0 there exists a positive constant Op o such that for any
w € H'(R?) which is a solution of

ow

—Aww =" in R2 (15)

it holds that
/R2 |VW\2dx >0 a-

Proof Assume that L > 1, & > 0 and w € H'(R?) is a solution of (15). Note that w €

C? (R?) holds by the elliptic regularity theory. Set w = (ot /471')1/ 2. Then, W is a solution
of
4mw?
Awtw= (16)
L
and it follows from the Pohozaev identity that
1 A2 1 47? _
5 fo g [ (e ~1)ax=o0. (17)

By Theorem 2.1 in [14], there exists a ground state solution w, of (16), that is, w, is a
solution of (16) such that I(w,) = ¢, 1, where

1 1 "
10)= 5 ./Rz (VP i) dr— g | (64”"2 - 1) dx, ueH'(R?),

cp i=inf{I(u) | u € H'(R?)\ {0} is a solution of (16)}.

Combining the result and (17), we have
0<cop <I(0) 1/ Viv2d “/ Vw|2d
Cx W)= = w| dx = — wl|“dx.
oL = 2 Jr2 81 Jr2

Taking &z o = 87c, /0, we obtain the desired lower bound.

Lemma 2 Assume that there exist positive constant € and a point %, € Q such that lim,,_,. uy, (%n) >
€ holds. Then, there exists w € H'(R?) such that

(i) W is radially symmetric for some point p € R?,
(ii) Ow/dr <0 forr=|y—p| >0, ycR?
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(iii) W is a solution of
aw
in R?

—Aw+w = e

for some L > 1,
(iv) if V Andist(%,,0 Q) — oo as n — oo, then we have

y . o 2 (w2
Uy | —=+% | =W in (. (R7),
(S +m) (@)
and if dist(%,,0Q) = O(\/)q,il), then we have

iy (@(\/%+'f'(x,,)>>—>w in C2,(R2).

Proof In the case of /A, dist(%,,dQ) — oo, we set

Wy = Uy, (ﬁ—i—i,l) for ye, = {\/)Tn(x—in) ‘xE.Q}.

Then, w, is a solution of

2
Weotw

—Awtw= —————.
A [ uRe® i dx

Since v/A,dist(%,,dR2) — o, for any R > 0 there exists K such that Bg(%,) C £, for any
n > K. By Lemma 1 and the elliptic regularity theory, there exists w such that

wp,— W in CfOC(Rz)

and w is a solution of

aw

—Aw+w="5" in R Le[l,G).

Moreover,

S22 P 2, .2 : 2 2
/]RZ (IVw]* +w )dx:lglm lim (|Vwnl +W")dx§,}g?o/9 (IVun|* + Apuay) dx = 1,

—»00 1—»00 BR

and then
Wwe H' (R?).

Since W € C7,.(R?) N H!(R?), using the Pohozaev identity, we have

1 .
- {wz—— (eawz—l)}dx:o,
2 JRr2 oL

which implies L > 1. Since u,, is positive in £, we see that W is positive in R. Hence, W is
radially symmetric for some point in R? and 9w /dr < 0 for r > 0.

In the case of dist(%,,dQ) = 0(\/17_1), we may assume that ¥, — %) € dQ as n — oo
after passing to a subsequence. We use the diffeomorphism y = ¥(x) which straightens a
boundary portion near % € dQ. For k¥ > 0, put

va(y) := un(P(y)) for y€ By,
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- v if yeBl. ,
Ba(y) = n(¥) y 2K
Vn(()’la*)’Z)) if yEBzKa

- Z - S
wa(z) =7y (\/}T +P,,) for z€B, 1.,
n

where P, := ¥(%,) € Bf-. Set a,,,b as in (10), (11), and then aj;, b} are defined as (12), (13)
with replacing r,, and P, by \/7 and B, = (pn,Gn/\/An), respectively. In the setting, wy,
satisfies

2 aw,
Z al'-'j( 9wy —|—\/7 Zb" +w, = Wne

i 029z M [ udeidx
Thus, by Lemma 1 and the elliptic regularity theory, we have

Weom

7 in R* Lell,G).

wp—=Ww in Cp.(R?), —Aw4+w=

Computing in the same way as in the case of /A,dist(%,,dQ2) — oo, we derive that w €
H'(R?), L > 1, W is radially symmetric and dw/dr < 0 for r > 0.

