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Chapter 1

Introduction

A toric variety is a normal algebraic variety of complex dimension n with an
algebraic action of a complex torus having an open dense orbit. The family
of toric varieties one-to-one corresponds to that of fans which are objects in
combinatorics. Via this correspondence, we can describe geometrical proper-
ties of toric varieties in terms of the corresponding fans. A toric variety may
not be compact and nonsingular but we are mainly concerned with compact
nonsingular toric varieties and we call them toric manifolds.

A toric manifold X is not necessarily projective but if it is projective, then
it admits a moment map and the moment map image of X is a nonsingular
polytope P called a Delzant polytope. The normal fan to P agrees with the
fan corresponding to X and Delzant’s theorem tells us that the family of pro-
jective toric manifolds one-to-one corresponds to Delzant polytopes up to some

equivalence.



One can associate a Delzant polytope to a simple graph (see section 3.2) and
a Delzant polytope associated to a simple graph is called a graph associahedron.
Important polytopes such as permutohedron, cyclohedon and associahedron (or
Stasheff polytope) are graph associahedra. Since a graph associahedron is a
Delzant polytope, it associates a projective toric manifold. Consequently, a
simple graph associates a (projective) toric manifold.

In this doctoral thesis, we consider the following four topics.

1. Unique decomposition problem for toric manifolds.

2. Characterization of spin toric manifolds associated to simple graphs.

3. Facet vectors of toric manifolds associated to simple graphs and root sys-

tems.

4. Cohomology representations of toric manifolds associated to simple graphs.

We shall explain these four topics in more detail.

We discuss topic (1) in Chapter 2. We say that a toric manifold is alge-
braically indecomposable if it does not decompose into the product of two toric
manifolds of positive dimension as varieties. Using the bijective correspondence
between toric varieties and fans, one can see that the direct decomposition of
a toric manifold into algebraically indecomposable toric manifolds as algebraic
varieties is unique up to order of the factors (Theorem 2.1.2).

An algebraically indecomposable toric manifold happens to decompose into

the product of two toric manifolds of positive dimension as smooth manifolds.



We say that a toric manifold is differentially indecomposable if it does not de-
compose into the product of two toric manifolds of positive dimension as smooth

manifolds. Our concern is the following problem.

Unique decomposition problem for toric manifolds ([14]). Is the direct
decomposition of a toric manifold into the product of differentially indecompos-

able toric manifolds unique up to order of the factors?

As far as the author knows, nothing was known for the above problem. We
prove that the problem is affirmative if the complex dimension of every factor
in the product is less than or equal to two (Theorem 2.2.1). Note that a toric
manifold of complex dimension one is diffeomorphic to CP' and that of complex
dimension two is diffeomorphic to CP' x CP* or CP%4gCP? (¢ > 0).

Simply connected closed smooth 4-manifolds with smooth actions of (S*)2

are of the form

S*pCP%4qCP24r(CP* x CPY) (p4q+r > 0) (1.0.1)

(see [18]). Our method used to prove Theorem 2.2.1 can be applied to prod-
ucts of copies of CP! and manifolds in (1.0.1) and yields a more general result
(Theorem 2.3.4) than Theorem 2.2.1.

One can consider the unique decomposition problem for real toric manifolds,
where a real toric manifold is the set of real points in a toric manifold. It has been
shown in [4] that the unique decomposition problem is affirmative for real Bott
manifolds which are a special class of real toric manifolds. Real Bott manifolds

are compact flat manifolds and it is shown in [3] that there are non-diffeomorphic



compact flat manifolds whose products with S' are diffeomorphic. This means
that the unique decomposition property does not hold for general compact flat
manifolds while it does for the special class of compact flat manifolds consisting
of real Bott manifolds. We prove that the unique decomposition problem is
affirmative for real toric manifolds if the real dimension of every factor in the
product is less than or equal to two (Theorem 2.4.1).

We discuss topic (2) in Chapter 3. As is well-known, a smooth manifold
admits a spin structure if and only if its first and second Stiefel-Whitney classes
vanish. Using this criterion, we give a necessary and sufficient condition for a
toric manifold M to admit a spin structure in terms of the corresponding fan
(Proposition 3.1.1). It turns out that this is equivalent to the real part of M
being orientable ([16]).

As mentioned above, a simple graph associates a toric manifold. Using
Proposition 3.1.1, we characterize simple graphs whose associated toric mani-
folds admit spin structures (Theorem 3.2.8).

One can also associate a toric manifold to a pseudograph which may have
multiedges and loops ([2]). We will see that Theorem 3.2.8 can be generalized
to pseudographs (Theorem 3.3.13).

We discuss topic (3) in Chapter 4. Let G be a connected simple graph and
Pg be its graph associahedron. We call a primitive (outward) normal vector
to a facet of Pg a facet vector and denote by F(G) the set of facet vectors of
Pg. One can observe that when G is a complete graph, F/(G) agrees with the

primitive edge vectors of the fan formed by the Weyl chambers of a root system



of type A, in other words, F(G) is dual to a root system of type A when G is
a complete graph. Motivated by this observation, we ask whether F/(G) itself
forms a root system for a simple graph G. It turns out that F(G) forms a root
system if and only if G is a cycle graph (Theorem 4.0.2).

We discuss topic (4) in Chapter 5. The automorphism group Aut(G) of a
simple graph G induces a cohomology representation of the toric manifold as-
sociated to the graph G. When G is a complete graph, Aut(G) is a symmetric
group and the toric manifold associated to the complete graph G is what is
called a permutohedral variety whose fan is formed by Weyl chambers of a root
system of type A as mentioned above. Procesi ([19]) initiated the study of the
cohomology representations for permutohedral varieties (i.e. when G is a com-
plete graph) and obtained a recursive formula to find the representations. Then
more work has been done by Stanley ([20]), Stembridge ([21]) and Dolgachev-
Luntz ([8]) in this case, and Henderson ([10]) gave a closed formula to find
the cohomology representations of real toric manifolds associated to complete
graphs.

Using the argument of Procesi, we investigate the cohomology representa-
tions when G is a cycle graph or a graph obtained by removing one edge from
a complete graph. The automorphism group of a cycle graph is a dihedral
group and irreducible representations of a dihedral group are well-known. We
describe the cohomology representations when G is a cycle graph with 3, 4, or
5 nodes. When G is a graph obtained by removing one edge from a complete

graph, Aut(G) is the product of a symmetric group and a group of order 2. In



this case, we obtain a recursive formula similar to that obtained by Procesi for

complete graphs (Theorem 5.2.2).
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Chapter 2

Uniqueness of the direct decomposition of toric

manifolds

In Chapter 2, we study the following unique decomposition problem.
Unique decomposition problem for toric manifolds ([14]). Is the direct
decomposition of a toric manifold into the product of differentially indecompos-

able toric manifolds unique up to order of the factors?

2.1 Direct decomposition of toric manifolds as

algebraic varieties

We briefly review toric geometry and refer the reader to [9] and [17] for details.
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A toric variety is a normal algebraic variety of complex dimension n with an
algebraic action of a complex torus (C*)" having an open dense orbit. The
fundamental theorem in toric geometry says that the category of toric varieties of
(complex) dimension n is isomorphic to the category of fans of (real) dimension
n. Here, a fan A of dimension n is a collection of rational strongly convex
polyhedral cones in R™ satisfying the following conditions:
+ Each face of a cone in A is also a cone in A.
+ The intersection of two cones in A is a face of each.
A rational strongly convex polyhedral cone in R™ is a cone with apex at the
origin, generated by a finite number of vectors; “rational” means that it is
generated by vectors in the lattice Z™, and “strong” convexity that it contains
no line through the origin. The union of cones in the fan A coincides with R™
if and only if the corresponding toric variety is compact, and the generators of
each cone in A are a part of a basis of Z™ if and only if the corresponding toric
variety is nonsingular. In Chapter 2, we will treat only compact nonsingular
toric varieties and call them toric manifolds.

The fundamental theorem in toric geometry implies that two toric manifolds
M and N of complex dimension n are weakly equivariantly isomorphic as alge-
braic varieties if and only if the corresponding fans are isomorphic, i.e., there is
an automorphism of Z™ sending cones to cones in the corresponding fans. Here
amap f: M — N is said to be weakly equivariant if there is an automorphism

p of (C*)™ such that f(gx) = p(g)f(z) for any g € (C*)" and = € M.

Proposition 2.1.1. Two toric manifolds are isomorphic as algebraic varieties

12



if and only if they are weakly equivariantly isomorphic as algebraic varieties.
Therefore, two toric manifolds are isomorphic as algebraic varieties if and only

if their corresponding fans are isomorphic.

Proof. This proposition is well-known but since there seems no literature, we
shall sketch the proof.

It suffices to prove the “only if” part in the former statement because the “if”
part is trivial and the latter statement follows from the former statement and the
fundamental theorem in toric geometry as remarked above. Let Aut(M) be the
group of automorphisms of a toric manifold M. This is a (finite dimensional)
algebraic group, and the torus Thpy = (C*)" acting on M is a subgroup of
Aut(M), in fact, it is a maximal torus in Aut(M). Now, let f be an isomorphism
(as algebraic varieties) from M to another toric manifold N. Then f induces a
group isomorphism f: Aut(N) — Aut(M) mapping g € Aut(N) to f~togof €
Aut(M). Since f(Ty) is a maximal torus in Aut(M) and all maximal tori in an
algebraic group are conjugate to each other, there exists h € Aut(M) satisfying
f (Tw) = hTprh™t. Then f o h is a weakly equivariant isomorphism from M to

N. O

We say that a toric manifold is algebraically indecomposable if it does not
decompose into the product of two toric manifolds of positive dimension as alge-
braic varieties. Again, the fundamental theorem in toric geometry implies that
a toric manifold is algebraically indecomposable if and only if the corresponding
fan is indecomposable, i.e., it does not decompose into the product of two fans

of positive dimension.
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Theorem 2.1.2. The direct decomposition of a toric manifold into algebraically
indecomposable toric manifolds as algebraic varieties is unique up to order of
the factors. Namely, if M; (1 < i < k) and MJ/ (1 <3 <¥) are algebraically
indecomposable toric manifolds and Hf;l M; and H§:1 M are isomorphic as
algebraic varieties, then k = ¢ and there exists an element o in the symmetric
group Sy on k letters such that M; is isomorphic to M;(i) as algebraic varieties

foralll <i<k.

Proof. Denote the fan of M; by A; and that of M} by A%, and let ¢ be an
isomorphism from Hle A; to H?:l A}. Let p; be the projection from H§=1 A;
onto A’. Since an edge in A; maps to an edge in H§:1 A’ by 9, the image
¥(A;) coincides with the product Hﬁzlpj (¥(A;)). This together with the in-
decomposability of A, implies that p;(1(A,;)) consists of only the origin except
for one j, namely 1(A;) is contained in some A’. Applying the same argument

to 11, one concludes that ¥ (4A;) = A’. This together with Proposition 2.1.1

proves the theorem. O
The following corollary follows from Theorem 2.1.2.

Corollary 2.1.3 (cancellation). Let M, M’ and M" be toric manifolds. If the
direct products M x M" and M’ x M" are isomorphic as varieties, then so are

M and M.
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2.2 Direct decomposition of toric manifolds as

smooth manifolds

In this section, we will consider the direct decomposition of toric manifolds as
smooth manifolds. We say that a toric manifold M is differentially indecom-
posable if M does not decompose into two toric manifolds of positive dimension
as smooth manifolds. We note that the algebraic indecomposability does not
imply the differential indecomposability for toric manifolds. For example, the
Hirzebruch surface Fy, (a € Z) corresponding to the fan described below is al-
gebraically indecomposable unless a = 0 but diffeomorphic to CP' x CP! as

smooth manifolds if a is even.

(_laa)

<

a €7

Toric manifolds of complex dimension one are diffeomorphic to CP!, and
those of complex dimension two are diffeomorphic to CP' x CP! or CP?4¢CP?2

(¢ € Z>0). The purpose of this section is to prove the following theorem.
Theorem 2.2.1. Let M; (1 < i < k) and M] (1 < j < ¢) be differentially

15



indecomposable toric manifolds of complex dimension less than or equal to two.
k ¢ , . . .

