Minimal PF submanifolds in Hilbert spaces
with symmetries

(EILARIL M ZEROXNYFIRMEE S D
WBNEE 7 L KRRV LD S ERE)

HEAH R
HHREW

THITEE

Masahiro Morimoto

(ARAE5h)






Contents
Acknoledgements
Introduction

1 Fundamental facts
1.1 PF submanifolds and PF actions . . .. .. ... .. .. ... ..
1.2 The P(G,H)-action . . . . . . .. ... ... .. .........
1.3 The parallel transport map . . . . . . .. ... ... ... ...
1.4  Minimality for PF submanifolds . . . . . ... ... ... ....
1.5 Symmetric properties for PF submanifolds . . . . . ... .. ..

2 Submanifold geometries via the parallel transport map
2.1 Second fundamental forms and shape operators I . . . . . . ..
2.2 Second fundamental forms and shape operators IT . . . . . . ..
2.3 The totally geodesic property . . . . . .. .. ... .. ... ..
2.4 Principal curvatures . . . . .. ..o

3 Symmetric properties via the parallel transport map
3.1 The canonical reflection of the path space . . . . ... ... ..
3.2 The weakly reflective property . . . . . . . ... ... ... ...
3.3 The austere property . . . . . .. ...
3.4 The arid property . . . . . . ..

4 Homogeneous minimal PF submanifolds in Hilbert spaces
4.1 A critical difference between finite and infinite dimensions .
4.2 A problem related to hyperpolar P(G, H)-actions . . . . . . . .
4.3 A problem related to affine Kac-Moody symmetric spaces . . . .

References

1l

14
17
19

28
28
30
37
40

47
47
47
48

51






Acknoledgements

I would like to express my gratitude to my supervisor Professor Yoshihiro
Ohnita for helpful discussions, many invaluable suggestions and his encour-
agements over a long period of time. I am also grateful to Professors Takashi
Sakai and Hiroshi Tamaru for useful discussions and valuable suggestions, and
to Professors Mikiya Masuda and Futoshi Takahashi for their interests in my
work and useful comments. Special thanks are also due to Professors Ernst
Heintze and Jost-Hinrich Eschenburg for many discussions and invaluable com-
ments, and to Professor Peter Quast for his kind hospitality during my visit
to the University of Augsburg.

I was partly supported by the Grant-in-Aid for JSPS Research Fellow
(No.18J14857) and by Osaka City University Advanced Mathematical Insti-
tute (MEXT Joint Usage/Research Center on Mathematics and Theoretical
Physics). I am also grateful for this support.






Introduction

In mathematics, submanifolds in Euclidean spaces are fundamental objects
and have been studied by many researchers. From the view point of extrinsic
differential geometry there are two important of generalizations of them. One
generalization is given by submanifolds in Riemannian manifolds. Here Rie-
mannian manifolds are always assumed to be of finite dimension throughout
this thesis. The other generalization is given by submanifolds in Hilbert spaces
which can be either of finite or infinite dimension. Submanifolds in Rieman-
nian manifolds have been studied by many geometers since a long time ago.
Submanifolds in Hilbert spaces were studied first by C.-L. Terng in 1980’s and
also by G. Thorbergsson, E. Heintze and other geometers. In both cases many
interesting problems and profound results are known.

In this thesis we investigate submanifolds in Hilbert spaces which are proper
Fredholm (PF), minimal, and having certain symmetries.

Submanifolds in Hilbert spaces

Strictly speaking, a submanifold in a Hilbert space is a Hilbert manifold
smoothly immersed in a separable Hilbert space. Here a Hilbert manifold is
defined as a smooth manifold locally modeled on a separable Hilbert space.

A motivation to study submanifolds in Hilbert spaces may come from a
natural question asking differences or similarities between the finite and infi-
nite dimensional cases. It is known that the standard theorems of differential
calculus such as the inverse function theorem and the unique existence theo-
rem for ordinary differential equations are still valid in the infinite dimensional
case ([33]). A Riemannian metric g on a Hilbert manifold M is defined sim-
ilarly to the finite dimensional case and a pair (M, g) is called a Riemannian
Hilbert manifold. The Levi-Civita connection and geodesics for a Riemannian
Hilbert manifold are defined just as in the finite dimensional case. However
the Hopf-Rinow theorem does not hold in infinite dimensions ([1], [2]). A
Hilbert manifold equipped with a smooth group structure is called a Hilbert
Lie group, where subgroups and homomorphisms are defined similarly to the
finite dimensional case. However despite the finite dimensional affirmative re-
sult the Hilbert’s 5th problem is not true in infinite dimensions; an unusual
example of a Hilbert manifold with a non-differentiable topological group struc-
ture appears in connection with affine Kac-Moody algebras. Also in this thesis
a critical difference between finite and infinite dimensional submanifolds will
become clear (Section 4.1).

A systematic study of submanifolds in Hilbert spaces was initiated by Terng
[50]. The second fundamental form, the shape operator and the normal con-
nection of a submanifold in a Hilbert space are defined just as in the finite
dimensional case. However the spectral theory of the shape operator are com-
plicated in general and infinite dimensional differential topology ([48]) and
Morse theory ([40], [47]) can not be applied easily to submanifolds in Hilbert
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spaces without further restrictions. From this viewpoint she introduced a
suitable class of submanifolds in Hilbert spaces, namely proper Fredholm sub-
manifolds (shortly, PF submanifolds). Roughly speaking a PF submanifold
is a submanifold in a Hilbert space where the shape operators are compact
operators and the distance functions satisfy the Palais-Smale condition (]40],
[47]). In [50] Terng gave examples of PF submanifolds which are orbits of the
gauge transformations and studied isoparametric PF submanifolds. After that,
the relation between isoparametric PF submanifolds and affine Kac-Moody al-
gebras was discussed by her with coworkers ([50], [21]) and then a profound
result on homogeneous property of isoparametric PF submanifolds was shown
by Heintze and Liu [19]. These lead us to the concept of affine Kac-Moody
symmetric spaces, which are the infinite dimensional analogue to finite dimen-
sional Riemannian symmetric spaces ([16], [43], [10]).

In the study of submanifolds in Hilbert spaces an important tool is given
by a certain Riemannian submersion @5 : V; — G/K which is called the
parallel transport map. Here G/K is a compact normal homogeneous space
and V, := L*([0,1],g) the Hilbert space of all L*paths with values in the
Lie algebra g of G (see Section 1.3). It is known ([52]) that if N is a closed
submanifold of G/K then its inverse image ®;'(N) is a PF submanfold of
V. Thus via the parallel transport map we can obtain many examples of PF
submanifolds. Moreover the parallel transport map is also known as a tool to
linearlize geometrical problems in GG/K: we can reduce a non-linear problem
in G/ K into a linear problem in the Hilbert space Vj (e.g. [52], [11], [9]). From
these perspectives it is important to study the geometrical relation between N
and @ (N). For example, it was shown ([29], [31], [20]) that if NV is minimal
then the PF submanifold ®'(N) is also minimal. Here, for precise definitions
of minimal PF submanifolds, see Section 1.4 and references therein.

Minimal submanifolds with symmetries: the Riemannian case

In Riemannian manifolds (always assumed to be finite dimensional) there
are several kinds of minimal submanifolds with certain symmetries.

An austere submanifold is a minimal submanifold of a Riemannian manifold
which has a local symmetry. More precisely a submanifold M immersed in a
Riemannian manifold M is called austere if for each normal vector ¢ the set
of eigenvalues with multiplicities of the shape operator A, is invariant under
the multiplication by (—1). This notion was originally introduced by Harvey
and Lawson [15] in the study of calibrated geometry. Except for the case of
surfaces the austere condition is much stronger than the minimal one. It is an
interesting problem to classify austere submanifolds under suitable conditions
(c.g. [4], [7), [27], [26], [28]).

In [26] Ikawa Sakai and Tasaki introduced a certain kind of austere sub-
manifold which has a global symmetry, which they call a weakly reflective
submanifold. A submanifold M immersed in a Riemannian manifold M is
called weakly reflective if for each normal vector & at each p € M there exists
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an isometry v of M which satisfies

ve(p) =p,  dve(§) = =&, wve(M) = M.