Lemma 3 The followings are equivalent.

(i) There exists aposztlve constant C3 such that limy e ||y || =) > Cs.

(ii) 1imy_e Ay [o ule gy > 1.,
(iii) There exists positive constant § such that lim, e [¢ |Vu,|>dx > 8.

Proof First, we prove the equivalence of (i) and (ii). Set L =1im, o A, [o uﬁe‘“ﬁ dx. Assume
that (i) holds. Then applying Lemma 2 to a maximum point of u,, we derive L > 1 by Lemma
2 (iii).

Suppose that (ii) holds. Assuming the contrary that ¢, := ||u,||;=(@) — 0, we derive a
contradiction. Under the assumption, it follows that

L=1limA, [ w2e®dx < lim (1+Cc? )xn/ Wldx <1 (18)
n—yo0 Q n—roo
for some positive constant C, which is a contradiction. Hence we have ¢, > C3 for some
positive constant Cs.
Next, we show (iii) under the assumption (i). We apply Lemma 2 to a maximum point
Xy € Q. If /A, dist(x,,dQ) — oo, by Lemma 2, there exists wyg € H'(R?) such that the
conditions of Lemma 2 hold. Then, we have

/ |Vwo|?dx = lim lim |Vu, |*dx < lim / |Vu, |*dx.
R2 R—oon—oo BR/\/E(’W n—e J

Moreover, it follows from Proposition 2 that [ [Vwo|*dx > 8y o. Hence limy, e [o |Vt |*dx >
0o holds.

In the case of dist(x,,dQ) = 0(\//1,;1), by Lemma 2, there exists wo € H'(R?) such
that the conditions of Lemma 2 hold and

1
E/ |Vw0|2dx§/ Vi, |*dx+o(1).
R2 Q
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This and Proposition 2 yield that lim,, e [ |V |2dx > 8;,¢/2 holds. Consequently, in both
cases, we obtain lim, e [ |Vu,[>dx > § with § = 8 ¢ /2.

Finally, we prove (i) under the assumption (iii). Assuming the contrary that that ¢, :=
l|tn|| 1= (2) — O as n — oo, we derive a contradiction. Combining Lemma 1 and (18), we have

1 <L< lim (1+CC,%),1n/ Wdx <1
n—yoo o

for some positive constant C, and thus

11m7u,, de: 1.

n—oo
Since u, € X, we have
lim / Vi, |*dx =0
n—e o
which is a contradiction. Therefore, we conclude that ¢, is bounded from below.
Lemma 4 Assume that there exists a positive constant C3 such that limy,_c Hun =) = Cs.

Set ko = [20, a] which is the largest integer less than or equal to 25 o Where 51‘10, is

obtained in Proposition 2. Then there exist at most ko sequences {x.,} C Q,i=1,--- ko
such that

(i) for each i there exists a positive constant &; such that

r}gl;loun(x;) > &,

(ii) Timysoo v/ Ap|x! — xh| = 00 if i # j.
Proof Assume that lim;,_,c H””H @) = C3 for some positive constant C3. By Lemma 3,

it holds that 1im,, .. A, [, u2e® dx > 1. Set L := limy, o0 Ay [ u2e®dx and ko := 28, ).

We assume the contrary that there exist (kg + 1) sequences {xi} C Q,i=1,--- ko+1 such
that (i) and (ii) hold and derive a contradiction. Since {x} } satisfies (i) we can apply Lemma
2 to x},. By Proposition 2 and Lemma 2, for each i it follows that

S

- </‘ |Vun\2dx—l—0n(1)—l—oR(l)7
Al

R.n

where 0, (1) — 0 as n — oo, 0g(1) — 0 as R — o which is independent of n and
A = BR/\/Z(XL) A if \/Tnd%st(xil,aﬂ) — oo, ]
k= ene (BR/m(qf(x;,))) if dist(x,00Q) = 0(VA, ).