If TT,—; M; and Hj:1 M; are diffeomorphic, then k = { and there exists an

element o in the symmetric group Sy on k letters such that M; and M(/,(l,) are

diffeomorphic for all 1 < ¢ < k. Therefore, the unique decomposition prob-

lem mentioned in the Introduction is affirmative for products of differentially

indecomposable toric manifolds of complex dimension less than or equal to two.

For the proof of this theorem, we consider
A(X;R) = {u e H*(X; R)\{0} | u® = 0} (2.2.1)
for a topological space X and a commutative ring R.

Lemma 2.2.2. Let R be Z or a field, and let X; (1 < i < k) be a con-
nected topological space such that H(X;; R) is finitely generated for any q
and HY(X;; R) = H*(X;; R) = 0. Moreover, when R = Z, we suppose that
HY(X;;7Z) (¢ <4) is a free module. (Toric manifolds satisfy these conditions.)

Then, there exists a natural identification

k k
A([ xsR) = [[AX5 R).

i=1
Proof. By the Kiinneth formula, the cohomology group H 2(1—[5:1 X;; R) is iso-
morphic to @, H2(X;; R). So an element u in H2([]*_, X;; R) can be written

asu=uj + - +ug (u; € H*(X;; R)). Again, by the Kiinneth formula,

H4(_1E[Xi;R> N(éH‘*(Xi;R))

o @ H(XiR)eH(X;R)

1<i<j<k
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and via this isomorphism
k
2 2
U :E u; + 2 E Uy @ Uj.
i=1 1<i<j<k

So if u? = 0, then u; = 0 except one i. Therefore, the lemma holds. O

Differentially indecomposable toric manifolds of complex dimension less than
or equal to two are diffeomorphic to CP! or CP?#gCP? (¢ € Z>o). Their
cohomology rings are as follows:

H*(CPY; R) = R[z]/(2* = 0)
H*(CP?#qCP?; R)
(2.2.2)
2?2 = —y2, xy; = 0 (Vi),
= R[xayla' . 'ayq]/
yiy; =0 (i # j)
Lemma 2.2.3. (1) A(CPY;R) = {a € R\{0}}. In particular, the set A(CP';R)

consists of two one dimensional connected components, and A(CP1;Z/2)

consists of one element.

(2) A(CP?$qCP%R) = {(a,by,...,b,) € RITN{0} | a®> = b2 +--- + bg}.
In particular, A(CP?R) and A(CP?; Z/2) are empty, A(CP?4CP2;R)
consists of four one dimensional connected components, and A(CP?$CPZ2;

7/2) consists of one element. When q > 2, A(CP?iq CP2;R) consists of

two q dimensional connected components.

Proof. (1) This easily follows from the former isomorphism in (2.2.2).

(2) Using the latter isomorphism in (2.2.2), one can write an element u in

17



H?(CP?4qCP2%; R) as
u=azr+biyi +---+bgy, (a,b1,...,by € R),
so we have u® = (a* — b — - -- — b2)2?, which implies (2). O

Proof of Theorem 2.2.1. Let m (resp, mg) be the number of M;’s diffeomorphic
to CP* (resp, CP%4qCP?). Similarly, let m’ (resp, my) be the number of M}’s

diffeomorphic to CP?! (resp, CP?4qCP2). Then

k
M =[] M; = (CP")" x [[(CP?$qCP?)™
i=1

a=0 (2.2.3)

4
M’ =[] M) = (€P)™ x [[(CP4qTP2)™:.
j=1

q=0

By assumption, H*(M;Z) and H*(M';Z) are isomorphic as graded rings,
and an isomorphism between them induces an isomorphism between H*(M; R)
and H*(M'; R) for any commutative ring R and a bijection between A(M; R)
and A(M'; R). When R = R, we compare the number of connected components
of dimension ¢ in A(M;R) and A(M’';R). Since the bijection between A(M ;R)

and A(M’;R) is a homeomorphism, we obtain
2m + 4my = 2m’ + 4m7, 2my = 2m, (t > 2) (2.2.4)

from Lemmas 2.2.2 and 2.2.3. Moreover, comparing the number of elements in

A(M;Z/2) and A(M’';7Z/2), we obtain
m+my =m' +m} (2.2.5)

from the fact m; = mj} (t > 2) in (2.2.4), Lemmas 2.2.2 and 2.2.3. The identities

(2.2.4) and (2.2.5) imply m = m’ and m; = m} (¢t > 1). These together with the

18



equality of the dimensions of M and M’ (which are respectively m + 2 tho my
and m’ + 23,5 ,m; by (2.2.3)) imply mo = my. Therefore the theorem is

proved. O
The following corollary follows from Theorem 2.2.1.

Corollary 2.2.4 (cancellation). Let M, M’ and M" be products of toric man-
ifolds of complex dimension less than or equal to two. If M x M" and M’ x M"

are diffeomorphic, then so are M and M’.
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2.3 Simply connected compact 4-manifolds with
(S1)%-actions

In this section, we show that the idea developed to prove Theorem 2.2.1 works
for products of CP! and simply connected compact smooth 4-manifolds with
smooth actions of compact torus (S')2. By Orlik-Raymond ([18]), these 4-

manifolds are diffeomorphic to
S*pCP?*qCP2r(CP! x CPY) (p+q+r > 0). (2.3.1)
Proposition 2.3.1. A manifold in (2.3.1) is diffeomorphic to one of the fol-
lowing:
5% pCP?#qCP? (p>q>0, p+q>1),
r(CP' x CPY) (r > 1).
Moreover these manifolds are not diffeomorphic to each other.

Proof. This proposition must be known but since there seems no literature, we

shall give a proof.
Claim CP?{(CP'xCP') and CP24(CP!xCP?) are diffeomorphic to CP?$2CP2.

The fan corresponding to the blow-up of CP! x CP! and that of CP?4CP2
are isomorphic, so CP2f(CP! x CP') and CP?42CP? are isomorphic as algebraic

varieties, in particular, CP2f(CP! x CP?!) is diffeomorphic to CP?$2CP2.

Moreover CP?f(CP! x CP') and CP2§(CP! x CP?) are diffeomorphic, and

since there is an orientation preserving diffeomorphism from CP! x CP! to
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CP! xCP?! (i.e., an orientation reversing diffeomorphism from CP! x CP? to it-

self), CP24(CP! x CP?) is diffeomorphic to CP24(CP* x CP!). So CP?4(CP'x

CP') and CP2f(CP! xCP?') are diffeomorphic. Therefore the claim is proved.

From the Claim above and the fact that pCP24¢CP2? and qCP?§pCP? are
diffeomorphic, we see that a manifold in (2.3.1) is diffeomorphic to one of the
manifolds in Proposition 2.3.1.

We shall prove that the manifolds in Proposition 2.3.1 are not diffeomorphic
to each other. The manifolds pCP? #¢CP?2 are not spin manifolds (i.e. their
second Stiefel-Whitney classes do not vanish) while 7(CP! x CP!) are spin
manifolds. Therefore, they are not homotopy equivalent, in particular, not
diffeomorphic. Euler characteristic y and the absolute value of signature o are

homotopy invariants, and

Y(pCP*qCP?) = p+q+2, o(pCP*4qCP?) =p—q
x(r(CP! x CPY)) = 2r + 2, o(r(CP* x CPY)) =0
x(S*) =2

so the manifolds in Proposition 2.3.1 are not homotopy equivalent to each other,

in particular, they are not diffeomorphic to each other. O

We find A(M;R) in (2.2.1) for the manifolds M in Proposition 2.3.1 and
any commutative ring R. Since
H*(pCP*$qCP?; R)

9 2 .o
xi = —y5,  wiy; = 0(Vi, j),
g.R[.’.U17...7£L'Z)7y17""yq]/ ’

rix; =0, yiy; = 0(Vi # j)
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H*(r(CP' x CP'); R)
ZiW; = ZjWy,
gR[leuazr»wla'”vwr]/ ZiZj:’LinjZO (V’L,j), )
H*(S% R) = R[z]/(2* = 0),
we see that
A(pCP?$qCP?; R)
g{(alv--wapabla"'qu) ERerq\{O} | a%++&§:b%++b2},
(2.3.2)
A(r(CP! x CPY); R)
=~ {(c1y. ey Crydy, ... dy) € RF\{0} | erdy + -+ + ¢d,. = 0}, (2.3.3)
A(SH: R) = 0.
Lemma 2.3.2. (1) A(pCP?R) is empty.
(2) When p>q>1, A(pCP%*iqCP2;R) is homeomorphic to SP~! x S9=1 x R.
(3) A(r(CP* x CPY);R) is homeomorphic to S™~1 x S~ x R.
Proof. (1) This easily follows from (2.3.2).

(2) For each positive real number ¢, the set

{(@1,. .. ap,by,...,by) € RPFN{O} [af + -+ a2 =b2+ - + 02 =c}

is homeomorphic to the product of spheres SP~1 x S9~1. So, the space A(pCP?
qCP2;R) is homeomorphic to SP~1 xS971 xR+ by (2.3.2) and hence to SP~1 x

541 x R.
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(3) For each 4, we change the variables in (2.3.3) as follows:
¢ =a;+0b;, di=a; —b;.

Then one sees that the space A(r(CP! x CP');R) is homeomorphic to the space
A(rCP?4rCP2%;R). O
Lemma 2.3.3. For a finite set A, we denote the cardinality of A by |A|. Then

(1) |A(pCP*pCP%Z/2)| = 227 — 1,

(2) |A(r(CP* x CPY);Z/2)| = 227—1 y2r—1 — 1.
Proof. (1) By (2.3.2), we count the number of elements (a1, ..., ap, b1, ...,bpy) €
(Z/2)*\{0} satisfying
Z=bi 4+l

This equation is equivalent to the existence of even number of “1” in a4, ..., ap, b1,

..., by. Therefore,

240C P2 2p 2p 2p 2p—1
|A(pCP*pCP2%,Z/2)| +1 = + NI — 92p—1
0 2 2p

(2) By (2.3.3), it is enough to show the following:

‘{(Cla"'ch7d1;-"adT) € (Z/Q)ZT | cidy + - +C1"d1" = 0}|
(2.34)
— 227“—1 + 27‘—1.
We show this by induction. When r = 1, we can check (2.3.4) easily. Suppose
that (2.3.4) holds when r = k, and we consider the case r = k + 1. When

ck+1dg+1 = 0 (i-e., (ckr1,dk+1) 18 (0,0), (1,0) or (0, 1)), the number of elements
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(C1,y. . yCpydi, ... dy) in (Z/2)* satisfying cidy +- - -+ cpdy, = 0 is 22F~1 4 2k—1
by assumption of induction. When c¢pi11dig+1 = 1 (ice., (cpy1,di+1) = (1,1)),
the number of elements (ci,...,cx, di,...,dy) in (Z/2)% satisfying cydy +-- - +

cpdy, = 11is 22F — (22k=1 4 2k=1) Qo

{(e1s o enpndiy o diga) € (Z/2)°FF | erdy + - + cggadisr = 0}
— 3(22k—1 + 2k—1) + 22k _ (22k—1 + 2’(}—1) — 22]{:-‘1-1 _|_ 2k

Therefore (2.3.4) also holds when r = k + 1. O

Note that the manifolds in Proposition 2.3.1 except CP! x CP! do not de-
compose into the product of two manifolds of positive dimension. The following

theorem generalizes Theorem 2.2.1.

Theorem 2.3.4. Let M; (1 < i < k) and M} (1 < j < £) be CP! or the
manifolds in Proposition 2.8.1 except CP' x CP'. If Hle M; and H§:1 M;
are diffeomorphic, then k = £ and there exists an element o in the symmetric

group Sy, on k letters such that M; and M(’T(i) are diffeomorphic for all1 <i < k.

Proof. Let m (resp, my, 4, n, or n) be the number of M;’s diffeomorphic to CP*

(resp, pCP%4qCP2 (p > ¢ > 0, p+q > 1), r(CP! x CPY) (r > 2) or S%).

!

