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Abstract

Toric origami manifolds, introduced by A. Cannas da Silva, V. Guillemin
and A. R. Pires, are generalizations of symplectic toric manifolds (or
toric symplectic manifolds). Delzant’s famous theorem tells us that
there is a bijection between the set of compact connected symplectic
toric manifolds and the set of Delzant polytopes. Cannas da Silva, V.
Guillemin and A. R. Pires generalized this classification theorem to toric
origami manifolds in [7]. They showed that there is a bijection between
the set of toric origami manifolds and the set of origami templates. It
is well known that many topological invariants, such as Betti numbers,
cohomology rings and equivariant cohomology rings of symplectic toric
manifolds, can be expressed in terms of the Delzant polytopes. Hence
a natural question is how about toric orgami manifolds. When M is
orientable and the orbit space of M /T is contractible, Holm and Pires
study the topology of M in [12]. In this thesis we mainly study the
topology of orientable toric manifolds such that every proper face of
the orbit space is acyclic but the orbit space itself may be arbitrary.
In the last part of this thesis, we make some observations about the

non-orientable case.
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Chapter 1

Introduction

A symplectic toric manifold M is a compact connected symplectic man-
ifold of dimension 2n with an effective Hamiltonian action of a compact
n-dimensional torus 7. Delzant’s famous work tells us that there is a
bejection between the set of compact connected symplectic toric mani-
folds and the set of nonsingular polytopes called Delzant polytopes. A
Delzant polytope is the image of the moment map of a symplectic toric
manifold. Delzant theorem connects the geometrical objects and the
combinatorial objects, and many topological information of symplectic
toric manifolds can be read from the corresponding combinatorial data,
such as Betti numbers, cohomology rings, T-equivariant cohomology
rings and so on. Recently, A. Cannas da Silva, V. Guillemin and A. R.
Pires introduced a new geometrical object, toric origami manifolds in [7].
This new object is a generalization of symplectic toric manifolds. They
also introduced combinatorial counterparts, origami templates, of toric
origami manifolds, as Delzant polytopes are the combinatorial coun-
terparts of symplectic toric manifolds. In [7] they generalized Delzant

theorem to toric origami manifolds, i.e., they constructed a bijection be-



tween the set of toric origami manifolds and the set of origami templates
through moment maps.

The construction of toric origami manifolds comes from folded sym-
plectic manifolds, generalizations of symplectic manifolds [8]. A folded
symplectic form on a 2n-dimensional manifold M is a closed 2-form w
whose top power w"” vanishes transversally on a subset Z and whose re-
striction to points in Z has maximal rank. The transversality condition
implies that Z is either an empty set or a codimension-one submani-
fold of M, called the fold. If Z is an empty set, then M is a genuine
symplectic manifold. Hence folded symplectic manifolds are generaliza-
tion of symplectic manifolds. The maximality of the restriction of w
to Z implies the existence of a line field, the kernel of w, on Z. If the
line field is the vertical bundle of some principal S!'-fibration Z — X,
then w is called an origami form. Similarly to the symplectic case,
we can also define Hamiltonian actions and moment maps for origami
manifolds. A toric origami manifold is a compact connected origami
manifold (M?**,w) equipped with an effective Hamiltonian action of a
torus T'. Roughly speaking, the combinatorial counterpart, an origami
template, of a toric origami manifold is a collection of Delzant poly-
topes with some gluing conditions. A natural question is to describe
the topological invariants such as Betti numbers, cohomology ring and
T-equivariant cohomology ring of a toric origami manifold M in terms
of the corresponding origami template; see [7] and [12].

In [12], Holm and Pires showed that if the folding hypersurface of M

is coorientable, then the T-action on M is locally standard and the orbit



space M /T is a manifold with corners. What is more, if we assume that
each face of M /T is acyclic, then we can apply the general result of [15].
The Betti numbers can be expressed by the h-vector of the orbit space
M/T, H3»(M) = Z|M/T], and H*(M) = Z[M/T|/(0,...,6,), where
Z|M/T] is the face ring of M/T, and (61, ...,6,) is the linear system
of parameters given by characteristic functions on M /T. In [12], Holm
and Pires discussed the topology of toric origami manifolds in a different
way under the assumption that each face of M /T is acyclic.

In this thesis, we study the topology of toric origami manifolds in
the case when each proper face of M /T is acyclic but M /T is arbitrary.
Much of this work is based on the joint project with A. Ayzenberg, M.
Masuda and S. Park [2].

This thesis is organized as follows. In Chapter 2 we first review the
basic definition and properties of toric origami manifolds and origami
templates. Then we state A. Cannas da Silva, V. Guillemin and A. R.
Pires’ classification theorem for toric origami manifolds.

In Chapter 3 we study the topology of orientable toric origami mani-
folds whose proper faces are acyclic. In Section 3.1 we give a formula to
express the Betti numbers of M in terms of the face numbers of M /T
and the first Betti number of M /7. In Section 3.2 we a give a formula to
calculate the equivariant cohomology ring of M in terms of the face ring
of M /T and the cohomology ring of M /T. In Section 3.3 we study the
restriction map ¢*: H7 (M) — H* (M) by Serre spectral sequence. It is
well-known that when M is a symplectic toric manifold, ¢* is surjective,

but when M is a toric origami manifold, +* is not surjective in general.



Under the assumption that each proper face of M /T is acyclic, we show
that except in degree 2, (* is surjective. In Section 3.4, we study the

product structure of H*(M) by the ring homomorphism
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: Hi(M)/(n* (H*(BT))) — H"(M)
induced from the restriction map

In Section 3.5 we apply the arguments in Section 3.4 to 4 dimensional
case. In Section 3.6, we make some observations on non-acyclic cases.
In Chapter 4, we study the topology of non-orientable toric origami
manifolds. In Section 4.1 we study the cohomology groups of non-
orientable toric origami manifolds with coorientable folding hypersur-
face under the assumption that each proper face of M /T is acyclic. We
give a formula to express the cohomology groups of M in terms of the
face numbers of M/T and the first Betti number of M/T. In Section
4.2, we study the topology of the simplest type of non-orientable toric
origami manifolds with non-coorientable folding hypersurface. We ex-
press their cohomology groups by their corresponding orientable toric
origami manifolds and T-invariant divisors corresponding to the folded

facet.



Chapter 2

Toric origami manifolds

2.1 Folded symplectic manifolds

First, let us review the definition of symplectic manifolds.

Definition. A symplectic form on a smooth manifold M is a nondegen-
erate closed 2-form w € Q?(M), where nondegeneracy means that for
any q € M

we: Ty(M) x Ty (M) —R
is nondegenerate. We call (M,w) is a symplectic manifold.

If M is a symplectic manifold, then M is of even dimension 2n, and w"
never vanishes. Hence a symplectic manifold is always orientable. More-
over, if M is compact, then w" is a nonzero element in H**(M), which

implies that w is nonzero in H2(M). Hence for a compact symplectic

manifold M, H*(M) # 0.

Example 2.1.1. On R*", w = dzy Ady; + ... +dx, Ady, is a symplectic
form, where (z1, ..., Ty, Y1, ..., Yn) is the coordinate of R?".

Example 2.1.2. Let M be a compact Riemann surface, then the area
form on M is a symplectic form on M.
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Theorem 2.1.1 (Darboux). Let (M,w) be a symplectic manifold and p
be a point in M. Then there is a coordinate chart (U, z1, o, ..., Tp, Y1, -y Yn)

centered at p such that on U

W = idl’l /\dyi.

i=1
If we allow w" to vanish in some place, then we have the following

definition of folded symplectic manifolds.

Definition. A folded symplectic form on a 2n dimensional manifold M

is a closed 2-form w satisfying the following two conditions:
1. w" vanishes transversally on a submanifold i : Z — M,
2. i*w has maximal rank, i.e. (i*w)""! does not vanish.

We call (M, w) a folded symplectic manifold and the submanifold Z is

called the folding hypersurface or fold.

We know that w” : M — A?T*M is a section of the line bundle
A?"T*M over M. “Vanishes transversally” means that w” is transversal
to the zero section. Hence, if (w")71(0) # 0, then Z = (w")71(0) is a

AT M

Figure 2.1: The blue parts denote the fold Z
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codimension 1 submanifold of M. This is why we call Z “folding hyper-
surface”. However, if (w")™(0) = 0 then w is a genuine symplectic form
on M, so folded symplectic manifolds are generalization of symplectic
manifolds.
For p € Z,
("w), : 1T, Z xT,Z - R

is a bilinear 2-form. “Maximal rank” means that this 2-form has rank

2n — 2, so (i*w), has one-dimensional kernel.

Remark 2.1.1. The first condition does not imply the second condition;

see [8].

Example 2.1.3. On R?", w = z1dz A dy; + > o dxg Adyy is a folded

symplectic form, since
w" = nlridey ANdyy A ... Ndx, A dy,
and it vanishes transversally on the hyperplane Z = {z; = 0}.

Example 2.1.4. For n > 1, $?" ¢ C"®R cannot be a symplectic man-
ifold, since H%(S?") = 0 for n > 1, but S?" admits a folded symplectic

form wy = (wen @ 0)|g20, where

It is not difficult to check that wf vanishes transversally on
Z=8"1cC'®o.
Example 2.1.5. The Z5 action on C" & R given by

(21, ooy Zn, h) = (=21, ooy — 20, —h),

11



induces a Z» action, antipodal action, on S?*. Then it is not difficult
to see that wy given in the last example is Zo-invariant, so it induces a

folded symplectic form @y on RP?" with the fold RP?"! = {[zy : y; :

ooy T 2 Yn o 0]}, where 2 + /=1y, = 2, and Y (27 +¢7) = 1.

The above example shows that a folded symplectic manifold can be
non-orientable, so this is another difference between folded symplectic
manifolds and symplectic manifolds.

Similarly to the case of symplectic manifolds, we also have Darboux’s
theorem for folded symplectic manifolds (see [7], [8]): If (M,w) is a
folded symplectic manifold with the fold Z, then for any p € Z, there is

a coordinate chart centered at p where the form w is

r1dxy N\ dy; + dxo AN dys + ... + dx, N dy,.

2.2 Origami manifolds

Since 7*w has maximal rank, for any p € Z, +*w has one-dimensional
kernel: the line field V' on Z, called the null foliation. If we require that
Z is a principal circle bundle over a compact space B and the tangent
bundle T'Z along the fiber direction coincides with the null foliation,

then we say that (M,w) is an origami manifold.

Definition. An origami manifold is a folded symplectic manifold (M, w)
whose null foliation is fibrating with oriented circle fibers, m, over a
compact base B. The form w is called an origami form and the null

foliation, i.e., the vertical bundle of 7 is called the null fibration.
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Example 2.2.1. Let (R?",w) be the folded symplectic manifold dis-
cussed in Example 2.1.3, then it is not an origami manifold, since the

fold Z is neither a circle bundle over some space nor compact.

Example 2.2.2. Let (S*",wy) be the folded symplectic manifold dis-

cussed in Example 2.1.4, then it is an origami manifold. In fact,

J—1 <
5 Z dzp N\ dzp = ridry AN dfy + ...rpdr, N dB,,
k=1

(,d(cn =

where (ry,61,...,7,,0,) is the polar coordinate system of C". The null

foliation is the Hopf fibration since

1.0 o wyg = —ridry — ... — r,dr
W*-*Wo 1671 ntin

vanishes on Z, so we have St — §?"~1 — CP" L

Example 2.2.3. The folded symplectic manifold (RP?** &) discussed

in Example 2.1.5 also admits an origami structure. The null fibration is
St RP* ! — CP" L.

Definition. Two (oriented) origami manifolds (M,w) and (M,&) are
symplectomorphic if there is a (orientation-preserving) diffeomorphism
p:M—)MsuChthat P =w

Definition. Let M be an origami manifold. We say that the folding

13



hypersurface Z of M is coorientable, if each component of Z has an

orientable neighborhood.

2.3 Toric origami manifolds

Definition. Let G be a Lie group. We say that the action G on an
origami manifold (M, w) is symplectomorphic, if there is a group homo-
morphism ¢ : G — Diff(M), such that ¢(g)*(w) = w for each g € G.

Moreover, we say this action is effective if Ker(y) = 1.

Definition. The action of a Lie group G on an origami manifold (M, w)
is Hamiltonian if it admits a moment map, u : M — g* = (Lie(G))*,

that is,

1. p collects Hamiltonian functions, i.e., for each X € g := Lie(G)
d{p, X) = 1x:w, , where X* is the vector field generated by X;

2. j is equivariant with respect to the given action of G on M and the
coadjoint action of G on the dual vector space g*, i.e., the following

diagram is commutative.

M

g*
g J(Ad;)

ML>g*

Definition. A toric origami manifold (M,w,T, ) is a compact con-
nected origami manifold (M, w) equipped with an effective Hamiltonian
action of a torus T' with dim 7" = %dim M and with a choice of a corre-

sponding moment map .