It follows from (ii) and the condition u,, € X,  that

(19)

(ko+1)0p,
2

IN

k()+1
/ Vit 2dx+ 0, (1) +0p(1)
:/kwA Vit Pdx + 04 (1) + 0g(1)
R.n

g/ |Vitn|*dx+ 0, (1) +og(1)
Q
< 1+0n(1)+0R(1)'

But, this inequality contradicts the definition of kg. Hence, we conclude that the lemma
holds.
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Lemma 5 Assume that there exists a positive constant C3 such that lim,,_,c ||u, H =) = Cs.
Fix k < +oo as the largest integer m such that m sequences {x\} C Q, i=1,---.m sansfy
the followings:

(i) for each i there exists a positive constant &; such that lim,,_, u, (x;) > &,
(ii) if m > 2, limy, oo /A |}, — x| = o0 for i # j,

such a k exists thanks to Lemma 4. In addition to the assumptions, for each i take w; €
H! (]Rz) satisfying the conditions of Lemma 2 with replacing %, by x,,, such w; is also exists
by the condition (i). Then, we have

k
7= / (Vwi?+wd)dx<1, Y g<l, (20)
JX; =

i=1

k
hmlloc?t <Z/ aw— dx+a<1—zfi>7 2n

where

Xi =

R?  if Adist(xl,0Q) =
RZ if dist(xl,0Q) = 0(VA, ).

Proof 1t follows that

1 = lim (|Vun\2+l,,uﬁ) dx

n—e J 0
:églly}g{}o Z/ (IVut|* + Ay dx+/ Ay |Vun2+lnu,21)dx}
= / (IVwi> +w} )dx—l— lim lim (V| + Ayl dx, (22)
R o (1 6, )

where A;?,n is defined in (19). Thus, we obtain (20). Similarly, we observe that

Wn—l dx+ _ (eauﬁ—l)dx
Q\(U;(:IA;QJ!)

Z / "‘Wt—l dx+ lim lim A, _ (ewﬁ—l)dx. (23)
R—oon—reo Q\(U;(:IA;?J:)

lim A,/(ct,A,) = lim lim A, {Z /

n—oo R—ocon—roo
R.n

Here, in order to obtain (21), we prove the following estimate:

lim sup un (x) = og(1), (24)
e\ (Uak)
where og(1) — 0 as R — co.
Take any sequence {PR} € Q\ (U;‘:IA%’"). If PR satisfies 1im, oo /A, | PR — x| = oo
for all i = 1,--- ,k, then it holds that u,(PX) — 0 as n — oo by the definition of k. Thus,
we may assume that |PR —xi | = O(v/4, ') for some 7. In addition to this, since {PR} C
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Q\ (Uf:IA}'{» , we see that |PR —xi | > kR/+/A, for k > 0. Hence, after passing to a sub-

sequence, there exists P(f such that
lim /A, (PR —xi) = PR, Jim PRl =o0 if /Audist(x},0Q) = oo,
n—eo —roo

1

lim /2, (% (PF) = () =B, Jim |[Pf|=c if dist(x},02) = O(VAs ).

Recall that by Lemma 2,

y i . . . i
Up (\/T”—Fx;) —Sw; in Ch(R?) if  \/Adist(x),0Q) = oo,

ly (@(\/ZZ#—‘P()CZ)))%M in CL(RD) if dist(x,0Q) =0V ),

and then we have

n(Py) = wi(FY)

as n — oo, We observe that w;(x) — 0 as |x| — oo since w; € H'(R?). Thus it holds that
lim,, e 1, (PR) = 0g(1). Consequently, we obtain (24).
Set 7; = [x. (|Vwil* +w}) dx for each i. It follows from (22) and (24) that

lim/ _ (e‘x”'zl—l) dx

n—ree Q\(UfleAfe,n)

= (1+o0g(1)) lim A, auldx
(14+o0r( ))n_m ot ai)

< a(l1+o0g(1)) lim

e Q\(U{-‘ZIA;\,‘")

k
= a(1+og(1)) (1 ZT[+0R(1)> .
i=1

Combining the estimate and (23), we derive (21). Consequently, we obtain the desired esti-
mates.