Similarly, let m' (resp, mj, ,,

n, or n') be the number of M’s diffeomorphic to

CP? (resp, pCP%4qCP2 (p > ¢ >0, p+q > 1), 7(CP* x CP!) (r > 2) or ).
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Therefore,

k
[1M: = (cPY)™ x [ (pCP?$gCTP2)™r

i=1 p>q

M

x [J(r(CP! x CPY))" x (S

r>2

, (2.3.5)
M =[] M = @©PY)™ x [[(pCP?*qCP?)™>

Jj=1 p>q

x [J(r(CP' x CPY))™ x (s

r>2

By assumption, H*(M;Z) and H*(M’;Z) are isomorphic as graded rings,
and an isomorphism ¢ between them induces an isomorphism between H*(M; R)
and H*(M'; R) for any commutative ring R and induces a bijection between
A(M;R) and A(M'; R). When R = R, the bijection is a homeomorphism.
Comparing the homeomorphism type and the number of connected components

of A(M;R) and A(M’;R) using Lemmas 2.2.2 and 2.3.2, we obtain

2m 4 4my g =2m' +4my,, my,=m,, (p>q>1),
(2.3.6)

Mypp +np =m,  +n, (p>2).

The linear subspace spanned by all one dimensional connected components in
A(M;R) (resp, A(M';R)) is H2((CPY)™x (CP2CP?)™1;R) (resp, H2((CP)™
x (CP2CP?)™.1;R)). Therefore, the isomorphism ¢ induces an isomorphism
between H2((CPY)™x (CP24CP?)™ 1 ; Z) and H2((CP!)™ x (CP24CP?)™11; 7).
In particular, ¢ induces an isomorphism between the cohomology rings with Z /2
coeflicients. It follows from Lemma 2.2.2 that

m|A(CP"; Z/2)| + m1 1| A(CP*#CP% Z/2)|

= m/|A(CP";Z/2)| + m) ,|A(CP*4CP? Z/2)|
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and hence we have m +my ; = m’ +m) ; by Lemma 2.2.3. This together with

the first identity in (2.3.6) implies that
m=m', my;=mi,. (2.3.7)
The linear subspace spanned by all connected components homeomorphic to
SP=lx SP=L xR (p > 2) in A(M;R) (resp, A(M';R)) is H?((pCP?#pCP2)™»» x
(p(CP! x CPY))";R) (resp, H2((pCP24pCP2)™r» x (p(CP' x CPY))";R)).
Therefore, it follows from Lemma 2.2.2 that

my | A(PCP*pCP2; Z/2)| + ny| A(p(CP' x CPY);Z/2)|

=m,, ,| A(pCP*$pCP?; Z/2)| + n,|A(p(CP" x CP"); Z/2)|
and hence we have

mp,p(22p_1 -1+ np(22p_1 +2rt - 1)

(2.3.8)
=m) (27" — 1)+ n (277 42771 — 1)
by Lemma 2.3.3. So by (2.3.6), (2.3.7), and (2.3.8), we have
m=m', mp,=m, (p>q>1), n,=mn, (p>2). (2.3.9)

It remains to prove n = n’ and my o = my o (p > 1). Since H*(M;Z) and
H*(M';Z) are isomorphic by assumption, the Poincaré polynomials of M and
M’ must coincide. So, the Poincaré polynomials of (S4)" x [ (p CP2)mw.o
and (S4)" x HPZl(p(CP2)m;)0 must coincide by (2.3.5) and (2.3.9). It follows

that
1+ 23" x [J (0 +po+ 2?0 = (1 +22)" x [] (1 +pw +2?)™ro
p>1 p>1

where 7 is a variable. This implies that n = n’ and my, o = m}, o.
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Similarly to Corollary 2.2.4, the following corollary follows from Theorem

2.3.4.

Corollary 2.3.5 (cancellation). Let M, M’ and M" be products of copies of
CP' and manifolds in Proposition 2.58.1. If M x M" and M' x M" are diffeo-

morphic, then so are M and M’.

A topological toric manifold introduced by Ishida, Fukukawa, and Masuda
([12]) is a compact smooth manifold of real dimension 2n with a smooth action
of complex torus (C*)™ that is locally equivariantly diffeomorphic to a smooth
faithful representation space of (C*)™. A toric manifold regarded as a smooth
manifold is a topological toric manifold. A topological toric manifold of real
dimension two is diffeomorphic to CP! and the manifolds in Proposition 2.3.1
except S* are topological toric manifolds. Therefore, it follows from Theo-
rem 2.3.4 that Theorem 2.2.1 holds for topological toric manifolds, so we may
ask the unique decomposition problem for topological toric manifolds and no

counterexample is known even to this extended problems.
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2.4 Direct decomposition of real toric manifolds

In this section, we will consider the real case of section 2.2. A real part of a
toric manifold is a real manifold and is called a real toric manifold. Similarly to
section 2.2, we deal with real toric manifolds of dimension less than or equal to
2. A real toric manifold of dimension less than or equal to 2 is diffeomorphic to

one of the following manifolds;

RP', ¢RP? (¢ >0).

Theorem 2.4.1. Let M; (1 <i < k) and MJ' (1 < j < ¥) be real toric manifolds
of dimension less than or equal to two. If Hle M; and Hﬁ:l M are diffeomor-
phic, then k = ¢ and there exists an element o in the symmetric group Sy on k

letters such that M; and M;(i) are diffeomorphic for all 1 < i < k.

Proof. Let M be diffeomorphic to (RP1)* x l_I(qRPQ)ﬁq7 and M’ be diffeomor-
g>1
phic to (RP1)* x H(qRPQ)ﬁ;. A cohomology ring of each factor of M, M’ is
q>1
the following;

H*(RP;Zy) = Zy[z]/(2* = 0).
H*(RP?%,Zy) = Zy[z] /(2> = 0).
H*(qRP% Zs) = Zs[xy,...,24)/ (J;% = =a2, xw; =0 (i ;éj)) .
The Poincaré polynomial of each factor of M, M’ is the following;
PRPY) =1+a2.
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P(RP?) =1+x+ 2%
P(qRP?) =1+ qx + 2°.
Since H*(M;Zs) is isomorphic to H*(M';Zs), the Poincaré polynomial of

M is the same as one of M’. So,

(1) [+ qz+2*)% = 1 +2)" TT (1 + gz +2*)%.

q>1 q>1

Therefore,

(L+a) % I (g +a®)? = 0+a) % [ (1+gr+a?)

q>1,q#2 q>1,q#2

Since equations 1+z = 0, 1+gz+22 =0 (¢ > 1,q # 2) have different solutions
each other,

a+2B=0a" +285, By=0; (¢>1,q#2). (2.4.1)

We consider A(M;Zs) := {u € HY(M;Z3) | u*> = 0} and n(M) := dimA(M).

A(M;Zs) is a vector space over Zg, and n(M) is an invariant of cohomology

rings. The invariant of each factor of M, M’ is the followings;
n(RPY) =1, n(RP?) =0, n(¢qRP?) =q—1.
In fact, we can take a basis x1 + x2, 22 + 23,...,2¢—1 + x4 of A(qRP?). So,

n(M)=a+ 242085+ + (¢—1)5,,

n(M') =o'+ B+ 285+ -+ (¢ —1)5,.

Since n(M) = n(M'), by (2.4.1) the following holds;
a+tBy=a +p;
By (2.4.1), a = o/, B2 = 5. O
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The following corollary follows from Theorem 2.4.1.

Corollary 2.4.2 (cancellation). Let M, M' and M" be products of real toric
manifolds of dimension less than or equal to two. If M x M" and M’ x M" are

diffeomorphic, then so are M and M'.
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Chapter 3

Spin toric manifolds associated to graphs

3.1 Spin toric manifolds and the orientability of

real toric manifolds

In this section, we give a necessary and sufficient condition for a projective toric
manifold to admit a spin structure and for a real toric manifold to be orientable.
Let P be a Delzant polytope of dimension n in R”™ with m facets, A be a function
mapping each facet of P to its facet vector (i.e. a normal primitive vector to
the facet), and X’ be the modulo 2 reduction of A. A toric manifold constructed
from P is written by M(P), and its real part (i.e. its real toric manifold) is

written by Mg(P).

Proposition 3.1.1. The followings are equivalent.
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(1) The toric manifold M (P) admits a spin structure.
(2) The real toric manifold Mg(P) is orientable.

(3) There is a homomorphism € from Z3 to Zs = {0,1} such that e(N'(F)) =

{1}, where F is the set of facets of the Delzant polytope P.

Proof. We prove the equivalence between (1) and (3). We can prove the equiv-
alence between (2) and (3) similarly, so we omit the proof. The equivalence
between (2) and (3) was proved by [16], however the following proof is different
from their proof.

A manifold M admits a spin structure if and only if its first Stiefel-Whitney
class wy (M) and second Stiefel-Whitney class wy(M) vanish. Since the coho-
mology group H'(M(P)) of the projective toric manifold M(P) is trivial, its
first Stiefel-Whitney class wi (M (P)) vanishes. So, it is enough to prove the
equivalence between (3) and the vanishing of wy (M (P)).

Let T™ be a compact torus (S1)", M = M(P), and 7 : ET™ xpn M —
BT™ be the Borel construction of M. Since the Serre spectral sequence of w

degenerates at the Fs-level, we have the following exact sequence.

0 — H2(BT"Z) ™ Hj.(M;Zs) 2 H*(M:Zs) — 0, (3.1.1)

where p* is the surjection induced from an inclusion of the fiber p : M —
ETn XT?L M
Let Fi, ..., Fy, be the facets of P and 71,. .., Ty, be elements in H2,, (M;Zs2)

which are Poincaré dual to the characteristic submanifolds of M corresponding
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to Fi,..., Fin. Then, 7*(u) is written as a linear combination of 7,..., 7, as

follows (see [15] for example):

T (u) = Z v (u)T;.

Here, v; can be regarded as an element in Hom(H?(BT™); Zs) = Ha(BT™ ; Zs).

So, 7*(u) is written as follows:
m
71'*('(1;) = Z<uvvi>7—ia
i=1

where (, ) denotes the natural pairing between cohomology and homology. Let

A be a homomorphism F to Ho(BT";Zs) which maps F; to v;. Then,
7 (u) = (u, N (FL)ym + -+ (u, N (Fp) ) o

It is known that the equivariant Stiefel-Whitney class w”" (M) is of the form

m

wl" (M) = H(l + 1),

i=1

so we have wi (M) = Zﬂ- ([7])- The second Stiefel-Whitney class wq (M)
i=1
is the image of wl” (M) by p* in (3.1.1). Since (3.1.1) is an exact sequence,
the equation wo(M) = 0 is equivalent to the existence of an element w in
H?(BT";Zy) such that 7*(u) = wi" (M). So we have
S, N(E)m=> 7
i=1 i=1

Therefore, wo (M) vanishes if and only if (u, N'(F;)) is 1 for each i = 1,...,m,

which implies the equivalence between (1) and (3). O
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Remark 3.1.2. The same proof as above shows that Proposition 3.1.1 holds
for a toric manifold whose realization of the underlying simplicial complex of
the corresponding fan is a disk ([1, 13]), for a quasitoric manifold ([7]) and for

a topological toric manifold ([12]).

A truncation of a Delzant polytope P along a face corresponds to blowing-up
along the submanifold of M (P) corresponding to the face. To be precise, let
F be a codimension k face which is an intersection of k facets Fi,..., F} of a
Delzant polytope P, and A(F;) be the facet vector of the facet F; for each i.
A face truncation at F' is to cut P along the face F' in such a way that the
facet vector of the new facet is A\(Fy) +-- -+ A(F) (Figure 3.1). The projective
toric manifold corresponding to the truncated Delzant polytope is formed by

blowing-up M (P) along the submanifold corresponding to the face F'.

c bvc

_— blot+e|C

Figure 3.1: face truncations and new facet vectors corresponding to blowing-up
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3.2 Spin toric manifolds associated to simple graphs

and building sets

We set [n+ 1] := {1,...,n + 1}. In this section, we assume that a graph
G is finite and simple, and review the construction of a toric manifold M(G)
(resp. M(B)) from a finite simple graph G (resp. a building set B on [n + 1]),
and characterize a graph G (resp. a building set B) whose associated toric
manifold M(G) (resp. M(B)) admits a spin structure. There are two kinds
of constructions of a Delzant polytope from G (resp. B). One is to realize a
Delzant polytope in R""* by Minkowski sum, and the other is to truncate faces
of a simplex in R". In this section, we use the second construction.