Here we call v¢ a reflection with respect to £. A reflective submanifold ([34]),
defined as a connected component of the fixed point set of an involutive isom-
etry on M, is an example of a weakly reflective submanifold. Another example
is a singular orbit of a cohomogeneity one action, which was essentially shown
to be weakly reflective by Podesta [44]. It is an interesting problem to study
submanifold geometry of orbits under isometric actions of Lie groups and to
determine their weakly reflective orbits (e.g. [26], [39], [8]).

Recently Taketomi [49] introduced a generalized concept of weakly reflec-
tive submanifolds, namely arid submanifolds. A submanifold M immersed in
a Riemannian manifold M is called arid if for each nonzero normal vector &
at each p € M there exists an isometry ¢ of M which satisfies

ee(p) =p,  dpe(§) #E&  pe(M) = M.

Here we call ¢ an isometry with respect to . From this definition we have:

austere
reflective = weakly reflective minimal.
arid

In [49] he gave an example of an arid submanifold which is not an austere
submanifold (therefore not a weakly reflective submanifold). Also he showed
that any isolated orbit of a proper isometric action is an arid submanifold. It
is a problem for a given proper isometric action to determine its arid orbits
which are not isolated.

Note that those submanifolds are defined and studied only in the finite
dimensional Riemannian case.

The purpose and main results

The purpose of this thesis is:

(i) to define reflective PF submanifolds, weakly reflective PF submanifolds,
austere PF submanifolds and arid PF submanifolds in Hilbert spaces,
(i) to study the geometrical relations between a submanifold N of compact
normal homogeneous space G /K and the PF submanifold ®'(N) of the
Hilbert space Vg, where ®x : V; — G/K denotes the parallel transport
map, and
(iii) to obtain many examples of minimal PF submanifolds with symmetries.

In fact we define such PF submanifolds with symmetries just as in the fi-
nite dimensional case (Section 1.5). Then we show the following geometrical
relations, which are main results of this thesis:
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Theorem A. Let G/K be a compact normal homogeneous space. Then each
fiber of the parallel transport map @k : Vy — G/K is a weakly reflective PF
submanifold of Vj.

Theorem B. Let G/K be an irreducible Riemannian symmetric space of com-
pact type. If N is a weakly reflective submanifold of G/K then ®(N) is a
weakly reflective PF submanifold of Vj.

Theorem C. Let N be a closed submanifold of the l-dimensional sphere G/ K,
where (G, K) = (SO(l + 1), SO(l)). Then the the following are equivalent:

(i) N is an austere submanifold of G/ K,
(ii) ®x'(N) is an austere PF submanifold of V.

Theorem D. Let G/K be an irreducible Riemannian symmetric space of com-
pact type. If N is an arid submanifold of G/K then ®3'(N) is an arid PF
submanifold of Vj.

Note that these theorems except for Theorem C are proved under somewhat
weaker assumptions; for details see Theorems 3.1.2, 3.2.1, 3.3.1, 3.4.1 and
their corollaries. Applying these theorems to examples of weakly reflective
submanifolds, austere submanifolds and arid submanifolds in G/K we obtain
many examples of weakly reflective PF submanifolds, austere PF submanifolds
and arid PF submanifolds respectively in the Hilbert space V; (cf. Section 3).

Notice that all known examples of such minimal submanifolds in G/K are
homogeneous, that is, orbits of isometric actions by certain Lie groups. Then
it follows that so obtained minimal PF submanifolds are also homogeneous.
Note also that except for rare cases so obtained PF submanifolds are not totally
geodesic (and thus not reflective). More precisely the following theorem will
be shown (Corollary 2.3.2):

Theorem E. Let G/K be a compact normal homogeneous space and N a
connected closed submanifold of G/K through eK € G/K. Denote by c(g) the
center of the Lie algebra g of G. Then the following are equivalent:

(1) ®5'(N) is a totally geodesic PF submanifold of Vj,
(ii) N is a totally geodesic submanifold of G/K such that TN C ¢(g).

As a consequence we obtain the following corollary (Theorem 4.1.2):

Corollary. In infinite dimensional Hilbert spaces there exist many homoge-
neous minimal PEF submanifolds which are not totally geodesic.

This corollary shows a critical difference between finite and infinite dimensional
submanifolds because it is known that in finite dimensional Euclidean spaces
all homogeneous minimal submanifolds are totally geodesic ([46]).

The organization of this thesis

In Section 1 we review the fundamental facts and results related to PF
submanifolds in Hilbert spaces. In Section 1.1 we review definitions and the



fundamental properties of PF submanfiolds and PF actions. In Sections 1.2
and 1.3 we prepare the setting of P(G, H)-actions and the parallel transport
map. In Section 1.4 we review definitions and the fundamental properties for
minimal PF submanifolds. In Section 1.5 we define reflective PF submani-
folds, weakly reflective PF submanifolds, austere PF submanifolds and arid
PF submanifolds in Hilbert spaces, and study their fundamental properties.

In Section 2 we study submanifold geometry of PF submanifolds obtained
through the parallel transport map. In Sections 2.1 and 2.2 we give explicit
formulas for the second fundamental forms and the shape operators of so ob-
tained PF submanifolds. Using these formulas we study their totally geodesic
property and principal curvatures in Sections 2.3 and 2.4 respectively. All
these results are interesting themselves and also will be the foundations for
the later sections.

In Section 3 we study the symmetric properties for PF submanifolds. In
Section 3.1 we define the canonical reflection of the Hilbert space V; and show
that each fiber of the parallel transport map is a weakly reflective PF subman-
ifold of V. Motivated by this result, in Sections 3.2, 3.3 and 3.4 we study the
weakly reflective property, austere property and arid property for PF subman-
ifolds obtained through the parallel transport map. Moreover we show many
examples of minimal PF submanifolds with such symmetries.

In Section 4 we focus on homogeneous minimal PF submanifolds. In Section
4.1 we show the critical difference between finite and infinite dimensional cases
and in Sections 4.2 and 4.3 we mention the related problems.
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1 Fundamental facts

1.1 PF submanifolds and PF actions

In this subsection we review the definitions and the fundamental properties
for PF submanifolds and PF actions.

Let V be a separable Hilbert space over R and M a Hilbert manifold
immersed in V. Suppose that for each p € M the tangent space T,M is a
closed subspace of T,V = V. We denote by T+M the normal bundle of M.
The end point map Y : T*M — V is defined by Y (£) :=p+ ¢ for £ € T M.

Definition (Terng [50]). M is called a proper Fredholm (PF) submanifold of
V' if it satisfies the following two conditions:

(i) the end point map Y is Fredholm, that is, the differential dY(,¢) at each
(p,€&) € T+ M is a Fredholm operator,
(ii) the restriction of Y to a normal disc bundle of any finite radius is proper.

Note that if V' is of finite dimension then the condition (i) is automatically
satisfied.

The following proposition gives the fundamental properties of PF subman-
ifolds in Hilbert spaces. For a proof, see [50, Propositions 2.7 and 2.16].

Proposition 1.1.1 (Terng [50]). Let M be a PF submanifold of V.

(i) For eachp € M and each £ € TpLM the shape operator A¢ : T,M — T,M
15 a self-adjoint compact operator.

(i) For each u € V the function f : M — R defined by f(p) := ||p — ul|?
satisfies the Palais-Smale condition ([40], [47]): For any sequence {x,}
in M satisfying sup,, | f(z,)| < oo and ||df,, || — 0 it follows that {z,}
has a convergent subsequence.

From the first condition the spectral theory of the shape operator is some-
what simplified and we can deal with principal curvatures of PF submanifolds.
However note that the shape operator is not of trace class in general and
thus there is no natural definition of mean curvatures of PF submanifolds (cf.
Section 1.4). The second condition implies that we can apply infinite dimen-
sional Morse theory to PF submanifolds. In this thesis we mainly use the fist
condition.

Let G be a Hilbert Lie group, that is, a Hilbert manifold with a smooth
group structure. Suppose that G acts on a separable Hilbert space V. The G-
action is called proper if the map GxV — V', (g, u) — (g-u, u) is proper, and is
called Fredholm if for each u € V the map G — V', g — ¢-u is Fredhlom. Note
that if G and V' are of finite dimension then the G-action on V' is automatically
Fredholm. For a proof of the next proposition, see [41, Theorem 7.1.6].