Proposition 3 It holds that
lim Al (o, Ay) > Iy,

n—seo

where 1y, is defined by

Iy := sup /Rz (eauz — 1) dx.

ucH' (R%) M
Vul24+u?)dx<1
fiz (Va4 <

Proof Without loss of generality, we may assume that 0 € dQ and Q C R2. Let {w,} C
H'(R2) be a maximizing sequence of I, and set

Wi(x) :=wy (\/):)C) .
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- 2 2Y e —
Since [g2 (|Vwe|*+w})dx =1, we have

/Q(|VWZ|2+)L,1Wf)dx§/R (\VWA2+A,,W¢2)dx:/R (Vw4 wd)dx=1.

2 2
+ JIRY

Then, it follows that

I(a,ln)2/9<eawf271)dx2/g (eo‘W%f])dx7

where Q;, := {V/A,x | x € Q}. The smoothness of the boundary of Q gives

(e“wffz — 1) dx=A,"

|r\|BR/\/E .Q;L" NBr

lim Aud(0t, 2) > / (e 1) ax.
n—oo B;

Letting R — oo and £ — oo, we conclude that

lim Al (0, An) > I

n—oo

2.2 Proof of Theorem 1 completed

Now, we are in position to prove Theorem 1. In the case of o > ¢ it holds that I, > o and
Io is attained. First, we prove that (I). Assuming that [uy|;= (o) — 0 as n — o, we derive a
contradiction. In this case, it follows that

lim A,/ (e, 2,) = lim 2, /Q (ewﬁ - 1) dx < lim (a +Cllunl () A /Q W2dx < o < Iy

n—yoo

for some positive constant C. But, this contradicts Proposition 3. Hence, there exists a posi-
tive constant M, such that [|uy, || =(q) > M. This fact and Proposition 1 yield (I).

Next, we prove (I). Since Theorem 1 (I) holds, we can use Lemma 5. By Lemma 5 and
Proposition 3, we have

k k
IaSZ/ (eawiz—l>dx+(x<1—2‘€i>, (25)
i=17%i i=1

where X;,w;, T; are defined in Lemma 5. For each i, since the function ¢® — 1 is convex, we
have

WI_Z
/ (eaWLl)dxgri/ (eafz'l)dxg’c,- sup / (eo‘wzfl)dx. (26)
Xi Xi Xi

weH" (X;)
fxi (\VW|2+w2)dx:1

If X; = R?, by the convexity of ¢* — 1 we have

sup / (e““z - 1) dx =2l <Iy. 7
ueH' (R?) R?
Jg2 (|Vu\2+u2)dx:1

Thus, (25), (26), (27) and the inequality I, > « yield

k , k k k
Io < Z/ (27 1) dr+a (1—21,-) <Y Tilo+ (1—Zr,-) Iy=1le. (28
i=17Xi i=1 i=1 i=1
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Hence, all inequalities in (28) become equalities. Since I, is attained, the inequality in (27)
becomes strict inequality. Thus X; # R?, and X; = Ri. Moreover, equality of (26) holds if
and only if 7; = 1 and w; is a maximizer of I, for some i. These conditions give the equality
in (28). Consequently, k = 1, X| = Ri and w; is a maximizer of /.

In order to prove that u, has a unique maximum, we use the following lemma which is
introduced in [11].

Lemma 6 Let &, € C*(B,) be a radial function satisfying E.(0) = 0 and E!"(r) < 0 for
0 < r < a. Then there exists a 8 > 0 such that if & € C? (B.) satisfies (i) VE(0) = 0 and (ii)
1€ —&llc2zy) < 6. then V& # 0 for x #0.

Let x,, be a maximum point of u, with x, — xp as n — oo. Computing in the same way as the
proof of (24), we have

lim sup un(x) = og(1), (29)
er\é(BR/m(‘P(x")))

where og(1) — 0 as R — 0. Thus, all maximum points are located in Q NP (BR/m(‘I’(x,,)))

for large R > 0 and n. Take the diffeomorphism y = ¥(x) which straightens a boundary por-
tion near xo and define P, = ¥(x,) = (pn,qn/v/An). Then, set

u (@ (S +P)) it 2>,

1
W - z Z .
" Up ey \;}Tn‘i‘Pm—&%")) if 22 < —(n

by the reflection. Since z = 0 is a maximum point of w,ll, z=(0,—2g,) is also maximum
point of wl. Computing in the same way as in the proof of Lemma 2, we have w! — w;
in C?, (R?). Applying Lemma 6 in the Ball B for large R > 0, we deduce that g, = 0 for
large n. Similarly, if z = (p,0) is also a maximum point, then we have p = 0 by Lemma
6. Consequently, u,, has a unique maximum point and the maximum point is located on the
boundary for large n.

