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Abstract

Ringel’s right-strongly quasi-hereditary algebras are a special class of quasi-hereditary al-
gebras introduced by Cline-Parshall-Scott. We give characterizations of these algebras
in terms of heredity chains, right rejective subcategories and coreflective subcategories.
As applications, we prove the following results. One is that any artin algebra of global
dimension at most two is always right-strongly quasi-hereditary. The others are char-
acterizations of Auslander algebras and Auslander—Dlab—Ringel algebras to be strongly
quasi-hereditary. We show that the Auslander algebra of a representation-finite algebra
A is strongly quasi-hereditary if and only if A is a Nakayama algebra. We show that the
Auslander—Dlab—Ringel algebra of an artin algebra A is strongly quasi-hereditary if and
only if the global dimension of A is at most two.
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1 Introduction

1.1 Background

Quasi-hereditary algebras were introduced by Cline, Parshall and Scott [CPS88, PS88,
Sco87] to study highest weight categories in the representation theory of semisimple com-
plex Lie algebras and algebraic groups. Since the introduction of quasi-hereditary alge-
bras, many classes of algebras arising from algebraic Lie theory naturally were shown to be
quasi-hereditary. For example, Schur algebras and ¢-Schur algebras have quasi-hereditary
structures (cf. [PW91, Theorem 11.5.2]).

On the other hand, quasi-hereditary algebras were widely studied by Dlab and Ringel
from the viewpoint of the representation theory of algebras [DR89a, DR89b, DR89¢, DR92].
They proved that any algebra of global dimension at most two have a quasi-hereditary
structure [DR89¢c|. In particular, each Auslander algebra has a quasi-hereditary structure
[DR89a]. Moreover Iyama showed finiteness of the representation dimension of artin al-
gebras by using quasi-hereditary algebras. This theorem states that any artin algebra A
can be written as eBe for some quasi-hereditary algebra B and an idempotent e of B
[Iya03a, Iya03b]. One can regard this theorem as a generalization of [DR89b].

Motivated by Iyama’s finiteness theorem, Ringel introduced the notion of right-strongly
quasi-hereditary algebras from the viewpoint of highest weight categories and he proved
that the algebra B in Iyama’s finiteness theorem is not only quasi-hereditary, but even
right-strongly quasi-hereditary. One of the advantages of right-strongly quasi-hereditary
algebras is that they have better upper bound on global dimension than that of general
quasi-hereditary algebras [Rinl10, §4].

Recently right-strongly (resp. left-strongly) quasi-hereditary algebras are studied in-
tensely. It was shown that various algebras have right-strongly (resp. left-strongly) quasi-
hereditary structures. For example, cluster-tilted algebras for preprojective algebras [GLS07,
IR11], Auslander-Dlab-Ringel algebras [Conl6, Conl7, CE18], nilpotent quiver algebras
[ES17], matrix algebras of d-systems [Coul7], and so on [Eirl7, HP17, KK18].

In this thesis, we discuss categorical aspects of right-strongly quasi-hereditary algebras
following an approach in [Iya03b, Section 2], which is unpublished. In particular, we give a
characterization of right-strongly quasi-hereditary algebras in terms of the following three
notions (Theorem 3.35).

e right-strongly heredity chains (Definition 3.1),
e total right rejective chains (Definition 3.19),

e coreflective chains (Definition 3.33).

As an application, we sharpen a well-known result of Dlab—Ringel [DR89¢, Theorem
2] stating that any artin algebra of global dimension at most two is quasi-hereditary. We
prove that such an algebra is always right-strongly (resp. left-strongly) quasi-hereditary
(Theorem 4.1). We give a detailed proof following the strategy of [Iya03b, Theorem 3.6].



In particular, Auslander algebras are right-strongly quasi-hereditary. We show that the
Auslander algebra of a representation-finite algebra A is strongly quasi-hereditary if and
only if A is a Nakayama algebra. By [Conl6], Auslander—Dlab—Ringel algebras are left-
strongly quasi-hereditary. We give several characterizations of Auslander—Dlab—Ringel
algebras to be strongly quasi-hereditary.

1.2 Our results

Recall that right-strongly (resp. left-strongly) quasi-hereditary algebras are defined as
quasi-hereditary algebras whose standard modules have projective dimension at most one
(Definition 2.7). Our starting point is the following observation which gives a characteri-
zation of right-strongly (resp. left-strongly) quasi-hereditary algebras in terms of heredity
chains.

Proposition 1.1 (Proposition 3.7). Let A be an artin algebra. Then A is right-strongly
(resp. left-strongly) quasi-hereditary if and only if there exists a heredity chain

A=Hy>H;>--->H,=0
such that H; is a projective right (resp. left) A-module for any 0 <i<mn — 1.

We call such a heredity chain a right-strongly (resp. left-strongly) heredity chain.

Moreover we give categorical interpretations of right-strongly (resp. left-strongly) hered-
ity chains. For an artin algebra A, there exists a bijection between idempotent ideals of
A and full subcategories of the category proj A of finitely generated projective A-modules
given by AeA +— addeA. This gives a bijection between chains of idempotent ideals of A
and chains of full subcategories of proj A. A key idea of this thesis is to translate properties
of idempotent ideals into properties of full subcategories of proj A.

For an artin algebra A and an arbitrary factor algebra B of A, we naturally regard
mod B as a full subcategory of mod A. In this case, each X € mod A has a right (resp.
left) (mod B)-approximation of X which is monic (resp. epic) in mod A. More generally,
subcategories of an additive category with these properties are called right (resp. left)
rejective subcategories in [Iya03a, Iya03b, Iya04]. They are a special class of coreflective
(resp. reflective) subcategories (see Definition 3.29) appearing in the classical theory of
localizations of abelian categories [Ste75].

Using the notion of right rejective (resp. left rejective, coreflective, reflective) subcate-
gories, we introduce the notion of total right rejective (resp. total left rejective, coreflective,
reflective) chains of an additive category (Definitions 3.19 and 3.33). The following main
theorem in this thesis characterizes right-strongly (resp. left-strongly) quasi-hereditary al-
gebras in terms of these chains.

Theorem 1.2 (Theorem 3.23 and 3.35). Let A be an artin algebra and
A=Hy>H,>--->H,=0 (1-1)
a chain of idempotent ideals of A. For 0 <i <n — 1, we write H; = Ae; A, where e; is an

idempotent of A. Then the following statements are equivalent:
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(i) (1-1) is a right-strongly (resp. left-strongly) heredity chain.
(ii) The following chain is a total right (resp. left) rejective chain of proj A.

projA =addeyA D adde;A D --- D adde, A =0.

(iii) (1-1) is a heredity chain of A and the following chain is a coreflective (resp. reflective)
chain of proj A.

projA = addegA D adde;A D --- Dadde, A = 0.

We apply total right (resp. left) rejective chains to study right-strongly (resp. left-
strongly) quasi-hereditary algebras. We give the following result by [Iya03b, Theorem 3.6
and Theorem 1.2.

Theorem 1.3 (Theorem 4.1). Let A be an artin algebra. If gldim A < 2, then A is a
right-strongly (vesp. left-strongly) quasi-hereditary algebra.

An artin algebra which has a heredity chain such that it is a right-strongly heredity
chain and a left-strongly heredity chain is called a strongly quasi-hereditary algebra. They
have global dimension at most two [Rin10], but algebras with global dimension at most two
are not necessarily strongly quasi-hereditary. Applying our results on rejective chains, we
give the following characterization of Auslander algebras to be strongly quasi-hereditary.

Theorem 1.4 (Theorem 4.6). Let A be a representation-finite artin algebra and B the
Auslander algebra of A. Then B is a strongly quasi-hereditary algebra if and only if A is
a Nakayama algebra (see [ARS95, §4.2] for the definition of Nakayama algebras).

Note that Theorem 1.4 can be obtained by a different method using a recent result
[Eirl7, Theorem 3].

Since the Auslander-Dlab—Ringel algebra of a Nakayama algebra coincides with the
Auslander algebra of the Nakayama algebra, it is strongly quasi-hereditary algebra by
Theorem 1.4. However, Auslander—Dlab—Ringel algebras are not necessarily strongly quasi-
hereditary algebras. We give characterizations of strongly quasi-hereditary Auslander—
Dlab—Ringel algebras by using Theorem 1.2.

Theorem 1.5 (Theorem 4.12). Let A be an artin algebra with Loewy length m > 2 and
G = éA/J(A)i. Let B := Ends(G) be the Auslander—Dlab—Ringel algebra of A. Then
the folilzolujmg statements are equivalent.

(i) B is a strongly quasi-hereditary algebra.

(i) gldim B = 2.

(i) For anyi € I, P(i)J(A) € addG.



Moreover we consider the Auslander—Dlab—Ringel algebras of semilocal modules intro-
duced by [LX93]. Since any artin algebra is a semilocal module, it is a generalization of the
Auslander-Dlab—Ringel algebra in the sense of Theorem 1.5. In [L.X93], they prove that
Auslander—Dlab—Ringel algebras of semilocal modules are quasi-hereditary. We sharpen
this result.

Theorem 1.6 (Theorem 4.16). The Auslander—Dlab—Ringel algebra of any semilocal mod-
ule s left-strongly quasi-hereditary.

As an application, we give a tightly upper bound on global dimension of an Auslander—
Dlab—Ringel algebra.



2 Preliminaries

Notation. For background materials in the representation theory of algebras, we refer to
[ARS95, ASS06]. Let A be an artin algebra. Let J(A) be the Jacobson radical of A. We
denote by gldim A the global dimension of A. We write mod A for the category of finitely
generated right A-modules and proj A for the full subcategory of mod A consisting of the
finitely generated projective A-modules. For M € mod A, we denote by add M the full
subcategory of mod A whose objects are direct summands of finite direct sums of copies of
M.