Proposition 1.1.2 (Palais-Terng [41]). Suppose that G is an infinite dimen-
sional Hilbert Lie group acting on a separable Hilbert space V. If the action is
isometric, proper and Fredholm then every orbit is a PF submanifold of V.
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An important example of a PF action is the P(G, H)-action, which we
review in the next subsection.

1.2 The P(G, H)-action

In this subsection we prepare the setting of P(G, H)-actions.

Let G be a (finite dimensional) connected compact Lie group with Lie
algebra g. Choose an Ad(G)-invariant inner product of g and equip the cor-
responding bi-invariant Riemannian metric with G. For simplicity of notation
we regard G as a subgroup of a general linear group. We set

g := Hl([0>1]70)7 Vg:: HO([O? 1]?9)7

where H'(]0, 1], G) denotes the Hilbert Lie group of all Sobolev H!-paths in
G parametrized on [0,1] and H°([0, 1], g) the Hilbert space of all Sobolev H°-
paths (i.e. L?-paths) in g parametrized on [0,1]. Note that from the Sobolev
embedding theorem any Sobolev H!-path is continuous. The Lie algebra Lie G
of G is the Hilbert sapce H'([0, 1], g) of all Sobolev H'-paths in g. The expo-
nential map exp? of G is given by

(exp? Z)(t) := exp“(Z(t)), Z € LieG, t € [0,1],

where exp® denotes the exponential map of G. We denote by " the map which
associates to each a € G (resp. = € g) the constant path a € G (resp. & € V})
which values at a (resp. x).

Define the G-action on V; via the gauge transformations:

grxu:=qgug ' —g¢g', ¢geG, ue Vs (1.2.1)

where ¢’ denotes the weak derivative of g with respect to the parameter on
[0,1]. The differential d(g*); of the transformation g% : V' — V, u+— g*u at
0 € Vj is given by

d(g=)g(X) =gXg', X eTV, 2V,

Thus the G-action on Vj is isometric. Also it can be easily seen that the
G-action on Vj is transitive ([51, p. 132]). Moreover we know ([50, p. 89]):

Proposition 1.2.1 (Terng [50]). The G-action on Vy is proper and Fredholm.

Let H be a closed subgroup of G x G with Lie algebra . Define a Lie
subgroup P(G, H) of G by

P(G H):={g9€G](9(0),9(1) € H}
with Lie algebra

Lie P(G,H) ={Z € H'([0,1],9) | (2(0), Z(1)) € b}.
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The induced action of P(G, H) on Vj is called the P(G, H)-action ([51]). Note
that P(G, H) is the inverse image of H under the Lie group homomorphism
U : G — G x G which is defined by

U(g) = (9(0),9(1)), ge€g,

with differential
(d0)(Z)=(Z(0),Z(1)), Z € Lieg. (1.2.2)

This together with Proposition 1.2.1 shows that the P(G, H)-action is also
proper and Fredholm ([51, p. 132]). Thus by Proposition 1.1.2 every orbit of
the P(G, H)-action is a PF submanifold of Vj.

Since

d

ds 50

(exp?sZ) x0=—2', Z € LieP(G,H), (1.2.3)
the tangent space of the orbit P(G, H) % 0 through 0 € V, is written by
To(P(G,H) % 0) = {—2Z' € H°([0,1),9) | Z € Lie P(G, H)}. (1.2.4)

We know that if H = {e} x G then P(G,H) = P(G,{e} x G) acts on V,
transitively and freely ([52, Corollary 4.2]). Similarly P(G,G x {e}) acts on
V, transitively and freely.

The structure of the P(G, H)-action can be understood by the parallel
transport map, which we review in the next subsection.

1.3 The parallel transport map

In this subsection we prepare the setting of the parallel transport map.

As in the last subsection we denote by G a connected compact Lie group
with a bi-invariant Riemannian metric. Define a map £ : V; — P(G, {e} x G),
u +— E, by the unique solution to the linear ordinary differential equation

E'E! =,
E,(0) =e.

Note that the inverse map F : P(G, {e} x G) — Vj of E is given by

E(g)=g'%0, g€ PG {e}xQq).

From (1.2.3) the differential dF : T,P(G,{e} x G) — TV, at é is given by
(dE)o(2) = 2"

Thus the differential of (dE); : T3V, — T:P(G, {e} x G) at 0 is given by
t
WEW(X) = [ Xdt, X TV, =, (13.1)
0
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From the direct computations we have ([51, Proposition 1.1}):
Eypw=FE.g ', g€ PG, {e} xQ), ucV,
Thus defining the right invariant Riemannian metric (-, -) on P(G, {e} x G) by
(ZWY = (2" W2, Z,W € T:P(G, {e} x ),
the map E : V; — P(G, {e} x G) becomes an isometry ([29, Proposition 3.2]).
Definition (Terng [51]). The parallel transport map ® : V; — G is defined by
O(u) == E,(1), uwel.
Let H be a closed subgroup of G x G. Then H acts on G isometrically by
(b1, by) - a = biaby,*, a€ G, (b,by) € H. (1.3.2)
It follows ([51, Proposition 1.1]) that for each g € P(G, H) and u €V
O(g +u) = (9(0), g(1)) - P(u) (1.3.3)
and that for each u € V;
PG, H)xu=®""H - d(u)). (1.3.4)
Thus we have the following commutative diagram:

g > P(G,H) ~ 'V, D PG H)xu = & YH- D(u))
v v o] o
GxG D H ~ G D H-Ou).

From (1.2.2) and (1.3.1) the differential (d®); : T3V — g of the parallel
transport map ® at 0 € Vj is given by

(d®)s(X) = /OlX(t)dt, X €TV, =V,

From this we obtain the orthogonal direct sum decomposition

TV, = § & Ker(dd)y, X — (/OlX(t)dt) o (X - /OlX(t)dt>  (135)

Moreover the following properties holds ([52, p. 686], [52, Lemma 5.1]):

Proposition 1.3.1 (Terng-Thorbergsson [52]).

(i) ® is a Riemannian submersion.
(i) Any two fibers of ® are congruent under the isometries on V.
(i) P(G,{e} x {e}) acts on each fiber of ® transitively and freely.
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(iv) ® is a principal P(G,{e} x {e})-bundle.
(v) If N is a closed submanifold of G then ®*(N) is a PF submanifold of
Vs

Let K be a closed subgroup of GG with Lie algebra . Denote by g = £+m the
orthogonal direct sum decomposition. Restricting the Ad(G)-invariant inner
product of g to m we define the induced G-invariant Riemannian metric on the
homogeneous space G/K. Thus G/K is a compact normal homogeneous space.
We denote by 7 : G — G/K the natural projection, which is a Riemannian
submersion with totally geodesic fiber. For each = € g, z; and x,, denote the
£- and m-components, respectively.

Definition (Terng-Thorbergsson [52]). The parallel transport map P over
G/ K is defined by
O =mo0d:V; -G — G/K. (1.3.6)

Note that if K = {e} then &, = &. Note also that ®, has the similar
properties as in Proposition 1.3.1.

In the rest of this subsection, we mention several facts which will be used
later. By (1.3.3) the following diagram commutes for each g € P(G,G x {e}):

o = VW
@J @l (1.3.7)
G (9(0), €) a.

Let GG, K be as above. For a € G we denote by [, the left translation by a
and L, the isometry on G/K defined by L,(bK) := abK for b € G. Then the
diagram

¢ s G

ﬂl ﬂl (1.3.8)
G/K s G/K

commutes. Combining (1.3.7) with (1.3.8), the following diagram commutes
for g € P(G,G x {e}) and a := ¢(0):

Voo — VW
<1>Kl @Kl (1.3.9)
G/K -t GJK.

Let G, H be as above. For each a € G, set H* := (a,e) 'H(a,e). We
have H - a = [,(H" - €). Then it follows from (1.3.3) (ii) and (1.3.7) that for
g€ P(G,G x{e}), u:=gx*0and a:= P(u) = g(0),

P(G,H)xu=gx(P(G,H") %0). (1.3.10)

>



1.4 Minimality for PF submanifolds

In this subsection we review the fundamental facts on minimality for PF
submanifolds. Since there is no infinite dimensional version of Lebesgue mea-
sure on Hilbert spaces, the volume of PF submanifolds with respect to the
induced metric is not meaningful and thus the minimality of PF submanifolds
can not be defined via the local variation of the volume. Moreover the shape
operator of a PF submanifold is a self-adjoint compact operator which is not
of trace class and thus there is no natural definition of mean curvatures for PF
submanifolds in general.