14



Remark 2.3.1. When the fold Z =0, (M,w, T, p) is a symplectic toric
manifold (or a toric symplectic manifold), so toric origami manifolds are

generalization of symplectic toric manifolds.

Example 2.3.1. Let (S*, wy) be the origami manifold discussed in Ex-
ample 2.2.2. Then T = (S')? acts on S* C C?® R by

(ti,t2) - (21, 22,7) = (t121, t222,7)

with moment map

|21]? |z2]?

(21, 22,7) = (77 T)

Thus (5%, wp, T, it) is a toric origami manifold.

Figure 2.2: The image p(Z) of the folding hypersurface (the equator) is the hypotenuse

2.4 Delzant Theorem

A famous theorem of Delzant [10] tells us that there is a one-to-one
correspondence between the set of compact toric symplectic manifolds
and the set of Delzant polytopes. Before discussing about Delzant’s

result, first let us review the definition of Delzant polytopes.
Definition. A polytope of dimension n in R" is Delzant if:

e it is simple, i.e., there are n edges meeting at each vertex;

15



e it is rational, i.e., each edge meeting at vertex p is of the form

p+tu; t >0, where u; € Z";

e it is smooth, i.e., for each vertex, these uq,...,u, can be chosen to

be a Z-basis of Z".

Example 2.4.1. In the following pictures, the right polytope is a Delzant

polytope, but the left one is not.

[ ] [} [ ] [ ] [ ] [ ]

[ ] [} [ ] [ ] [}

[ ] [} [ ] [ ]

[} [} [ ) [ ) [ ) [ ) [ ) [ ] [ ) [ ) [ ) [ )
rational but not smooth Delzant

Theorem 2.4.1 (Delzant [10]). There is a one-to-one correspondence

compact toric 11
<— { Delzant polytopes
{symplectz'c mam’folds} { polytopes}

(M, w, T", p) — p(M).

Example 2.4.2. Let w be the Fubini-Study form on CP?. Then the

T?-action on CP? given by
(e, €2) . (201 21 1 29] = [20: €121 1 €229

has moment map
1 |21 |22/

201212 = —% ’
plzo 21 0 29 2(|zo\2+|z1\2+122|2 20| 4 |21]? + | 22|?

16
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2.5 Origami templates

Recently, Cannas da Silva, Guilemin and Pires generlized Delzant The-
orem to toric origami manifolds. Before stating their classification the-
orem, we need to give the definition of origami templates. Roughly
speaking, an origami template is a collection of Delzant polytopes which

satisfy some compatibility conditions.

Definition. An n-dimensional origami template is a pair (P, F), where
P is a (nonempty) finite collection of n-dimensional Delzant polytopes
and F is a collection of facets and pairs of facets of polytopes in P

satisfying the following properties:

e for each pair {7, F»} € F, the corresponding polytopes in P agree

near those facets;

e if a facet I’ occurs in F, either by itself or as a member of a pair,
then neither F' nor any of its neighboring facets occur elsewhere in
I

e the topological space constructed from the disjoint union UA;, A; €

P, by identifying facet pairs in F is connected.

If we denote the elements in P by vertexes, and the elements in F by
edges, then we can give an equivalent definition of origami templates by
graphs.

Let D,, denote the set of all Delzant polytopes in R” (w.r.t. a given
lattice), F,, — the set of all their facets and G a connected graph (loops
and multiple edges are allowed) with the vertex set V' and the edge set
E.

17



Definition. An n-dimensional origami template consists of a connected
graph G, called the template graph, and a pair of maps ¥y : V — D,
and Vg: E — F,, such that:

1. If e € F is an edge of G with endpoints vy,v9 € V', then Ug(e) is
a facet of both polytopes Wy (v1) and Wy (v9), and these polytopes
coincide near Wg(e) (this means that there exists an open neighbor-

hood U of ¥g(e) in R" such that U N Wy (v1) = U N Wy (vy));

2. If e1,e9 € F are two edges of G adjacent to v € V', then Wg(ey) and
Up(es) are disjoint facets of ¥ (v).

The facets of the form Ug(e) for e € E are called the fold facets of

the origami template.

Denote by |(G, ¥y, ¥g)| the topological space, constructed from the
disjoint union | |, Uy (v) by identifying facets Vg(e) C ¥y (vi) and

Up(e) C Yy (ve) for any edge e € F with endpoints vy, vs.

Definition. An origami template (G, Uy, Ug) is called codrientable if

the graph G has no loops, i.e., all eges have different endpoints.

Definition. Let G = (V| E) be a graph, where V' and FE are the sets of
vertexes and edges respectively. We say that G = (V| F) is 2-colorable,
if there is a function f : V' — {0, 1} such that f(i) # f(j) whenever

{i,j} € E.

Example 2.5.1. In the following, the first graph is 2-colorable, but the

other two are not.

18



Definition. An origami template (G, Wy, V) is called orientable if the
template graph G is 2-colorable.

It is not difficult to see that if (G, ¥y, V) is orientable, then so is
the resulting space |(G, ¥y, Ug)|.

If a graph is 2-colorable, then it has no loops. Hence an orientable
origami template is always coorientable, but the converse is not true as

is shown in the following example.

Example 2.5.2. In the following pictures, we draw the origami tem-
plates on the left side and their associated template graphs on the right
side. We use the blue line and dashed line to denote the fold facets. The
first and the second origami templates are coorientable but the third one
is not. Although the second one is coorientable, it is not orientable, since

its template graph is not 2-colorable.
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2.6 The classification of toric origami manifolds

After the preliminary in the last section, we can talk about Cannas
da Silva, Guillemin and Pires’ classification theorem for toric origami

manifolds.

Theorem 2.6.1 ([7]). Toric origami manifolds are classified by origami
templates up to equivariant symplectomorphism preserving the moment
maps. More specifically, at the level of symplectomorphism classes (on

the left hand side), there is a one-to-one correpondence
{2n-diml toric origami manifolds} — {n-diml origami templates}
(M?" w, T", ) — (M),

Moreover, oriented toric origami manifolds correspond to oriented origami
templates and cooriented toric origami manifolds correspond to cooriented

origami templates.

Example 2.6.1. Consider the toric origami manifold discussed in Ex-
ample 2.3.1.

When 0 < r <1, the image of the moment map

_al =l
M(Z17Z27T)_< 2 ) 2 )

is a triangle and we color it by yellow and its hypotenuse by blue.
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When —1 < r < 0, the image of p is also a triangle and we color
it by red and its hypotenuse also by blue. Now we have two copies of
triangles with the smae hypotenuse, the image of the equator under the
map u. If we glue these two triangles along their hypotenuses, then we
can obtain an origami template, and the resulting space of this origami
template is homeomorphic to the orbit space S*/T? as a manifold with

corner.

Remark 2.6.1. Since p : M — Lie(T)* is equivariant, it induces
a map M/T — p(M). We know that, when (M,w,T", 1) is a sym-
plectic toric manifold, then the orbit space M/T™ is homeomorphic
to u(M). However, this is not true in general when M is a toric
origami manifold. For instance, consider the folded symplectic mani-
fold (T?,w = sin61df; A dby), where the coordinates on the torus are
01,05 € [0,27]. The circle action on 6, coordinate is the usual rotation
and p = —cos @y, so (T? w, S, 1) is a toric origami manifold. It is not
difficult to see that the image of i is an interval while the orbit space
T2 /8t is homeomorphic to S!. However, the orbit space M /T™ is always
homeomorphic to the resulting space of the associated origami template

as a manifold with corners; see [7].
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Chapter 3

On the topology of toric origami

manifolds

In this chapter we will discuss the topological properties of toric origami
manifolds. It is well-known that the cohomology ring and equivariant
cohomology ring of a symplectic toric manifolds can be expressed in
terms of the corresponding Delzant polytope, so a natural question is to
describe the topological invariants of a toric origami manifold in terms of
corresponding origami template. In general, toric origami manifolds are
not simply connected, so it is more difficult to calculate their topological
invariants than the case of symplectic toric manifolds. For the case that
M is orientable and the folding hypersurface Z is connected, H*(M) was
studied by Cannas da silva, Guillemin and Pires in [7]. Later, Holm and
Pires in [12] studied the case that M is orientable and each face of M /T
is acyclic. In this chapter we will discuss the topology of orientable toric

origami manifolds for the case that each proper face of M /T is acyclic

but M /T can be arbitary.
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3.1 Betti numbers of toric origami manifolds with acyclic

proper faces

Let M be an orientable toric origami manifold of dimension 2n with a
fold Z. Let F be the corresponding folded facet in the origami template
of M and let B be the symplectic toric manifold corresponding to F.
The normal line bundle of Z to M is trivial so that an invariant closed
tubular neighborhood of Z in M can be identified with Z x [—1,1]. We
set

M =M —Int(Z x [-1,1]).

This has two boundary components which are copies of Z. We close
M by gluing two copies of the disk bundle associated to the principal
Sl-bundle Z — B along their boundaries. The resulting closed manifold
(possibly disconnected), denoted M’, is again a toric origami manifold
by [7] and the graph associated to M’ is the graph associated to M with
the edge corresponding to the folded facet F' removed.

Let G be the graph associated to the origami template of M and let
b1(G) be its first Betti number. We assume that b;(G) > 1. A folded
facet in the origami template of M corresponds to an edge of G. We
choose an edge e in a (non-trivial) cycle of G and let F'; Z and B be
respectively the folded facet, the fold and the symplectic toric manifold
corresponding to the edge e. Then M’ is connected and since the graph
G’ associated to M’ is the graph G with the edge e removed, we have
bi(G') = bi(G) — 1.

Two copies of B lie in M’ as closed submanifolds, denoted B, and
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B_. Let Ny (resp. N_) be an invariant closed tubular neighborhood of
B, (resp. B_) and Z, (resp. Z_) be the boundary of N, (resp. N_).
Note that M’ — Int(N,. U N_) can naturally be identified with M, so

that
M=M —Int(N,UN_) =M —Int(Z x [-1,1])
and
M' =MU(N.UN_), MN(NyUN.)=Z,UZ_, (3.11)

M=MU(Zx[-1,1]), Mn(Zx[-1,1])=Z,UZ_. (3.12)

Remark 3.1.1. It follows from (3.1.1) and (3.1.2) that

X(M') = x(M) +2x(B), x(M) = x(M)

and hence x(M') = x(M)+2x(B). Note that this formula holds without

the acyclicity assumption (made later) on proper faces of M/T.

We shall investigate relations among the Betti numbers of M, M’, M,Z
and B. The spaces M and Z are auxiliary ones and our aim is to find
relations among the Betti numbers of M, M’ and B. In the following,
all cohomology groups and Betti numbers are taken with Z-coefficients
unless otherwise stated but the reader will find that the same argument

works over any field.

Lemma 3.1.1. The Betti numbers of Z and B have the relation
bai(Z) — bai1(Z) = byi(B) — by —2(B)

for any 1.

Proof. Since 7: Z — B is a principal S'-bundle and H°¥(B) = 0, the
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Gysin exact sequence for the principal S*-bundle splits into a short exact

0 — HEY(Z) = H¥2(B) — HY(B) I H*(Z) — 0 for any i
(3.1.3)

and this implies the lemma. []

Lemma 3.1.2. The Betti numbers of M, M', and B have the relation
boi (M) — boj 1 (M) = by (M) — bo;_1 (M) — 2bo; o(B)

for any 1.

Proof. We consider the Mayer-Vietoris exact sequence in cohomology

for the triple (M’, M, N, U N_):

—SHP 2(M)—=H*"*(M)® H* 2(N,UN_)—H*"*(Z, U Z_)

522'72

2 (M) = H* V(M) & H* (N, UN_)—H?"Y(Z, U Z)
§2i-t HQZ(M/) _>H21(M) @HQZ(N+ UN_) —>H21(Z+UZ—)
(M) —

Since the inclusions B = By +— N. are homotopy equivalences and
Z+ = Z, the restriction homomorphism HY(N, UN_) - HY(Z,. U Z_)
above can be replaced by 7* @ 7*: HY(B) & HY(B) — HY(Z) @& HY(Z)
which is surjective for even ¢ from the sequence (3.1.3). Therefore, §% 2

and 6% in the exact sequence above are trivial. It follows that

boi—1(M') — by;_1 (M) — 2bg;—1(B) + 2bg;—1(Z)
—boi (M) + bo;i (M) + 2bo;(B) — 2by;(Z) = 0.
Here by;_1(B) = 0 because B is a symplectic toric manifold, and 2bs;_1(Z)+
2by;(B) — 2b9i(Z) = 2bg;_o(B) by Lemma 3.1.1. Using these identities,

the identity above reduces to the identity in the lemma. ]
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Next we consider the Mayer-Vietoris exact sequence in cohomology
for the triple (M, M, Z x [—1,1]):
—SH* 2(M)—H* (M) ® H* %(Z x [-1,1))=H**(Z, U Z_)
—SH* Y M)—=H* Y M)® H* Y (Z x [-1,1))=H* Y Z, u Z)
—H*(M) —H*(M)® H*(Z x[-1,1)) —H*(Z,UZ_)—
We make the following assumption:
(*) The restriction map H* (M)®H¥(Z x [-1,1]) = H¥(Z, U
Z_) in the Mayer-Vietoris sequence above is surjective for 7 > 1.