To end the proof of Theorem 1, we estimate u, on the outside of B, 7 (). For fixed

R, there exist positive constants Ry, R, such that

QNBy i) C QNP (BR/\/T”(‘P(x,,))) C QN By, )z ().

Thus, by (29), u, satisfies
sup un(x) = og(1)
XEQ\BRZ/\/}T”(X,,)

as n — co. Since u, satisfies (6) and lim,, e A, [ u%e“"%dx > 1, we have

1 et o %in
—Auy— [1-———— |, =0, 1———5—>0 in Q\B X
" o [ u2eidx " A [ u2e®idx \ Ro /v n)
for large n. To prove (III), we use the following proposition which is introduced in [2].

Proposition 4 (Lemma 4.2 in [2]) Assume that € > 0 and </ is a domain. Let ¢ be a c?
function satisfying Lo := €2d;(and®) + q(x,€)¢ = 0 in o7, with q(x,€) < —a < 0 in <.
Then there exists a positive constant L = W(a,a, /) such that

ué

[¢(x)| <2(sup|o(x)])e” &
where 8(x) = dist(x,d.27).
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In the interior of £\ By, / /- (X), we can apply Proposition 4 to u, directly. In the neigh-
borhood around 92\ By / /3-(xn), defining W, as the extension of u, by taking the dif-
feomorphism straightening a boundary portion at each point of dQ and the reflection, we
apply Proposition 4 to w,. Hence we obtain (IIT). Consequently, the proof of Theorem 1 is
completed.

2.3 Proof of Theorem 2

Assuming the contrary that ||uy||;=(q) > € > 0 for large n, we derive a contradiction. Under
the assumption, we can use Lemma 5, and the inequality (25) holds. In the case of o €
(0,0), I = a and I, is not attained. Moreover, we see that dy, = o and d, is not attained.
Thus, in (26), the second inequality becomes strict inequality for any i. The strict inequality
and (25) yield

k k

Io <Y tlg+oa|1=Y 7| =1,
i=1 i=1

which is a contradiction. Hence, we obtain [|uy ;=) — 0 as n — eo. By Lemma 3, we have

lim / |Viun|?dx =0,

n—oo 0

and thus
limA, [ wldx=1- lim/ |Viun|?dx = 1.
JQ n—eJQ

n—seo

Consequently, we conclude that Theorem 2 holds.

3 Proof of Theorem 3

In this section, we fix o € (0,27) and v, denotes a positive critical point of Eg |y, for A > 0.
Then v, is a solution of

o _ ve!
) Av+Av REET in Q, 30)
5 =0 on 0JQ.

We first prove the following proposition:

Proposition 5 For any positive solution v of (30) it holds that

inf v(x) < (A Q)) 7 < supv(x).
x€eQ xeQ

Moreover, one of the inequalities becomes equality if and only if v = MQ\’l/Z, which is
equivalent to that all equalities hold.

Proof Since v > 0, multiplying (30) by v~! and integrating over £, we have

V|2 avzd
,/ Vvl dx+l|!2|:f9672x.
o V? Jo Ve dx
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We see that
\v4 2 (xvzd -2
/ %dxz 0, fgeizx > (supv(x)> , (31)
Q v Jov?e®™ dx ~ \xeq

and then we have

(AlQ]) 72 < supv(x).
xeN

The equalities hold on the estimates (31) if and only if v is a constant, and hence v =
(alep=2.
Multiplying (30) by v and integrating over 2, we see that

/ (Vv + ) dx = 1.
Q

Thus,
2
1 :/ (IVv? +Av?) dx > A/ Vx> A|Q) (inf v(x)) . (32)
Q Q xeQ

Hence the estimate
1
inf v(x) < (A|Q2])"2
xeQ

follows immediately. In (32), all equalities hold if and only if v= (1]|£2|)~!/2. Consequently,
we conclude that the proposition holds.