We fix a complete set of representatives of isomorphism classes of simple A-modules
{S(i) | i € I}. For i € I, we denote by P(i) the projective cover of S(i) and I(i) the
injective hull of S(i). For X € mod A, we write [X : S(¢)] for the composition multiplicity
of S(7). We denote by k a field.

2.1 Quasi-hereditary algebras and highest weight categories

We start with recalling definitions of quasi-hereditary algebras and highest weight cate-
gories.

Definition 2.1 (Cline-Parshall-Scott [CPS88], Dlab-Ringel [DR89c|). Let A be an artin
algebra.

(1) A two-sided ideal H of A is called heredity if it satisfies the following conditions:

(a) H is an idempotent ideal (i.e. H?> = H), or equivalently, there exists an idem-
potent e such that H = AeA [DR89c, Statement 6;

(b) H is projective as a right A-module;
(¢c) HJI(A)H = 0.

(2) A chain of idempotent ideals of A
A=Hy>H,>--->H;>H;;y>--->H,=0
is called a heredity chain if H;/H;,, is a heredity ideal of A/H;q for 0 <i<n —1.
(3) A is called a quasi-hereditary algebra if there exists a heredity chain of A.

Quasi-hereditary algebras are strongly related to highest weight categories defined be-
low. In fact, an artin algebra A is quasi-hereditary if and only if there exists a partial order
< on [ such that (mod A, <) is a highest weight category (see [CPS88, Theorem 3.6]).

Definition 2.2. Let < be a partial order on the index set I of simple A-modules.

(1) For each ¢ € I, we denote by A(7) the maximal factor module of P(i) whose com-
position factors have the form S(j) for some j < i. The module A(7) is called the
standard module corresponding to .



(2) For each i € I, we denote by V(i) the maximal submodule of I(i) whose composition
factors have the form S(j) for some j < i. The module V(i) is called the costandard
module corresponding to 7.

Let A := {A(i) | ¢ € I} be the set of standard modules. We denote by F(A) the full
subcategory of mod A whose objects are the modules which have a A-filtration, namely
M € F(A) if and only if there exists a chain of submodules

M=MyDM 2---2M=0

such that M;/M;.; is isomorphic to a module in A. For M € F(A), we denote by
(M : A(i)) the filtration multiplicity of A(z), which dose not depend on the choice of
A-filtrations (cf. [Don98, A.1 (7)]). Dually, we define the full subcategory F(V) of mod A.

Definition 2.3 (Cline-Parshall-Scott [CPS88]). We say that a pair (mod A, <) is a highest
weight category if there exists a short exact sequence

0— K(i) = P(i) = A(i) = 0
for any ¢ € I with the following properties:
(a) K(i) € F(A) for any i € I;
(b) if (K(z) : A(j)) # 0, then we have i < j.

Remark 2.4. We can also give the definition of highest weight categories by using the notion
of costandard modules. A pair (mod A, <) is a highest weight category if and only if there
exists a short exact sequence

0— V(@) —I(i)—1(:)/V(Ei) —0
for any ¢ € I with the following properties:
(a) I(i)/V(i) € F(V) for any i € I;
(b) if (1(2)/V (i) : V(j)) # 0, then we have i < j.

For a highest weight category (mod A, <) and a refinement <’ of <, it is clear that
(mod A, <') is also a highest weight category whose standard modules coincide with those
of (mod A, <). Therefore, without loss of generality, one can assume that the partial order
< on [ is a total order.

To explain a connection between quasi-hereditary algebras and highest weight categories
more explicitly, we introduce the following notion.

Definition 2.5 (Uematsu-Yamagata [UY90]). Let A be an artin algebra. A chain of
idempotent ideals
A:H0>H1>"'>ano

is called maximal if the length of the chain is the number of simple modules.
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Any heredity chain of an artin algebra can be refined to a maximal heredity chain
[UY90, Proposition 1.3].

Let A be an artin algebra with simple A-modules {S(i) | i € I} and &; a primitive
idempotent of A corresponding to S(i). Then there is a bijection

{total orders on I} LN {maximal chains of idempotent ideals}
given by setting Hj := A(g;,,, + -+ +&;,)A and
(Zl<22<<Zn>'—>(A:H0>H1>>Hn) (2—2)

Proposition 2.6 (Cline-Parshall-Scott [CPS88, §3]). Let A be an artin algebra and < a
total order on I.

(1) A pair (mod A, <) is a highest weight category with standard modules {A(i1), ..., A(in)}
if and only if the corresponding mazimal chain of idempotent ideals is a heredity chain.

(2) If the condition in (1) are satisfied, then we have H;/H;1 = A(i;)™ as right A-
modules for some positive integer m;.

2.2 Right-strongly (resp. left-strongly) quasi-hereditary algebras

Ringel introduced the notion of right-strongly quasi-hereditary algebras as a special class of
quasi-hereditary algebras. First we recall the definition of right-strongly quasi-hereditary
algebras.

Definition 2.7 (Ringel [Rinl0, §4]). Let A be an artin algebra and < a partial order on
1.

(1) We say that a pair (A, <) (or simply A) is right-strongly quasi-hereditary if there
exists a short exact sequence

0— K(i) —» P(i) > A(i) = 0
for any ¢ € I with the following properties:
(a) K (i) is a direct summand of projective modules P(j) with ¢ < j;
(b) If [A(¢)J : S(j)] # 0, then we have i < j.

(2) We say that a pair (A, <) (or simply A) is left-strongly quasi-hereditary if (AP, <) is
right-strongly quasi-hereditary.

We can easily check that Definition 2.7 is equivalent to the following condition which
is frequently used in this thesis.

Proposition 2.8. Let A be an artin algebra and < a partial order on I. Then the following
statements are equivalent.



(i) A pair (A, <) is right-strongly quasi-hereditary.
(ii) There exists a short exact sequence
0— K(i) » P(i) = A(i) = 0
for any i € I with the following properties:

(a) K(i) € F(A) foralli € I;
(b) of (K (i) : A(j)) # 0, then we have i < j;

(¢) K(i) is a projective right A-module, or equivalently, the right A-module A(7)
has projective dimension at most one.

Proof. (i) = (ii): This is clear by [Rinl0, Proposition in §4].
(ii) = (i): If P(y) is a direct summand of K (i), then (K(i) : A(7)) # 0, and hence we
have 7 < j. Since A is quasi-hereditary, we obtain that

[A() - SG) = (V@) : V(G)) + (1) / V(i) : V(7))

by (I(7) : V(4)) = [A@) : S(4)]. If j # 4, then [A(d)J : S(j)] = (1(7)/V (i) : V(j)). Thus if
[A(i)J : S(j)] # 0, then we have j > ¢. If j =4, then

[A(2): S@)] = (V@) : V(@) + (I(0)/V(i): V(@) =1+0=1.
The proof is complete. n

Since the properties (a) and (b) in Proposition 2.8 implies that (mod A, <) is a highest
weight category, any right-strongly quasi-hereditary algebra is quasi-hereditary.

As before, for a right-strongly quasi-hereditary algebra (A, <) and a refinement <’ of
<, it is clear that (A, <') is also a right-strongly quasi-hereditary algebra whose standard
modules coincide with those of (A, <). Therefore, without loss of generality, one can
assume that the partial order < on [ is a total order.

In this thesis, for a quiver @) and arrows o : * — y and 8 : y — z in (), we denote by
af the composition. We denote by ¢; the idempotent corresponding to a vertex 7.

Example 2.9. Let n > 2 be an integer and let A, be the k-algebra defined by the quiver

[e%1 a9 Q1 . (70 Q41 Qn—1
1 2 e 7 1+ 1 ..
B1 B2 Bi—1 Bi Bit1 Brn—1

n

with relations a;_1¢;, 5;0i—1, Bi1a;—1 — a3 for 2 <1 <n—1and B, 1a,_1. The algebra
A,, is Morita equivalent to a block of a Schur algebra (see [DR94, Erd93]).
If n = 2, then the indecomposable projective modules P(i) have the following shapes:
1 2
2 1
1



For the total order {1 < 2}, we have A(1) = S(1) and A(2) = P(2). Hence A, is right-
strongly quasi-hereditary.
If n > 2, then the indecomposable projective modules P(i) have the following shapes:

1 2 i n

2 1 3 - i—=14+1 -+ n—-1
1 2 i

Thus A, is quasi-hereditary with respect to the total order {1 < 2 < --- < n}. However

A, is not right-strongly quasi-hereditary with respect to any order.

It is well known that (A, <) is quasi-hereditary if and only if so is (A, <) (see [CPS88,
Lemma 3.4] and [DR89c, Statement 9]). However, even if (A, <) is right-strongly quasi-
hereditary, it does not necessarily hold that (A°P, <) is right-strongly quasi-hereditary (or
equivalently, (A, <) is left-strongly quasi-hereditary). In fact, Ringel gave an example of a
right-strongly quasi-hereditary algebra which is not left-strongly quasi-hereditary for any
partial order on I (see [Rinl0, A2 (1)]).

Example 2.10. Let A be the k-algebra defined by the quiver
1
2 O/<—‘ 3
B

with relations oy and fa. Then the indecomposable projective A-modules P(i) have the
following shapes:

1 2 3
3 1 2
2

For the total order {1 < 2 < 3}, we have A(1) = S(1) and A(i) = P(i) for i = 2,3. Hence
A is right-strongly quasi-hereditary. On the other hand, the indecomposable projective
A°P-modules have the following shapes:

1op 200 3OP
200 3P P
1°p

For the total order {1 < 2 < 3}, we have A°P(i) = S°P(i) for i = 1,2 and A°(3) = P°P(3).
Hence A is not left-strongly quasi-hereditary. However, for the total order {2 < 1 < 3}, A
is not right-strongly quasi-hereditary but A is left-strongly quasi-hereditary.