Note that the restriction map above is not surjective when j = 0 because
the image is the diagonal copy of H(Z) in this case and we will see
in Lemma 3.1.5 below that the assumption (x) is satisfied when every

proper face of M /T is acyclic.

Lemma 3.1.3. Suppose that the assumption (x) is satisfied. Then

bo(M) — b1 (M) = by(M) — b1 (M) + ba(B),

ng(M) — bgi_l(M) = bQZ(M) — bgi_l(M) + bQZ(B) — bgi_g(B) f07"7; Z 2.
Proof. By the assumption (x), the Mayer-Vietoris exact sequence for the

triple (M, M, 7 x [—1,1]) splits into short exact sequences:
0 =H(M)—H"(M)® H(Z x [-1,1])=H(Z, U Z_)
—HY (M)—HY (M) ® H(Z x [-1,1])=HYZ, U Z_)
—H?(M)—H*(M) & H*(Z x [-1,1))=HXZ, U Z_) = 0
and for ¢ > 2
0 > H* Y (M)—H*"Y(M)® H* Y(Z x [-1,1))=H* Y (Z, U Z_)

—SHY(M) —H*(M)® H*(Zx[-1,1)) —H*(Z.UuZ.)—=0.
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The former short exact sequence above yields

bo(M) — by(M) = by(M) — by (M) +bo(Z) — 01(2) + 1
while the latter above yields
boi (M) — by;—1 (M) = boi(M) — by (M) + boi(Z) — bay—1(Z) for i > 2.

Here boj(Z) — boi_1(Z) = bei(B) — bej_o(B) for any ¢ by Lemma 3.1.1, so

our lemma follows. []

Lemma 3.1.4. Suppose that the assumption (x) is satisfied and n > 2.
Then

bl(M/) :bl(M>—1, bQ(M/) :bQ(M)+b2(B)+1,
b2i+1(M/) = b2i+1(M) fOT’ 1 S 7 S n— 2.
Proof. 1t follows from Lemma 3.1.2 and Lemma 3.1.3 that
bgi(M/) — bgi_l(M/) = bQZ(M) — bgi_l(M) + ng(B) + bgi_g(B) for ¢ Z 2.
(3.1.4)

Take ¢ = n in (3.1.4) and use Poincaré duality. Then we obtain
bo(M') — by (M") = bo(M) — by (M) + by(B)

which reduces to the first identity in the lemma. This together with the
first identity in Lemma 3.1.3 implies the second identity in the lemma.
Similarly, take ¢ = n — 1(> 2) in (3.1.4) and use Poincaré duality.

Then we obtain
bo(M") — bg(M") = bo(M) — b3(M) + by(B) + ba(B).

This together with the second identity in the lemma implies bs(M') =
bs(M).
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Take i to be n — 7 in (3.1.4) (so 2 < i < n — 2) and use Poincaré

duality. Then we obtain
boi (M) — boiy1 (M) = boi(M) — boi1(M) + bai—o(B) + bai( B).
This together with (3.1.4) implies
bois1(M") — bgi 1(M") = byi 1 (M) — bgi (M) for2<i<n-—2.

Since we know b3(M') = b3(M), this implies the last identity in the

lemma. ]
The following is a key lemma.

Lemma 3.1.5. Suppose that every proper face of M /T is acyclic. Then
the homomorphism H* (M) — H%*(Z,UZ_) induced from the inclusion

is surjective for j > 1, in particular, the assumption (x) is satisfied.

Proof. Since B, U B_ is a deformation retract of N, UN_, the following

diagram is commutative:

H*(M"Y — H*(B,UB.)

| J=

HY(M) — H¥(Z,UZ.)
where m+: Z, UZ_ — B, U B_ is the projection and the other homo-
morphisms are induced from the inclusions. By (3.1.3) 7 is surjective,
so it suffices to show that the homomorphism H% (M') — H* (B, UB_)
is surjective for j > 1.

The inverse image of a codimension j face of M'/T by the quotient

map M’ — M'/T is a codimension 2j closed orientable submanifold
of M’ and defines an element of Hy,_9;(M’) so that its Poincaré dual

yields an element of H?(M'). The same is true for B = B, or B_.
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Note that H% (B) is additively generated by 7x’s where K runs over all
codimension j faces of F' = B/T.

Set Fy = By/T, which are copies of the folded facet F' = B/T. Let
K be any codimension j face of F';. Then there is a codimension j face
L of M"/T such that K, = LN F,.. We note that LNF_ = (). Indeed, if
LNF_ # (), then LNF_ must be a codimension j face of F_, say H_. If
H_ is the copy K_ of K, then L will create a codimension j non-acyclic
face of M /T which contradicts the acyclicity assumption on proper faces
of M/T. Therefore, H_ # K_. However, F are respectively facets of
some Delzant polytopes, say Py, and the neighborhood of F'\ in P, is
same as that of F_ in P_ by definition of an origami template (although
P, and P_ may not be isomorphic). Let H and K be the codimension
j faces of P_such that HNF = H_and KNF = K_. Since H_ # K_,
the normal cones of H and K are different. However, these normal cones
must agree with that of L because LN F, = K, and LN F_ = H_ and
the neighborhood of F, in P, is same as that of F_ in P_. This is a
contradiction.

The codimension j face L of M’/T associates an element 7, € H*(M’).
Since LN F, = K, and L N F_ = (), the restriction of 7, to H¥ (B, U
B_) = HY(By) ® H¥(B-) is (7x,,0), where 75, € H*(B;) is asso-
ciated to K. Since H*(B.) is additively generated by 7x,’s where
K runs over all codimension j faces of F, for each element (z,,0) €
H%(B,)® H¥(B_) = H¥(B U B_), there is an element y, € H* (M')
whose restriction image is (z.,0). The same is true for each element

(0,7_) € H¥(B,) ® H*(B_). This implies the lemma. O
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Finally we obtain the following.

Theorem 3.1.1. Let M be an orientable toric origam: manifold of di-
mension 2n (n > 2) such that every proper face of M/T is acyclic.
Then

boir1 (M) =0 forl<i<n-—2. (3.1.5)
Moreover, if M' and B are as above, then
bi(M") = by (M) — 1 (hence by, 1(M') = by, 1(M) — 1 by Poincaré duality),
boi(M") = boy(M) + bgi(B) + bo;_2(B) for1<i<mn-—1.

(3.1.6)

Finally, H*(M) is torsion free.
Proof. We have bi(M') = b;(M) — 1 by Lemma 3.1.4. Therefore, if
bi(M) = 1, then by(M') = 0, that is, the graph associated to M’ is
acyclic and hence b,q¢(M’) = 0 by [12] (or [15]). This together with
Lemma 3.1.4 shows that by; 1 (M) = 0for 1 <i <n—2whenb (M) =1.
If by(M) = 2, then by (M’) = 1 so that by 1 (M) =0for 1 <i<n-—2
by the observation just made and hence by; 1 (M) =0 for 1 <i <n—2
by Lemma 3.1.4. Repeating this argument, we see (3.1.5).

The relations in (3.1.6) follows from Lemma 3.1.4 and (3.1.4) together
with the fact bg; 1 (M) =0for 1 <i<n—2.

As we remarked before Lemma 3.1.1, the arguments developed in
this section work with any field coefficients, in particular with Z/p-
coefficients for any prime p, and hence (3.1.5) and (3.1.6) hold for
Betti numbers with Z/p-coefficients, so the Betti numbers of M with
Z~coefficients agree with the Betti numbers of M with Z/p-coefficients

for any prime p. This implies that H*(M) has no torsion. ]
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As for H(M), we have a clear geometrical picture.

Proposition 3.1.1. Let M be an orientable toric origami manifold of
dimension 2n (n > 2) such that every proper face of M /T is acyclic. Let
21, ..., 2y be folds in M such that the graph associated to the origams
template of M with the by edges corresponding to Zi, ..., Zy removed
is a tree. Then Zy, ..., Zy, freely generate Ho,—1 (M), equivalently, their
Poincaré duals z1, . .., 2z, freely generate HY(M). Furthermore, all the

are trivial because Zy, ..., 2y are dis-

products generated by z1, ...,z )

joint and the normal bundle of Z; 1s trivial for each j.

Proof. We will prove the proposition by induction on b;. When b; = 0,
the proposition is trivial; so we may assume b; > 1. Let Z and M’ be as
before. Since by(M') = by — 1, there are folds Zy,..., 2,1 in M’ such
that 7, ..., Zp, 1 freely generate Hy, 1(M’) by induction assumption.
The folds 73, ..., Zy,—1 are naturally embedded in M and we will prove
that these folds together with Z freely generate Ho, 1(M).

We consider the Mayer-Vietoris exact sequence for a triple (M, M, Z x
[—1,1]):
0 = Hon(M) 5 Ho 1(Zy U Z-) 22 Hyy (M) ® Hoo1(Z x [~1,1])
5 Hop (M) 25 Hop o(Z4 U Z2) 2225 Hy o(M) @ Hopo(Z x [—1,1])
where ¢ and ¢ are the inclusions. Since ¢}: H*"2(M) — H?*"%(Z, U
Z_) is surjective by Lemma 3.1.5, t1,: Hop_o(Zy U Z_) — Hoy_o(M)
is injective when tensored with Q. However, H*(Z) has no torsion in
odd degrees because H*71(Z) is a subgroup of H?*2(B) for any i by
(3.1.3) and H*(B) is torsion free. Therefore, H,(Z) has no torsion in
even degrees. Therefore, t1,: Hop o( 2L U Z_) — Hgn_g(M) is injective
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without tensoring with Q and hence the above exact sequence reduces

to this short exact sequence:

0 — Hop(M) Ly Hop (2.0 Z_) 2225 Hyo (M) & Hop1(Z x [—1,1])
— Hyp 1(M) — 0.

Noting 0.([M]) = [Z4] — [Z-] and 12,([Z+]) = [Z], one sees that the

above short exact sequence implies an isomorphism

Ly : Hgnfl(M> = Hgnf1<M) (317)

where ¢: M — M is the inclusion map.
We consider the Mayer-Vietoris exact sequence for a triple (M, M, N, U
N_):
0 — Hon(M") %5 Hop 1(Z, U Z_) 22 [y (M) @ Hap 1 (Ny UN.)
s Hoy i (M) % Hoy o(Z, U Z.) 5% Hy (W) @ Hapo(N, UN.)
where ¢3 is the inclusion map of the unit sphere bundle in N, UN_. Note
that Ho, 1 (N;UN_) = Ho, 1(ByUB_) =0and t1,: Hop o(Z,UZ_) —
Hy,_5(M) is injective as observed above. Therefore, the above exact

sequence reduces to this short exact sequence:
0 = Hon(M') > Hyp y(Z U Z2) 22 Hayp y (M) 5 Hyp (M) — 0.

Here 0.([M]) = [Z+]—[Z-] and Ha,,—1(M’) is freely generated by Z1, ..., Zy, 1
by induction assumption. Therefore, the above short exact sequence im-

plies that
Hy,_1(M) is freely generated by Z, ..., Zy _, and Z, (or Z_).

This together with (3.1.7) completes the induction step and proves the

lemma. []
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Next we describe by;(M) in terms of the face numbers of M /T and
bi(M). Let P be the simplicial poset dual to d(M/T). As usual, we
define

fi = the number of (n — 1 — i)-faces of M /T
= the number of ¢-simplices in P fori=10,1,...,n—1

and the h-vector (hg, hy,...,hy,) by

n n—1
bt =(t—=1)"+ ) fit -1 (3.1.8)
1=0 1=0

Example 3.1.1. Let (M,w,T,u) be a toric origami and the follow-
ing picture is the associated origami template, whose resulting space is

homeomorphic to M/T as a manifold with corners. It has 8 vertexes

/

N

Figure 3.1: The origami template with four polygons

and 8 edges so fi = 8 and fy = 8. Hence the f-vector is (fo, f1) = (8,8)
and the h-vector is (hg, h1, hy) = (1,6, 1).

Theorem 3.1.2. Let M be an orientable toric origami manifold of di-
mension 2n such that every proper face of M /T is acyclic. Let b; be
the j-th Betti number of M and (hg, hq, ..., hy) be the h-vector of M/T.
Then

D bytt = ht' £ by (L+t" = (L—t)"),
1=0

1=0
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in other words, by = hg = 1 and
bgi = hz — (—1)Z<n>b1 fO’I” 1 S 1 S n — 1,
7

bon, = hp + (1 — (=1)")b;.
Remark 3.1.2. We have h, = (=1)"+ > (—1)" ' f; by (3.1.8) and
X(@(M/T)) = 32771 (—1)'f; because every proper face of M/T is acyclic.
Therefore, h, = (—1)"—(—=1)"x(0(M/T)). Since by, = 1, it follows from
the last identity in Theorem 3.1.2 that

X(O(M/T)) = x(S"") = ((=1)" = 1)br.