Let G be a simple graph with n + 1 nodes, and its node set V(G) be [n+1].
We set

B(G) :={I c V(G) | G|I is connected},

where G|I is a maximal subgraph of G with the node set I (i.e. the induced
subgraph). The empty set () is not in B(G). We call B(G) a graphical building
set of G. A graphical building set B(G) is a building set on V(G), so we review

the construction of a toric manifold from a building set.

Definition 3.2.1. A building set B on [n+1] is a collection of nonempty subsets

of [n + 1] such that

(1) B contains all singletons {i} for every i,
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(2) ifI,JeBand INJ # 0, then IUJ € B.

If [n + 1] € B, then B is called a connected building set.

Example 3.2.2. We consider the following path graph Ps.
Then,

P3123
* —o—o

B(P?») = {{1}, {2}7 {3}7 {17 2}’ {273}7 {17 273}}a

which we simply express as follows:
B(P;) ={1,2,3,12,23,123}.

When a building set B is connected, we construct a Delzant polytope Pp in
R™ as follows ([6]). We take an n-simplex in R™ such that its facet vectors are
e1,...,en, and —e; — -+ — e, where eq,...,e, are the standard basis of R".
Each facet vector e; (1 <4 < n) corresponds to an element ¢ in B, and the facet
vector —e; — - - - — e, corresponds to an element n+ 1 in B, where ¢ in B means
the singleton {i} in B. We truncate the n-simplex along faces in increasing
order of dimension. Let F; denote the facet corresponding to an element i in B.
For every element I = iy...4; in B\ [n + 1] we truncate the simplex along a
face F;, N---NF;, in such a way that the facet vector of the new facet, denoted
Fr, is the sum of the facet vectors of the facets F;,, ..., F;, . Then the resulting
polytope, denoted Pp, is a Delzant polytope, and called a nestohedron. The set
B\ [n+ 1] one-to-one corresponds to the set of facets of Pg. Let M (B)(Mg(B))

denote a (real) toric manifold corresponding to Pp. A nestohedron constructed
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from a graphical building set B(G) is called a graph associahedron, and the
associated (real) toric manifold is denoted by M (G)(Mg(G)). When a building
set B is disconnected, the corresponding nestohedron is defined as the product of
nestohedra associated to connected building sets in B. The corresponding (real)
toric manifold is also defined as the product of (real) toric manifolds associated

to connected building sets in B.

Remark 3.2.3. The size of an n-simplex is not important because the size does
not affect the topology of the associated toric manifolds. The important data

are a simple polytope and its facet vectors.

Example 3.2.4.

(1) When a graph G is a point, the associated (real) toric manifold is also a

point. We understand that a point is orientable and admits a spin structure.

(2) When G is a connected graph with 2 nodes, the corresponding graph asso-
ciahedron Pg in R is an 1-simplex (Figure 3.2), and the associated (real) toric
manifold is diffeomorphic to CP! (RP!). CP! admits a spin structure and RP!

is orientable.

(3) When G is a connected graph with 3 nodes, G is a path graph Ps or cycle
graph Cs3. If G is the path graph P, then its graphical building set B(Ps)
is {1,2,3,12,23, 123}, and the corresponding graph associahedron Pp, is a
pentagon (Figure 3.2). So, the associated toric manifold is diffeomorphic to

CP2§2CP? and does not admit a spin structure. If G is the cycle graph Cs,
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then its graphical building set B(C3) is {1,2,3,12,23, 31,123}, and the corre-
sponding graph associahedron P, in R? is a hexagon (Figure 3.2). So, the
associated toric manifold is diffeomorphic to CP243CP2 and also does not ad-

mit a spin structure.

€1 -€1
7 — R

RQ
61 _61_62
1+ 6 —€1
€2

Figure 3.2: graph associahedra and facet vectors in (2) and (3)

Example 3.2.5.

(1) A building set on [1] is only {1}, so the corresponding nestohedron Pyyy is a
point, and the associated (real) toric manifold is a point.

(2) Building sets on [2] are {1,2} and {1,2,12}. If B is {1,2}, then its nesto-
hedron Ppg is a point, so the associated (real) toric manifold is a point. If B is

{1,2,12}, then its nestohedron Pp is an 1-simplex, so the associated (real) toric

manifold is diffeomorphic to CP! (RP?).
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(3) Building sets on [3] are essentially the following.

{1,2,3}, {1,2,3,12}, {1,2,3,12,23,123},

{1,2,3,12,23,31,123},{1,2,3,123}, {1,2,3,12,123}.

Each nestohedron Pg is a point, 1-simplex, pentagon, hexagon, 2-simplex, and
square. The last two are not constructed from any graph, and the corresponding
Delzant polytopes are as in Figure 3.3. The toric manifolds M (B) (resp, real

toric manifolds Mg (B)) associated to the building sets are respectively diffeo-

morphic to a point, CP!, CP2§2CP2, CP%43CP2, CP?, and CP?*{CP? (resp, a

point, RP!, 3RP? 4RP? RP?, and 2RP?).

R? R?

€1

el €1 — €2 €1 — €3

el e

€9 €2

Figure 3.3: nestohedra corresponding to {1,2,3,123} and {1,2,3,12,123}

Lemma 3.2.6. Let B be a connected building set on [n+1]. Then the following

are equivalent.
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(1) The toric manifold M (B) admits a spin structure.
(2) The real toric manifold Mg(B) is orientable.

(3) n+ 1 is even and any element in B\{[n + 1|} has odd order.

Proof. Let F be the set of facets of the nestohedron Pg, A be a function mapping
each facet of Pp to its facet vector, and A\’ be the modulo 2 reduction of .
By Proposition 3.1.1, it is enough to show the equivalence between (3) and the
existence of a homomorphism e from Z3 to Zs = {0, 1} satisfying (N (F)) = {1}.

The nestohedron P has eq,...,e,, and e; +- - -+ ¢, as facet vectors modulo
2, where the facets associated to these facet vectors correspond to the singletons
in B, that is, N'(Fy) = e1,...,N(Fp) = en, N (Fn41) = €1 + -+ + e,. Suppose
that there is a homomorphism € from Zj to Zy = {0,1} such that e(N(F)) =
{1}. Then n is odd. We assume that there is an element I with an even
order in B\{[n + 1]}, and let F; be the facet of Pg corresponding to I. Then,
since €e(N(F1)) = -+ = €(N(Fny1)) = 1, we have (N (Fy)) = 0. This is a
contradiction.

If (3) holds, then we can take the homomorphism e from Zj to Zs = {0,1}

mapping each e; to 1. O

Lemma 3.2.7. Suppose that a smooth manifold M is diffeomorphic to the prod-
uct of smooth manifolds My, ..., My. Then the followings hold.

(1) M is orientable if and only if each factor M; is orientable.

(2) M admits a spin structure if and only if each factor M; admits a spin struc-

ture.
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Proof. We use the following formula. Let £, n be vector bundles over base spaces
Bi1,By. Then the [-th Stiefel-Whitney class of the product bundle £ x 1 over
B1 X Bg is

wi(€ x ) = waf) X wy—i(n). (3.2.1)

In particular

wl(M) = wl(Ml) + - —I—wl(Mk).

Therefore, wy (M) = 0 if and only if wy(M;) = - -+ = wy(M}) = 0 since there is
no relation among wq(My),. .., wi(My). This means (1).
If M admits a spin structure, then wq(M7) = -+ = wy(My) = 0 because of

the orientability of each M;. So, it follows from (3.2.1) that

wa(M) = wo (M) + - - + wo(My).

Therefore wy (M) = 0 if and only if there is no relation among wo (My), . . ., wa (M),

so we(My) = -+ = wa(My) = 0. This means (2). O
The following theorem follows from Lemmas 3.2.6 and 3.2.7.

Theorem 3.2.8. Let B be an union of connected building sets By, ..., By on
subsets S1,...,Sk in [n+ 1]. Then the following are equivalent.

(1) The toric manifold M(B) admits a spin structure.

(2) The real toric manifold Mg(B) is orientable.

(3) Each building set B; satisfies either of the following.

1) Isi] = 1.

(I) |S;| is even and any element in B;\{S;} has an odd order.
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Corollary 3.2.9. Let G be a finite simple graph.

(1) The toric manifold M(G) admits a spin structure if and only if M(G) is
diffeomorphic to (CP1)*.

(2) The real toric manifold Mg(G) is orientable if and only if Mg (G) is diffeo-
morphic to (RP1)F.

Moreover, the corresponding graph is the disjoint union of k connected graphs

with 2 nodes and finitely many points.

—o o—9® ' o—o ¢ o ' o

Proof. We assume that a graph G has k connected component Gy, ..., Gg. Then
we can take the graphical building set of G as B in Theorem 3.2.8, the graphical
building set of G; as B;, and the node set of G; as S;. (3)(I) in Theorem 3.2.8
means that G; is a point, and (3)(I) means that G; is a connected graph with 2
nodes. In fact, G; has even nodes because |S;]| is even, and if G; has more than
or equal to 4 nodes, then G; has a connected proper subgraph with 2 nodes,

which gives an even order element in B; \ {S;}. O

Remark 3.2.10. A toric manifold M has trivial 1-st cohomology group ([9]),

so that M admits only one spin structure if M admits a spin structure.
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3.3 Spin toric manifolds associated to pseudo-

graphs

In this section, we construct a toric manifold M(G) from a pseudograph G (i.e.
a graph may have multiedges and loops) ([2]), and characterize a pseudograph
G whose associated toric manifold M (G) admits a spin structure. We assume
that a pseudograph G is finite. A toric manifold M (G) is not compact when G
is a pseudograph with at least one loop. So, we call a nonsingular toric variety

a toric manifold in this section.

Definition 3.3.1. Let G be a pseudograph.

(1) A tube Gy of G is a proper connected subgraph of G such that if a pair of
nodes of (G; is connected by an edge of GG, then G4 contains at least one edge
connecting the pair.

(2) Two tubes are compatible, if one is included in the other, or they are disjoint
and cannot be connected by an edge of G.

(3) A tubing of G is the set of pairwise compatible tubes and the union of such

tubes is not G.

Example 3.3.2. (a) and (b) in Figure 3.4 are tubings. However, (c) in Fig-
ure 3.4 is not a tubing because two tubes are not compatible. (d) in Figure 3.4

is also not a tubing because the union of the tubes is the whole graph.

Definition 3.3.3. Let G be a pseudograph.

(1) Suppose that a pair of nodes is connected by at least two edges. Then the
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@< —@ ¢ ®
(a)

(b)

=K
(d)

(c)

Figure 3.4: tubings and non-tubings

set of all edges connecting the pair of nodes is called a bundle.
(2) The underlying simple graph G of G is the graph obtained by deleting all

loops and replacing each bundle to an edge.

Example 3.3.4. The underlying simple graph of the left pseudograph in Fig-

ure 3.5 is the right simple graph. Here, B; and By are bundles.

B, B,
OOO:-....

Figure 3.5: underlying simple graph

For each tube G; of a pseudograph G, we define a set .S as follows.
(1) All nodes of G; are in S.
(2) All edges of Gy except for edges not contained in bundles and all loops of

G arein S.

44



(3) All edges in bundles of G not containing edges of G; are in S.
(4) All loops not incident to any node of G; are in S.

We call S a label of G;.

Definition 3.3.5. A tube Gy is called full, if it is a subgraph that consists of
some of the nodes of the original graph and all of the edges that connect them

in the original graph (i.e. an induced subgraph of G).

Example 3.3.6. Figure 3.6 shows examples of full tubes of a graph and their

associated labeling. Here, 3abcd means the set {3,a,b, ¢, d}.

1a2c3 4
??—- (2w

3abcd 123abced

3abcde

Figure 3.6: full tubes and corresponding labels

Let G be a pseudograph with n+1 nodes and [ loops, By, ..., Bx be bundles

of G with by +1,...,b,+1 edges, A® be an s-simplex, and p be a ray. We define

k
Yo = A" x HAbi x pl,

i=1
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and label every face in Y as follows.