3 Characterizations of right-strongly quasi-hereditary
algebras

3.1 Right-strongly heredity chains

In this subsection, we give a characterization of right-strongly (resp. left-strongly) quasi-
hereditary algebras in terms of heredity chains.

Definition 3.1. Let A be an artin algebra and
A:H0>H1>"'>HZ'>HZ'+1>"'>HTL:0 (3-3)
a chain of idempotent ideals.

(1) We call (3-3) a right-strongly (resp. left-strongly) heredity chain if the following con-
ditions hold for any 0 <7 <n —1:

(a) H; is projective as a right (resp. left) A-module;
(b) (Hi/Hi1)J(A/Hit1)(Hi/Hit1) = 0.

(2) We call (3-3) a strongly heredity chain if the following conditions hold for any 0 <
1 <n-—1:

(a) H; is projective as a right A-module and as a left A-module;
(b) (H;/H;t1)J(A/His1)(H;/Hiy1) = 0.

Proposition 3.2. Any right-strongly (resp. left-strongly) heredity chain of A is a heredity
chain.

Proof. Let (3-3) be a right-strongly heredity chain. It is enough to show that H;/H;; is
projective as a right (A/H;1)-module for any 0 < i < n—1. Since (3-3) is a right-strongly
heredity chain, we have that H; is projective as a right A-module for any 0 <i < n — 1.
Hence H; ®4 (A/H;11) = H;/H;;1 is projective as a right (A/H;;1)-module for any 0 <
1 <n-—1. O]

Example 3.3. Let A be an artin algebra. Then A is hereditary if and only if any chain
of idempotent ideals of A is a strongly heredity chain.

Proof. The “only if” part is clear. By [DR89c, Theorem 1], A is hereditary if and only if
any chain of idempotent ideals of A is a heredity chain. Therefore the “if” part follows. [

Example 3.4. Any heredity chain of length at most two is clearly a right-strongly (resp.
left-strongly) heredity chain.
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Example 3.5. Let A be the Auslander algebra of the truncated polynomial algebra
k[z]/(x™). Namely A is given by the quiver
[e%1 a9 Q-1 «o; Q41 Qn—1

1 2 - 1 1+ 1 s n
B1 B2 Bi-1 Bi Bi+1 Bn-1

with relations B;a; — a4 18i41 (1 <@ <n—2) and f,_10,,_1. Then
A>Aleg+---+e)A> > A5, A>0
is a strongly heredity chain of A. This example can be explained by Theorem 4.6.
We prepare the following easy observation.

Lemma 3.6. Let A be an artin algebra and A = Hy > H; > --- > H, = 0 a chain of
two-sided ideals. Then the following conditions are equivalent:

(i) H; is projective as a right (resp. left) A-module for 0 <i<mn — 1.

(ii) The projective dimension of H;/H; 1 as a right (resp. left) A-module is at most one
for0<i<n-—1.

Proof. (i) = (ii): This is clear from the short exact sequence
0— Hi—i—l — H;, — Hi/Hi—i-l — 0.

(ii) = (i): Since 0 — H; — Hy — Hy/H; — 0 is a short exact sequence such that
Hy = A is a projective A-module, H; is also projective as a right A-module. Thus we
obtain the assertion inductively. ]

Now, we are ready to prove the following main observation in this subsection.

Proposition 3.7. Let A be an artin algebra, < a total order on I and
A=Hy>H,>--->H,=0 (3-4)

a mazimal chain of idempotent ideals corresponding to < by (2-2). Then (A, <) is a right-
strongly (resp. left-strongly) quasi-hereditary algebra if and only if (3-4) is a right-strongly
(resp. left-strongly) heredity chain.

Proof. Both conditions imply that (3-4) is a heredity chain by Proposition 2.6 (1) and
Proposition 3.2. Moreover we have an isomorphism

Hj/Hj1 = A(iy)™ (3-5)

as right A-modules for some positive integer m; by Proposition 2.6 (2).
By (3-5), the pair (A, <) is right-strongly quasi-hereditary if and only if the projective
dimension of H;/Hj; as a right A-module is at most one for any 0 < j < n—1. By Lemma

3.6, this is equivalent to that H; is projective as a right A-module for any 0 < j <n — 1.
Hence (3-4) is a right-strongly heredity chain. O
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Thought this thesis, we frequently use the following basic observations.

Lemma 3.8. Let A be an artin algebra and e an idempotent of A. Then we have the
following statements.

(1) If AeA is projective as a right A-module, then AeA € add eA.

(2) If Ae is projective as a right (eAe)-module, then the functor Hom(eA,—) : mod A —
mod eAe preserves projective modules. In particular, gldim eAe < gldim A.

(3) If AeA is projective as a right A-module, then Ae is a projective right (e Ae)-module.

Proof. (1) Take an epimorphism f : (eAe)! — Ae in mod(eAe). Composing f ®.ac €A :
(eA)l — Ae @40 €A with the multiplication map Ae ®.4. €A — AeA, we have an epimor-
phism (eA)! - AeA of right A-modules.

(2) For any P € proj A, we have that Homy(eA, P) = Pe is a direct summand of a
finite direct sum of copies of Hom4(eA, A) = Ae. Hence the assertion holds.

(3) Since AeA is a projective A-module, it follows from (1) that AeA € add eA. Hence
we obtain that Ae = AeAe = Homy(eA, AeA) is projective as a right (eAe)-module. [

We end this subsection with the following observations which show that right-strongly
(resp. left-strongly) quasi-hereditary algebras are closed under idempotent reductions.

Proposition 3.9. Let A be an artin algebra with a right-strongly (resp. left-strongly) hered-
ity chain
A=Hy>H,>--->H,=0.

Then the following statements hold.
(1) For 0 <i<mn-—1, A/H; has a right-strongly (resp. left-strongly) heredity chain

(2) Lete; € A be an idempotent of A such that H; = Ae;A for 0 <i <n—1. Then e;Ae;
has a right-strongly (resp. left-strongly) heredity chain

€iA€Z' =e; He; > eiHiHe,- > .- >e,Hye; =0.

Proof. (1) It is enough to show that H;/H; is projective as a right (A/H;)-module for
1 < j <. This is immediate since H; is projective as a right A-module and the functor
—®4 (A/H;) : mod A — mod A/ H; reflects projectivity.

(2) We prove that e;Hje; is a projective right (e;Ae;)-module. By Lemma 3.8 (3), we
have that Ae; is projective as a right (e;Ae;)-module. It follows from Lemma 3.8 (2) that
Hje; is projective as a right (e;Ae;)-module. Since Hje; = e;H;e; & (1 — e;)Hje;, we have
e;Hje; € proj(e;Ae;). O
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3.2 Right rejective subcategories

In this subsection, we recall the definitions of right rejective subcategories. Using them,
we characterize right-strongly (resp. left-strongly) quasi-hereditary algebras. We refer to
[ASS06, Appendix] for background on category theory.

Let C be an additive category, and put C(X,Y") := Home(X,Y). In the rest of this the-
sis, we assume that any subcategory is full and closed under isomorphisms, direct sums and
direct summands. We denote by J¢ the Jacobson radical of C, and by ind C the set of iso-
classes of indecomposable objects in C. For a subcategory C’ of C, we denote by [C’] the ideal
of C consisting of morphisms which factor through some object of C’. For an ideal Z of C, the
factor category C/Z is defined by 0b(C/Z) := 0b(C) and (C/Z)(X,Y) :=C(X,Y)/Z(X,Y)
for any X,Y € C. Recall that an additive category C is called Krull-Schmidt if any object
of C is isomorphic to a finite direct sum of objects whose endomorphism rings are local.

Definition 3.10 (Auslander—Smalg [AS80]). Let C be an additive category and C’ a sub-
category of C. We say that f € C(Y, X) is a right C'-approzimation of X if the following
equivalent conditions are satisfied.

(i) Y €’ and C(—,Y) LA C(—,X) — 0 is exact on C'.
(ii) Y € €’ and the induced morphism C(—,Y’) LA [C'](—, X) is an epimorphism on C.
Dually, a left C' -approzimation is defined.

Now, we introduce the following key notions in this thesis.

Definition 3.11 (Iyama [Iya03a, 2.1(1)]). Let C be an additive category and C’" a subcat-
egory of C.

(1) We call C" a right (resp. left) rejective subcategory of C if the inclusion functor C" — C
has a right (resp. left) adjoint with a counit £~ (resp. unit %) such that ey is a
monomorphism (resp. 5} is an epimorphism) for X € C.

(2) We call C' a rejective subcategory of C if C' is a right and left rejective subcategory
of C.

We often use the following equivalent conditions.

Proposition 3.12 (Iyama [Iya03b, Definition 1.5]). Let C be an additive category and C’'
a subcategory of C. Then the following are equivalent:

(i) C' is a right (resp. left) rejective subcategory of C.

(ii) For any X € C, there exists a monic right (resp. epic left) C'-approximation fx €
C(Y,X) (resp. fX €C(X,Y)) of X.
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Proof. (i) = (ii): If the inclusion functor F' : C" < C has a right adjoint G with a counit
7, then ey : G(X) — X is a right C’-approximation of X € C. Thus the assertion follows.

(ii) = (i): We assume that, for any X € C, there exists a monic right C’-approximation
of X. We construct a right adjoint functor G : C — C’ as follows. For X € C, take a monic
right C’-approximation fy : Cx — X. For a morphism ¢ € C(X,Y’), there exists a unique
morphism C, : Cx — Cy making the following diagram commutative.