Fortunately for a suitable class of PF submanifolds the trace of the shape
operator can be defined and thus the minimality is defined so that the trace
vanishes. At present there are three kinds of definitions for the trace of the
shape operator (mean curvature) and respectively there are three kinds of
definitions for minimal PF submanifolds:

Definition (King-Terng [29], Heintze-Liu-Olmos [20], Koike [31]).
Let M be a PF submanifold of a separable Hilbert space V and & € T+ M.
We denote by
pr S pp < <0< < A S AL

the eigenvalues repeated with multiplicities of the shape operator A.. Also
denote by {x;}72, the set of all distinct non-zero eigenvalues of A, arranged
so that

|kk| > |Kre1| or Kr = —Kgy1 >0,

and by mj the multiplicity of k.
We say that Ag is (-regularizable ([29]) if >, A\j + >, |p]® < oo for all

s> 1 and
fre Ag = lim (Zk: Ak~ Zk: | )

exists. Then we call tro A¢ the (-regularized mean curvature in the direction
of £&. M is called (-reqularizable if Ag is (-regularizable for all £ € T+M. If
M is (-regularizable and tre A¢ vanishes for all £ € T+M we say that M is
(-minimal.

We say that A is regularizable ([20]) if tr A7 < oo and

o0

tl“T Ag = Z()\k + [Lk)

k=1

converges, where we regard A\, or puy; as zero if there are less than k positive
or negative eigenvalues, respectively. Then we call tr, A the regularized mean
curvature in the direction of £&. M is called regularizable if A¢ is regularizable
for all £ € T+M. If M is regularizable and tr, A, vanishes for all £ € T+ M we
say that M is r-minimal.



We say that A¢ is formally regularizable (shortly f-reqularizable) if

oo
tI'f Ag = Z MrgKg

k=1

converges. Then we call try A¢ the f-reqularized mean curvature in the direction
of & M is called f-regularizable if Ag is regularizable for all £ € T+M. If M is
f-regularizable and tr; A¢ vanishes for all £ € T+ M we say that M is f-minimal

(31]).
For proofs of the following facts, see [29, Theorem 4.12], [20, Lemma 5.2].

Proposition 1.4.1 (King-Terng [29], Heintze-Liu-Olmos [20]).
Let G be a connected compact Lie group with a bi-invariant Riemannian
metric, ® the parallel transport map and N a closed submanifold of G. Then

(i) the PF submanifold ® 1(N) is both (-regqularizable and regularizable,
(ii) for each X € T+®~Y(N) the following mean curvatures coincide:

(a) The (-regularized mean curvature of ®~1(N) in the direction of X,
(b) The regularized mean curvature of ®~1(N) in the direction of X,
(c) the mean curvature of N in the direction of d®(X) € T+N.

(iii) the following are equivalent:
(a) @7Y(N) is ¢-minimal, (b) ®~Y(N) is r-minimal, (c) N is minimal.

Note that the parallel transport map ®x : V; — G/K satisfies the same
properties as in Proposition 1.4.1.

1.5 Symmetric properties for PF submanifolds

In this subsection we define and study reflectivity, weak reflectivity, auster-
ity and aridity for PF submanifolds in Hilbert spaces. They are defined just
as in the finite dimensional case:

Definition. Let M be a PF submanifold of a separable Hilbert space V. M
is called refiective if it is a connected component of the fixed point set of an
involutive isometry of V. M is called totally geodesic if its second fundamental
form is identically zero. M is called weakly reflective if for each p € M and
each £ € Tle there exists an isometry v¢ of V' which satisfies

ve(p) =p,  (dve),€ ==&, ve(M) =M.

Here we call such an isometry v¢ a reflection with respect to §. M is called
austere if for each ¢ € T+M the set of eigenvalues with their multiplicities
of the shape operator A is invariant under the multiplication by (—1). M is
called arid if for each p € M and each £ € T," M\{0} there exists an isometry
@¢ of V' which satisfies

we(p) =p,  dpe(§) #E pe(M) = M.
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Reflective PF submanifolds in Hilbert spaces are characterized as follows:

Proposition 1.5.1. Let M be a connected PF submanifold of V. Then the
following are equivalent:

(i) M is a reflective PF submanifold of V,

(ii) M is a totally geodesic closed PF submanifold of V,

(iii) M is a closed affine subspace of V.

Proof. We can assume without loss of generality that M is through 0 € V.
“(i) = (iii)”: Suppose that o : V' — V is an involutive isometry such that the
connected component of the fixed point set of o coincides with M. Then o
is a linear orthogonal transformation of V' and its fixed point set is a closed
linear subspace of V. This shows (iii). “(iii) = (i)”: Since M is a closed
subspace of V there is the orthogonal direct sum decomposition V = M ® M~.
Defining o : V = Vbyolz®y) =a®(~y)forxdyec MO M =V it
follows that M is a reflective PF submanifold of V. “(iii) = (ii)”: Since
M is a closed subspace of V' then it is invariant under the linear orthogonal
transformation V' — V| v — —v. Thus the second fundamental form « of M
satisfies —a(—z, —y) = a(z,y) for z,y € TM, which shows « is identically
zero and thus M is totally geodesic. “(ii) = (iii)”: Since M is totally geodesic
it follows that the geodesic in V' along each x € T'M lies in M ([33, Chapter
XIV, Corollary 1.4]). Since the geodesic of V' is a straight line ¢ — ¢z our
claim follows. O

Similarly to the finite dimensional case we have the following relation:

austere PF

reflective PF = weakly reflective PF
arid PF.

Moreover the following properties hold:

Proposition 1.5.2. Let M be a PF submanifold of V.

(i) (a) Suppose M is reqularizable. If M is austere, then it is r-minimal.
(b) Suppose M is (-reqularizable. If M is austere, then it is both (-
mainimal and r-minimal.
(ii) (a) Suppose that M is (-reqularizable and that for each p € M the map
Tpi]\/[ — R, &= tre Ag is linear. If M is arid, then it is (-minimall.
uppose that 18 reqularizable and that for each p € the map
b) S hat M i larizabl d th h M th
Tle — R, { = tr, A¢ is linear. If M is arid, then it is r-minimal.

Proof. (i): (a) is clear. (b): Since M is austere, the series ), (Ax + ) con-
verges absolutely and thus tro A¢ = tr, A¢ holds for any ¢ € T+M (see |20,
Remark in Section 4]). Thus (b) follows. (ii): Choose a basis {ej, - ,e,} of
TpLM . From the assumption the mean curvature vector H, of M at p € M is
well-defined by

H,:= Z tre(Ae,)e.
i=1

8



Note that H, is invariant under any isometry ¢ of V satisfying ¢(p) = p and
@(M) = M because the eigenvalues of A., and Agy(,) coincide. Thus if M is
arid, then H, must be zero. This shows that tr¢(A,) = 0 foranyi € {1,--- ,r}
and hence we obtain (a). By similar arguments (b) also follows. O

Since PF submanifolds obtained through the parallel transport map satisfy
all assumptions in Proposition 1.5.2 (see [29, Theorem 4.12], [20, Lemma 5.2])
we obtain the following corollary:

Corollary 1.5.3. Let G/K be a compact normal homogeneous space, Pk :
Vo = G/K the parallel transport map and N a closed submanifold of G/ K.
(i) If the PF submanifold ®'(N) is austere then it is both (-minimal and
r-minimal.
(ii) If the PF submanifold ®;(N) is arid then it is both (-minimal and r-
mainimal.

In other cases it is not clear that austere PF submanifolds and arid PF sub-
manifolds are (-minimal or r-minimal. However it will not interfere our pur-
pose because we will give attention to PF submanifolds obtained through the
parallel transport map, where austerity or aridity implies both (-minimality
and r-minimality due to the above corollary.

Later we show that each fiber of the parallel transport map ®x : V; = G/K
is a weakly reflective PF submanifold of V; (Section 3.1). After that we will see
many examples of weakly reflective PF submanifolds, austere PF submanifolds
and arid PF submanifolds in Hilbert spaces (Sections 3.2, 3.3 and 3.4).

2 Submanifold geometries
via the parallel transport map

2.1 Second fundamental forms and shape operators I

In this subsection we study the second fundamental form and the shape
operator of a PF submanifold obtained through the parallel transport map.