Moreover, since by; = by, _9;, we have

b = i = (10" = i ()

— (1) (@M T)) x<sn—1>>(

These are generalized Dehn-Sommerville relations for (M /T') (or for

n) for 0 <7 <n.
7

the simplicial poset P), see [21, p. 74] or [5, Theorem 7.44].

For a manifold @) of dimension n with corners (or faces), we define

the f-polynomial and h-polynomial of () by

n—1
folt) =t"+ > H@E" T, holt) = folt—1)
i=0
as usual.

Lemma 3.1.6. The h-polynomials of M'/T, M/T, and F have the re-
lation hypr(t) = hayr(t) + (4 1)hp(t) — (t —1)". Therefore
" hpgryr(0) = oy () + (L 0" hp(t™h) — (1= 1)

Proof. In the proof of Lemma 3.1.5 we observed that no facet of M’/T
intersects with both F, and F_. This means that no face of M'/T
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intersects with both F, and F_ because every face of M'/T is contained

in some facet of M'/T. Noting this fact, one can find that
[i(M')T) = fi(M)T)+2fi-1(F)+ fi(F) for0<i<n-—1

where F' is the folded facet and f,,_1(F") = 0. Therefore,

Far () =17 +Zfl (M' /Tt

—1 n—2
=t"+ Z fi M')T)t + 2 Z Fiol () ) fi(pye
i=0 i=0 i=0

= fayr(t) + 2fp(t) +tfp(t) —t".
Replacing ¢ by ¢ — 1 in the identity above, we obtain the former identity
in the lemma. Replacing ¢ by ¢! in the former identity and multiplying

the resulting identity by t", we obtain the latter identity:. H

Proof of Theorem 3.1.2. Since Y hi(M/T)t" = t"hyy7(t™"), Theo-

rem 3.1.2 is equivalent to
D boi(M)E = t"hagyr(t) + bi(M)(L+ 2" — (1= 1)"). (3.1.9)

We shall prove (3.1.9) by induction on b;(M). The identity (3.1.9) is
well-known when b;(M) = 0. Suppose that k£ = b;(M) is a positive
integer and the identity (3.1.9) holds for M’ with b;(M’) = k — 1. Then

—14+t" + Z boi (M") — boi(B) — by;_o(B))t'  (by Theorem 3.1.1)
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n n—1
= bo(M)t = (L+14) Y boy(B)t +1+1¢"
=0 1=0

=t"ha () + o (M)(1+1" — (L —=)") — (L + )" Thpt ™) + 1+ ¢"
(by (3.1.9) applied to M")
=t"hpr(t") + by (M)(1+t" — (1 —1)")
(by Lemma 3.1.6 and by(M') = by (M) — 1),

proving (3.1.9) for M. This completes the induction step and the proof
of Theorem 3.1.2. ]

Example 3.1.2. Consider the toric origami manifold discussed in Ex-

ample 3.1.1. By Theorem 3.1.2 we have

b():b4:1, b1:b3:1 and b2:8

3.2 Equivariant cohomology and face ring

A torus manifold M of dimension 2n is an orientable connected closed
smooth manifold with an effective smooth action of an n-dimensional
torus 7" having a fixed point ([11]). An orientable toric origami manifold
with acyclic proper faces in the orbit space has a fixed point, so it is a
torus manifold. The action of T on M is called locally standard if every
point of M has a T-invariant open neighborhood equivariantly diffeo-
morphic to a T-invariant open set of a faithful representation space of
T. Then the orbit space M /T is a nice manifold with corners. The torus
action on an orientable toric origami manifold is locally standard. In
this section, we study the equivariant cohomology of a locally standard

torus manifold with acyclic proper faces of the orbit space.

37



We review some facts from [15]. Let @ be a nice manifold with corners
of dimension n. Let R be a ground commutative ring with unit. We
denote by G V H the unique minimal face of () that contains both G
and H. The face ring R[Q] of @ is a graded ring defined by

RIQ| .= Rlvr : F a face]/Ig
where degvp = 2 codim F' and Ig is the ideal generated by all elements

VGVH — VGvH g VE.
FEeGnH

For each vertex p € () the restriction map s, is defined as the quotient
map

sp: RIQ] = R[Q]/(vr: p & F)
and it is proved in [15, Proposition 5.5] that the image s,(R[Q)]) is the

polynomial ring R[UQ”, ..., Vg, | where Q;,,...,Q;, are the n different

facets containing p.

Lemma 3.2.1 (Lemma 5.6 in [15]). If every face of Q has a vertex,
then the sum s = @,s, of restriction maps over all vertices p € () s a

monomorphism from RI[Q] to the sum of polynomial rings.

In particular, R[@] has no nonzero nilpotent element if every face of
@ has a vertex. It is not difficult to see that every face of () has a vertex
if every proper face of () is acyclic.

Let M be a locally standard torus manifold. Then the orbit space
M /T is a nice manifold with corners. Let q: M — M /T be the quotient
map. Note that M° := M — ¢ *(0(M/T)) is the T-free part. The
projection ET x M — M induces a map q: ET xp M — M /T, where
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ET denotes the total space of the universal principal T-bundle and
ET xp M denotes the orbit space of ET x M by the diagonal T-action
on ET x M. Similarly we have a map ¢°: ET xp M° — M°/T. The
exact sequence of the equivariant cohomology groups for a pair (M, M®)
together with the maps ¢ and ¢° produces the following commutative
diagram:
Hi(M.M°) == Hi(M) —— Hi(M)
q*T T(q")*
H*(M/T) —— H*(M°/T)
where 7, ¢ and 7 are the inclusions and H}(X,Y) := H*(ET xp X, ET Xp
Y') for a T-space X and its T-subspace Y as usual. Since the T-action
on M° is free and 7: M°/T — M/T is a homotopy equivalence, we have

graded ring isomorphisms

ey Y e oveyry Y gy (3.2.1)

Lo ((g°)*)71, which is a graded ring

and the composition p := ¢* o (¢¥)
homomorphism, gives the right inverse of +*, so the exact sequence above

splits. Therefore, n* and ¢* are both injective and
Hp(M) =n"(Hp (M, M) ® p(Hp(M?)) as graded groups. (3.2.2)

Note that both factors at the right hand side above are graded subrings
of H3(M) because n* and p are both graded ring homomorphisms.

Let P be the poset dual to the face poset of M /T as before. Then
Z[P] = Z|M/T) by definition.

Proposition 3.2.1. Suppose every proper face of the orbit space M /T

is acyclic, and the free part of the action gives a trivial principal bundle
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M° — M°/T. Then H:(M) = Z[P|® H*(M/T) as graded rings.

Proof. Let R be the cone of O(M/T) and let Mr = Mg(A) be the T-
space Rx T/ ~ where we use the characteristic function A obtained from
M for the identification ~. Let Mp be the T-free part of Mp. Since the
free part of the action on M is trivial, we have M — M° = Mp — M3.

Hence,

Hj (M, M°) = Hp.(Mg, Mp) as graded rings (3.2.3)
by excision. Since H7i(Mp) = H*(My/T) = H*(R) and R is a cone,
HZ.(M7p,) is isomorphic to the cohomology of a point. Therefore,

H7p (Mg, Mp) = Hj(Mp) as graded rings in positive degrees. (3.2.4)

On the other hand, the dual decomposition on the geometric real-

ization |P| of P defines a face structure on the cone P of P. Let
Mp = Mp(A) be the T-space P x T/ ~ defined as before. Then a

similar argument to that in [9, Theorem 4.8] shows that
H7(Mp) = Z[P] as graded rings (3.2.5)

(this is mentioned as Proposition 5.13 in [15]). Since every face of P
is a cone, one can construct a face preserving degree one map from R
to P which induces an equivariant map f: Mr — Mp. Then a similar
argument to the proof of Theorem 8.3 in [15] shows that f induces a

graded ring isomorphism
f*: Hp(Mp) = Hi(Mpg) (3.2.6)
since every proper face of R is acyclic. It follows from (3.2.3), (3.2.4),
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(3.2.5) and (3.2.6) that
H} (M, M°) 2 Z[P] as graded rings in positive degrees.  (3.2.7)

Thus, by (3.2.1) and (3.2.2) it suffices to prove that the cup product
of any a € n*(H:(M,M°)) and any b € p(Hzi(M°)) is trivial. Since
t*(a) = 0 (as t* on* = 0), we have (*(a Ub) = ¢*(a) U *(b) = 0 and
hence a U b lies in n*(H5(M, M®)). Since p(H7(M°)) = H*(M/T) as
graded rings by (3.2.1) and H™(M/T) = 0 for a sufficiently large m,
(aUb)™ = £a™Ub™ = 0. However, we know that aUb € n*(H; (M, M?))
and n*(H; (M, M?)) = Z[P] in positive degrees by (3.2.7). Since Z[P]
has no nonzero nilpotent element as remarked before, (a U )™ = 0

implies a U b = 0. ]
As discussed in [15, Section 6], there is a homomorphism
¢: Z[P] = Z|M/T] — Hi(M) := Hi(M)/H*(BT)-torsions. (3.2.8)

In fact, ¢ is defined as follows. For a codimension k face F' of M/T,
q Y(F) =: Mp is a connected closed T-invariant submanifold of M of
codimension 2k, and ¢ assigns vp € Z[M/T] to the equivariant Poincaré
dual 7 € H2F(M) of Mp. One can see that o followed by the restriction
map to Hi(M7T) can be identified with the map s in Lemma 3.2.1.
Therefore, ¢ is injective if every face of () has a vertex as mentioned in

[15, Lemma 6.4].

Proposition 3.2.2. Let M be a torus manifold with a locally standard
torus action. If every proper face of M /T is acyclic and the free part of

action gives a trivial principal bundle, then the H*(BT)-torsion submod-
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ule of H:(M) agrees with §(H*(M/T)), where §: ET xp M — M/T is

the map mentioned before.

Proof. First we prove that all elements in ¢*(H*(M/T)) are H*(BT)-
torsions. We consider the following commutative diagram:
Hi(M) == Hi(M")
dl T
HA(M/T) 2 H*(MT)
where the horizontal maps ¥* and v¥* are restrictions to M7 and the
right vertical map is the restriction of ¢* to M. Since M7 is isolated,
Y (H*(M/T)) = 0. This together with the commutativity of the above
diagram shows that g*(H*(M/T)) maps to zero by ¢*. This means that
all elements in §*(H*(M/T)) are H*(BT)-torsions because the kernel
of ¢¥* are H*(BT)-torsions by the Localization Theorem in equivariant
cohomology.
On the other hand, since every face of M /T has a vertex, the map ¢
in (3.2.8) is injective as remarked above. Hence, by Proposition 3.2.1,

there are no other H*(BT)-torsion elements. O
We conclude this section with observation on the orientability of M /T

Lemma 3.2.2. Let M be a closed smooth manifold of dimension 2n with

a locally standard smooth action of the n-dimensional torus T'. Then

M/T is orientable if and only if M is.

Proof. Since M /T is a manifold with corners and M°/T is its interior,
M/T is orientable if and only if M°/T is. On the other hand, M is ori-

entable if and only if M° is. Indeed, since the complement of M° in M
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is the union of finitely many codimension-two submanifolds, the inclu-
sion ¢: M° — M induces an epimorphism on their fundamental groups
and hence on their first homology groups with Z/2-coefficients. Then
it induces a monomorphism ¢*: HY(M;Z/2) — H'(M°;Z/2) because
HY(X;7Z/2) = Hom(H{(X;Z/2);Z/2). Since t*(wi(M)) = w(M°) and
t* is injective, wy (M) = 0 if and only if wy(M°) = 0. This means that
M is orientable if and only if M° is.

Thus, it suffices to prove that M°/T is orientable if and only if M°
is. But, since M°/T can be regarded as the quotient of an iterated free
Sl-action, it suffices to prove the following general fact: for a principal
Sl-bundle 7: £ — B where E and B are both smooth manifolds, B is
orientable if and only if F is. First we note that the tangent bundle of
E' is isomorphic to the Whitney sum of the tangent bundle along the
fiber 7¢E and the pullback of the tangent bundle of B by m. Since the
free Sl-action on E yields a nowhere zero vector field along the fibers,

the line bundle 7/F is trivial. Therefore
wi(F) = 7 (wi1(B)). (3.2.9)
We consider the Gysin exact sequence for our S'-bundle:
— HY(B;Z/2) » H\(B;Z/2) = H'(E,Z/2) — H(B;Z/2) — .

Since H1(B;Z/2) = 0, the exact sequence above tells us that the map
m*: HY(B;Z/2) — HY(E;Z/2) is injective. This together with (3.2.9)
shows that wi(E£) = 0 if and only if w;(B) = 0, proving the desired
fact. [
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3.3 Serre spectral sequence

Let M be an orientable toric origami manifold M of dimension 2n such
that every proper face of M /T is acyclic. Note that M°/T is homotopy
equivalent to a graph, hence does not admit nontrivial torus bundles.
Thus the free part of the action gives a trivial principal bundle M° —
M° /T, and we may apply the results of the previous section.