Oy I x

c¢j/ icp
Cy Ty

It is easy to check that G(X) := Cx and G(yp) := C,, give a right adjoint functor G : C — C’
of the inclusion functor F': ' — C and f gives a counit. ]

Right rejective subcategories of mod A are characterized as follows.

Proposition 3.13 (Iyama [Iya03b, Proposition 1.5.2]). Let A be an artin algebra and C a
subcategory of mod A. Then C is a right (resp. left) rejective subcategory of mod A if and
only if C is closed under factor modules (resp. submodules).

Proof. We show the “if” part. For M € mod A, we put G(M) := > xcc reom,xan f(X)-
Then G(M) is a factor module of some module in C. Thus we have G(M) € C. Since the
natural inclusion G(M) < M is a monic right C-approximation of M, the assertion holds.

We show the “only if” part. For a surjection f: M — N with M € C, we show that N
belongs to C. Since C is a right rejective subcategory of mod A, there exists a monic right
C-approximation fy : G(N) — N of N. Thus we have a morphism ¢ : M — G(N) such
that f = fy o g. Since f is surjective, we obtain that fy is a bijection. Hence we have

NeC. [

Proposition 3.14 (Iyama [Iya03b, Theorem 1.6.1(1)]). Let A be an artin algebra. Then
there exists a bijection between factor algebras B of A and rejective subcategories C of
mod A given by B — mod B.

Proof. This is clearly from Proposition 3.13 since a full subcategory of mod A which is

closed under submodules and factor modules is precisely mod B for a factor algebra B of
A. ]

Example 3.15. Let A be an artin algebra.

(a) Let (7,F) be a torsion pair on mod A. Then 7T is a right rejective subcategory and
F is a left rejective subcategory of mod A by Proposition 3.13.

(b) For a classical tilting A-module T, we put 7 :={Y € mod A | Ext}(T,Y) = 0} and
F:={Y € mod A | Homyu(7,Y)=0}. Then (7,F) is a torsion pair on mod A, and
therefore T (resp. F) is a right (resp. left) rejective subcategory of mod A.
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(c) Assume that A is right-strongly quasi-hereditary and let 7" be a characteristic tilting
module (see Definition-Theorem 4.4). Then T is a classical tilting module by [DR92,
Lemma 4.1] and hence (7, F) is a torsion pair on mod A. Since 7 coincides with the
subcategory

F(A)Y :={Y € mod A | Exty,(F(A),Y) =0 foralli> 1}
(see [DR92, §4]), we have that F(A)* is a right rejective subcategory of mod A.
Right rejective subcategories of proj A are characterized as follows.

Proposition 3.16 (Iyama [Iya03b, Theorem 3.2 (2)]). Let A be an artin algebra and e an
idempotent of A. Then addeA is a right (resp. left) rejective subcategory of proj A if and
only if AeA is a projective right (resp. left) A-module. In this case, we have gldimeAe <
gldim A.

Proof. Assume that addeA is a right rejective subcategory of proj A. Then there exists
a € Homu (P, A) with P € add(eA) 4 such that

P = Homy(A, P) Z= [add eA](A, A) = AcA

is an isomorphism. Hence AeA = P is a projective right A-module.

Conversely, we assume that AeA is a projective right A-module. By Lemma 3.8 (1),
we have AeA € addeA as a right A-module. The inclusion map i : AeA — A gives a right
(add eA)-approximation of A since

Ae = AeAe = Hom(eA, AeA) 2= Homy(eA, A) = Ae

is an isomorphism.

In this case, Ae is projective as a right (eAe)-module by Lemma 3.8 (3). Thus it follows
from Lemma 3.8 (2) that gldimeAe < gldim A.

By the duality Homa(—, A) : proj A — proj A°?, we have that addeA is left rejective
in proj A if and only if add Ae is right rejective in proj A°?. Hence the statement for left
rejective subcategories follows. ]

To introduce rejective chains, we need the following notion.
Definition 3.17. Let C be a Krull-Schmidt category.
(1) We call C a semisimple category if Jo = 0.

(2) A subcategory C’ of C is called cosemisimple in C if the factor category C/[C'] is
semisimple.

We often use the fact that C’ is a cosemisimple subcategory of C if and only if [C'](—, X) =
Jc(—, X) holds for any X € indC \ indC'.
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Lemma 3.18. Let A be an artin algebra and Ae’ A C AeA idempotent ideals of A. Then
the following conditions are equivalent:

(i) add€’A is a cosemisimple subcategory of add eA.
(i) J(eAe/eAe'Ae) = 0.
(ili) (AeA/Ae’A)J(AJAe’A)(AeA/A’A) = 0.

Proof. (i) < (ii): Let C := addeA/[add €’A]. The condition (i) means Jz = 0. This is
equivalent to (ii) since Je(eA,eA) = J(Ende(eA)) = J(eAe/eAe’ Ae).
(ii) < (iii): Since J(eAe/eAe'Ae) = eJ(A/Ae' A)e, we have the assertion. O

Now, we introduce the following central notion in this thesis.

Definition 3.19 (Iyama [lya03a, 2.1(2)], [Iya03b, Definition 2.2]). Let C be a Krull-
Schmidt category and
CoDCiD---DC,=0 (3-6)

a chain of subcategories.

(1) We call (3-6) a rejective chain (resp. right rejective, left rejective) if C; is a cosemisim-
ple rejective (resp. right rejective, left rejective) subcategory of C;_; for 1 < i < n.

(2) We call (3-6) a total right (resp. left) rejective chain if the following conditions hold
for1 <i<n:

(a) C; is a right (resp. left) rejective subcategory of C;

(b) C; is a cosemisimple subcategory of C;_;.

Remark 3.20. (1) Rejective chains are total right rejective chains and total left rejective
chains by [Iya03b, 2.1(3)].

(2) Our total right rejective chains are called right rejective chains in [lya04, Definition
2.6].

Example 3.21. Let A be the k-algebra given in Example 2.10. Then
proj A = add A D add(ey + e3)A D addesA D0

is a total right rejective chain of proj A. In fact, the conditions (a) and (b) in Definition
3.19 (2) are satisfied by Proposition 3.16 and €;J(A)e; = 0 = e9J(A)ey respectively.

Total right (resp. left) rejective chains are useful to study the endomorphism algebras
with finite global dimension.

Proposition 3.22 (Iyama [Lya03b, Theorem 2.2.2]). Let A be an artin algebra. If proj A
has a total right (resp. left) rejective chain of length n > 0, then gldim A < n.
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Now, we are ready to prove the following main result.

Theorem 3.23. Let A be an artin algebra and let
A:H0>H1>"'>ano (3—7)

be a chain of idempotent ideals of A. For 0 <i <n — 1, we write H; = Ae; A, where e; is
an idempotent of A. Then the following conditions are equivalent:

(i) The chain (3-7) is a right-strongly (resp. left-strongly) heredity chain.
(ii) The following chain is a total right (resp. left) rejective chain of proj A.

projA = addeyA D adde;A D --- Dadde, A =0.

In particular, an artin algebra A is strongly (resp. right-strongly, left-strongly) quasi-
hereditary if and only if proj A has a rejective (resp. total right rejective, total left rejective)
chain.

Proof. Tt follows from Proposition 3.16 that H; € proj A if and only if add e; A is a right re-
jective subcategory of proj A. Thus we have that H; satisfies the condition (a) in Definition
3.1 (1) if and only if add e; A satisfies the condition (a) in Definition 3.19 (2). From Lemma
3.18, we have that (H;/H;+1)J(A/H;+1)(H;/H;+1) = 0 holds if and only if adde; 1A is a
cosemisimple subcategory of add e;A. Thus we obtain that H; and H;,; satisfy the condi-
tion (b) in Definition 3.1 (1) if and only if add e; A and add e;1 A satisfy the condition (b)
in Definition 3.19 (2). Hence the proof is complete. O

By combining Proposition 3.22 and Theorem 3.23, we can recover the following result
which was obtained by [Rin10, Proposition in §4].

Corollary 3.24. Let A be a right-strongly (resp. left-strongly) quasi-hereditary algebra with
a right-strongly (resp. left-strongly) heredity chain of length n > 0. Then we have

gldim A < n.

Proof. Since A is a right-strongly quasi-hereditary algebra, proj A has a total right rejective
chain of length n > 0 by Theorem 3.23. Hence the assertion follows from Proposition
3.22. O

We can rephrase Theorem 3.23 as follows.

Corollary 3.25. Let A be an artin algebra and M a right A-module. Then the following
statements are equivalent.

(i) Enda(M) is a right-strongly (resp. left-strongly) quasi-hereditary algebra.

(ii) projEnda(M) has a total right (resp. left) rejective chain.
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(iii) add M has a total right (resp. left) rejective chain.

Proof. Let B := Ends(M).

(i) & (ii): This is from Theorem 3.23.

(ii) < (iii): Since the functor Homa (M, —) (resp. Homg(Homa(—, M), B)) induces an
equivalence add M — proj B, we obtain that proj B has a total right (resp. left) rejective
chain if and only if add M has a total right (resp. left) rejective chain. This finishes the
proof. O

Moreover we have the following well-known result.
Corollary 3.26. Let A be an artin algebra.

(1) (Iyama [Iya03a, Theorem 1.1]) For any M € mod A, there exists N € mod A such
that add N contains M and has a total right rejective chain.

(2) (Ringel [Rin10, Theorem in §5)) There exists a right-strongly quasi-hereditary algebra
B and an idempotent e of B such that A = eBe.

Proof. (1) For the reader’s convenience, we recall the construction. Let My := M and
M; 1 = J(End4(M;))M; inductively. We take the smallest n > 0 such that M,, = 0, and
let N := @}_} My, and C; := add(@;—} My). Then

Coo>CiD---DC,=0

is a total right rejective chain by [Iya03a, Lemma 2,2].