Let G be a connected compact Lie group equipped with a bi-invariant
Riemannian metric and ® : V; — G the parallel transport map. We write F' :=
d~!(e) for the fiber of @ at e € G. Denote by ¢« : F' — Vj the inclusion map and
regard F as a submanifold of V. Recall that the subgroup P(G, {e} x {e}) acts
on F' transitively and freely. Thus by (1.2.4) we have the following expression
of the tangent space:

TP = {-Q €V, | Q€ H\(0,10), QO) = Q1) =0}.  (2.1.1)
Note that by (1.3.5) we have TﬁlF = g. Define a map & : TV, — I'(+*T'V;) by
EX) o =9Xg™', X eTyV,, ge P(G.{e} x{e}). (2.1.2)

Thus £(X) is the P(G,{e} x {e})-equivariant vector filed along F.
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Lemma 2.1.1. The Levi-Civita connection V1T, the second fundamental form
of', the shape operator A™, and the normal connection VTF of F satisfy the
following. For —Q',—R' € TyF, £ € TOLF,

0 VHECR) =0-F)- [ 10RO
W af@-m = [ -
@) AR =—d+ | [ e
(iv) VI EE) = { / 1 Q(t)dt,é} .

Proof. Since V, is flat, it follows from (2.1.2) that

TV / d / /
V—g’v g(_R) = E g(_R )(expsQ)*() = [Q7 —R ]7
s=0
v, d X )
\% g’v 8(5) = % 8<€>(expsQ)*0 - [Qag]
s=0
By (1.3.5) our claim follows. O

The following theorem gives the Lie algebraic formulas for the second fun-
damental form and the shape operator of a PF submanifold obtained through
the parallel transport map .

Theorem 2.1.2. Let N be a closed submanifold of G through e € G. Denote
respectively by o™ and AN the second fundamental form and the shape operator
of N, and by a® '™ and A*>"'™N) those of ®Y(N). For X,Y € Tyd '(N),
£ e T Y(N)(C g),

i) o® M(X,Y)=a" ( /0 lX(t)dt, /0 IY(t)dt)

+% UOIX(t)dt, /OIY(t)dt}L _ (/01 [/OtX(s)ds,Y(t)] dt) ,

(i) Ag”l(N)(X)(t) =AY ( /O IX(t)dt)

= [/OIX(t)dt,ﬁrJr U;X@)ds,a} - U /OtX<s>dsdt,fr,

where T and L denote the projections of g onto T,N and TN, respectively.

Proof. (i) Recall that @ is a Riemannian submersion with decomposition (1.3.5).
We use superscripts h and v to denote the projections of T3V onto g and T3 F,
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respectively. Set N := ®~}(N). Then

aV(X,Y) = N (X" Y 4+ oM (X YY) + N (XYY + oV (XY YY)
= oV (d®(X),do(Y))
+ (Vi "E(X "Ny + (Vi€ (Y gin + o (XY )y

Define Q, R € H'([0, 1], g) by

{ - _Q/7 { YV = _R/7
Q(0) = Q(1) =0, Y(0) = Y(1) = 0.
Explicitly @ and R are

t t
= tX" — / X(s)ds, R=tY"— / Y (s)ds.
0 0
By Lemma 2.4.4 we have
aV(X,Y) - (d<1>(X ), d®(Y))

[ [ ([

Let us calculate each term above.

{ /O 1 R(t)dt,Xh] = —[Y" X" — { / / s)dsdt Xh}
MlQ(t)dt,Yh} = §[Xh,Yh] — M /0 X(s)dsdt,Yh} :

For the third term, note that integrating by parts we have

/OltY(t)dt: [/ } // 5)dsdt = /Ol/oty(s)dsdt.

Using this we have

/Ol[Q,—R’](t)dt:/ol {txh—/otX(s)ds,Y(ﬂ—Yh] di
- [Xh,/ol tY(t)dt] - %[Xh,Y’”‘]
_ /01 {/OtX(s)ds,Y(t)} dt + [/01 /Otx(s)dsdt,Yh}
- % (X" Y] — {Xh,/ol /OtY(s)dsdt]
_ /01 [/OtX(s)ds,Y(t)] dt + [/01 /OtX(s)dsdt,Yh} -

11
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From these calculations we obtain (i).
(ii) By (i) and Ad(G)-invariance of the inner product of g, we have

(AY(X), V)2 = (@ (X,Y),{) 12
_ <A§(Xh) _ %[Xh,g] + [/OtX(s)ds,f} ,y>

This proves (ii). O

L2

Let N be a closed submanifold of G through e € G. Since ® is a Riemannian
submersion we have the orthogonal direct sum decomposition:

T ' (N)2TyFOT.N, X=-Q v,

where @ is as in (2.1.1). With respect to this decomposition, Theorem 2.1.2
(ii) can be described as follows:

Corollary 2.1.3. Let N be a closed submanifold of G through e € G. For
E€ETIN, yeT.N, —Q € TyF,

R {OR (B !

1 1
(i) A7 Q) = -4+ { / Qt)dt, 5] .
0
Finally we show the second fundamental form and the shape operator of a
P(G, H)-orbit. Recall the Lie algebraic expression of the tangent space (1.2.4).

Theorem 2.1.4. Let G be a connected compact Lie group with a bi-invariant
Riemannian metric and H be a closed subgroup of G x G. Then the sec-
ond fundamental form oGO and the shape operator AGH0 of the orbit
P(G, H)*() through 0 € Vy are given as follows. For —Z',—W' € Ty(P(G, H)*
0), & € TH(P(G, H) % 0),

0 MOz ) = [z W e

) . 1 L
G A2y = -zg | [ 2]
0
where T and L denote the projections of g onto T,(H - e) and T+(H - e),
respectively.

To prove this theorem we show the following proposition which describes
the second fundamental form and the shape operator of the H-orbit through
e € (G. Note that the tangent space of the orbit H - e is

T.(H-e) ={r—yeg]|(x,y) b}
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Proposition 2.1.5. Let G, H be as in Theorem 2.1.4. Then the second funda-
mental form o™ and the shape operator A" of the orbit H - e through e € G
are given as follows. Forx —y,z —w € T,(H -¢), £ € T-(H - ¢e),

() a"@—yz—w)=—glo—y 2 +ult=— (wu] - D)

() AL —y) =3l +ud

Proof. (i) Denote by AG the diagonal of G x G. Set (G, K1) := (H, HNAG)
and (Go, K3) := (G x G, AG) so that the diffeomorphism H - e = G/K; and
the isometry G = Go/Ks hold. For i = 1,2 we denote by m; : G; — G;/K;
the projection and by g, = ¢, + m; the orthogonal direct sum decomposition
associated to the pair (G;, K;). Also denote by i : G; — G5 the inclusion and
by f: Gi/K; — G3/K; the induced map. Then we have the commutative
diagram

G,  — Gy
|
Gi/K: —1— Gy/Ko.

Note that di(m;) ¢ my in general. For each X € g, we denote by X* the basic
vector field on Gy/ K>, that is,

*

a2 gy

(exptX) - aKy, akKy € Gy Ks.
t=0
Note that if X' € di(m;) then X* restricted to f(G1/K1) is tangent to f(G1/K7).
Then for (z,y), (2,w) € m; we have

1
o (29), (2 0) = (VEC itz wy)
= —[dl([ﬁ, y)m2a d2(27 11))82]L
1

= — B(I—y,—(x—y)),%(z—i—w,z—i—w)

- _i([:v —y, 2+ w], =z —y,z +w))",

Thus by the identification (g x g)/Ag = g, (x,y) — = — y we obtain

aH'e(:v—y,z—w):_i([x—ya2+w}+[$—y>z+w])L
1 1
:—§[a:—y,z+w]
=—5m4+mw—m4—mwﬂ
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Since (z,y), (z,w) € h we have ([z, 2], [y, w]) € b, which shows [z, z] — [y, w] is
tangent to H - e. Hence (i) follows. (ii) For each z —w € T,(H - ) we have

(A (z —y) 2 —w) = (" (z —w,z — y),§)

~5le = wz+ 9.8

= o {le+p.8z .