We consider the Serre spectral sequence of the fibration n: ET X
M — BT. Since BT is simply connected and both H*(BT') and H*(M)

are torsion free by Theorem 3.1.1, the Es-terms are given as follows:
EYY = HP(BT; HY(M)) = H?(BT) @ HY(M).

Since H°(BT) = 0 and H*™(M) = 0 for 1 < i < n — 2 by Theo-

rem 3.1.1,

EY? with p + ¢ odd vanishes unless p is even and ¢ = 1 or 2n — 1.

(3.3.1)

We have differentials
1 dpf ,q+r—1

N Ep—r,q+r qu Ep+rq r+1 N
r L —>

and

EPY = kerd?/im d? "1

We will often abbreviate d2? as d, when p and q are clear in the context.

Since
do(uUv) = duUv+ (=1)P My Udw  for u e EPY and v € EYY
and d, is trivial on EP? and EP? = 0 for odd p,

d, is an H*(BT)-module map. (3.3.2)
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Note that
EPI=FEPI ifp<randg+1<r (3.3.3)
since E%" = ( if either a < 0 or b < 0.
There is a filtration of subgroups
Hf (M) =Fo" > Ftmt oo Frooblo Fold o Frdbat = {0}
such that
FPmep | Fprlmepl — ppmep - for g =0,1,...,m. (3.3.4)
There are two edge homomorphisms. One edge homomorphism
H?(BT) = Eb° — B2 — ... — EP0 ¢ HE(M)

agrees with 7*: H*(BT) — H}(M). Since MT # (), one can construct
a cross section of the fibration n: E'T" xp M — BT using a fixed point

in M7T. So 7* is injective and hence
d,: EP~"1 — EPY s trivial for every r > 2 and p > 0, (3.3.5)
which is equivalent to Eg’o = EPV. The other edge homomorphism
HL(M) - E% C ... C EJ9 C Ey' = HI(M)

agrees with the restriction homomorphism ¢*: H%(M) — H?(M). There-
fore, ¢* is surjective if and only if the differential d,.: E%4 — E™4"+1 is
trivial for every r > 2.

We shall investigate the restriction homomorphism *: HL(M) —
HY(M). Since M/T is homotopy equivalent to the wedge of by (M)
circles, H%(M) vanishes unless ¢ is 1 or even by Proposition 3.2.1 while

H?(M) vanishes unless ¢ is 1,2n — 1 or even in between 0 and 2n by

Theorem 3.1.1.
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Lemma 3.3.1. The homomorphism *: HL(M) — H(M) is an iso-
morphism (so H'(M) = H'(M/T) by Proposition 3.2.1).

Proof. By (3.3.5),

dy: EY' = HY(M) — E>" = H*(BT)
is trivial. Therefore By = E%!. On the other hand, EL0 = E,° =
HY(BT) = 0. These imply the lemma. O]

Since H2" (M) = 0, The homomorphism ¢*: H2""'(M) — H*'"*(M)
cannot be surjective unless H*"~1(M) = 0.
Lemma 3.3.2. The homomorphism o*: HY (M) — H* (M) is surjec-
tive except for j = 1 and the rank of the cokernel of * for 7 = 1 is

Proof. Since dim M = 2n, we may assume 1 < 7 < n.

First we treat the case where j = 1. Since H2(M) = 0, E%! = 0 by
(3.3.4) and E2' = E>' by (3.3.3). This together with (3.3.5) implies
that

dy: HX(M) = ES* — E>' = H*(BT) ® H'(M) is surjective. (3.3.6)

Moreover ds: E§’2 = kerdy — Eg”o is trivial since Eg”o = 0. Therefore,
Ey? = E%? by (3.3.3). Since E%? is the image of v*: HA(M) — H*(M),
the rank of H*(M)/u*(HA(M)) is nby (M) by (3.3.6).

Suppose that 2 < 7 < n — 1. We need to prove that the differentials

dp: EY¥ — B
: T r
are all trivial. In fact, the target group E"%~"*! vanishes. This follows
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from (3.3.1) unless 7 = 2j. As for the case r = 2j, we note that
dy: E§’2 — E§+2’1 is surjective for p > 0, (3.3.7)

which follows from (3.3.2) and (3.3.6). Therefore E™>" = 0 for p >
0, in particular E%%~"t! = 0 for r = 2j because j > 2. Therefore
L H%](M) — H% (M) is surjective for 2 < j <n — 1.

The remaining case j = n can be proved directly, namely without
using the Serre spectral sequence. Let x be a T-fixed point of M and
let ¢: x — M be the inclusion map. Since M is orientable and ¢
is T-equivariant, the equivariant Gysin homomorphism ¢;: H%(x) —
H?'(M) can be defined and (1) € H2"(M) restricts to the ordinary
Gysin image of 1 € H%(z), that is the cofundamental class of M. This
implies the surjectivity of /*: H¥'(M) — H*'(M) because H*"(M) is

an infinite cyclic group generated by the cofundamental class. ]

3.4 On the ring structure

Let m: ET xp M — BT be the projection. Since 7*(H?*(BT)) maps to
zero by the restriction homomorphism ¢*: H}.(M) — H*(M), «* induces

a graded ring homomorphism
I Hix(M) /(7% (H*(BT))) — H*(M) (3.4.1)

which is surjective except in degrees 2 and 2n — 1 by Lemma 3.3.2 (and
bijective in degree 1 by Lemma 3.3.1). Here (7*(H?*(BT))) denotes the
ideal in Hi(M) generated by m*(H?(BT)). The purpose of this section

is to prove the following.
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Proposition 3.4.1. The map t* in (3.4.1) is an isomorphism except in

degrees 2, 4 and 2n—1. Moreover, the rank of the cokernel of t* in degree

2 is nby (M) and the rank of the kernel of t* in degree 4 is (5)bi(M).

The rest of this section is devoted to the proof of Proposition 3.4.1.
We recall the following result, which was proved by Schenzel ([20], [21,
p.73]) for Buchsbaum simplicial complexes and generalized to Buchs-
baum simplicial posets by Novik-Swartz ([17, Proposition 6.3]). There
are several equivalent definitions for Buchsbaum simplicial complexes
(see [21, p.73]). A convenient one for us would be that a finite simpli-
cial complex A is Buchsbaum (over a field k) if for all p € |A] and all
i < dim |A|, H;(|A], |A\{p}; k) = 0, where |A| denotes the realization
of A. In particular, a triangulation A of a manifold is Buchsbaum over
any field k. A simplicial poset is a (finite) poset P that has a unique
minimal element, 0, and such that for every 7 € P, the interval [0, 7] is
a Boolean algebra. The face poset of a simplicial complex is a simplicial
poset and one has the realization |P| of P where |P| is a regular CW
complex, all of whose closed cells are simplices corresponding to the in-
tervals [0,7]. A simplicial poset P is Buchsbaum (over k) if its order
complex A(P) of the poset P = P\{0} is Buchsbaum (over k). Note
that |A(P)| = |P| as spaces since |A(P)] is the barycentric subdivision
of |P|. See [17] and [21] for more details.

Theorem 3.4.1 (Schenzel, Novik-Swartz). Let A be a Buchsbaum sim-

plicial poset of dimension n — 1 over a field k, k[A] be the face ring of
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A and let b1, ...,0, € k[A]; be a linear system of parameters. Then

FK[A]/ (01, 0n),t) =(1 — )" F(K[A], 1)

+ zn; (?) (;il(—nﬂ dimy }L(A))ti

where F'(M,t) denotes the Hilbert series of a graded module M.

As is well-known, the Hilbert series of the face ring k[A] satisfies

(1 —t)"F(k[A],t) = Zn: hit'.

We define R for i =0,1,...,n by

F(K[A]/(6r,...,0,),t) = > ht',
i=0
following [17].

Remark 3.4.1. Novik-Swartz [17] introduced

—1

h! = h, — <”) dimy H; 1(A) = hj + <”) ( jz (—1)7 dimy ﬁi(A))

J J) N

for 1 <14 < n—1 and showed that h;’ > (0 and h;fb_j = h;-’ for1 <j<n-—1.

We apply Theorem 3.4.1 to our simplicial poset P which is dual to

the face poset of (M /T). For that we need to know the homology of

the geometric realization |P| of P. First we show that |P| has the same

homological features as (M /T).

Lemma 3.4.1. The simplicial poset P is Buchsbaum, and |P| has the

same homology as O(M/T).

Proof. We give a sketch of the proof. Details can be found in [1, Lemma

3.14]. There is a dual face structure on |P|, and there exists a face

49



preserving map g: O(M/T) — |P| mentioned in the proof of Propo-
sition 3.2.1. Let F be a proper face of M/T and F’ the correspond-
ing face of |P|. By induction on dim F' we can show that g induces
the isomorphisms ¢,: H,(OF) = H,(0F"), g»: H.(F) = H,(F'), and
gv: H(F,0F) = H.(F',0F'). Since F is an acyclic orientable man-
ifold with boundary, we deduce, by Poincaré-Lefschetz duality, that
H.(F',0F") = H,(F,0F) vanishes except in degree dim F. Note that F”
is a cone over OF" and OF" is homeomorphic to the link of a nonempty
simplex of P. Thus the links of nonempty simplices of P are homol-
ogy spheres, and P is Buchsbaum [17, Prop.6.2]. Finally, g induces an
isomorphism of spectral sequences corresponding to skeletal filtrations

of &(M/T) and |P|, thus induces an isomorphism g,: H,(d(M/T)) =
H.(|P]). O

Lemma 3.4.2. |P| has the same homology as S™ b (ST x S"™2) (the

connected sum of S"1 and by copies of St x S"72).

Proof. By Lemma 3.4.1 we only need to prove that (M /T) has the
same homology groups as S™ b, (S! x S"~2). Since M/T is homotopy
equivalent to a wedge of circles, H'(M/T) = 0 for i > 2 and hence the
homology exact sequence of the pair (M/T,0(M/T)) shows that

Hiy(M/T,0M/T)) = H;(O(M/T)) fori> 2.
On the other hand, M /T is orientable by Lemma 3.2.2 and hence
Hi(M/T, O(M/T)) = H"~1(M/T)

by Poincaré-Lefschetz duality, and H" "1 (M/T) =0 forn —i—1 > 2.
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These show that
H;(O(M/T)) =0 for2<i<n-—3.

Thus it remains to study H;(0(M/T)) for i = 0,1,n—2,n— 1 but since
J(M/T) is orientable (because M /T is orientable), it suffices to show

Hi(O(M/T)) = H;(S" '1by(S" x S"7%)) fori=0,1. (3.4.2)

When n > 3, §"11b; (S x S"72) is connected, so (3.4.2) holds for i = 0
and n > 3. Suppose that n > 4. Then H* 2(M/T) = H" Y(M/T) = 0,
so the cohomology exact sequence for the pair (M/T,0(M/T)) shows
that H"2(0(M/T)) = H" Y(M/T,0(M/T)) and hence Hy(0(M/T)) =
H,(M/T) by Poincaré—Lefschetz duality. Since M /T is homotopy equiv-
alent to a wedge of b; circles, this proves (3.4.2) for i = 1 and n > 4.
Assume that n = 3. Then Hy(M/T,0(M/T)) = H*(M/T) = 0. We
also know Hy(M/T) = 0. The homology exact sequence for the pair
(M/T,0(M/T)) yields a short exact sequence

0— Ho(M/T,0(M/T)) — Hi(0O(M/T)) — Hi(M/T) — 0.

Here Ho(M/T,0(M/T)) = H'(M/T) by Poincaré-Lefschetz duality.
Since M /T is homotopy equivalent to a wedge of b; circles, this implies
(3.4.2) for i = 1 and n = 3.

It remains to prove (3.4.2) when n = 2. We use induction on b;.
The assertion is true when b, = 0. Suppose that by = by(M/T) > 1.
We cut M/T along a fold so that by(M'/T) = by(M/T) — 1, where M’
is the toric origami manifold obtained from the cut, see Section 3.1.

Then by(0(M'/T)) = by(0(M/T)) — 1. Since (3.4.2) holds for 9(M'/T)
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by induction assumption, this observation shows that (3.4.2) holds for

a(M/T). 0

Lemma 3.4.3. Forn > 2, we have

n . n . n
; h;tl = Z b?itZ — nblt + <2> b1t2.

i=0
Proof. By Lemma 3.4.2, for n > 4, we have

2

by ifi=1 n-2,

dmH(P) =<1  ifi=n—1.

0 otherwise.
\
Hence
(

0 if j=1,2,
j—2
> (1) dim Hy(P) = S (—1)/- 1, if3<ji<n—1,
i=—1

((—1)”_1 +1)by if j =n.

\

Then, it follows from Theorem 3.4.1 that
Zh’tl thwz )by < ) (D) )bt

= Z hiti — b1(1 — t)n + b1<1 —nt + (Z) t2) + byt"

1=0

— Z hit' + by (1 + 1" — (1 — 1)) — nbit + (Z) by t?