(2) Applying (1) to M = A, we obtain that N € mod A such that B = End 4(N) is right-
strongly quasi-hereditary by Corollary 3.25. Let e € B be the idempotent corresponding
to the direct summand A of N. Then eBe = A holds as desired. O

We end this subsection with characterizations of cosemisimple right (resp. left) rejective
subcategories. The first one is crucial in the proof of Corollary 3.26 (1).

Proposition 3.27 (Iyama [lya03b, 1.5.1]). Let C be a Krull-Schmidt category and C' a
subcategory of C. Then C' is a cosemisimple right (resp. left) rejective subcategory of C
if and only if, for any X € indC \ indC’, there exists a morphism ¢ : Y — X (resp.
©: X = Y) such that Y € C' and C(—,Y) L= To(—, X) (resp. C(Y, =) —5 To(X, —))
s an isomorphism on C.

Proof. We show the “only if” part. For any X € indC \ indC’, we take a morphism

¢ :Y — X such that Y € ¢’ and C(—,Y) ¥= [C'](—, X) is an isomorphism on C. This
gives a desired morphism since cosemisimplicity of C' implies that Je(—, X) = [C'](—, X).

We show the “if” part. It suffices to prove that [C'|(—, X) = Je(—, X) for any X €
indC\indC’. For any X € indC\indC’, we take a morphism ¢ : Y — X such that Y € C’ and
C(—,Y) £S5 Je(—, X) is an isomorphism on C. Then Je(—, X) C Im(po —) C [C')(—, X)
holds. Since X ¢ C’, this clearly implies Je(—, X) = [C'](—, X)), and hence we have the
assertion. [
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The second one is a reformulation of Proposition 3.27.

Proposition 3.28 (Iyama [Lya03b, Theorem 3.2(3)]). Let A be a basic artin algebra and e
an idempotent of A. Then add eA is a cosemisimple right (resp. left) rejective subcategory
of proj A if and only if (1—e)J(A) € add eA as a right A-module (resp. J(A)(1—e) € add Ae
as a left A-module).

Proof. Applying Proposition 3.27 to C := proj A and C' := addeA, we have that C’ is
a cosemisimple right rejective subcategory of C if and only if there exists a morphism
¢:Y = (1—e)A with Y € C’ such that

Y 2CAY) 25 Jo(A, (1 - e)A) = (1 — e)J(A)

is an isomorphism. This means that (1 —e)J(A) € C’ holds. O

3.3 Coreflective subcategories

In this subsection, we study a weaker notion of right (resp. left) rejective subcategories
called coreflective (resp. reflective) subcategories. They appeared in the classical theory of
localizations of abelian categories [Ste75]. Let us start with recalling their definitions.

Definition 3.29 (Cf. Stenstrom [Ste75]). Let C be an additive category and C’ a sub-
category of C. We call C" a coreflective (resp. reflective) subcategory of C if the inclusion
functor C" < C admits a right (resp. left) adjoint.

Clearly right (resp. left) rejective subcategories are coreflective (resp. reflective). The
following proposition is an analogue of Proposition 3.12.

Proposition 3.30. Let C be an additive category and C' a subcategory of C. Then the
following conditions are equivalent:

(i) C' is a coreflective (resp. reflective) subcategory of C.

(ii) For any X € C, there exists a right (resp. left) C'-approximation fx € C (Y, X) (resp.
FX €C(X,Y)) of X such that C(—,Y) 27 (=, X) (resp. C(Y, —) =25 (X, -)

is an isomorphism on C'.

We omit the proof since it is similar to Proposition 3.12.
The following proposition is an analogue of Proposition 3.16.

Proposition 3.31 (Iyama [lya03b, Theorem 3.2 (1)]). Let A be an artin algebra and e
an idempotent of A. Then add eA is a coreflective (resp. reflective) subcategory of proj A if
and only if Ae (resp. eA) is a projective right (resp. left) eAe-module.

19



Proof. Assume that add eA is a coreflective subcategory of proj A. Then there exists a right
(add e A)-approximation a € Hom (P, A) of A such that

Hom 4 (eA, P) = Homy(eA, A)

is an isomorphism. Thus we have an isomorphism Ae = Pe € add(eAe) of right (eAe)-
modules and we obtain Ae € proj(eAe).

Conversely, we assume that Ae is projective as right (eAe)-modules. Then there exists
P € addeA as a right A-module such that Pe = Ae as right (eAe)-modules. This is
induced by a morphism a : P — A since Homu (P, A) = Homex.(Pe, Ae) (see [ARS95,
Proposition 2.1 (a)]). Since

Hom(eA, P) £~ Homy(eA, A)
is an isomorphism, add eA is coreflective in proj A. ]

Right (resp. left) rejective subcategories are coreflective (resp. reflective) subcategories,
but the converse is not true as the following example shows.

Example 3.32. Let A be the preprojective algebra of type As. It is defined by the quiver

| == —2>3

B1 B2

with relations ay 81, 101 —as8s and [Bacis. Then Aec3 A is not projective as a right A-module,
but Aes is projective as a right £3Ac3-module. Thus add e3A4 is not a right rejective subcat-
egory of proj A by Proposition 3.16, but a coreflective subcategory of proj A by Proposition
3.31.

We introduce the following analogue of Definition 3.19.
Definition 3.33. Let C be an additive category. We call a chain of subcategories
C=C>DCiD---D2C,=0

a coreflective (resp. reflective) chain if C; is a cosemisimple coreflective (resp. reflective)
subcategory of C;_; for 1 <1 < n.

Clearly right (resp. left) rejective chains are coreflective (resp. reflective) chains. The
converse is not true as the following example shows.

Example 3.34. Let A be the preprojective algebra of type A,. It is defined by the quiver

with relations fa and af. Then
projA=add A D addey;A D0

is not a right rejective chain, but a coreflective chain of projA. In fact, the conditions
(a) and (b) in Definition 3.33 follow from Proposition 3.31 and &;J(A)e; = 0 respectively.
However the condition (a) in Definition 3.19 dose not hold by Proposition 3.16.
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We are ready to state the following main result in this thesis.

Theorem 3.35. In Theorem 3.23, the conditions (1) and (ii) are equivalent to the following
condition.

(iii) (3-7) is a heredity chain of A and the following chain is a coreflective (resp. reflective)
chain of proj A.

projA =addegA D --- Dadde, 1A Dadde, A = 0.

To prove Theorem 3.35, we need the following lemma.

Lemma 3.36. Let A be an artin algebra and I' C I idempotent ideals of A. Let e and €’ be
idempotents of A such that I = AeA and I' = Ae’ A. We assume that 1/1" is a projective
right (resp. left) (A/I')-module and Tory (A/I, A/I') = 0 (resp. Tory(A/I', A/I) = 0). If
Ae (resp. eA) is a projective right (resp. left) (eAe)-module, then I is a projective right
(resp. left) A-module.

Proof. Let 0 - K — P — I — 0 be a projective cover of the right A-module I. Then
P € addeA as a right A-module and K C PJ(A) hold. Applying the functor (—)e :
mod A — modeAe, we have a short exact sequence 0 — Ke — Pe — Ie — 0. Since
Ie = Ae and Pe are projective (eAe)-modules and Ke C PeJ(eAe), we have Ke = 0.

On the other hand, applying the functor — ®4 (A/I’) to the short exact sequence
0 — K — P — I — 0, we have an exact sequence

Tor(I,A)I') - K/KI' — P/PI' = I/I' -0,

where Tor{'(I, A/I') = Tory(A/I,A/I') = 0 holds by our assumption. Since /I’ is a
projective right (A/I")-module, the sequence splits, and hence K/K I’ is a direct summand
of P/PI'. On the other hand, K C PJ(A) implies that K/KI' C (P/PI')J(A). Thus
K/KI' =0 holds. Consequently, K = KI' C KI =0 holds as desired. ]

We are ready to prove Theorem 3.35.

Proof of Theorem 3.35. Since (ii) = (iii) clearly holds, it suffices for us to prove that (iii)
= (i). We show this claim by induction on n. If n = 1, then the assertion holds since
Hy = A is projective as a right A-module.

For n > 2 we proceed by induction. Let e; denote the idempotent e; + H,,_1 of A/H,,_,
for 0 <1 <n — 2. Firstly, we claim that

A/Hn—l > e > (A/Hn_l)el(A/Hn_l) > e > Hn—l/Hn—l =0

is a heredity chain of A/H,_; such that adde;(A/H,_;) is a coreflective subcategory of
proj(A/H,,_1) for 0 <i <mn—2. Since (A/H,_1)e;(A/H,—1) = H;/H, 1 for 0 <i <n-—2,
the above chain is a heredity chain of A/H,_;. Since Ae; € proj(e;Ae;), we have that
Ae; Qe pe, €i(A/Hp1)e; = (A/H,_1)e; is projective as a right (e;(A/H,_1)e;)-module.
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Therefore it follows from Proposition 3.31 that add e;(A/H,,_1) is a coreflective subcategory
of proj(A/H,,—1) for 0 <i <n—2.

Now, we deduce from the induction hypothesis that H;/H, _; is a projective module
as a right (A/H,—1)-module for 0 < i < n —2. For any 0 < i < n — 1, we obtain
from the hypothesis (iii) that adde;A is a coreflective subcategory of proj A, and hence
Ae; is a projective right (e;Ae;)-module by Proposition 3.31. Thus we have idempotent
ideals H,,_1, H; such that H,,_; is a heredity ideal of A, H;/H, i is projective as a right
(A/H,_1)-module and Ae; is a projective right (e; Ae;)-module for 0 < i < n—1. Moreover
Tory(A/H;, AJH,_|) = Torf/H"’l(A/Hi, A/H,_1) = 0 holds since H,_; is a heredity ideal
of A. Therefore we deduce from Lemma 3.36 that H; is a projective right A-modules. [J
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4 Applications

4.1 Algebras of global dimension at most two are right-strongly
quasi-hereditary

The aim of this subsection is to prove the following result.