Thus the desired formula follows. OJ

Proof of Theorem 2.1.4. Set N := H -e and N := P(G, H) % 0 so that N =
®~!(N). By Theorem 2.1.2 (i), Proposition 2.1.5 (i) and the fact that o is a
symmetric bilinear form, we have

oN(=Z', W)

_ ( /0 ' (20) - 2(t), —W'(#) dt)

= L IW(0) = W(1), Z(0) + Z()]* + 5 [2(0) ~ Z(1), W(0) ~ W(D}*

(o o] f1eron)
([t W]()dt)

This proves (i). (ii) follows from Theorem 2.1.2 (ii) and Proposition 2.1.5
(ii). O

2.2 Second fundamental forms and shape operators II

In this subsection we study the second fundamental form and the shape
operator of a PF submanifold obtained through the parallel transport map
over a compact normal homogeneous space.

Let G/K be a compact normal homogeneous space with projection 7 :
G — G/K. Denote by g = € + m the orthogonal direct sum decomposition.
Suppose that a closed submanifold N of G/K through eK is given. Since 7 is
a Riemannian submersion we have the orthogonal direct sum decomposition

T Y (N)=t®T.xkN, v="uv¢D vy

Denote respectively by o™ and A" the second fundamental form and the shape
operator of N, and by o™ N AT ) those of 7 Y(V).
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Proposition 2.2.1. Forv,w € T,n *(N)Cg, £ € T5N 2T r Y (N) Cm,

(i) a”fl(N)(v,w) = o (v, We) — 5[1}g,wm]l + %[vm, we)*,
() AT ) = A () — o, €l + 5l ]

where T and L denote the projections of g onto T.x~Y(N) and T:-x=(N),
respectively.

Proof. (i) By identification T,G = g we regard v and w as left invariant vector
fields on G. On the other hand we denote respectively by v, and w, the
right invariant vector fields on G such that vy (e) = vn(e) and wy(e) = wy(e).
Then Vg |r-1(ck) and Wy |r-1(ck) are the horizontal lift of dm(v(e)) and dr(w(e)).
Since 7 : G — G/K is a Riemannian submersion with totally geodesic fiber
m ! eK) = K we have

o™ M (w(e), w(e)) = a™ N (vn(e), wn(e)) + ™ M (vm(e), we(e))
+ 0™ M(uye), wale)) + 0™ N (wile), wele))

Lr=1(e — +
= aN(Um(6)7wm(e)) + <V£E(e) ( K)(Umlw*l(ek')))

J_ﬂ_fl e —~ L 7r71 e
. <VT ( K)(wm“f1 eK))> +a™ ¢ K)(Ue(€> we(e))

ve(e)

= o (vm(e), wan(€)) + (Viyie)Um) " + (Vi (o)™ +0

Vg (e

N 1 1 1. — L
= 0¥ (um{e), wn(€) + 5[5, Tl () + [T, Tal(©)
= 0 (n(e), wale)) — 3k val(E)* = 3lte, wal(€)

N 1 € 1 1
= 0 (um(e), wn(€)) = 5[te, ) (€) + [t 1))

Thus we obtain the desired formula.
(i) Using (i) we have

(AT M (), w) = (@™ ™ (w, ), )

= (0 (i, o), ) = 3 [0, v, €) + 3 (0, e, €
= (AL (v ) — 5 ([t €] ) + 5 (00, €], )
= (AX (on), 0) = 5 (o, Ele ) + 5[ €], )

1 1
(A2 ) = lom 8l + Gl ).
Therefore we obtain

o, &7 + 510087

Sl

|
— DN =

= Aév(vm) - §[Uma£]é =+



This proves (ii). O

Combining Theorem 2.1.2 with Proposition 2.2.1 we easily obtain the fol-
lowing relational formulas:

Corollary 2.2.2. Let G/K be a compact normal homogeneous space and N a
closed submanifold of G/K through eK € G/K. Denote respectively by oY and

AN the slecond Jundamental form and the shape operator of N, and by a®x (V)
and A%k ™) those of @, (N). For X,Y € Ty (N), £ € T @ (N)(C §),

() o M(X,Y) = (/X wdt, /IY()dt)

[ s o] 3 [ 50 0a]
Hlfofo] ([ o)
o1 ([0

[owd ifoom]
=i X(t)dt,f} e[ xse - [ [ xsar]

where T and L denote the projections of g onto T,N and TN, respectively.

(ii) K (

—1
For later use we give a simple expression of the shape operator A M) s

follows. Denote by Fx 1= @' (eK) = ®71(K) the fiber of ®x at eK € G/K.
Since A
Fr =3 ({e} x K)-e) = P(G,{e} x K) %0,

from (1.2.4) we have
TFx ={-2"| Z € H'([0,1],g9), Z(0) =0, Z(1) € £}. (2.2.1)

In particular we have
LF ={-Q'|Q € H'([0,1],9). Q(0) =Q(1) = 0}. (2.2.2)

Since ® and ®x are Riemannian submersions we have the orthogonal direct
sum decompositions

Th® (N) 2 TyF @ Tox N 2 ToF @ 8 T N.

We fix a normal vector & of N at e/X. Then its horizontal lift at 0 € &' (N)
is given by the constant path &.
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Proposition 2.2.3. Suppose [m,m] C ¢. For —Q' € TyF, v € ¢, y € T.xN

M A YQ) = -R.4+ { / 1 Q(t)dt,é} N

.. SN 1 1
@ ATV = gl gt g,
(i) AT N () = AV (y) — (1 - D)y, &),

where L denote the projection from g onto T N(C m).

Proof. The formula (i) follows from Corollary 2.1.3 (ii). Also from Corollary
2.1.3 (i) we have the following formula: for v € T,7—'(N)

1 1 1
A0 =470 + (15 ) 0l

This together with Proposition 2.2.1 (ii) and the assumption [m,m|] C £ we
obtain the formulas (ii) and (iii). O

Corollary 2.2.4. Suppose [m,m] C ¢. For —Z' € Ty Fx

L

Ag’?(m(—z') — 2,8+ Vol Z(t)dt,g]

Proof. Set Q := Z —tZ(1) and z := —Z(1) so that —Z7' = —Q' + z. By
Proposition 2.2.3 (i) and (ii) the desired formula follows. O

2.3 The totally geodesic property

In this subsection we study the totally geodesic property of a PF subman-
ifold obtained through the parallel transport map. As a consequence we will
see that so obtained PF submanifolds are not totally geodesic except for rare
cases. This leads us to a remarkable property of homogeneous minimal PF
submanifolds in Hilbert spaces (Section 4.1).

Let G be a connected compact Lie group with a bi-invariant Riemannian
metric. Denote by g* = [g, g] the semisimple part and ¢(g) the center of g.
We know the orthogonal direct sum decomposition g = g* @ ¢(g). We write
G** for the connected subgroup of G generated by g**.

Theorem 2.3.1. Let G be a connected compact Lie group with bi-invariant
Riemannian metric, ® : Vy — G the parallel transport map and N a closed
connected submanifold of G through e € G. Then the following are equivalent:
(i) @ Y(N) is a totally geodesic PF submanifold of V.
(ii) N is a closed subgroup of G such that g*°> C T, N.
(iii) N is a closed subgroup of G such that TN C ¢(g).
(iv) N is a closed subgroup of G which contains G*°.
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Proof. Equivalence of (ii), (iii) and (iv) is clear. (iii) = (i): Since N is totally
geodesic and TN C ¢(g), it follows from Theorem 2.1.2 (ii) that ®~1(V)
is totally geodesic at 0 € V- Since N is a closed subgroup of G, we have
O HN) =0 ' (({e} x N)-e) = P(G,e x N) %0 and in particular ®~'(N) is
homogeneous. Thus ®~!(N) is a totally geodesic PF submanifold of V. (i)
= (iii): Let £ € T;*N and = € g. Since ® is a Riemannian submersion, N is
totally geodesic. Thus by Corollary 2.1.3 (i) we have

0= A" M@) (1) = (t - )¢

for all ¢+ € [0,1]. This shows [z,£] = 0 and thus we obtain TN C ¢(g),
which is equivalent to g® C T.N. Then T.N is a Lie subalgebra of g because
g% = [g,9]. Since N is connected and totally geodesic, N is identical to a
connected Lie subgroup of G generated by T.N. Hence N is a closed subgroup
of G and (iii) follows. O

Corollary 2.3.2. Let G/K be a compact normal homogeneous space, P :
Vo = G/K the parallel transport map and N a connected closed submanifold
of G/K through eK € G/K. Then the following are equivalent:

(1) @5 (N) is a totally geodesic PF submanifold of Vy,

(ii) N is a totally geodesic submanifold of G/K such that TN C ¢(g).