In the following, let A, be a sequence such that A4, — 0 as n — oo and let v, := v, . In
addition to the setting, assume that x,, € Q is a maximum point of v,, and set

cn =supvy(x), ¢, = inf v,(x).
xeQ - x€Q

Lemma 7 We have

2
2%

SN
2
Jo vie®idx

asn —r oo,

Proof Assuming the contrary that there exists a positive constant € such that

2
2%

- Z £
Jq vie®idx
holds, we derive a contradiction. Define r,, such that

2
»  Jo VZe®ndx

n=

2
C% e%cy
and by the assumption, we have

1 o). (33)

2
ro < =
" ec?

We follow the proof of Proposition 1.
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If dist(x,,, Q) /ry — oo, we define Q,, := {(x —x,,)/rn | x € 2} and
{d)n(y) = ¢ v (rny ) Y € Qu,
Ma(y) = en(Va(rny +xn) —cn) ¥ € 2.
Then, ¢,, and 1, satisfy
— 800+ Daryn = ¢ ne®3 971,
— A+ M2 0y = §e® (10n)n
By (33), the elliptic regularity theory and the maximum principle we see that
¢o—9o=1 in C..(R*), —A¢p=0 in R%
Then, since A, — 0, we have
M—no in C>.(R?), —Any=e**m in RZ

Moreover, computing in the same way as in (9), we derive that

/ Mgy <1, (34
R2

and then |
o
Mo = —alog (1 + Zb"z) .

Since o < 27, by a direct computation, we have

4
/ Mgy = oo
R? o

But this contradicts (34).
In the case of dist(x,,d Q) = O(r,), we may assume that x, — xo € JQ by passing to a
subsequence if necessary. Put

Ta(y) = va(@(y)) for yeBj,

for k¥ > 0 and
Du(y) = n(y) if yeB],
Vu((y1,—y2)) if yeB;,.

Moreover, set B, := ¥ (x,) = (Pn,quts), and define w,(z) by
wn(2) 1= D (raz+F,) for z€Byy,,.
Then, ¢, and 7, are defined by
Pn(z) == erlwn(z)v
Na(2) 1= cn(wn(z) —cu).
Set a;j,b; as in (10), (11), and then a” b" are defined by (12), (13). Since v, is a solution of
(30) for A, ¢, and n,, satisfy the elhptlc equations
i ) L0
= 8 207

i,j=

tr Z bz a¢n A0, = ¢ 24 (91,

j=1
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ann

2 977n o1
5 ) gt s LB+ A = e
ij=1
Using the elliptic regularity theory, we have
¢o—9o=1 in C..(R*), —A¢p=0 in R?

M—no in C>.(R?), —Any=e**" in RZ

We compute [g2 €2#™0dz in the same way as in (14). It follows that
/ Mz < 2. (35)
R2

Hence, we see that
1 o
- _71 (1 4 2) ’
Mo =~ log (1+ [

and then by direct computation
47
/ Mgy = —,
JR2 o

But this equality and (35) contradict the hypothesis & < 27. Consequently, it holds that

2
e%cn

lim ————— =0
n—eo [ v2eWidx

Proof (Proof of Theorem 3 completed) Set &, = v, /c,. Since v, is a solution of (30) for A,
&, satisfies
v} .
SAG A = S i Q.

a%’ =0 on dQ.

By Lemma 7 and the elliptic regularity theory, we have

&i—& in C(Q) (36)
and & satisfies

“A&=0 in Q,

% =0 on 0Q.