Theorem 4.1. Let A be an artin algebra such that gldim A < 2. Then the following
statements hold.

(1) A is a right-strongly quasi-hereditary algebra.

(2) (ILyama [Iya03b, Theorem 3.6]). The category proj A has a total right rejective chain

projA =addeyA D --- Dadde, 1A D adde, A = 0.

Note that for an artin algebra A of global dimension at most two, we can similarly
construct a total left rejective chain

projA =addeyA D --- Dadde, 1A Dadde, A= 0.

Hence such an algebra is left-strongly quasi-hereditary. However it is not necessarily
strongly quasi-hereditary.
We need the following preparation.

Lemma 4.2 (Iyama [Iya03b, Lemma 3.6.1]). Let A be an artin algebra with gldim A = m,
where 2 < m < oo. Then there exists simple right A-modules S and S’ such that the
projective dimensions of S and S" are m — 1 and m respectively.

Proof. Existence of S’ is clear since gldim A is supremum of the projective dimensions of
simple A-modules. Let 0 - X — P — S’ — 0 be an exact sequence with a projective
A-module P. Then the projective dimension of X is precisely m — 1. We assume that X
is not simple. Then there exists a proper simple submodule L of X. Consider the short

exact sequence
0—-L—X—X/L—0.

Since the projective dimension of X is m — 1 and gldim A = m, the projective dimension
of L is at most m — 1. We assume that the projective dimension of L is strictly less than
m — 1. Then the projective dimension of X /L is precisely m — 1. Therefore we obtain the
assertion by replacing X by X/L and repeating this argument. ]

We are ready to prove the main theorem in this subsection.

Proof of Theorem 4.1. (2) We show by induction on the number of simple modules. We
may assume that A is basic. Let n be the number of simple A-modules.
Assume that n = 1. Since A is simple, the assertion holds.
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For n > 2 we proceed by induction. If A is semisimple, then the assertion is obvious.
Thus we assume that A is non-semisimple. It follows from Lemma 4.2 that there exists a
simple A-module S such that the projective dimension of S'is precisely one since gldim A =
1 or gldim A = 2. Let f be a primitive idempotent of A such that S = f(A/J(A)). Let
e:=1— fand A := eAe.

(i) We claim that add eA is a cosemisimple right subcategory of proj A and gldim A" <
gldim A < 2. There exists a short exact sequence

0— fJ(A) S fA—= S —0.

Since the projective dimension of S is one, we have fJ(A) € proj A. Since fA is not an
indecomposable direct summand of f.J(A), we have fJ(A) € addeA as a right A-module.
It follows from Proposition 3.28 that add eA is a cosemisimple right rejective subcategory
of proj A. Thus A/AeA is simple. Since add eA is a right rejective subcategory of proj A, it
follows from Proposition 3.16 that gldim A" < gldim A < 2.

(ii) We claim that any monomorphism in add eA is monic in proj A. Let a : P, — P, be
a monomorphism in add eA. Then we have an exact sequence

0— Kera — P, % Py — Coka — 0

in mod A. Since gldim A < 2, we obtain that P, := Kera € proj A. Since a is a monomor-
phism in add eA, we have Poe = Homy(eA, P,) = 0. This implies that P is a module over
a simple algebra A/AeA. Thus we obtain that P is isomorphic to S! for some [ > 0. If
[ > 0, then S is projective as a right A-module. This is a contradiction since the projective
dimension of S is one. Therefore we have [ = 0 and P, = 0. Thus a is a monomorphism of
A-modules, and hence the assertion follows.

(iii)) We claim that any right rejective subcategory C of addeA is also right rejective
in proj A. In fact, A = eA® fA and addeA has a right C-approximation which is monic
in addeA and hence it is also monic in projA by (ii). Similarly, composing a right C-
approximation of fJ(A) € addeA and ¢ : fJ(A) — fA, we have a right C-approximation
of fA which is monic in add eA, and hence in proj A by (ii).

(iv) We complete the proof by induction on the number of simple A-modules. By
induction hypothesis, proj A’ ~ add eA has a total right rejective chain.

projA' ~addeAD>C, D ---DC,_1 DC, =0.
Composing it with proj A D add eA, and applying (iii), we have a total right rejective chain

of proj A.
(1) The assertion follows from (2) and Theorem 3.23. O

If A is a strongly quasi-hereditary algebra, then the global dimension of A is at most
two [Rinl0]. The converse is not true as the following example shows.
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Example 4.3. Let @ be the quiver 1 <— 2 — 3 whose underlying graph is the Dynkin
graph Az and A the Auslander algebra of k(). Then A is defined by the quiver

NN
N

with relations af, 6 and fe — d¢. The global dimension of A is two. However we can not
construct a strongly heredity chain of A. This example can be explained by Theorem 4.6.

We end this subsection with describing a certain class of artin algebras which is called
Ringel self-dual. We recall the following result.

Definition-Theorem 4.4 (Ringel [Rin91, Theorem 5]). Let A be a quasi-hereditary alge-
bra and a partially ordered set I == {1 < --- < n}. Then there exist the indecomposable
A-modules T(1),T(2),...,T(n) such that T(i) is Ezxt-injective in F(A) and the standard
module A(i) is embedded to T (i) with T'(1)/A(i) € F(A(G) | j < i). Let T := P;_, T(7)

and R(A) := End4(T)°. Then R(A) is a quasi-hereditary algebra with respect to the op-
posite order of <. We call R(A) a Ringel dual of A and T' a characteristic tilting module.

Let (A, <) and (B, <p) be quasi-hereditary algebras with simple A-modules {S4(7) | i €
I'} and simple B-modules {Sg(i') | ¢ € I'}. We say that (A, <,) is isomorphic to (B, <p)
as a quasi-hereditary algebra if there exists an algebra isomorphism f : A = B such that
the induced map ¢ : I — I’ is a poset isomorphism.

Let (A, <) be a quasi-hereditary algebra and <°P the opposite order of <. We say that
A is Ringel self-dual if (A, <4) is isomorphic to (R(A), <°P) as a quasi-hereditary algebra.

Corollary 4.5. Let A be a Ringel self-dual algebra. Then the following conditions are
equivalent:

(i) A has global dimension at most two.
(ii) A is strongly quasi-hereditary.
(iii) A s right strongly quasi-hereditary.

Proof. (ii) = (i): This is shown in [Rin10].

(i) = (iii): This follows from Theorem 4.1 immediately.

(iii) = (ii): Let A be a right strongly quasi-hereditary algebra. Since the Ringel dual of
a right-strongly quasi-hereditary algebra is left-strongly quasi-hereditary with the opposite
order by [Rinl0, Proposition A.2], A is strongly quasi-hereditary. O
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4.2 Strongly quasi-hereditary Auslander algebras

In this subsection, we study strongly quasi-hereditary Auslander algebras. We start this
subsection with recalling the definition of Auslander algebras. Let A be a representation-
finite artin algebra and M a direct sum of all pairwise non-isomorphic indecomposable
A-modules. Then the endomorphism algebra B := Ends(M) is called the Auslander
algebra of A. It is well known that B is an Auslander algebra if and only if gldim B < 2 <
dom.dimB [Aus71, Theorem in § 4].

Since the global dimensions of Auslander algebras are at most two, it follows from
Theorem 4.1 that each Auslander algebra is right-strongly quasi-hereditary. However it
is not necessarily true that each Auslander algebra is strongly quasi-hereditary. The aim
of this subsection is to provide the following characterization of Auslander algebras which
are strongly quasi-hereditary. Recall that an artin algebra A is a Nakayama algebra if and
only if every indecomposable A-module is uniserial (see for example [ARS95, §4.2]).

Theorem 4.6. Let A be a representation-finite artin algebra and B the Auslander algebra
of A. Then the following conditions are equivalent.

(i) B is strongly quasi-hereditary.
(ii) proj B has a rejective chain.
(iii) A is a Nakayama algebra.
To prove Theorem 4.6, we need the following observation.

Lemma 4.7. Let A be an artin algebra and B a factor algebra of A such that mod B is a
cosemisimple subcategory of mod A. Then the following statements hold.

(1) Let X be an indecomposable A-module which does not belong to mod B. Then X is
a projective-injective A-module such that X J(A) is an indecomposable B-module.

(2) B is a Nakayama algebra if and only if A is a Nakayama algebra.

Proof. (1) By Proposition 3.27, there exists a morphism ¢ : Y — X of A-modules such

that Y € mod B and Hom(—,Y) £ Jmeda(—, X) is an isomorphism on mod A. Then
@ is a minimal right almost split morphism of X in mod A. If X is not a projective A-
module, then ¢ is surjective and hence X € mod B, a contradiction. Therefore X is a
projective A-module, and ¢ is an inclusion map XJ(A) — X. Thus XJ(A) =Y is a
B-module. The dual argument shows that X is an injective A-module, and hence X J(A)
is indecomposable.

(2) Since the “if” part is obvious, we prove the “only if” part. Let M be an indecom-
posable A-module which is either projective or injective. We show that M is a uniserial
A-module. If M is a B-module, then this is clear. Assume that M is not a B-module.
By (1), M is a projective-injective A-module such that M J(A) is an indecomposable B-
module. Since B is a Nakayama algebra, M J(A) is uniserial. Hence M is also uniserial. [
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We are ready to show the main theorem in this subsection.