Corollary 2.3.3. Let G/K, Ok be as above.

(i) If G is abelian then ®'(N) is a totally geodesic PF submanifold of V,
for any closed connected totally geodesic submanifold N of G/K.

(ii) If G is semisimple then for a closed connected submanifold N of G the
following are equivalent: (a) ®'(N) is a totally geodesic PF submanifold

of Vy. (b) N = G/E. (c) D' (V) = V.
For fibers of the parallel transport map, we have the following corollaries.

Corollary 2.3.4. Let G/K, @k be as above. Then the following are equivalent.

(1) The fiber of @k at eK is a totally geodesic PF submanifold of V.
(i) Each fiber of @k is a totally geodesic PF submanifold of V.

(ili) m C ¢(g).
Corollary 2.3.5. Let G be a connected compact Lie group with a bi-invariant
Riemannain metric and ® : Vy — G the parallel transport map. Then the
following are equivalent:
(i) The fiber of ® at e € G is a totally geodesic PF submanifold of V.
(i) Each fiber of ® is a totally geodesic PF submanifold of V.

(i) G is a torus.
Remark 2.3.6. Recall that ® : V; — G is a principal P(G, {e} x {e})-bundle
which is not trivial in general. Corollary 2.3.5 shows that ® is a Hilbert space
bundle if and only if GG is a torus. In this case it can be checked that ® is the

trivial bundle. This agrees with Kuiper’s theorem ([3, p. 67]), stating that any
Hilbert space bundle must be trivial.
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2.4 Principal curvatures

In this subsection we calculate the principal curvatures of PF submanifolds
obtained through the parallel transport map. For technical reasons, here we
will restrict our attention to PF submanifolds obtained from curvature adapted
submanifolds in compact symmetric spaces. Although such a subject has been
studied by Koike [31] there are some inaccuracies in his eigenspace decomposi-
tion and so here we give the corrected formula with another elementary proof
by using the formulas for shape operators given in Section 2.2.

Recall that a submanifold M immersed in a Riemannian manifold M is
called curvature adapted if for each p € M and each £ € TPLM the Jacobi
operator Re := R(-,&)§ : T,M — T,M, where R denotes the curvature tensor
of M, satisfies

Re(T,M) C T,M and A} o Re|r,n = Rel|rn 0 AY,

where Aé\/[ denotes the shape operator of M in the direction of &.

Let G be a connected compact Lie group and K a closed subgroup of G.
Suppose that K is symmetric, that is, there exists an involutive automorphism
0 of G such that G§ ¢ K C GY where GY is the fixed point subgroup of
and GY the identity component. Denote by g and € the Lie algebras of G
and K respectively and by g = £ + m the direct sum decomposition into the
+1-eigenspaces of df. We fix an inner product (-,-) of g which is invariant
under both Ad(G) and 6. Then the above direct sum decomposition is or-
thogonal with respect to this inner product (-,-). We equip the corresponding
bi-invariant Riemannian metric with G' and a normal homogeneous metric with
G/K. Then G/K is a compact symmetric space and the natural projection
7 : G — G/K is a Riemannian submersion with totally geodesic fiber. We
denote by @k : V; — G/K the parallel transport map.

Let N be a curvature adapted closed submanifold of G/K. Note that in
order to calculate the principal curvatures of a PF submanifold ®3'(N) we can
assume without loss of generality that N contains e/ and moreover it suffices
to consider normal vectors only at 0 € &' (N) because of the commutativity
(1.3.9). Thus in the rest of this subsection we fix £ € T5- N and calculate the
principal curvatures of ®'(N) in the direction of ¢ € T(jl(I)I’(l(N ). Note that
in this case the Jacobi operator is given by B¢ = —ad(£)? : m — m.

Denote by {\/—1v} the set of all distinct eigenvalues of the skew adjoint
operator ad(§) : g — g. Consider the complexification ad(¢) : g© — g© and
the eigenspace decomposition

“=05+) a,
v#0

go == {z € g | ad({)(z) = 0},
g, =1{z¢€ g | ad(&)(z) = \/—_1yz}.
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Since g, = g_, we can write

=95+ (s, +0)

v>0

and thus we obtain
g=00+ Y (8, +0)z,

(90 + 9-v)r = {z € g | ad(¢)*(z) = —v"z},

which is nothing but the eigenspace decomposition with respect to ad(£)?
g — g. Since ad(£)? commutes with involution 6 we have the simultaneous
eigenspace decomposition

E:E()JrZEV, m:m0+2my, (2.4.1)

v>0 v>0

to = {z e t]ad(&)(

mo := {y € m [ad(§)(y) = 0},

b, = {xr ct|ad(&)?(z) = -z},
m, = {y € m | ad(§)*(y) = —*y}.

z) =0},

By similar arguments as in [36, p. 60], for each v > 0 we can take bases
{at, - 7%’%(1,)} of &, and {y7,- - 7%1(,,)} of m, where m(v) := dim¢, = dimm,
such that

€, 2] = —vyt, L& u] = vay. (2.4.2)

Thus a linear isomorphism ¢, : ¢, — m,, is defined by

oo () == —%[g,x]. (2.4.3)

Let {\} denote the set of all distinct eigenvalues of the shape operator Aév .
Set
Sy 1= Ker(AéV — Aid).

Since N is curvature adapted, for each v > 0 we have the decomposition

m = ngfV D YEkPV

U U U

m, = mNIT.xN & m,N TKN
Il

For each v > 0 we set
m(v,\) := dim(m, N S)), m(v, L) := dim(m, N T:5 N).
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For each v > 0 and A, choose

(70N [Z9N
{yg )7 U 7y£n(l/))\)}

{yEV’L), . ’yﬁn(y’)l)} : a basis of m, N TelKN-

. a basis of m, N S},

Then for each v > 0 we obtain
(79N ,\) (v,L .
{y§ )7 ( V,\)})xu{yl y 1T 7ym(V)L)} a basis Ofmy-
Thus for each v > 0, via an isomorphism (2.4.3) we obtain
{2 ,:17557(?/))\ U ,xf:(tl)} . a basis of &,.
For v = 0 we choose and denote by

0 0 . :
{27, Tgime, } : @ basis of €.

Note that these satisfy

£, 27] =0, €,y = g,y =0,
1//\ 179N 1/)\ 79N

€, 2! j] uy“j, €, ) ﬂ vl j,

6,28 = —wyl Dy = v,

Set V(g) :=V, = H°([0,1],g). We decompose

=Y V) + Y (V(m, NTcN) + V(m, NT5N))

v>0 v>0

and equip a basis with each term above. Recall that there are well-known

three kinds of orthonormal bases in H°([0, 1], R):

{1, V2 cos2nmt, /2 sin2nmt}>
{1, V2 cosnmt}>, |
{V2 sinnmt}>, .

For v = 0 we consider the following bases:

a basis of V(&) ; {29 sin mﬂf}z n ;
a basis of V(mgNT.xN) : {yjo ) ;U {yj COS nItin jn s
a basis of V(mg NTEN) {y(o ) hou {y ) cos Nt} n -

For each v > 0 we consider the following bases:

a basis of V(¢,) c {z"Vsinngty e U {2 sinnat),,
a basis of V(m, NT.xN) : {y,(gy”\)},\,k U {y,(:’)‘) COSNTE} X n ks
a basis of V(m, N T4 N) (Y, U {y cosnat,, .
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Clearly all these bases form a basis of V(g) = V. Identifying T3V, = V; and
considering the orthogonal direct sum decomposition

TV, = Ty®:H(N) @ TN, ( / X(t Ldzf) / X (t)*dt
we consequently obtain the following basis of Ty® " (N):
{x? sinnmt}; , U {ij,A)}M U {yjo’)‘ cosnat}y jn U {yﬁo’” cosnat}y

U U ({:Eff“\) sinnaty g U {y,(ﬁ'/’)‘)}&k u {y,(:”\) cos mrt}&km)

v>0

U U ({x,(f”L) sinnt},, U {y"" cosnmt}, ) .
v>0

Lemma 2.4.1.