1=0

= Z bgiti — nblt + <Z) b1t2

1=0

where we used Theorem 3.1.2 at the last identity. This proves the lemma
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when n > 4. When n = 3,

)
2b, ifi =1,
dim H;(P) = { 1 ifi=2
\0 otherwise,

and the same argument as above shows that the lemma still holds for

n =3. When n = 2,

by if i =0,

dmH(P)=4b +1  ifi=1,

0 otherwise,

and the same holds in this case too. ]

Remark 3.4.2. One can check that

n—1

n—1
D OB =Y boit’ —mby (t 4771,
=1

i=1

Therefore, h = h/(P) is not necessarily equal to by; = by;(M) although
both are symmetric. This is not surprising because h! depends only on
the boundary of M/T. It would be interesting to ask whether h/(P) <
bei(M) when the face poset of d(M/T) is dual to P and whether the

equality can be attained for some such M (M may depend on 7).
Now we prove Proposition 3.4.1.

Proof of Proposition 3.4.1. At first we suppose that k is a field. By
Proposition 3.2.1 we have Z[P] = H§'"(M). The images of ring gener-
ators of H*(BT;k) by 7* provide an h.s.o.p. 61,...,0, in HZX"(M;k) =

k[P]. This fact simply follows from the characterization of homogeneous

53



systems of parameters in face rings given by [6, Th.5.4]. Thus we have

F(HP"(M;k)/(x*(H*(BT;k))),t) = > bai(M)t' — nbyt + (Z) byt
i=0
(3.4.3)
by Lemma 3.4.3. Moreover, the graded ring homomorphism in (3.4.1)

KPL (O, 0,) = HE (M) (x* (HA(BT; K))) — H(M; )
(3.4.4)
is surjective except in degree 2 as remarked at the beginning of this
section. Therefore, the identity (3.4.3) implies that 7* in (3.4.4) is an
isomorphism except in degrees 2 and 4. Finally, the rank of the cokernel
of 7* in degree 2 is nby (M) by Lemma 3.3.2 and the rank of the kernel of
r* in degree 4 is (3)b1 by (3.4.3), proving Proposition 3.4.1 over fields.
Now we explain the casek = Z. The map n*: H*(BT;k) — H;(M;k)
coincides with the map 7*: H*(BT;Z) — H;(M;Z) tensored with k,
since both H*(BT;Z) and H}(M;Z) are Z-torsion free. In particular,
the ideals (7*(H*(BT;k))) and (7*(H*(BT;Z))®k) = (7*(H*(BT;Z)))®
k coincide in H}(M;k) = H;(M;7Z) ® k. Consider the exact sequence

(7" (H*(BT3Z))) — Hyp(M; Z) — Hp(M; Z) /(" (H* (BT Z))) — 0

The functor — ® k is right exact, thus the sequence

(r*(H*(BT;Z)))®k — H:(M;Z)Qk — Hi(M;Z)/(r*(H*(BT;Z)))®k — 0

is exact. These considerations show that
Hy(M; Z) /(7" (H*(BT; 2))) ® k = Hp(M; k) /(7" (H* (BT k)))
Finally, the map
o' Hy(M;k)/ (" (H*(BT:k))) — H'(M, k)
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coincides (up to isomorphism) with the map
' Hp(M;2)/(n*(H*(BT; Z))) — H*(M,Z),

tensored with k. The statement of Proposition 3.4.1 holds for any field
thus holds for Z. H

We conclude this section with some observations on the kernel of ¢*

in degree 4 from the viewpoint of the Serre spectral sequence. Recall
Hy(M)=F"* > FP > F? > FP o FHY o Fl=0
where FP4/Frtla-l = Epa. Since BV = HP(BT) @ HY(X), E2? = 0
for p odd. Therefore,
rank H7(M) = rank E%* + rank E%? + rank E2°,
where we know E%* = Ey* = HY(M) and EX0 = E;° = HYBT). As
for %2, we recall that
dy: EP? — EV™1 s surjective for any p > 0

by (3.3.7). Therefore, noting H*(M) = 0, one sees Ea* = E22. Tt

oo

follows that

1
rank £2? = rank E22’2 —rank Eg"l = nby — (n ; )bl.

On the other hand, rank E%? = by — nb; and there is a product map
©0: B @ E20 — E*2.

The image of this map lies in the ideal (7*(H?(BT)) and the rank of

the cokernel of this map is

n+1 n
nbg - ( 9 )bl — n(bg —nbl) = <2)b1
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Therefore

rank ng + rank coker o = by + (Z) by

which agrees with the coefficient of ¢* in F'(H"(M)/(7*(H*(BT))),t)
by (3.4.3). This suggests that the cokernel of ¢ could correspond to the

kernel of * in degree 4.

3.5 4-dimensional case

In this section, we explicitly describe the kernel of 7* in degree 4 when
n = 2, that is, when M is of dimension 4. In this case, (M /T) is the
union of b; + 1 closed polygonal curves.

First we recall the case when by = 0. In this case, HF"(M) =
H3(M). Let 0(M/T) be an m-gon and vy, . .., v, be the primitive edge
vectors in the multi-fan of M, where v; and v; 1 spans a 2-dimensional
cone for any i = 1,2,...,m (see [16]). Note that v; € Ho(BT) and we
understand vy,,41 = v and vy = vy, in this section. Since {v;,v;j;1} is a
basis of Hy(BT) for any j, we have det(vj,vj41) = 1.

Let 7, € H2(M) be the equivariant Poincaré dual to the characteristic

submanifold corresponding to v;. Then we have

™ (u) = Z<U,UZ’>T¢ for any u € H*(BT), (3.5.1)

i=1
where ( , ) denotes the natural pairing between cohomology and ho-

mology, (see [14] for example). We multiply both sides in (3.5.1) by

7;. Then, since 7;7; = 0 if v; and v; do not span a 2-dimensional cone,
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(3.5.1) turns into

0 = (u, vi_ ) Ti_1Ti+ (u, )72+ (u, v )T in Hi(M) /(7" (H*(BT))).

(3.5.2)
If we take u with (u,v;) = 1, then (3.5.2) shows that 72 can be expressed
as a linear combination of 7,_y7; and 77;1. If we take u = det(v;, ),
then u can be regarded as an element of H?(BT) because H*(BT) =
Hom(Hy(BT),Z). Hence (3.5.2) reduces to

det(v;_1,v;)7i_17; = det(vs, vig1)TiTis1  in Hp(M) /(7" (H*(BT))).
(3.5.3)
Finally we note that 7;7;,1 maps to the cofundamental class of M up to
sign. We denote by u € H7(M) the element (either 7;,_17; or —7;_17;)
which maps to the cofundamental class of M.

When b; > 1, the above argument works for each component of
O(M/T). In fact, according to [14], (3.5.1) holds in H}(M) mod-
ulo H*(BT)-torsion but in our case there is no H*(BT)-torsions in
H{"(M) by Proposition 3.2.2. Suppose that 9(M/T') consists of m-
gons for j = 1,2,...,b; + 1. To each m -gon, we have the class p; €
H7(M) (mentioned above as ). Since p; maps to the cofundamental
class of M, p; — p; (i # j) maps to zero in H*(M); so it is in the kernel
of 7*. The subgroup of H&**(M)/(n*(H?(BT))) in degree 4 generated
by pi — p; (i # j) has the desired rank b;.

Example 3.5.1. Take the 4-dimensional toric origami manifold M cor-
responding to the origami template shown on fig. 3.2 (Example 3.15 of
[7]). Topologically M /T is homeomorphic to St x [0, 1] and the bound-

ary of M /T as a manifold with corners consists of two closed polygonal
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N /

Figure 3.2: The origami template with four polygons
curves, each having 4 segments. The multi-fan of M is the union of two
copies of the fan of CP! x CP! with the product torus action. Indeed,
if v, vy are primitive edge vectors in the fan of CP! x CP! which spans
a 2-dimensional cone, then the other primitive edge vectors vs, ..., vg in

the multi-fan of M are
v3 = —v1, Uy4=—v9, and v;=wv;_4 fori=5,...,8
and the 2-dimensional cones in the multi-fan are
Zvve,  Luguy,  Luzvy,  Lugvy,
41)5?)6, ZUG’U% 4’07’08, 41}81}5,

where Zvv" denotes the 2-dimensional cone spanned by vectors v and

v'. Note that

7,75 = 0 if v;, v; do not span a 2-dimensional cone. (3.5.4)
We have
8
™ (u) = Z<U7Ui>7_i for any u € H*(BT). (3.5.5)
i=1

Let {v},v;} be the dual basis of {vy,v9}. Taking u = v} or vj , we see

that

AT =T+7, TotTe=Ti+75 in Hi(M)/(7*(H*(BT))). (3.5.6)
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Since we applied (3.5.5) for the basis {vi,v3} of H?(BT), there is no
other essentially new linear relation among 7;’s.
Now, multiply the equations (3.5.6) by 7; and use (3.5.4). Then we

obtain

72 =0 for any i,

(U1 :=)T1T2 = ToT3 = T3Ty = T4T1,

(12 :==)Ts576 = 7677 = o7 = 1375 in HH(M) /(7" (H*(BT))).
Our argument shows that these together with (3.5.4) are the only degree
two relations among 7;’s in Hx(M)/(7*(H*(BT))). The kernel of

r H(M; Q) /(n* (HX(BT;Q))) — H"(M; Q)

in degree 4 is spanned by p; — uo.

3.6 Some observation on non-acyclic cases

The face acyclicity condition we assumed so far is not preserved under
taking the product with a symplectic toric manifold N, but every face
of codimension > %dim N +1 is acyclic. Motivated by this observation,
we will make the following assumption on our toric origami manifold M

of dimension 2n:

every face of M /T of codimension > r is acyclic for some integer

r.

Note that » = 1 in the previous sections. Under the above assumption,
the arguments in Section 3.1 work to some extent in a straightforward

way. The main point is that Lemma 3.1.5 can be generalized as follows.
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Lemma 3.6.1. The homomorphism H* (M) — H*(Z, U Z_) induced

from the inclusion is surjective for j > r.
Using this lemma, we see that Lemma 3.1.3 turns into the following.

Lemma 3.6.2.

r r

Z(b%(M) — byi1(M)) = Z(bzi(M) — bai-1(M)) + ba(B)

bQZ(M) — b2i—1(M) = bQZ(M) — bgi_l(M) + bQZ(B) — bQi_Q(B) fOTi Z r+ 1.
Combining Lemma 3.6.2 with Lemma 3.1.2, Lemma 3.1.4 turns into
the following.
Lemma 3.6.3.
bi(M') =by (M) —1, bop(M') = bo.(M) + by, _2(B) + b, (B),
boiv1 (M) = by (M) forr<i<n-—r-—1.
Finally, Theorem 3.1.1 is generalized as follows.
Theorem 3.6.1. Let M be an orientable toric origami manifold of di-

mension 2n (n > 2) such that every face of M /T of codimension > r is

acyclic. Then
bzprl(M) =0 fOT’?“SiSTL—T—l.

Moreover, if M' and B are as above, then
bi(M')=b1(M)—1 (hence by 1(M') = by, 1(M) — 1 by Poincaré duality),

bgi(M/) = bQZ(M) + bQZ(B) + b2¢_2(B) fOT T S 1 S n—r.
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Chapter 4

Towards non-orientable cases

4.1 The coorientable case

In this section we will discuss about the cohomology groups of a non-
orientable toric origami manifold M with coorientable folding hypersur-
face. By Lemma 5.1 in [12], the T-action on M is locally standard, so
M /T is a manifold with corners. In this section we assume that each
proper face of M /T is acyclic. We will construct the orientation cover-
ing M of M to study the cohomology groups of M. For this purpose, we
construct the orientation covering for the associated origami template

of M.

Construction. Let G = (V| FE) be the graph associated to M and
(G, ¥y, ¥g) be the corresponding origami template. Then we can con-
struct a new 2-colorable graph G = (\A/, E), the double covering of
G = (V, F), and its origami template is (@, U5, ¥s) by the following
process. Set

V ={v,...,un}
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1. Consider
V=wur,

where

W ={w,...,wn}, U={ug,...un},
are two sets. Let f: W — V and g : U — V be two maps such that
f(w;) = v; and g(w;) = v;;

2. B = {(wj,u;) € W x U | (f(wy), g(u;)) € E};

v,

3. @§::V&>V—>Dn;

4. Ug E% E 25 g, where ¢ (wi, u;) — (vi,v;).

Lemma 4.1.1. Let P and P be the origami templates of (G, Yy, Vg)
and (@, s, Ug) respectively. Then there exists a map  :| P |—| P |

which preserves the order of faces and is an orientation covering of | P |.

Proof. Recall that | P |= U(P,, U P,)/ ~ where (vg, x) ~ (v;,y) if and
only if (vp,v) € E and & = y € Ug(vg,v). | P |= U(Py, UP,)/ ~s
where (w;, z) ~9 (uj,y) iff (w;,u;) € Eandz =y € W = (wj, uj).