Proof of Theorem 4.6. 1t suffices to show from Theorem 3.23 that (ii) is equivalent to (iii).
(ii) = (iii): We show by induction on the length [(A) of A as a right A-module. If
[(A) = 1, then this is clear. For I(A) > 2 we proceed by induction. Since B is a strongly
quasi-hereditary algebra, it follows from Theorem 3.23 that proj B ~ mod A has a rejective
chain
modADC; D---DC,D0.

Since C; is a rejective subcategory of mod A, there exists a two-sided ideal I of A such that
Cy = mod(A/I) by Proposition 3.14. It follows from the induction hypothesis that A/I is
a Nakayama algebra. Therefore we obtain from Lemma 4.7 (2) that A is also a Nakayama
algebra.

(iii) = (ii): We show by induction on [(A). If I(A) = 1, then the assertion holds.
For I(A) > 2, we prove that mod A has a rejective chain by induction. Since A is a
Nakayama algebra, there exists an indecomposable projective-injective A-module P. Let
M be a direct sum of all indecomposable A-modules which are not isomorphic to P and
Cy := add M. Then C; is closed under factor modules and submodules. It follows from
Proposition 3.14 that there exists a two-sided ideal I of A such that C; = mod(A/I).
On the other hand, we have ind(mod A) \ ind(C;) = {P}. Since the inclusion map ¢ :
PJ(A) — P gives an isomorphism Homy(—, PJ(A)) £= Jneaa(—, P) on mod A, we
obtain from Proposition 3.27 that mod A/ is a cosemisimple right rejective subcategory
of mod A. Since l[(A) > [(A/I), we obtain from the induction hypothesis that there exists
a rejective chain mod(A/I)=C; D ---DC; D --- D C, =0 of mod(A/I). Composing with
mod A D mod(A/I), we have a rejective chain of mod A

mod A D Cy =mod(A/I)D---DC, DO.

The proof is complete. O

We end this subsection with providing a strongly quasi-hereditary algebra of dominant
dimension less than two, that is, it is not an Auslander algebra.

Example 4.8. Let A be the k-algebra defined by the quiver

2
1—-3—5

Y,

with relations ad + be + c¢f. We can easily check that the global dimension of A is two
and the dominant dimension of A is less than two since A dose not have a projective-
injective module. On the other hand, A is a strongly quasi-hereditary algebra with respect
to {2<1<3<4<5}.
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4.3 Strongly quasi-hereditary ADR algebras

Let A be an artin algebra and m > 0 the smallest integer such that J(A)™ = 0. In [Aus71],
Auslander studied the endomorphism algebra B := End AL, A/ J(A)¥) and proved that
B has finite global dimension. Furthermore, Dlab and Ringel showed that Bis a quasi-
hereditary algebra [DR89b|. Hence B is called an Auslander—Dlab—Ringel algebra (for
short ADR algebra). Recently, Conde introduced the notion of left ultra strongly quasi-
hereditary algebras as a special class of left-strongly quasi-hereditary algebras and showed
all ADR algebras are left ultra strongly quasi-hereditary algebras [Conl16].

In this subsection, we study a relationship between ADR algebras and strongly quasi-
hereditary algebras. Since the ADR algebra of a Nakayama algebra coincides with the
Auslander algebra of the Nakayama algebra, it is strongly quasi-hereditary algebra by
Theorem 4.6. However, ADR algebras are not necessarily strongly quasi-hereditary alge-
bras.

We start with recalling the quasi-hereditary structure of an ADR algebra. Let

G = D P6)/P6)I(AY.

icl j=1

where [; is the Loewy length of the indecomposable projective A-module P(i). Then
the endomorphism algebra B := Enda(G) is a basic algebra of B and called also an
ADR algebra of A. Note that the basic algebra of a quasi-hereditary algebra is also
quasi-hereditary. Since the indecomposable projective B-modules are given by F;; =
Hom (G, P(i)/P(i)J(A)?) for i € I and 1 < j < [;, we denote by

AN={(i,j)|iel, 1<j<l}

a label of simple B-modules. For (i, ), (k,l) € A, we write (i,7) < (k,1) if j > [. Then <
gives a partial order on A. We call the partial order < the ADR order of B.

Proposition 4.9. (Conde [Conl6]) Let A be an artin algebra and B the ADR algebra of
A. Then (B, <) is a left-strongly quasi-hereditary algebra.

We can also prove Proposition 4.9 by the following two ways.
(1) Let A be an artin algebra and let A =1y > I; > --- > I,,, = 0 be a chain of two-sided
ideals such that J(A)I, C I, for any n. Let G,, := éfl/[i for 1 <n < m and
B :=End4(G,,). Then -
projB~addG,, D --- DaddGy; DaddG; D0

is a total left rejective chain by [Lya03b, Example 2.2.3]. Since we can apply this result
to the radical series of A, the ADR algebra (B, <) is left-strongly quasi-hereditary
by Theorem 3.23.
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(2) Since A is a semilocal module, B is the ADR algebra in the sense of § 4.4. Hence
Proposition 4.9 follows from Theorem 4.16.

First we consider the case where A is a self-injective algebra. Then we obtain the
following characterization of ADR algebras to be strongly quasi-hereditary.

Proposition 4.10. Let A be a self-injective algebra and B the ADR algebra of A. Then
the following statements are equivalent.

(i) B is a strongly quasi-hereditary algebra.
(ii) A is a Nakayama algebra.

Proof. (i) = (ii): Since A is a self-injective algebra, we have A ~ DA € addG. By
[Miil68, Theorem 2], the dominant dimension of B is at least two. On the other hand,
the global dimension of B is at most two since B is a strongly quasi-hereditary algebra.
Hence B is a strongly quasi-hereditary Auslander algebra. By Theorem 4.6, there exists a
Nakayama algebra A’ such that B is the Auslander algebra of A’. By the Morita-Tachikawa
correspondence (see for example [FK11]), we have A is Morita equivalent to A’. Hence A
is a Nakayama algebra.

(ii) = (i): Since B coincides with the Auslander algebra of A, the assertion follows
from Theorem 4.6. ]

Even if A is neither self-injective nor Nakayama, the ADR algebra of A can be a strongly
quasi-hereditary algebra as the following example shows.

Example 4.11. Let A be the k-algebra defined by the quiver

aCli2

with relations a3 and o?. Then the ADR algebra B of A is given by the quiver

with relations ab and ac. We can check that B is strongly quasi-hereditary with respect to

{S(1) > P(1) < S(2)}.

The following theorem is our main result in this subsection.

Theorem 4.12. Let A be an artin algebra with Loewy length m > 2 and G, := @ AJJ(A)

=1
for any 1 < n < m. Let B := Ends(G) be the ADR algebra of A. Then the following
statements are equivalent.
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(i) (B, Q) is a strongly quasi-hereditary algebra.
(ii) The following chain is a rejective chain of add G.

addG D addG,,,—1 D - Dadd Gy D O.

(iii) gldim B = 2.
(iv) For anyi € I, P(i)J(A) € addG.
To prove Theorem 4.12, we need the following lemma.

Lemma 4.13. Let A be an artin algebra. If P(i)J(A) € addG for any i € I, then
P(i)J(A)/P(i)J(A) € add G for 1 < j <.

Proof. Since P(i)J(A) € addG, we have P(i)J(A) = @P(k)/P(k;)J(A)Z. For sim-
kil

plicity, we write P(i)J(A) %‘P(k:)/P(k:)J(A)l. Then Wevhalve P(i)J(A)/P(i)J(A)
(P(k)/P(k)J(A))/(P(k)J(AY [P(k)J(A)') = P(k)/P(k)J(A) € addG.

O IR

Now we are ready to prove Theorem 4.12.

Proof of Theorem 4.12. (i) < (ii): The assertion follows from Corollary 3.25.

(i) = (iii): It follows from [Rinl0, Proposition A.2] that the global dimension of B is
at most two. It is enough to show that there exists a B-module such that its projective
dimension is two. Let S be a simple A-module. Then we have the following short exact

sequence.
0= Jmod a(G,S) — Homa(G, S) — topHomyu (G, S) — 0.

Assume that Jmod 4(G, S) is a projective right B-module. Then there exists an A-module
Y € add G such that Jmeaa(G,S) = Homyu(G,Y). By S € add G, there exists a non-zero
morphism f : Y — S such that Homa(G, f) : Homs(G,Y) — Homx(G, S) is an injective
map. Since the functor Hom4 (G, —) is faithful, f is an injective map. Hence f is an
isomorphism. This is a contradiction since Jmod (G, S) = Homa(G,S). Therefore we
obtain the assertion.

(iii) < (iv): This follows from [Sma78, Proposition 2.

(iv) = (ii): First we show that add G,,—1 is a cosemisimple rejective subcategory of
add G. For any X € ind(add G)\ind(add G,,,_1), there exists an inclusion map ¢ : X J(A) —
X with XJ(A) € add G,,—1 by the condition (iv). Since X is a projective A-module such
that its Loewy length coincides with the Loewy length of A, ¢ induces an isomorphism

Hom (G, X J(A)) L5 Trmoa a(G, X).
It follows from Proposition 3.27 that add GG,,_; is a cosemisimple right rejective subcat-

egory of addG. Moreover, there exists canonical surjection ¢ : X — X/XJ(A)m!
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with X/XJ(A)™ 1 € addG,,_;. Since we have f(XJ(A)™ ') c J(A)™ = 0 for any
f €rada(X,G), the map 1 induces the following isomorphism.

Homa (X/X J(A)™ 1, G) =% Tmoa (X, G).