(1) Each facet of A™ corresponds to a node of G. Each face of A™ corresponds
to a proper subset of the node set of G and is the intersection of the facets
associated to nodes in that subset.

(2) Each vertex of A% corresponds to an edge of the bundle B;. Each face of
AY corresponds to a subset of an edge set of B; defined by the vertices spanning
the face.

(3) Each p corresponds to a loop of G.

Each face of X is labeled by the product of each factor naturally.

Remark 3.3.7. Let G; be a tube of G. Suppose that the label of GG; contains k
nodes of G and does not contain ! edges in bundles and m loops. Then the face
of ¥ corresponding to G; is of codimension k + [ 4+ m by the way of labeling

faces of Yg.

Facets of X are

k
(facets of A™) x H Abi x p
i=1
k
A™ x (facets of A%) x H Abixpl (j=1,...,k), and
i=1,i#]

k
A" x HAbi x (facets of p!).
i=1
k
The number of facets in each line above is n + 1, Z(bj + 1), and [ respectively.

j=1
We embed X in an Euclidean space such that a facet vector of each facet is
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respectively

€ly.-.,€n, —€1 — " — €n,

Cn+1s--+56n4by, —Cntl — 70 T Entby,

Cn4bi+1s-+ 5 Cntbi+bos —Cntbi+1 — """ T Entbi+byy

Entbyttbp_14+1ls -5 Cndbittbyy TCnAbi b1+l T T T Entbi by
EntbytFbp+ls - -+ Cnbyt by H -

Here, {e;}; is the standard basis in the Euclidean space of the dimension of ¥¢.

Example 3.3.8. We consider the pseudograph G drawn below. We embed ¥

in R? in such a way that each facet vector is

lab — ey, 2ab — ey, 3ab— —e; —eo, 123a — e3, 123b — —es.

G 1 a
2% 3
e« »
6 Yo 23a
23 s N
a
31a 1a 12a
3 2 X | = 3lab I “9ab
23D
31 T 12 5 310" =120

Figure 3.7: X and labels of faces
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Then, we construct a pseudograph associahedron KG by truncating Xg
along some faces. At first, one truncates ¥ along faces with labels correspond-
ing to full tubes as follows. If a face F' of ¥ with a label corresponding to
a full tube is denoted by F} N --- N Fy, where each F; is a facet of ¥, then
truncate X along the face F' in such a way that the facet vector of the new
facet is the sum of the facet vectors of Fy,..., Fy. We repeat this truncation
from low dimensional faces to high dimensional faces. The label corresponding
to a full tube is (nodes of this full tube)(every edge in bundles and every loop
in G). Therefore, if we truncate ¥ along all faces with labels corresponding to

full tubes, then X turns to

k
Pg, x [ A" x o, (3.3.1)
i=1
where Pg, is the graph associahedron corresponding to the underlying simple

graph G, of G. Next, one truncates (3.3.1) along faces with labels corresponding

to non-full tubes in the same way as full tubes.

Proposition 3.3.9. ([2]) Let G be a pseudograph, and KG be the pseudograph
associahedron constructed from G. If G does not have any loop, then KG is a
Delzant polytope and if G has a loop, then KG is a simple polyhedral cone. Its
face poset is isomorphic to the set of tubings of G, ordered under the reverse

subset containment. In particular, there is a one-to-one correspondence between

facets of KG and tubes of G.
We denote the (real) toric manifold corresponding to KG by M (G) (Mr(G)).
Example 3.3.10. We shall observe the pseudograph associahedron KG for the
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pseudograph G in Example 3.3.8. Figure 3.8 indicates all tubes of G and the
corresponding labels. The first line indicates full tubes, and the second line

indicates non-full tubes. Truncating ¥4 along faces with labels corresponding

2
I 2 3 i %

lab 2ab 3ab 12ab 23ab

> 1 2 >
% 2.9 2o L 2 3

23a 23b 123a 123b

Figure 3.8: tubes and corresponding labels

to the full tubes, Y& turns into the left in Figure 3.9. This is the product of
1-simplex and the graph associahedron constructed from the underlying simple
graph of G. Moreover, truncating the left in Figure 3.9 along faces with labels
corresponding to non-full tubes, the left turns into the right in Figure 3.9. This

is the pseudograph associahedron KG associated to G. Each facet vector is as

123a

3a
3la

3ab:

< 4

31p"

Figure 3.9: pseudograph associahedron
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follows:

lab — eq, 2ab — es, 3ab — —eq — e,
12ab — e1 + eo, 23ab — —eq, 23a — —ey + e3,
23b — —e; — eg, 123a — e3, 123b — —e3

Example 3.3.11. When G is the disjoint union of n+1 nodes, the pseudograph
associahedron K G is as follows. The polytope X« is an n-simplex, and the nodes
of G correspond to the n+ 1 facets of the n-simplex. Every tube of G is 1 node
and full. Suppose that the tube G; of G is the node i of G, then the label of G;
is 4. So, KG is an n-simplex since K G is a polytope obtained by truncating the
n-simplex along n + 1 facets. Therefore, the associated toric manifold M (G) is

diffeomorphic to CP™.

Remark 3.3.12. The graph associahedron Pg of G above is a point. If a simple
graph G is not connected, then the associated pseudograph associahedron KG

is different from the graph associahedron Pg.

Theorem 3.3.13. Let G be a pseudograph.

(1) The toric manifold M(G) admits a spin structure if and only if M(G) is
diffeomorphic to one of CP*~1(k : 1 or even), CP!,CP! x CP', and C.

(2) The real toric manifold Mg(G) is orientable if and only if Mr(QG) is diffeo-
morphic to one of RPk_l(k :1 or even),RPY,RP! x RP!, and R.

Moreover, the associated pseudograph is respectively the disjoint union of k
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nodes, a connected simple graph with 2 nodes, a connected pseudograph with

2 nodes and 2 multiedges, and 1 node with 1 loop.

Remark 3.3.14. If G is a pseudograph with loops, then the realization of the
underlying simplicial complex which is dual to the boundary complex of KG
is a disk. Because truncating X along faces preserves the homeomorphic type
of a realization of the underlying simplicial complex. So, by Remark 3.1.2,

Proposition 3.1.1 can be applied even if G has loops.

Proof. If M(G) is diffeomorphic to one of CP*~! (k : 1 or even), CP!, CP! x
CP!, and C, then M(G) admits a spin structure.
The toric manifold M(G) does not admit any spin structure unless the fol-

lowing two conditions are satisfied:

The cardinality of the node set V(G)is 1 or even. (3.3.2)
The number of multiedges in any bundle is even. (3.3.3)
Because if the cardinality n+1 of the node set V(G) is more than one, then KG
has facet vectors ey, ...,e,,—e; — -+ — ey, so (3) in Proposition 3.1.1 implies
(3.3.2) if M(G) admits a spin structure. A similar argument implies (3.3.3). If
Y is truncated along a codimension 2 face, then (3) in Proposition 3.1.1 is not
satisfied. Therefore, it is enough to consider G which satisfies (3.3.2) and (3.3.3)
and whose associated pseudograph associahedron KG is constructed without
truncating ¥ along any codimension 2 faces.
Suppose that G contains a proper full tube shown in Figure 3.10. The

label of this full tube is ij(all edges in all bundles and all loops), so this tube
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kis 1 or even.
8i,Sj Z 0

Figure 3.10: proper full tube

corresponds to a codimension 2 face of X by Remark 3.3.7. Therefore, G does
not contain the proper full tube in Figure 3.10 if M(G) admits a spin structure.

(1) Assume that G is a connected pseudograph in Figure 3.10 with the
node set {1,2} and has more than or equal to 2 loops (Figure 3.11). Labels of
two full tubes are lay...axly ... 15,07 .. .1, and 2a;y...axly ... ls, 1} ...}, and
corresponding faces of ¥ are two facets. Since truncating ¥ along facets does

not change ¢, a non-full tube obtained by removing 2 loops from G corresponds

to a codimension 2 face of Xg. So, M(G) does not admit a spin structure.

Figure 3.11: pseudograph and non-full tube in (1)

(2) Assume that G is a pseudograph with the node set {1, 2}, edges a4, . .., ag
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(k is 1 or even) and a loop [ incident to the node 1 (Figure 3.12). Labels of two
full tubes of G are la; ...axl and 2a; ... agl, and corresponding faces of ¥ are
two facets. Similarly to (1), a non-full tube which is the node 1 corresponds to
a codimension 2 face of L. So, M(G) does not admit a spin structure.

G ay

2 s 1or even

(g

Figure 3.12: pseudograph and non-full tube in (2)

(3) Assume that G is a pseudograph with the node set {1,2} and multiedges
ai,...,ax (k> 4, even) (Figure 3.13). Labels of full tubes are la; ...a; and
2a; ...ax, and corresponding faces of Y are two facets. So, a non-full tube
obtained by removing 2 edges from G corresponds to a codimension 2 face of

Ya. So, M(G) does not admit a spin structure.

G ai

k is even

and more than or equal to 4.

Ok

Figure 3.13: pseudograph and non-full tube in (3)

(4) If G is a pseudograph with the node set {1,2} and has 1 or 2 multiedges
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but does not have loops (Figure 3.14), then the associated toric manifolds CP*

and CP' x CP! admit spin structures.

G G

e
U U

cp? CP' x CP!

Figure 3.14: (4)

(5) Assume that G is a pseudograph with 1 node and s loops (s > 2) (Fig-
ure 3.15). There is no full tube, so a non-full tube obtained by removing 2 loops
from G corresponds to a codimension 2 face of £g. So, M(G) does not admit
a spin structure.

(6) If G is a pseudograph with 1 node and 1 loop, then the associated toric
manifold C admits a spin structure. If G is 1 node, then the associated toric

manifold is a point and admits a spin structure (Figure 3.16).

G G

Q ,
u u
C {a point }

Figure 3.15: pseudograph and non-full
Figure 3.16: (6)

tube in (5)

The above observation shows that if GG is connected, then the associated toric
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manifold admits a spin structure if and only if G is 1 node, 1 node with 1 loop,
a path graph with 2 nodes, or a pseudograph with 2 nodes and 2 multiedges.
Suppose that G is not connected. Then each connected component of G
has only 1 node since G does not contain a proper full tube in Figure 3.10.
If a connected component of G has s loops (s > 1), then a tube obtained by
removing 1 loop from the connected component corresponds to a codimension
2 face of Y. So, if G is not connected, then each connected component of G is

1 node if M(G) admits a spin structure. O
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Chapter 4

Relation between a root system and Delzant

polytope constructed from a connected simple

graph

Let G be a connected simple graph with n + 1 nodes (n > 1) and V(G) be the
node set of G. In section 3.2 we explained how to construct a graph associahe-
dron Pg and how to take facet vectors of Pg. We denote by F(G) the set of
facet vectors of Pg.

As mentioned in the Introduction, F(G) is dual to a root system of type
A when G is a complete graph. We shall explain what this means. If G is a

complete graph K,,1 with n+1 nodes, then the graphical building set B(K;,+1)
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(see section 3.2) consists of all subsets of [n+ 1] so that the graph associahedron

Py, ., is a permutohedron obtained by cutting all faces of the n-simplex with

n+1
facet vectors eq,...,e,,—(e1 + -+ e,), where eq, ..., e, denote the standard

base of R™ as before. It follows that

F(Kpp1)={+er|0#1C[n]} wheree; = Zei. (4.0.1)
iel

On the other hand, consider the standard root system A(A,) of type A,, given
by

A(Ap) ={t(e;—¢j) |1 <i<j<n+1} (4.0.2)

which lies on the hyperplane H of R™ ™! defined by e; + - -- + epq1 = 0. Take
€1 —e€9,63 —€3,...,6, —ent1 as a base of A(A,,) as usual. Then their dual base
with respect to the standard inner product is what is called the fundamental

dominant weights given by

/\i:(€1+"'+6i)* (€1+"'+6n+1) (i:1,2,...,n) (403)

i
n+1
which also lie on the hyperplane H. The Weyl group action permutes ey, ..., €,41
so that it preserves H. We identify H with the quotient vector space H* of R"!
by the line spanned by e; + - - - 4+ e, 41 using the inner product, namely put the
condition e +---+e,4+1 = 0. Then the set of elements obtained from the orbits
of A\1,..., A, by the Weyl group action is
{d esl0#ICn+1]} inH".
JjeJ
This set agrees with F(K,41) in (4.0.1) because e,11 = —(e; + -+ e,). In

this sense F'(Kp41) is dual to A(A,,).
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We note that F(K,+1) itself forms a root system (of type A4,,) when n =1
or 2. However the following holds.