Since G is 2-colorable, | P | is orientable as a manifold with corners.

1dUid

From the map U(P,,,LUP,,) — UP,., we have a well-defined continuous

map

|—|(sz L Pul)/ ~y— <|_|Pvz)/ ~

Namely,
[ Pl—=IPI.

We denote this map by 7. Note that the following diagram is commu-
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tative
idUid

U(P,, UP,) 4 p,
al !
[Pl = |P]

where ¢ and ¢ are the quotient maps. Then we can obtain that 7 is
surjective since g o (id Ll id) is surjective.

For any [(v;, z)] €] P |, we have

7 v, @) = {[(wi, @), [(w, )]},
where “[]” means the equivalence classes in the corresponding quotient
spaces. In fact, [(w;, x)] # [(us, x)] since (v;,v;) ¢ E. Otherwise the
origami template (G,Vy,Vg) is not codrientable. It is not difficult
to check that 7 is a local homeomorphism, so 7 :| P |—| P | is an
orientation covering map. Moreover m maps k-dim faces of P to k-dim

faces of P. This completes the proof. []

Lemma 4.1.2. If P is codrientable and each proper face of | P | is

acyclic, then each proper face of | P | is also acyclic.

Proof. Let F be a proper face of | P |, then 7(F) is also a proper face
of | P |. Set m(F) = F, then 7 !(F) is a double covering of F. Since
I is homotopy equivalent to wedge of circles and acyclic, F' is simply
connected. Thus 7 X(F) = F U F', where F = I’ 2 F as manifolds
with corners. Therefore, Fis acyclic.

]

We denote by M the toric origami manifold corresponding to the
origami template P. Then it is not difficult to see that M is an orienta-

tion covering of M and we denote the covering map by .

63



Lemma 4.1.3. The i-th cohomology group of M has the following form:

H'(M) = 72" @(Z)".

Proof. Consider the transfer homomorphism:

—

™ H* (M) — H* (M).

—~

Note that 7% o 7* = 2, where 7* : H*(M) — H*(M) is induced from
T M > M, so if a € ker7*, then 2a = 0. Each proper face of the
orbit space M /T is acyclic, so H *(]\/4\ ) is torsion free by Theorem 3.1.1.
Therefore, H' (M) = Z" @(Z3)", where b;, c; € NU {0}. O

By the above lemma and the universal coefficients theorem, it suffi-

cient to consider H*(M;Q) and H*(M;Z,).
Lemma 4.1.4 ([3)). bi(M) = by(M) + boy_;(M).

Corollary 4.1.1. by; (1 (M) =0 for1<i<n-—2.

—

Proof. We know that by;1(M) = 0 for 1 <i < n — 2 by Theorem 3.1.1,
S0 boi 1 (M) =0=for 1 <i<n—2by Lemma 4.1.4. u

Since M is a toric origami manifold with coorientable folding hyper-
surface, topologically M is obtained by equivariant connected sums of
toric symplectic manifolds along their T-invariant divisors. However for
a non-orientable manifold, we can not apply Poincaré duality with Q
coefficients.

To fix our notations, we recall the arguments at the beginning of
section 3.1. Let M be a toric origami manifold of dimension 2n with

coorientable folding hypersurface. Let Z be a component of the folding
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hypersurface, ' be the corresponding folded facet in the origami tem-
plate of M and let B be the symplectic toric manifold corresponding
to F'. The normal line bundle of Z to M is trivial so that an invariant
closed tubular neighborhood of Z in M can be identified with Z x[—1, 1].
We set

M := M —Int(Z x [-1,1]).

This has two boundary components which are copies of Z. We close
M by gluing two copies of the disk bundle associated to the principal
Sl-bundle Z — B along their boundaries. The resulting closed manifold
(possibly disconnected), denoted M’ is again a toric origami manifold.

Let G be the graph associated to the origami template of M. A folded
facet in the origami template of M corresponds to an edge of G. We
assume that b;(G) > 1. We choose an edge e in a (non-trivial) cycle
of G and let F', Z and B be respectively the folded facet, the fold and
the symplectic toric manifold corresponding to the edge e. Then M’ is
connected and the graph G’ associated to M’ is nothing but the graph
G with the edge e removed, so b1(G") = b1 (G) — 1.

Two copies of B lie in M’ as closed submanifolds, denoted B, and
B_. Let Ny (resp. N_) be an invariant closed tubular neighborhood of
B, (resp. B_) and Z, (resp. Z_) be the boundary of N, (resp. N_).
Note that M’ — Int(N,. U N_) can naturally be identified with M, so
that

M=M —Int(N, UN_) =M — Int(Z x [-1,1])
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and

M' =MU(N,.UN_), MN(NyUN.)=Z,UZ_, (411)

M=MU(Zx[-1,1]), MnZx[-1,1])=Z,UZ . (412)

We shall investigate relations among Betti numbers of M, M', M, Z
and B. The spaces M and Z are auxiliary ones and our aim is to find
relations between Betti numbers of M, M’ and B.

Since the proof of Lemma 3.1.1 and Lemma 3.1.2 do not use Poincaré

duality, we also have the following two equations.
bQZ(Z) — bgi_l(Z) = bQZ(B) — bQZ’_2<B) for any 1. (413)

bQZ(M) — bgi_l(M) = bQZ(M/) — bgi_l(M/) — 2[)22‘_2(3> fOl“ any 7.

(4.1.4)
Lemma 4.1.5. by, (M) =0 (M) — 1.
Proof. By Lemma 4.1.4 we have
b1(M) + by—1 (M) = by (M). (4.1.5)
Let G be the graph associated to M , then
V(@) =2V(G)|, [E@) =2E@G), (4.1.6)

where V(G) and E(G) denote the sets of vertexes and edges of G re-
spectively, and V(G) and F(G) denote the same sets for G.
Since
|E(G)| — [V(G)| + 1 = dim H'(G), (4.1.7)
we have
E(G)| - [V(G)] +1 =dim H'(G). (4.1.8)
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Hence by (4.1.6), (4.1.7) and (4.1.8), we have
dim H'(G) = 2dim H'(G) — 1. (4.1.9)

Since proper faces of M /T and M /T are acyclic, M and M must have

fixed points. By Proposition 2.3 in [16], we have

—

(M) = m(M/T) = m(G),

which implies that

— ~

Therefore

—

b1 (M) = dim H'(G). (4.1.10)

Similarly, we have
by (M) = dim HY(G). (4.1.11)
By (4.1.9), (4.1.10) and (4.1.11), we have
bi(M) = 2by(M) — 1. (4.1.12)
Then by (4.1.5), we have
bon_1(M) = by (M) — 1.

This completes the proof of the lemma. ]

Lemma 4.1.6. bl(M/) = bl(M) — 1, bgn(M/) — bgn_l(M/) =1-
bon—1(M).

Proof. The first equation follows from

bl(M) = bl(G), bl(M/) = bl(G/) and bl(G) = bl(G/) + 1.
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Next, we show the second equation.
Case 1: The case where M’ is orientable. By Poincaré duality we

have

bon 1(M') = by (M) = by (M) — 1. (4.1.13)
Hence
bon(M') — bop 1 (M) =1— (by(M) —1) =1 — by, _1(M), (4.1.14)

so the last equality follows from Lemma 4.1.5.

Case 2: The case where M’ is non-orientable. Then
bop 1 (M) =by(M") —1,
follows from Lemma 4.1.5. Note that when M’ is non-orientable,
bon(M') =0,
SO
bon (M) — bgpy 1 (M) =1 =0y (M) =1— (by(M) —1) =1 — by, _1(M).
This completes the proof of the lemma. ]
Lemma 4.1.7. by(M') = by(M) + by(B) + 1.

Proof. Consider the Mayer-Vietoris exact sequence in cohomology for

the triple (M, M, Z x [—1,1]):

—H*2(M)—H* (M) ® H*(Z x [-1,1))»H**(Z, U Z.)
—H*"NM)—H*"Y(M)e H* YZ x [-1,1))»H* Y (Z. v Z_)

—H*(M) —H*(M)® H*(Z x[-1,1)) —H*(Z.UZ_)—.
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Case 1: n > 3. Since H*(M) = 0 by Corollary 4.1.1, the Mayer-
Vietoris exact sequence for the triple (M, M,Z x [—1,1]) splits into

short exact sequences:

0 -H (M)—H"(M)® H(Z x [-1,1])=H(Z, U Z_)
—HY (M)—H (M) ® H(Z x [-1,1])=HYZ, U Z_)

—H*(M)—H*(M)® H*(Z x [-1,1))=H*(Z, U Z_) = 0.

Hence we have

bo(M) — by (M) = by(M) — by (M) + by(Z) = by (Z) + 1. (4.1.15)
By (4.1.3) we have
bo(M) — by (M) = by(M) — by (M) + by(B). (4.1.16)

By (4.1.4) we obtain

ba(M) — by (M) = by(M') — by (M) — 2bo(B). (4.1.17)
By (4.1.16) and (4.1.17), we get
bo(M) = bi(M) = by(M') = by(M') = 200(B) — bp(B).  (4.1.18)
Since by (M') = by (M) — 1, we have
bo(M') = bo(M) + by(B) + 1. (4.1.19)

Case 2: n = 2. Consider the Mayer-Vietoris exact sequence for the

triple (M, M, Z x [-1,1]) :
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Since M is non-orientable, H*(M;Q) = 0. Hence the last term in the

above exact sequence is 0. By the above exact sequence, we have

bo(M) — bi(M) — by(M) = bo(M) — bi(M) — by(M) + bo(Z) — bi(2).

(4.1.20)
Note that M is a manifold with boundary, so
by(M) = 0. (4.1.21)
By (4.1.3), (4.1.4), (4.1.20) and (4.1.21) we have
bo(M") — by (M") — 2bo(B) + by(M") — bg(M") — 2b5(B
(M) = 02 (M7) (B) + b4(M) — bs(M") ()(4.1.22)

=bo(M) — by (M) — bs(M) + ba(B) — by(B).
We know that when n =2, B = CP!, so (4.1.22) reduces to

ba(M") =1 (M")+by(M') b3 (M) —4 = by (M) —by (M) —bs(M). (4.1.23)
By Lemma 4.1.6 and (4.1.23) we have
bo(M") = by(M) + 2 = bo(M) + by(B) + 1.
This completes the proof of the lemma. ]

Lemma 4.1.8.
b2i<M/) = bQZ(M) + bQZ(B) + bQZ'_Q(B) fO’I“ 2 S 1 S n—2andn 2 4

b4(M’) = b4(M) + b4(B> + b2(B> forn = 3.
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Proof. First, consider the case n > 4.

Since H* 1(M;Q) =0 for2<i<mn—2, we have

0 —H* Y M) H* YZ x [-1,1))=H* Y (Z, U Z.)

—H*(M)—H*(M)® H*(Z x [-1,1]) —H*(Z,UZ_) =0,

By the above exact sequence and (4.1.3) we have

bQZ(M) - bQi_l(M) = bQZ(M) + bQZ(B) — bzi_Q(B) for 2 S 1 S n—2.
(4.1.24)

By the above equation and (4.1.4) we have

boi (M) —bo; 1 (M')—2bo; _o(B) = bai(M)+bo;j(B)—bo;_2(B) for2<i<mn-—2.
(4.1.25)

Since the folding hypersurface of M'/T is coorientable and each proper

face of M'/T is acyclic, by;_1(M') = 0 for 2 < i < n — 1 by the same

argument as in the proof of Corollary 4.1.1. Hence (4.1.25) reduces to
bgi(M/> = bQZ(M) + bQZ<B) + bQZ;Q(B) for 2 S 1 S n— 2. (4126)

Next, we consider the case n = 3.
By Corollary 4.1.1, the Mayer-Vietoris exact sequence for the triple
(M, M, Z x [—1,1]) splits into
—0— H(M)® H}Z x [-1,1)) = H}(Z, U Z_)
—HY (M) - HYM)® HYZ x [-1,1]) = HYZ, U Z_)
—H5(M) — H* (M) ® H*(Z x [-1,1]) = H(Z, U Z_)

— 0.

Since M is non-orientable, H®(M;Q) = 0. Hence the last term in the
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above exact sequence is 0. Thus we have
ba( M) —bs(M)—bs(M) = by(M)—bs(M)+by(Z)—b3(Z)—bs(Z) (4.1.27)

Note that M is a manifold with boundary, so

bs(M) = 0. (4.1.28)
By (4.1.3), (4.1.4), (4.1.27) and (4.1.28), we have

ba(M") — b3(M'") — 2b2(B) 4 bs(M') — bs(M') — 2b4(B) (4.1.20)
(M) — b(M) + ba(B) — bo(B) — bs(2). N

Since b3(M') =0, b5(Z) = 1 and by(B) = 1, (4.1.29) reduces to
by(M") — bo(B) + bg(M") — bs(M") — 2 = by(M) — bs(M).  (4.1.30)

We know that bg(M') — bs(M') = 1 — bs(M) by Lemma 4.1.6, so by
(4.1.30), we have

by(M') = by(M) + by(B) + bo(B).
This completes the proof of the lemma. ]
Lemma 4.1.9.
bon—2(M') — bay—4(B) = bay—o(M) + 1

1.€.,

bgan(M” = bgan(M) + bgnf4(B) + bzan(B).