Thus, & is a constant. Since [|&o||;= () = 1, we deduce that § = 1.
To end the proof of Theorem 3, we prove

e (Al QD)7 — 1. @37
By Proposition 5, (36) and & = 1 we have
1+0(1) < cucy ' < (MR 2e, <1,

which implies (37). Consequently, employing (36), (37) and the fact that & = 1 again, we
conclude that Theorem 3 holds.
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4 Appendix
Define
Iy := sup / (e““z — 1) dx, dg:= sup / (eﬁ”z - 1) dx.
ucH! (R2) R (@) IR
Jg2 (|Vu\2+u2)dx§1 Jz2 (\Vu|2+uz)dx§l
2

In this section, we summarize the properties of I and dg. By Ishiwata [4], it is proved that
dg > B for all B € (0,47). Moreover, it is proved that if 8 is close to 47, then dg > 8 and
dg is attained, while if B is sufficiently small, then dg = f8 and dp is not attained.

The following relationship between Iy and dg holds.

Proposition 6 For a € (0,27), we have Iy = daq /2. Moreover, attainability of Iy is equiv-
alent to that of dy.

Proof Let u, € H'(R%) be a maximizing sequence of /I, and let i, € H'(R%) denote the
extension of u, by the reflection. It holds that

/ (|Vﬁn\2+a5)dx:2/ (|Vun|* +ul) dx < 2.
R2 JR2

1
Then, we have

Iy = lim (eo‘“g - l) dx

n—yoo R%r
1 s
< sup - (e fl)dx
veH\(R2) 2R

Jr2 (|Vu\2+u2)dx§2

1
= sup / (620‘”2 — 1) dx
2 en\(®Y) R?

Sz (1VuP+u?)dx<1
1
= —~daq.
5 %20
By virtue of the radially symmetric rearrangement, we can assume that maximizing se-
quence of dyq is a radially symmetric, nonnegative function. Thus,

drg = sup / (eza‘”2 — 1) dx
ucH' (R?) R?
Jr2 (|Vu\2+u2)dx§1
< sup 2 (eza”z — l) dx
ueH' (R?) Ry

Vul?+u?)dx< %
fRi(‘ ufu? )dx< 3

<2 sup / (eo‘”2 — 1) dx
ueH' (R2) R%

2 2
fR%r(\Vu\ +u )dx§1
= 2I(X

Hence, we have Iy = da /2.
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If u, is a maximizer of Iy, then the extension of u, by the reflection is a maximizer of
dag. Conversely, if v, is a maximizer of dﬁ, then V*|R2 is a maximizer of Iﬁ /2 Thus, the
+
existence of a maximizer for I, is equivalent to that for dy.

Proposition 7 Assume that
o, =inf{a € (0,27) | I > a}.

Then, we have o, € (0,27), and

(i) for a € (0w,27) it holds that Iy > o and 1y is attained,
(ii) for a € (0, 0.), it holds that Iy = @ and 1y, is not attained.

Proof Define
B.:=inf{B € (0,4n) | dg > B}. (38)

By the results of Ishiwata [4], we see that 8, € (0,47). In order to prove the proposition
it suffices to show that (i)’ if 8 € (B, 47), then dg > fB and dj is attained and (i)’ if B €
(0, B.), then dg = B and dg is not attained. Indeed, for such Bs, a. = B /2 and . satisfies
(i) and (ii) of the proposition by Proposition 6.

First, we prove that if dB > ﬁ for some E then dg > B and dg is attained for any
B € [B,4r). Since dz > B, we can show the existence of a maximizer & for dg by applying
Section 2.3 in [4]. Hence, since the function ¢* — 1 is convex, we have

dp 2/@ (eﬁaz_l)dxz g @ (eﬁﬁz_l)dx: gdﬁ >B.

Applying Section 2.3 in [4] again, we obtain the existence of a maximizer for dg. Thus,
dg > B and dp is attained for any f8 € [B,47).

Next, we prove that if dy = 3 for some 3, then dg = B and dg is not attained for all
B € (0, [§) Assume the contrary that dg is attained by u for some 8 € (0, ﬁ) Then, we have

A

dBZ/RZ (eﬁ“zl)dx>g/]Rz (eﬁull)dx:gdﬁzﬂ

which is a contradiction. Hence, dg = 8 and dp is not attained for all § € (0, B)

Finally, we set f. as in (38). Then, by the definition of B, dg, = . and dg > 8 for
any f3 € (B«,4x), and hence f3, satisfies (i)’ and (ii)’. Consequently, by Proposition 6, o, =
B«/2 € (0,27) holds and a, satisfies (i) and (ii).
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