Lemma 4.0.1. Ifn > 3, then F(K,1) does not form a root system.

Proof. Suppose that F(K,41) forms a root system for n > 3. Then F(K,11)
is of rank n by (4.0.1). Let {a1,....an} be a base of the root system F(K,1).

Then ). ; a; arein F(K,11) for any nonempty subset J of [n] (see [11, the first

JjEJ
corollary in p.50 and the latter Lemma A in p.52]). This shows that the number
of positive roots in F(K, 1) is at least 2" — 1 and hence |F (K, 1) > 2"t -2
while |F(K,+1)] = 2" — 2 by (4.0.1), where | | denotes cardinality. This
means that any element in F'(/,11) is of the form £3 . ; a;.

By (4.0.1) aj = ey, for some subset I; of [n]. We may assume that a; is ey,

for1 <j<kand —e I for k+ 1 < j <n for some k without loss of generality.

We note that

er+ep (resp. ey —ep) € F(Kpyq1)
(4.0.4)
s INI" =0 (resp. ICI'or IDT).

When k = n or 0, |I;| = 1 because otherwise one cannot express every
+e; as the form £3°7  a; = £377_ er,. Therefore, the base is of the form
{e1,...,en} or {—e1,..., —en} when k =n or 0.

When 1 < k < n—1, a similar observation shows that ;| = 1 or |I;| = 2 and
I; contains a unique I;; with |[I;/| =1, where 1 < j <k <j <norl<j <k<
J < nin the latter case by (4.0.4). In fact, if a; = e; +ea+e3,a0 =es+es,...,
then there exist ji, j2, and jz such that a;, = —ex —e3, a5, = —e1 — e3, and

o, = —ep — eg. Because eq,eq, and eg are in F(K,41). However, o, aj,,
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and «j, are linearly dependent. In this case, one can see that :I:Z;-l6 joy =
+ Z?E s er; does not belong to (K1) for some subset J of [n], namely the
case where 1 < k < n—1 does not occur. For instance, if a3 = e;+eq, ag = —eg,
ag = es, then as + a3 = —ea + e3 does not belong to F(Ky).

The argument above shows that the number of bases of the root system
F(K,+1) is two. However, the number of bases agrees with the order of the
Weyl group of the root system and it is more than two when the rank of the

root system is more than two. This is a contradiction and proves the lemma. O

Motivated by the observation above, we ask “Characterize a connected finite

simple graph G such that F(G) forms a root system” and the following theorem
answers the question.
Theorem 4.0.2. Let G be a connected finite simple graph with more than two
nodes. Then the set F(G) of facet vectors of the graph associahedron associated
to G forms a root system if and only if G is a cycle graph. Moreover, the root
system associated to the cycle graph with n + 1 nodes is of type A, .

The rest of this section is devoted to the proof of Theorem 4.0.2. We begin
with the following lemma.

Lemma 4.0.3. Let Cp41 be the cycle graph with n + 1 nodes. Then F(Cpi1)

forms a root system of type A,.

Proof. An element I in the graphical building set B(C,,+1) different from the

entire set [n + 1] is one of the following:

1. {i,i+1,...,75} where 1 <i<j<n,
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2. {4,i+1,...,n+1} where2<i<n+1,
3. {4,i+1,...,n+1,1,...,jt where 1 <j<i<n+1landi—j>2.

Therefore the facet vector of the facet corresponding to I is respectively given

by
J i—1 i—1
Z@k, —Zek, - Z €k (405)
k=i k=1 k=j+1
according to the cases (1), (2), (3) above. It follows that
J
F(Crp1)={£) ex|[1<i<j<n} (4.0.6)
k=i

This set forms a root system of type A,,. Indeed, an isomorphism from Z" to

the sublattice
{(.131, . 7$n+1) S AR | 1+ -+ Tpp1 = O} - AR

sending e; to e; — ;41 for i = 1,2,...,n maps F(Cy,11) to the standard root

system A(A,,) of type A, in (4.0.2). O

The following lemma is a key observation to prove that there is no other
connected simple graph G such that F'(G) forms a root system.
Lemma 4.0.4. Let G be a connected simple graph. Suppose that F(G) is
centrally symmetric, which means that a € F(G) if and only if —a € F(QG)
(note that F(G) is centrally symmetric if F(G) forms a root system). Then the
following holds.

IeB(G) = V(G)\Ie€ B(G). (4.0.7)

Proof. By definition B(G) contains elements {1},...,{n}, {n+1} and the facet

vector of the facet of the graph associahedron Pg corresponding to {i} is e;

60



when 1 <i<nand —(e; +---+e,) when i = n+ 1. Let I be an element in
B(G) and aj be the facet vector of the facet of Pg corresponding to 1.
If n+11is not in I, then ay = Zie] ¢e;. Therefore

—oq:—Zei:—(el—l—~~+en)+ Z ej.

i€l Jem\I

This means that the element in B(G) corresponding to the facet vector —ay is
(M\ ) Uu{n+1} =V(G)\ I and hence V(G) \ I is in B(G).
If n+1isin I, then af = Ziel\{n_H} e; — (e1 + -+ + ep). Therefore

—ay=(e1+ - +e,) — Z e; = Z €j.

ieI\{n+1} J€n+1INT

This means that the element in B(G) corresponding to the facet vector —ay is

also V(G) \ I and hence V(G) \ I is in B(G). O

Using Lemma 4.0.4, we prove the following.
Lemma 4.0.5. Let G be a connected finite simple graph. Then B(QG) satisfies

(4.0.7) if and only if G is a cycle or complete graph.

Proof. If G is a cycle or complete graph, then F(G) is centrally symmetric by
(4.0.1) or (4.0.6) and hence B(G) satisfies (4.0.7) by Lemma 4.0.4. So the “if”
part is proven.

We shall prove the “only if” part. Suppose that B(G) satisfies (4.0.7). If
B(G) does not contain {i,j}, then B(G) does not contain V(G) \ {i,j} by
(4.0.7), so the induced subgraph G|(V(G)\ {7, j}) is not connected. Since B(G)

contains {i} and {j}, B(G) contains V(G) \ {i} and V(G)\ {j}. So,

G|(V(G)\ {i}), GI(V(G)\ {j}) : connected subgraph. (4.0.8)
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We suppose that the number of connected components of G|(V(G)\{i,5}) is
k (k > 3) (Figure 4.1). We denote by G, ..., Gy the k connected components of
G|(V(G)\ {i,7}). By (4.0.8), the nodes 7 and j are respectively joined to every
connected component by at least one edge. Since G|(V(G1)U{i,j}) is connected,
G|(V(G2) U...V(Gy)) is also connected by (4.0.7). However, since k > 3 and

G|(V(G2)U...V(Gy)) is the disjoint union of G, ..., Gy, this contradicts our

assumption that Gs, ..., G}y are connected components.
i J
G1 GL

Figure 4.1: the case that connected components are more than or equal to 3

By the above argument, we may assume that the number of connected com-
ponents of G|(V(G)\ {i,7}) is two. We denote by G1, G5 the connected compo-
nents of G|(V(G) \ {i,7}). Similarly to the above, the nodes ¢ and j are joined
to both G and Gs.

Suppose that Gy, G2 are both path graphs and the node i is joined to one
end node of G, Gy respectively and the node j is joined to the other end node
of G1,Gy (Figure 4.2). Then G is a cycle graph.

We consider the other case, that is,

1. either G; or G5 is not a path graph, or
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Gy

Go

Figure 4.2: the case of cycle graph

2. both G; and G5 are path graphs but the nodes i and j are not joined to

the end points of G; and G5 as in Figure 4.2,

(see Figure 4.3, left). Then there exist nodes i1,j1 € V(G1) and g, jo € V(G2)

such that

1. 47 and 45 are joined to i,

2. 71 and jo are joined to j, and

3. either the shortest path P; from iy to j; in G is not the entire GGy or the

shortest path P from is to jo in G5 is not the entire Gs.

Without loss of generality we may assume that P; # G;. Since the in-
duced subgraph G|(V(Py) U{4, j,i2,j2}) is connected, so is G|(V(G) \ (V(P;) U
{i,7,42,j2})) by (4.0.7). This means that there is at least one edge joining
G1 and Gy (Figure 4.3, right), and hence G|(V(G) \ {4,j}) is connected. This
contradicts our assumption that G|(V(G) \ {7,75}) consists of two connected

components. Therefore {i,5} is in B(G). Since ¢ and j are arbitrary, G is a

63



e J1 e J1 ky

'il 7:1

N,

J2 79 J2 io

Gy G

Figure 4.3: the other case
complete graph.

Now Theorem 4.0.2 follows from Lemmas 4.0.1, 4.0.3, 4.0.4 and 4.0.5.
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Chapter 5

Cohomology representations of toric manifolds

associated to some simple graphs

In this Chapter, we consider the following problem.
Problem 5.0.1. Let G be a connected finite simple graph, and X (G) be the
toric manifold associated to G. Describe the Aut(G)-representation on the co-

homology ring H* (X (G); C) induced by the Aut(G) action on G.

5.1 Representations of the case of cycle graphs

We study Problem 5.0.1 when G is a cycle graph with 3, 4, or 5 nodes.
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In section 3.2 we explained how to construct a graph associahedron Pg and
how to take facet vectors of Pg. For I and J(I # J) in B(G), if the induced
subgraphs G|I and G|J satisfy one of the followings, then facets F; and Fj of
Pg intersect.

(1) One properly contains the other.

(2) They are disjoint and cannot be connected by a single edge of G.

For I,...,I; in B(G), if any pair of the corresponding induced subgraphs sat-
isfies one of (1) and (2), then the set {Gy,,...,Gy, } is called tubing of G, and
the intersection of facets F7,,... Fr, is a codimension k face of Pg. Let Ag be
the fan corresponding to Pg, and the tubing {Gy,,..., Gy} of G corresponds
to a cone of k dimension in Ag.

We prove that Aut(G) induces the cohomology representation of X (G). It

is enough to prove that Aut(G) induces an action on Ag.

Lemma 5.1.1. Let G be a connected simple graph with n+ 1 nodes. If g is an

automorphism of G, then g induces an automorphism g of Ag.

Proof. We suppose that g(i1) =1,...,9(in) = n, g(int1) = n+1 (i; # i for j #
k), where the set {i1,...,4n+1} = {1,...,n + 1} is the node set of G. Edge
vectors of Ag corresponding to elements 1,...,n in B(G) are ey, ..., e,, and an
edge vector of Ag corresponding to n+ 1 in B(G) is €41 := —€1 — -+ — ey, by
the way of taking facet vectors of Pg. One defines an automorphism § of Z" by
glei,) =e1,...,g(ei,) = en. Since e;,,, = —€;; — - —e;,, §(€i,,1) = €nt1.
Since g is an automorphism of G, g induces a bijection ¢’ from B(G) to

B(G), that iS, if g(Zh) = j17. .. 7g(Z]k) = .]k in G7 then g/(ijl .. 'ijk) = j1 .. -jk
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in B(G). Since g is an automorphism of Z", g(e;; +---+e;; ) =ej +-- +ej,.
So, g maps the edge vector of Ag corresponding to ij, ...4; in B(G) to the
edge vector of Ag corresponding to ji ... jx in B(G).

Since g is an automorphism of G, g induces a bijection from the set {tubing of
G} to {tubing of G}. So, § maps an ! dimensional cone of Ag to an | dimen-

sional cone of Ag. O
Let Cp41 be a cycle graph with n + 1 nodes. The automorphism group of
Ch41 is the dihedral group D, 41 :

1 2

Dpy1={o,7| 0" =12 =¢, ror=0"") C &,

where e is the identity element of D, 11, o is a rotation, 7 is a reflection, and
G,41 is the symmetric group on n + 1 letters;

1 2 ... n n+1 1 2 ... n n+1

2 3 ... n+1 1 n+l n ... 2 1
Figure 5.1 is the case n = 4.