Proof. We consider two cases to prove the lemma.
Case 1: m = 2. In this case B = CP!, so the lemma follows from

Lemma 4.1.7.
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Case 2: n > 3. We know that H**3(M) = 0 by Corollary 4.1.1 and
H*(M) = 0 since M is non-orientable, so the Mayer-Vietoris exact

sequence for the triple (M, M, Z x [—1,1]) splits into
—0— H"3(M)® H 3(Z x [-1,1]) » H*™3(Z, U Z_)
—H*" (M) — H*" (M) ® B (Z x [-1,1]) = B *(Z, U Z.)
—SH™ Y M) - H"™ Y (M)® H" Y Z x [-1,1]) - H Y (Z,u Z)

—0.

Hence

Doy —a2(M) — by _3(M) — by, 1 (M)

(4.1.31)
=boyo(M) — bay 1 (M) — bap3(Z) + ban—2(Z) — b2p-1(2).
Since M is a manifold with boundary,
bon (M) = 0. (4.1.32)

By (4.1.3), (4.1.4), (4.1.31) and (4.1.32), we have
ban—2(M") = bap3(M") — 2bg,—4(B) + ban(M') — bap1(M') — 2bg,—2(B)
=bon—2(M) — bap1(M) + bay—2(B) — bap—4(B) — bay—1(2).
(4.1.33)
Note that by, 2(B) = 1, by, 1(Z) = 1, and H*3(M’;Q) = 0, so by
(4.1.33) we obtain that
ban—2(M") + o (M') = by 1 (M) = bap—4(B) = bay—o(M) — by 1 (M) +2.
(4.1.34)

Hence the lemma follows from (4.1.34) and Lemma 4.1.6. This completes

the proof of this lemma. ]
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In summary, by Corollary 4.1.1, Lemma 4.1.5, Lemma 4.1.7, Lemma

4.1.8, and Lemma 4.1.9 we obtain the following.

Lemma 4.1.10. Let M be a non-orientable toric origami manifold of
dimension 2n (n > 2) with codrientable folding hypersurface such that

every proper face of M/T is acyclic. Then

b2i+1(M):0 fO?“lSZS?’L—Q

(4.1.35)
bi(M) =by(M/T), by 1(M)=b(M/T) -1,
Moreover, if M' and B are as above, then
bgi(M/) = bQZ(M) + bQZ(B) + bQi_Q(B) fOT 1 S 1 S n — 1,
(4.1.36)

bo(M) =1, by, (M) =0.

Since all the relations among bo;(M) and by;(M’) for i < n — 1 are

the same as (3.1.6) in Theorem 3.1.1, we have the following theorem.

Theorem 4.1.1. Let M be a non-orientable toric origami manifold of
dimension 2n (n > 2) with coorientable folding hypersurface such that
every proper face of M/T is acyclic. Let b; be the j-th Betti number
of M with Q coefficients and (hg, hy,...,h,) be the h-vector of M/T.
Then

bQZ:hZ—(—l)Z(:L>b1 fOTl Szgn—l

When we consider the Betti numbers of M with Zs coefficients, we can

use Poincaré duality for non-orientable manfolds, so all the arguments

are the same as the orientable case.
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Theorem 4.1.2. Let M be a non-orientable toric origami manifold of
dimension 2n (n > 2) with coorientable folding hypersurface such that
every proper face of M/T is acyclic. Let b; be the j-th Betti number

of M with Zs coefficients and (hg, h1, ..., hy,) be the h-vector of M/T.
Then

D bott = ht' + by (L+t" = (L—t)"),
i=0 i=0
in other words, by = hg = 1 and

by = hy — (—1)2'(7?)191 forl1<i<n-—1,
1

b = h + (1 — (—1)")by,

by = boy_1 = by (M/T),

b2i+1:0 fOT’lSiSTL—Q.

By Lemma 4.1.10, Theorem 4.1.1, Theorem 4.1.2 and the universal

coefficients theorem, we obtain the following.

Theorem 4.1.3. Let M be a non-orientable toric origami manifold of
dimension 2n (n > 2) with coorientable folding hypersurface such that
every proper face of M /T is acyclic. Let b; be the j-th Betti number of
M with Z coefficients and (ho, hy, ..., hy,) be the h-vector of M/T. Then
HY(M) is torsion free fori < 2n — 1.

Moreover,
by = ho = 1,

bQZ:hZ—(—1>Z<n>b1 fO’/’l §z§n—1,

1

(0]



boi1(M) =0 for2<i<n-—1,
by = b (M/T),
bon—1=0(M/T) — 1,
H* (M) & Zsy.
Example 4.1.1. Consider the following origami template, and let M

denote the toric origami manifold corresponding to this template.

" |

From this template, we can see that the f-vector is

(fo, f1) = (6,6),

so the h-vector is

(ho, h1, he) = (1,4,1).

By Theorem 4.1.3, we have
HY(M)=17, HY (M) =17, H*(M) =175 H*(M) =0, H'(M) = Z,.
4.2 The non-coorientable case

In this section, we will discuss the cohomology groups of a non-orientable
toric origami manifold M with a non-coorientable folding hypersurface

/ and we assume connectedness of 7.
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Let (G,Vy,Vg) denote the origami template of M such that the

associated graph G has only one vertex v and a loop e.

Set Wy (v) = P, ¥g(e) = F. Let M’ and B be the symplectic toric
manifolds corresponding to P and F' respectively. Consider the graph
G = (V,E), where V = {vy, 5} and E = {&} = {(v1,v2)}.

(&

V1 @ @ V2

Then we can construct a new origami template (CA}’, Uy, V) such

that
Us(v1) = ¥Yp(vg) = Uy (v) = P
and
Vs(e) =Vg(e) = F.

Let M be the toric origami manifold corresponding to the origami
template (@, Uy, Wz). Since G is 2-colorable, the origami template
(@, Uy, Uj) is orientable. Hence M is orientable by Theorem 2.6.1.

Topologically, M is just the equivariant connected sum of two copies

of M’ along the submanifold B. Let N be an invariant closed tubular
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neighborhood of B in M’ with boundary Z. Let N be an invariant closed
tubular neighborhood of Z. By the radial blow-up operation in [7] for
the non-codrientable case, Z is a double covering but not an orientation
covering of Z while M is an orientation covering of M.
Set
M = M — Int(N),

then
M=MUN, MNON-=2Z, (4.2.1)

On the other hand,

M = M' —Int(N),
and
M'=MUN, MnN=2Z (4.2.2)

Since Z and Z are orientable S!-bundles over B, we obtain the fol-

lowing two equations by the same reason of Lemma 3.1.1
Lemma 4.2.1. by(Z) — by_1(Z) = boi( B) — byi_o(B) for any i.
Lemma 4.2.2. by;(Z) — by;—1(Z) = bei(B) — by;—o(B) for any i.

Since each face of the orbit space M /T is acyclic, H “(M ) is torsion
free by [15] or [12]. By the same argument as in the proof of Lemma

4.1.3, we have
H'(M) = Z" P (Z,)"
for some b;,¢; € NU {0}.
Hence, it is sufficient for us to consider H*(M; Q) and H*(M;Z,).
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Proposition 4.2.1. The Q coefficients Betti numbers between M and

M' have the following relationship:

b2z(M) - bgi(M/) — b2i_2(B) fO?“ 1 S ) S n. (4.2.4)

Proof. Since each face of the orbit space M /T is acyclic, H 2Z'_1(]\/4\ )=0
by [15] or [12]. Thus H* '(M;Q) = 0 by Lemma 4.1.4. Hence the
Mayer-Vietoris exact sequence for the triple (M, M,N ) splits into:
0 — HZi—l(M) EBH%_l(N) s H2i—1(Z)
— H*(M) — H*(M)® H*(N) — H*(Z) — 0.

By the above short exact sequence, we have

boi (M) — boi—1 (M) = boi(M) + boi(Z) — boi—1(Z) — bai(N) + bai—1 (V)
(4.2.5)

Since N is a line bundle over Z, N is homotopy equivalent to Z. Hence,

we have

boi(M) — bai—1 (M) = bei (M), (4.2.6)
by Lemma 4.2.1 and Lemma 4.2.2. In fact,
boi(Z) = bai1(Z) = byi(B) — bi—2(B)
and
bai(N) — bai 1(N) = boi(Z) — bai1(Z) = bai(B) — by 2(B),

SO

boi(Z) — bai—1(Z) = bai(N) — bai—1(N).
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Since H*~1(M') = 0 the Mayer-Vietoris exact sequence for the triple
(M', M, N) splits into:
0 — HZY (M) ® H*(N) = H¥Y(2)
— H*(M') — H*(M)® H*(N) = H*(Z) = 0
We have

boi (M) — bai 1 (M) = boi(M") + b2i(Z) = bai—1(Z) — bai(N) + bai_1(N).
(4.2.7)

Since N is homotopy equivalent to B, bgi_l(N ) = 0. Hence this propo-
sition follows from Lemma 4.2.1, (4.2.6) and (4.2.7). O

Proposition 4.2.2. The Zs coefficients Betti numbers between of M

and M’ have the following relationship:

bgi_l(M) = bQZ‘_Q(B) fOT 1 S 1 S n. (428)

b2z(M) = bQZ’(M/) for1 <1 <n. (4.2.9)
Proof. Note that the map
H*(M) — H*(Z)

is surjective. In fact since B is a deformation retract of N, the following

diagram is commutative:

HY(M') — H%(B)

| I

HY (M) — HY(Z)
where 7 : Z — B is the projection and the other homomorphisms are

induced from the inclusions. By (3.1.3) 7* is surjective, and since M’ is
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a toric symplectic manifold, the homomorphism H? (M') — H?%(B) is
surjective. Hence

H*(M) — H*(Z)
is surjective. Therefore the Mayer-Vietoris exact sequence for the triple

(M, M, N) splits into:

0 =H* Y (M) - H¥ Y (M)® H¥ Y(N) - H* Y(2)
—H*(M) — H*(M) ® H*(N) - H*(Z) = 0
Then we have

boi(M) — by (M)
=boi (M) — boi_1 (M) + boi(Z) — byi_1(Z) (4.2.10)
—boi(N) + byi_1(N).
Note that N is homotopy equivalent to Z and Lemma 4.2.1 and Lemma
4.2.2 also hold for Zs coefficients, so (4.2.10) reduces to

boi (M) — bai—1 (M) = bpi(M) — by;_1(M). (4.2.11)
Since H*~Y(M';Zs) = 0, the Mayer-Vietoris exact sequence for the
triple (M’, M, N) splits into:
0 — H2i—1(M) D H%—l(N) N H2i—1(2)
— H*(M'") — H*(M) ® H*(N) —» H*(Z) = 0
We have
b2i<M) - 521'*1(]\%) = by (M') + b2¢(2) - bmel(Z) - b2¢(1\7) + bZi—l(N)-
(4.2.12)
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N is homotopy equivalent to B, so H* 1(N;Zy) = 0 and by(N) =
bei(B). Then by Lemma 4.2.1, we have

boi (M) — byi—1 (M) = bo;(M') — bgi_o(B). (4.2.13)

By (4.2.11) and (4.2.13) we obtain
boi(M) — bo;_1(M) = boi(M') — ba;_o(B). (4.2.14)
We claim that for any ¢
bon—o0i(M) = bap_2:(M'),  bop_9i-1(M) = ba,_2;_o(B). (4.2.15)

We show (4.2.15) by induction on i.
When i = 0, bon(M;Zs) = by, (M'; Zs) = 1, so by (4.2.14) we obtain
that
ban—1(M) = bay—2(B).

Suppose that for ¢+ < k, we have
ban—2i(M) = bay—0:(M"),  bap—2i-1(M) = bay—2i—2(B).
Then by Poincaré duality, we have
bogs1(M) = boy(B).
By (4.2.14), we have
bor2(M) — bogr1 (M) = bojia(M") — boi(B).
Hence,
bok+o(M) = bopra(M').
By Poincaré duality, we obtain

bon—ok—2(M) = bay_op—2(M").
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Using (4.2.14) again, we have
ban—ok—3(M) = bap—op—a(B).

Therefore, for i = k + 1, (4.2.15) also holds. This completes the proof

of the proposition. []

Example 4.2.1. The toric origami manifold corresponding to the left
origami template is M = RP* and it easy to see that M’ = CP? and
B =CP".

Figure 4.1: M = RP* Figure 4.2: M' = CP?

For Q coefficients,
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For Z coefficients,

bi(RP*) = by(CPY) =1,

b3(RP*Y) = by(CPY) =1,

by(RPY) = by(CP?) =1,

by(RP*Y) = by(CP?) =1,

bo(RP*Y) = by(CP?) = 1.
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