Hence we obtain that add GG,,,_; is a cosemisimple left rejective subcategory of add G by
Proposition 3.27.
Next we prove that add G has a rejective chain

addG D addG,,_1 D ---DaddG; D0

by induction on m. If m = 2, then the assertion holds. Assume that m > 2. Let
X €ind(add G,,_1) \ ind(add G,,_3). Then X = P(i)/P(i)J(A)™ ! for some i € I and we
have

(P)/P@)J(A)™ ) J(A)J™HA)) = P(i)J(A)/P(i)J(A)" .
Since P(i)J(A) € add G, we obtain P(i)J(A)/P(i)J(A)™ ! € add G,,_1 by Lemma 4.13.
By induction hypothesis, add G,,,_; has the following rejective chain.

addG,,—1 D ---DaddG; D 0.

Composing it with add G D add GG,,,_1, we obtain a rejective chain of add G. [

Remark 4.14. Since the global dimension of any strongly quasi-hereditary algebra is at
most two, (iii) = (i) of Theorem 4.12 implies that if the ADR algebra B is strongly
quasi-hereditary, then B is strongly quasi-hereditary with respect to the ADR order.

4.4 ADR algebras of semilocal modules

In this subsection, we consider a generalization of ADR algebras in § 4.3. This generaliza-
tion was introduced by Lin and Xi [LX93].

Definition 4.15. Let M be a right A-module.

(1) M is called a local module if top M is isomorphic to a simple A-module.

(2) M is called a semilocal module if M is a direct sum of local modules.

Note that any local module is indecomposable.

Throughout this subsection, suppose that M is a semilocal module with Loewy length
00(M) = m. We denote by M the basic module of @7, M /M J(A)". We call B := End (M)
the ADR algebra of M. Note that in the case M = A4, the ADR algebra of A is the original
ADR algebra in § 4.3.

In [LX93], they proved that the ADR algebras of semilocal modules are quasi-hereditary.
In this subsection, we sharpen this result. Namely, we prove the following theorem.
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Theorem 4.16. The ADR algebra of any semilocal module is left-strongly quasi-hereditary.

An advantage of our theorem is to give a better upper bound on global dimension of
the ADR algebras (see Remark 4.23).

In the rest of this subsection, we give a proof of Theorem 4.16. We define the following
sets of the isomorphism classes of indecomposable direct summands of M. Let F be the
set of pairwise non-isomorphic indecomposable direct summands of M and F; the subset
of F consisting of all modules with Loewy length m — i. We denote by F;; the subset of
F; consisting of all modules X which do not have a surjective map in Jmoq (X, V) for all
modules N in F;. For any integer j > 1, we inductively define the subsets F;; of F; as
follows: F;; consists of all modules X € F; \ UIS,€§ ;1 Fix which do not have a surjective
map in Jmod (X, N) for all modules N € F; \ UlSij_1 Fix. Weset n; == min{j | F;, =

UlSij Fir} and ny = Z?:ol n;.

These subsets F; ; give a partial order on the isomorphism classes of simple B-modules.
In fact, {Fo1 < -+ < Fon, <F11<--- <Fy_1n, ,} is apartial order on the isomorphism
classes of simple B-modules. If M = Ay, then n; = 1 for all 0 < ¢ < m — 1 and such
a partial order coincides with the ADR order in § 4.3. However, the ADR algebra of a
semilocal module is not necessarily left-strongly quasi-hereditary with respect to the ADR
order.

Example 4.17. Let A be the k-algebra defined by the quiver

1—2—3

|

4

and M := P(1) @ P(1)/S(3) @ P(1)/S(4) @ P(2)/S(3). Then M is a semilocal module.
The ADR algebra B of M is given by the quiver

P(1)/S(4) ——— P(1) “— P(1)/5(3

)
T— - T~

P(1)/P(1)J(A)? P(2)/5(3)
gT \ /
5(1) S5(2)

with relations da—eb, ec— fh and gf. Then Fo; = {P(1)/S(4), P(1)/S(3)}, Fo2 = {P(1)},
Fii = {PQ1)/P(1)J(A)?* P(2)/S(3)}, Fa1 = {S(1),5(2)}. We can check that B is left-
strongly quasi-hereditary with respect to {Fo1 < Foo < F11 < Fy:}. However we can
also check that B is not left-strongly quasi-hereditary with respect to the ADR order

{P(1)/5(3), P(1)/5(4), P(1) < P(1)/P(1)J(A)*, P(2)/5(3) < S(1),5(2)}.

We introduce a special right (resp. left) rejective chain which plays crucial role in the
proof of Theorem 4.16.
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Definition 4.18 (Iyama [Iya03b, Definition 2.2]). Let C be a subcategory of mod A and
C=C>DC;D---DC,=0 (4-8)

a chain of subcategories. We call (4-8) an A-total right (resp. left) rejective chain if the
following conditions hold for 1 < i < n:

(a) for any X € C;_4, there exists a monic (resp. epic) in mod A right (resp. left) C;-
approximation of X;

(b) C; is a cosemisimple subcategory of C;_;.

Remark 4.19. Let C be a subcategory of mod A. All A-total right (resp. left) rejective
chains of C are total right (resp. left) rejective chains. If A € C, then the converse holds.

Recall that if proj A has a total left rejective chain, then A is left-strongly quasi-
hereditary by Theorem 3.23. To prove Theorem 4.16, it is enough to show that proj A
has a total left rejective chain. For 0 <7 <m — 1 and 1 < 5 < n;, we set

Foiig) = F\ (Uoick<ioiFr) U (UrigFin)),

Ci,j := add @ N,

N€F>(i,]-)
where F_; := (). Then we have the following result.

Proposition 4.20. Let A be an artin algebra and M a semilocal A-module. Then add M
has the following A-total left rejective chain with length ny;.

add ]/_\Z = C()’() D C()71 DD CO,no D) 01’1 DR Cm—l,nm,l =0.
Before proving Proposition 4.20, we give a proof of Theorem 4.16.

Proof of Theorem 4.16. By Corollary 3.25, it is enough to show that add M has a total left
rejective chain. Hence the assertion follows from Proposition 4.20. O

To show Proposition 4.20, we need the following lemma.

Lemma 4.21. For any M’ € Fg,, the canonical surjection p : M’ — M'/M'J(A)™!
mduces an isomorphism.

@ : Homa(M'/M'J(A)™ ', M) =2 Freaa(M', M).

Proof. Since ¢ is a well-defined injective map, we show that ¢ is surjective. Let N be
an indecomposable summand of M with Loewy length k£ and let f : M’ — N be any
morphism in Jmed 4(M’, N). Then we show f(M'J(A)™ ') = 0.

(i) Assume that top M’ % top N or k = m. Then we have Im f C NJ(A), and hence

FOMI(A™ ) = FL)T(A)™ € (NI(A)J(A)™" =0,
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(ii) Assume that top M’ = top N and k < m. Since m — k > 0 holds, we obtain
FOM'J(A)™) = fF(M)J(A)" ™ € NJ(A)™ ! = (NJ(A)*)J (A" =0.
Since f(M'J(A)™ ') = 0 holds, there exists g : M'/M'J(A)™"! — N such that f =
gop.
0——=M'J(A)" ! ——= M —"= M’ /M J(A)" ' —0
x lf _ - /Elg/
N L

Hence the assertion follows. O]
Now we are ready to prove Proposition 4.20.

Proof of Proposition 4.20. We show by induction on nj;. If ny, = 1, then this is clear.
Assume that nyp, > 1. By Proposition 3.27 and Lemma 4.21, Cy; is a cosemisimple left

rejective subcategory of add M. Since N := M/(®xero, X) ® (Bxery, XJ(A)™ 1) is a
semilocal module satisfying N = M/ @ xcr,, X and ny < nys, we obtain that

add N =Co1 D+ D Cony DCi1 D+ D Conctmy, =0

is an A-total left rejective chain by induction hypothesis. By composing Cyo D Cp and it,
we have the desired A-total left rejective chain. ]

As an application, we give an upper bound on global dimension on ADR algebras.

Corollary 4.22. Let A be an artin algebra and M a semilocal A-module. Then we have

gldim End 4 (M) < ny,.

Proof. By Proposition 4.20, proj B ~ add M has a total left rejective chain with length n,.
Hence the assertion follows from Proposition 3.22. [

Remark 4.23. In [LX93], they showed that the ADR algebra of a semilocal module M is
quasi-hereditary. This implies gldim End (M) < 2(ny — 1) by [DR89¢, Statement 9]. By
Corollary 4.22, we obtain better upper bound on global dimension of ADR algebras.

The following example shows us that the bound on the global dimension in Corollary
4.22 are tightly.

Example 4.24. Let n > 2. Let A be the k-algebra defined by the quiver

and M a direct sum of all factor modules of P(1). Clearly M is semilocal. Then gldim B =
n—1=mny —1for n > 3. In the case n = 2, gldim B = 2 = ny,.
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By Remark 4.14, if B is the ADR algebra of A, then its strongly quasi-hereditary
structure can be realized by the ADR order. However, for any semilocal module, the
assertion does not necessarily hold as the following example shows.

Example 4.25. Let A be the k-algebra defined by the quiver

a(C1-52
with relations a3 and a®. Then M := P(1)@® P(1)/soc P(1) & P(2) is a semilocal module.
The ADR algebra B of M is given by the quiver

A
\_/
~
e

—~ = =
=
S
—~
b
N

no
B
/\
\_/
\
w0
o
(@]
e
—~
~—

P(2) S(1)

with relations eca, fed and c¢b — df. Then B is not strongly quasi-hereditary with respect
to {Fo1 < F11 < F12 < Fa1}. However B is strongly quasi-hereditary with respect to

{P(1) < P(1)/P(1)J(A)? < P(1)/soc P(1) < P(2), S(1)}.
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