D5m05 1

N

Figure 5.1: dihedral group Ds
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w3

We take representatives of conjugacy classes of D,, as follows: e, 0,02, ...,07%,
7,07 when n is even, and e, 0,02,. .., anT_l,T when n is odd.

Irreducible representations of D,, are as follows. If n is even, then there are
four 1-dimensional representations p1, p2, p3, p4 of D,, and % — 1 2-dimensional
representations p, . .. ,;)’%71 of D,,. Representations p1, p2, p3, pa are defined as
follows:

p1(o) =1id, pi(7) =1id, p2(o) =1id, pa(T) = —id,
ps(o) = —id, ps3(t)=1id, ps(o)=—id, ps(T)= —id.

The representation p} for each i is defined as follows:

) w0 , 0 1
pio) = AR
0 wt 10
If n is odd, there are two 1-dimensional representations p1, po of D, and ”T’l

2-dimensional representations pj,..., pl_. of D,. Representations p;,p; are
2

the same as above.
We study the toric manifold X (C),1) corresponding to the cycle graph Cj, 11

and the D, i-representation on the cohomology ring H*(X (Cyp41)). Let I be

a subset in [n + 1], and 77 be a subvariety in CP™ defined as follows:
mr={[z1,.. ., 2Zn41) €CP" | 2, =0 (i€ I)}.

If I is of order n — k, then m; is a subvariety of dimension k. We define a

subvariety X* as follows for k =0,1,...,n —2;

XF .= U Tr.

[I|=n—k,
I€B(Cpy1)
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The subvariety X° is in CP™ and over the vertices of n-simplex A™. For I with
cardinality n we define 7; := 7wy and

XO = H ﬁ[.

[I|=n,
I€B(Cpy1)

We denote by Y a variety obtained by blowing-up CP" along X° and by P,
a simple polytope under Yy. Then Py is a polytope obtained by truncating all
vertices of A”. The subvariety X! is in CP™ and over edges of A" corresponding
to all I in B(C,41) with cardinality n — 1. We denote by 7; and X1 strict
transforms of 77 (|[I] =n — 1) and X! by the previous blow-up (i.e. 7; and X!
are closures of images of 77 and X! by the previous blow-up), by Y; a variety
obtained by blowing-up Y, along X1 and by P; a simple polytope under Y;.
The subvariety X? is in CP™ and over 2 dimensional faces of A™ corresponding
to all I in B(C)41) with cardinality n — 2. We denote by 7; and X2 strict
transforms of 7; (|I] = n — 2) and X? by the previous two blow-ups, by Y» a
variety obtained by blowing-up Y; along X2 and by P, a simple polytope under
Y5. By repeating this construction, we obtain the toric manifold X (C),+1) as

Y, —2. The simple polytope under Y,,_» is called a cyclohedron;,

blow— blow— blow—

CP" & vy 2 ¥ o e Y g Y, 52 X (Chy)
along X0 along X1 along X2

1 X . \: 1

A" vertices P edges n—2 dim faces

Pl Py

0
truncation truncation truncation

Pn72

Lemma 5.1.2. If n is more than or equal to 5, then X3 is a singular variety.
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Proof. The subvariety X3 is a strict transform of X3 in Y;

ng H mr.

[I|=n—3,
I€B(Cry1)

For a subset I in [n + 1], we denote by F7 the intersection of facets F; of A™
overalli e I. If I = {1,2,...,n — 3}, then F7 is a 3-simplex in A™. The face
F7 has five faces which are not truncated until F; reaches a face of P», and
these are faces corresponding to sets Iy = {1,2,...,n—2,n}, L, = {1,2,...,n—
3n—1,n}, Is ={n+1,1,2,...,n—3,n—1}, I, = {1,2,...,n — 3,n — 1},
and I5; = {1,2,...,n — 3,n}. Faces corresponding to I, and I3 are edges
and faces corresponding to Iy and I5 are of dimension 2. On the other hand,
if J ={2,3,...,n —2}, then Fj; is also a 3-simplex in A™ and F; has five
faces which are not truncated until F'; reaches a face of P», and these are faces
corresponding to sets J; = {2,3,...,n—2,n,n+1}, Jo ={2,3,...,n—1,n+1},
Js={1,2,...,n=2,n}, Jy ={2,3,...,n=2,n},and Js = {2,3,...,n—2,n+1}.
We denote by F; (resp, Fy) a face in P, where F (vesp, Fs) reaches. Since I} =

J3, F T intersects with F '7 in Py. This means that X3isa singular variety. [

We shall investigate how the D,,1-representation H*(X (C,,+1)) decomposes
into irreducible ones. In general, if we blow up a smooth subvariety A of codi-
mension k in a smooth complete variety B, then the cohomology of the subva-

riety obtained by blowing up B is additively isomorphic to
H*(B) & (H*(A) ® H*(CP"™),
where HT denotes the cohomology group of positive degree. Moreover, if a group
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G acts on B preserving A, then the above isomorphism is compatible with the
natural actions of G on H*(B), H*(A) and the trivial action on H*(CP*1).
The general fact mentioned above shows that if n is less than or equal to 4,

then the following isomorphism is a D,,41-isomorphism.

H*(X(Chir)) 2H*(CP") & (@ (H*(X’“) ® H*(CP”’“))) . (5.1.1)

k=0

Here, the second and fourth representations are trivial. To describe the D, 4 1-
representation H*(X (Cj41)), it is enough to describe the D, 1-representation

H*(X*) for each k.
Definition 5.1.3. We define R(X(G);t) to be a polynomial in ¢ whose coeffi-
cient of  is the Aut(G)-representation H? (X (G)).
We shall study R(X(C3);t) (Figure 5.2). The graphical building set B(C')
of the cycle graph Cj is the set {1,2,3,12, 23,31,123}, so
X9 = s Umrag Uy = X0 = 19 L o3 L 731
The subvariety X is smooth, so the following isomorphism is a Ds-isomorphism.
H*(X(Cy)) = H*(CP?) @ (H*(XO) ® H+(<CP1)) .
O O O O
D3 Ds D3 Ds

Here, the second and fourth representations are trivial. So, to determine R(X (Cs);t),
it is enough to describe the Ds-representation H*(X?).

The dihedral group D3 is as follows;
Ds=(o,7|0°=7>=¢e, Tor =0 1).
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2 3
blow-up
CP? -~ Yo = X(C3)
{(0,0,1]} '
i l |
T
2 Y
T
12 19
ertices 1 2
ARG
truncation 31 53
3 3
/7’ 2-simplex W
7-1'31 723
/] |
{0,1,0]} {[1,0,0]}

Figure 5.2: the case of cycle graph with 3 nodes
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Representatives of conjugacy classes of D3 are e,o and 7. The irreducible rep-

resentations of D3 are pi, ps and p), and the character table is as follows.

P1 1 1 1

po | 1] 1]-1

Since X° is the disjoint union of 715, 723, and 731,
HO(X%) = HO(712) @ HO(723) ® H(731).
The Ds-representation H°(X?) is induced by the action of D3 on Cs, so
tre=3, tro=0, tr7=1.

By the character table above, the Ds-representation H°(X?) is the sum of p;
and pf.

The Poincaré polynomial P(X(Cs3),t) of X(Cs) is
P(X(C3),t) =1+ 4t + 2,
and
R(X(C3);t) = p1 + (2p1 + p)t + pit? = pr(1+ ) + pht.

We shall study R(X(Cy);t). The graphical building set B(Cjy) of the cycle

graph Cy is the set {1,2,3,4, 12,23, 34, 41,123, 234, 341, 412, 1234}. Subvarieties
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X0 X9 and X! are as follows.
0 50 _ ~ - ~ -~
X" = T3 Umazq Umagr Umgio = X° = 193 U Tagq U 341 U Ta12.

Xl :7T12U7T23U7T34U7T41.

The variety Yy is that obtained by blowing-up CP? along X0 and X! is a strict
transform of X' by this blowing-up ;

X1 = Fr1g U g U 7gq U 7gq.

The variety Y7 is that obtained by blowing-up Y along X' and is X (C}) ;

(CP3 blow—up Y() blow—up Y1 gX(C4)

along X0 along X1
Subvarieties X° and X! are smooth, so the following isomorphism is a Dy-

isomorphism ;

H*(X(Ca) = H'(CP*) & (H*(X%) @ H*(CP?)) & (H*(X") @ HH(CPY)).

Here, the cohomology representations of complex projective spaces are trivial.
So, to determine R(X(Cy);t), it is enough to determine Dj-representations
H*(X°) and H*(X1).

The dihedral group D, is as follows;
Dy={(o,7|ct=12=¢, Tor =0"1).

Representatives of conjugacy classes of D, are e,o,0%,7, and ¢®7. The irre-
ducible representations of Dy are pi, p2, ps3, pa, and p}, and the character table

is as follows.
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e (o 0'2 T 0'37' =T0
pr |1 1] 1|1 1
p2 | 1] 1] 1|1 -1
ps | 1]-1]1 |1 -1
pa | 1]-1]1 |1 1
oil2lo0]-210 0

Since X© is the disjoint union of 7123, 7234, 7341, and 7412,
HO(X%) = HO(R123) @ H(7934) @ H(7341) © H° (Ra12).
The Dy-representation H°(X?) is induced by an action of Dy on Cy, so
tre=4, tro=0, tr (6?)=0, tr7=0, tr(ro)=2.

By the character table above, the D4-representation H° (XO) is the sum of pq,
pa, and pf.

Since X! is the disjoint union of the 712, a3, T34, and 741,
H*(f(l) > H*(T12) @ H*(7a3) ® H* (734) ® H* (T41).

Since 719, 23,734, and 74 are diffeomorphic to CP?!, the following holds for

the Dy-representation H°(X');
tre=4, tro=0, tr(c?)=0, trr=2, tr(ro)=0.

By the character table above, the Dj-representation H°(X') is the sum of

p1,p3, and pi. Since traces of e, o, 02,7, and 037 in Dy of the Dy-representation

(6]



H? (Xl) are the same as traces of e, 0, 02, 7, and o7 in D, of the D -representation
HO(X"), the Dy-representation H2(X') is also the sum of py, ps, and p/.
Thus R(X(Cy);t) is as follows ;
R(X(Cy);t) = p1 + (3p1 + p3 + pa + 207)t + (3p1 + p3 + pa + 20)t* + pit?
= p1(L+ 1) + (ps + pa)t(1 + 1) + 297t (1 + 1).
We shall study R(X(C5s);t). The graphical building set B(C5) of the cycle
graph Cj is the set
{1,2,3,4,5,12,23,34,45,51,123, 234, 345, 451, 512,
1234, 2345, 3451, 4512, 5123, 12345}

Subvarieties X°, X9, X! and X2 are as follows ;

0
X" = 234 U o345 U 3451 U Ta512 U T5123

= X0 = 1034 U Togas U Taas1 U Fagro U7

= = T1234 U 72345 LI T3451 U 74512 U 5123
1
X" = mo3 U o34 Umags Umas1 U Ts10.
X2:7T12U7T23U7T34U’/T45U7T51.

The variety Y is that obtained by blowing-up CP* along X 0 and X1 is a strict

transform of X' by this blowing-up ;
S ~ _ ~ _
X" = Tyo3 U o34 U 345 U 451 U T512.

The variety Y7 is that obtained by blowing-up Y, along X1 and X2 is a strict

transform of X? by these two blowing-ups ;

X2 = Fr19 U g U rgq U 7ag LI 751.
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The variety Y3 is that obtained by blowing-up Y; along X2 and is X (C5) ;

blow—u blow—u blow—u
cpt Y, "y 2y, = X(Cs).

along X0 along X1 along X2

Since X°, X' and X2 are smooth, the following isomorphism is a Ds-isomorphism;
H*(X(Cs)) 2H*(CP*) @ (H*(f(o) ® H+((CP3))
® (H*(Xl) ® H+(<CP2)) @ (H*(XQ) ® H+(<CP1)) .
Here, the representations on the cohomology groups of complex projective spaces
are trivial. So, to determine R(X(C5);t), it is enough to determine the Ds-
representations H*(X?), H*(X') and H*(X?).

The dihedral group Ds is as follows;
Ds={(o,7|c°=12=¢, ToT=0"1).

Representatives of conjugacy classes of Ds are e, 0,02, and 7. The irreducible

representations of Dj are p1, p2, pi, and ph, and the character table is as follows.

€ g g T
p1 |1 1 1 1
po | 1 1 1 1

Since Xo is the disjoint union of 77'12347 7~T'234:57 ﬁ3451, ﬁ4512, and ﬁ5123,

HO(X0) 2HO(71934) ® HO(o345) ® H° (73451) ® HO (7a512) © HO(7s123).
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The Ds-representation H O(X 0) is induced by an action of D5 on Cj, so
tre=5 tro=0, tr(c?)=0, tr7=1.

By the character table above, the Ds-representation H°(X?) is the sum of p1, p
and ph.

Since )(1 is the disjoint union of 7~T123, 77'234, ﬁ345, 7}451, and 7~T512,

H*(X') 2H*(f123) © H* (7a34) © H* (7345) © H* (Fa51) © H* (7512).

Since 7193, 234, 345, Ta51, and 7s1o are diffeomorphic to CP!, the following

holds for the Ds-representation HO(X1).
tre=5 tro=0, tr(c?)=0, tr7=1.

By the character table above, the Ds-representation H° (Xl) is the sum of py, pi,
and pf. Since traces of e, 0,02, and T of the Ds-representation H2%(X') are the
same as traces of e,o,02, and 7 in Djs of the Dj-represent-ation H°(X1), the
Ds-representation H2(X') is also the sum of py, p, and pb.

Since X? is the disjoint union of 719, 723, T34, Ta5, and Ts,

H*(X?) 2H* (712) @ H* (7g3) ® H* (734) ® H* (7a5) ® H* (751).

Traces of e, 0, 02, and 7 of the Ds-representations H°(X?) and H*(X?) are also
as follows:

tre=5 tro=0, tr(0?)=0, tr7=1.

So, these representations are the sum of pq, p}, and p), respectively. We deter-
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mine the Ds-representation H2(X?2).

HQ(XQ) > H?(712) @ H?(To3) @ H?(734) © H*(745) ®© H?(751),

and we find traces of e, 0,02, and 7. Clearly tr o = tr (¢2) = 0. The element
7 in Ds preserves only H?(#s1), so traces of 7 on H?(#51) and H2(X?) are the
same. The intersection of F; and Fj in 4-simplex A? is a 2-simplex, and three
vertices of the 2-simplex correspond to 3451, 4512, and 5123 in B(C5) respec-
tively (Figure 5.3). Recall that F; is the facet of the n-simplex corresponding to

i in B(QG) for a simple graph G with n + 1 nodes. In the truncation of vertices

C\][4 < if < jjl < Y22 X(C5)
At < Py < P < P,
5123

4512 451 3451

512 513
ANE= 512i i513 <—<:> — <:>
451

Figure 5.3: the intersection of F} and Fj

three vertices of the 2-simplex corresponding to 3451, 4512, and 5123 in B(Cs5)
are truncated, and this 2-simplex turns into a hexagon in Fy. In the truncation
of edges the two edges of the hexagon corresponding to 512, and 451 in B(Cs)
are truncated. The subvariety 751 in Y7 is over the hexagon in P; obtained by
truncating the vertices and edges above. Clearly, 751 is a variety obtained by

blowing-up CP? along three points [1, 0, 0], [0, 1,0] and [0, 0, 1], and the following
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isomorphism holds as modules;
H*(751) 2 H*(CP?) & (H*(3 points) ® H*(CP')).

The element 7 in D5 acts on each cohomology group, and this isomorphism is
T-equivariant. The 7-action on the cohomology group of a complex projective
space is trivial. So, to determine the T-action on H?(7s;), it is enough to
determine the T-action on H*(3 points). The trace of the T-action on H?(s)
is 2 which can be found by seeing the T-action of Fy N Fy in A*. So, tr 7 = 2
for the 7-action on H?(X?). Since the Betti number of degree two of 75, is
4, tr e = 20 for the e-action on H2(X2). By the character table above, the
Ds-representation H?(X?) is the sum of py, pa, 4p}, and 4pb,.

Thus we obtain
R(X(Cs);t) = p1+ (4p1 + 3p) +3p5)t + (Tp1 + p2 + Tp' + Tpy)t?
+ (4p1 + 3py + 3p5)° + put?

= pi{(L+t)* + 2} + t2po + (3t + Tt + 3t3) (p + pb).
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5.2 Representations of the case of graphs ob-
tained by removing an edge from complete

graphs

In this section, we consider Problem 5.0.1 when G is a graph obtained by re-
moving an edge from a complete graph. Procesi solved Problem 5.0.1 when G
is a complete graph ([19]). Let K,41 be a complete graph with n + 1 nodes,
and G,41 be a graph obtained by removing the edge {1,n + 1} from K, 1.
We denote the graphical building set of G411 (resp, K,11) by B(Gny1) (resp,

B(K,+1)). Then the following holds;

B(Gni1) = B(Eni1) \ {{1,n+1}}. (5.2.1)

We define 77,77, X*, X* Vi, Py (k = 0,1,...,n — 2) similarly to the case of

cycle graphs. Then Y,,_s is isomorphic to X (G,+1) and
T = {[217"‘7zn+1] eCpm | Zi =0 (Z EI)},

77 : strict transform of 7y,

Xk .= U mr, X* : strict transform of Xk,
\T|=n—F,
I€B(Gryt1)
blow—u blow—u blow—u
cpr * Y, L Y Y, g ¥, 52 X(Gry1)
along X0© along X1 along Xn—2
4 4 oo \ \

vertices edges n—2 dim faces
A" P

P+« P,3

0
truncation truncation truncation

Pn72
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Remark 5.2.1. In the case of complete graphs K1, we can also define
w7, XE XF Ve, Py (k=0,1,...,n—2). By (5.2.1), Yy, ..., Y, _3 in the case
of G,,41 are the same as Yy, ..., Y, _3 in the case of K,,;1, and the symmetric
group 6,41 acts on Yy, ..., Y,_3. However, since X"=2 in the cases of Gt
is different from X"~2 in the case of Kpt1, Yn—o in the cases of G, 41 is also

different from Y;,_5 in the case of K 1.

The automorphism group of G,y is H := &,,_1 X &9, which is a subgroup

of &,,4+1. The following holds as H-modules;
H*(X(Gri1)) & H* (Yo_s) @ (H*(X"‘Q) ® H+(<cp1)) .

Here, the H-representation H+(CP?!) is trivial, and the other H-representations
are induced by the H-action on G,1. So, to determine the H-representation
H*(X(Gp+1)), it is enough to determine the H-representations H*(Y,,_3), and

H*(X"-2).

We determine the H-representation H*(Y;,_3). Since X* (k=0,1,...,n—3)
are smooth, the following holds as &,,41-modules;
H*(Y,_s3) H*(CP") & <€B (H* (X*) @ H+(CP "+~ 1))) .
k=0
Here, the &, ;-representations H*(CP") and H*(CP"*~1) are trivial, and
the &,,41-representation H*(Xk) is induced by the &,,1-action on K, ;. By

([19]) 77 is isomorphic to X (K1) for I with cardinality n — k, so the following
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holds;

ZS(n+1)(l+t+"'+tn)

n—3 n—k—1
+> {(Indg:ﬁwn_kR(X(KHl);t) X S(n,k)) ( 3 tz‘) } 7
k=0 —

i=1

where Sy denotes the irreducible representation of &,; corresponding to a
Young diagram A with n+ 1 boxes. We denote by A; the number of boxes in the
i-th row of A, then A may be regarded as a partition (A1, A2,...,A;) of n+ L.
The H-representation H*(Y;,_3) is the restriction of the &,,,1-representation

H*(Y,,—3). So, the following holds;

R(Ynf?;; t) = S(n—l) X S(2)(1 ot e+ tn)

n—3 n—k—1
S, S, i
+ § : {ReSH o (IndeIIXGn_kR(X(Kk-i-I);t) X S(nfk)) < E t ) } :
k=0 =1

In general, we can describe induced and restricted representations of & 44, D
S, x 6, with Littlewood-Richardson numbers CK,;A

Satrm _ v
Indg’ts SARS, = > C%,S.,
vd+m

Sdatm o v
Resg'ts Sv=">_ C{,S\HS,,

Ad,ubm

where A - n means that A is a partition of n (i.e. A is a Young diagram with n

boxes).

We determine the H-representation H*(X"™~2).

Xn_2 = H ﬁ-la
I1€B(Gnt1),
|1]=2
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and 77 is isomorphic to X (K, _1). If I does not contain 1 and n + 1, then the
maximal subgroup H; of H acting on 7y is &3 X &,,_3 x G5. Here, the first &5 is
the symmetric group on I C [n+1] and trivially acts on 7y, the second &y is the
symmetric group on {1,n + 1}, and &,,_3 is the symmetric group on the set of
other elements in [n + 1]. The subgroup H; acts on H*(7;), and H transitively

acts on @ H*(7r). If I contains either 1 or n+1 (e.g. I ={1,1},1#

I1€eB(Gpt1),
|T|=2, 1,n+1¢TI

n+1), then the maximal subgroup Hs of H acting on 77 is §,,_2 X 61 xS X &3.
Here, &,,_2 is the symmetric group on [n + 1]\ {{,1,n + 1}. The subgroup H,

acts on H*(7y), and H transitively acts on @ H* (7). So, the H-

IeB(Gn+1),
|I|=2, otherwise

representation H*(X™~2) is as follows;
Indjj H*(77) + Indjj, H* (71).

If T does not contain 1 and n + 1, then the Hy-representation H*(7) is the
restriction of the G5 x&,,_1-representation H*(77). Here, Gg in G x&,,_1 is the
symmetric group on I and trivially acts on H*(71). So, the H;-representation

H*(7r) is ResngG"‘lH*(X(Kn_l)). Therefore,
Ind H*(7;) = Ind, (ResngG”‘lH*(X(Kn_l))> .

On the other hand, if I contains either 1 or n + 1 (e.g. I = {1,i},1 #
n + 1), then the Ho-representation H*(7r) is the restriction of the Gy x &,,_;-
representation H*(7y). Here, G5 in &5 X &,,_1 is the symmetric group on I and

trivially acts on H*(7y). So, the Ho-representation H*(7y) is Resgj Y (X
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(Ky—1)). Therefore,

Ind¥ H*(#;) = Ind}, (Resgzxg"*lH*(X(Kn,l))) .
Summing up the above argument, we obtain the following.

Theorem 5.2.2. Let G,,+1 be a graph obtained by removing an edge from a
complete graph K41 with n + 1 nodes, and X(G,11) be the toric manifold
associated to Gny1. Let H be the automorphism group S,_1 X Gy of Gpy1.

Then the H-representation R(X(Gn11);t) on the cohomology ring of X(Gpi1)

is as follows;
R(X(GnJrl); t) = S(n—l) X 5(2)(1 +t+--- 4 tn)

n—3 n—k—1
+3° {Res;",n“ (g e, ROX(K41);6) B Sy ( 3 t) }
k=0

=1

¥ {Indgl (Resgfxg"’ls(g) X R(X(anﬂ;t))

+Ind¥ (Resg; XS0 G B R(X (Kpo1); t)) } t.

Below are explicit computations for n = 2, 3,4 using Theorem 5.2.2.

R(X(G3);t) =Sy B S(2)(1 + %) + (25(1) B S(2) + S(1y) W S(1,1))t.

R(X(Ga);t) =S(2) B Sa) (1 +1%)
+ (55(2) X S(g) + 25(2) X 5(1’1) + 25(1’1) X 5(2)

+ 5(1}1) X 5(1’1))(75 + tz).
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R(X(Ga)it) = S(o) B S (14 1)
+ (85(3) X S(g) + 35(3) X 5(1,1) + 55(2’1) X 5(2) + 25(2’1) X 5(1’1))@ + t3)
+ (155(3) X S(g) + 75(3) X S(l,l) + 125’(271) X 5(2)

+7S(2,1) ¥ S1,1) + S1,1,1) ¥ S2) + S1,1,1) K 5(1,1))t2'
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