—1 —1
() AT Valsinnmt) =0, ATV (OY) =y,
—1 —1
(i) A?K () (y](-o’)‘) cosnmt) = A?K () (yl(U’L) cosnmt) =0,
(iii) A?Rl(N) (2D sinnnt) = —Ly(” L) cos nrt,
nm
-1
A?K () (y») cosnrt) = —Lx( L) sinnt,
nm
. dH(N 79 VA 2v 1 V,A) .
(v) AT = Y Z ~ (" sinnt),
n=1
-1
(V) A?K &) (ml(:’)‘) sinnnt) = ——yl(: /\)( 1 + cosnnt),
-1
(vi) A?K () (N cos nart) = ——az:/,(C N sin nrt.
nm

Proof. (i) and (ii): The second equality of (i) follows from Proposition 2.2.3
(iii). Let @ be
0 (0,2) (0,1)

1 ) 1 .
—ux; cosnmt, ——y; U sinnmt or — —y, sin nmt.
nmw nmw nm

By Proposition 2.2.3 (i), we obtain the first formula of (i) and formulas in (ii).
(iii): Set

1 1
7 = —;pgf””(—l + cosnrt), Zy:= ——y(yL) sinnwt.
nm nm
Then we have
€, 71 = — y(” D=1+ cosnmt), [, 2] = ——x(” L) sin nrt.
nm

Thus we have

1 L 1 1
_ Y wy _
e [ zwa] =Ly, [ [ 2o -0

22



Hence by Corollary 2.2.4 the desired equalities follow. (iv): By Proposition
2.2.3 (iii), we have
(N v VA v
AT ) = 2 + (1= Y,

Since fol 1 — t)sinnwtdt = (nm)~' the Fourier expansion with respect to a
basis (2.4.6) of a function f:[0,1] — R, ¢t — 1 — ¢ is given by

z i l sm mrt

This shows the desired equality. (v) and (vi): Set

>1
3

1 I wn .
Zy = —x,(c ’A)(—l + cosnrt), Zy:= ——y,g N sin nt.
nm nm
Then we have
€, 7] = ——y,(: V(=1 +cosnrt), [£ 2] = —ixg”\) sinnrt,
nm
Thus we have
1 1 1 L1
[5,/ Z1(t)dt1 = {&,/ Zg(t)dt] = 0.
0 0
Hence by Corollary 2.2.4 we obtain the desired formulas. O

We come now to the principal curvatures of a PF submanifold ®(V):

Theorem 2.4.2. Let G/K be a compact symmetric space, Pk : Vg = G/K
the parallel transport map, N a curvature adapted closed submanifold of G/ K
through eK € G/K, and ¢ € T: N C m. Denote by {\/—1v} the set of
all distinct eigenvalues of ad(§) : g — g and by {\} the set of all distinct
eigenvalues of the shape operator Aév. For each v > 0, each X\ and each m € Z

we set
v

= )\ =
po= v, A m) arctan § + mm’

where we set arctan(v/\) := 7/2 if X = 0. Then the principal curvatures of a
PF submanifold ®*(N) in the direction of £ € Tﬁli)*l(N) are given by

{O, A, %, [L(l/,)\,m)}

The eigenfunctions and the multiplicities are given in the following table.

A, v>0, neZ\{0}, meZ

Remark 2.4.3. Let a be a maximal abelian subspace of m and AT the set
of positive roots satisfying «(£) > 0 for each & € A™. Then for each v > 0
there exists & € AT such that v = () and thus the above eigenvalues coincide
with those given by Koike [31, Theorem 3.3]. However note that the eigenspace
decomposition [31, p. 73, line 3] does not hold in general.
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eigenvalue basis of eigenfunctions multiplicity
0 {29 sinnrt, yj(-o’)‘) cosnmt, yl(O’L) cos nwt}neZZL N gl o0
0.2
A {y"M; m(0, \)
=z {2 sin nrt — i cosnrt}, m(v, L)
nw
v (V7>‘) ] (Vv)‘)
p(v, A, m) D onez mmpy (@ o sinnwt 4y, cosnt) m(v, \)
k

Proof of Theorem 2.4.2. By Lemma 2.4.1 (i) - (iii) it follows that 0, A and =

x (V)

are eigenvalues of AEK with eigenfunctions described above. Let W denote

a subspace of T@<I>I_<1(N ) spanned by all such eigenfunctions and consider its
orthogonal complements W+ in Ty®.'(N). We know that one basis of W+ is
given by

U ({y,(:’k)},\,k U {x,(c"’)‘) sin nt, y,(:’)‘) cos Tty k. n€Z21> .

v>0
In particular Lemma 2.4.1 (iv) - (vi) show that for each v > 0, A and k, a
subspace of Ty®'(N) spanned by

{y(l”\ +u {x,(:’A) sin nrt, y,(:’A) oS N7t bnezs,

is invariant under A?K . We denote such a subspace by W(AV k- Suppose
that for constants a,,b,,c € R

o=y + Z{an(x,(:’)‘) sinnwt) + by (y"Y cosnmt)} € Wi

is a (nonzero) eigenfunction of AEK ™ for some eigenvalue p. By Lemma 2.4.1

(iv) - (vi) we have

. H(N) Vo ()
ACK = e+ = E —
é (v) (C . n ) Yk

n=1
[eS)

v 2c — b () v an ,,,
— E sinnt) — ) cos nmt).
T

>1

Tl
n=1

Comparing with
e = ucyk N4 Z{uan (A sin nmt) + ,ubn(y,(:’)‘) cosnmt)}
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we obtain a system of equations

14 > a
A+ — = — 2.4.7
S 247)
2c — by,
v = ay,, (2.4.8)
™ n
A - (2.4.9)
m™n

Summing (2.4.9) with respect to n € Z>, we have

V= Gy, -
D DE-b 1) B
n=1 n=1
Applying this to (2.4.7) we obtain
cA— U Z b, = cp. (2.4.10)
n=1

On the other hand, multiplying (2.4.9) by u we have

v
——— 1y, = by,
nm

Applying (2.4.8) to this we obtain

for all n € Z>1. Note that this implies ¢ # 0, p # 0 and p* — (%)* # 0 for

all n € Z. Therefore without loss of generality we can (and will) assume ¢ = 1
from now on, and

v
——, Wwhere 7:=—
n?—r

. 2.4.11
- ( )
From (2.4.10), (2.4.11) and the standard formula (see [12, 1.449 - 4]):

— 1 I
;m = ﬁ — %COt(ﬂ'a), a ER\Z

we have

A—u:qun = —pu+vcot(v/p).
n=1

Thus
v

Z.
arctan(v/\) + mn’ me
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By (2.4.11) we have

b o— —20? _ —2(arctan(v/\) + mm)?
n (nmp)? — 2 (nm)? — (arctan(v/\) 4+ mm)?

= (arctan(v/\) + mmn)

X ( L — L )
nm + (arctan(v/\) + mmw)  nm — (arctan(v/N\) +mmw) )
By (2.4.9) we have

L 2nm(arctan(v/\) + mm)
(nm)? — (arctan(v/\) + mm)?
= (arctan(v/\) + mmn)

ap = —nTh, v~

1 1
% (mr + (arctan(v/\) + mn) * nm — (arctan(v/\) + mw)) '
Therefore we obtain

VA) arctan(v/\) +mm A )
t t
i Z nm + ( arctan(y/)\)+m7r){<$k sinnmt) + (y, "~ cosnwt)}

neZ\{0}

= Z mr—_i_y{(x,(:”\) sinnmt) + (y,(:“\) cosnmt)}.
neZ H

This proves the theorem. O

Considering the case that N = {e/K} we obtain:

Corollary 2.4.4. Let G/ K be a compact symmetric space. Take & € Tox(G/K) =

m. Denote by {v/—1v} the set of all distinct eigenvalues of ad(§) : g — g.
Then the principal curvatures of the fiber (I)I_(l(GK) in the direction of & €
T()Ltbl}l(eK) are given by

O et -
nmJv>0, neZ\{0}

Denoting by {x}; a basis of €, by {y)}; a basis of mg and by {x}}r, {yi}r the
bases defined by (2.4.2), the eigenfunctions and the multiplicities are given in
the following table.

eigenvalue basis of eigenfunctions multiplicity
0 {af sinnwt, y? cosnwt f ez, i 5 00
=z {z} sinnmt — y} cosnnt} m(v)
i k = Yk Tk
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The principal curvatures of 77! (N) are described as follows:

Proposition 2.4.5. With notation as in Theorem 2.4.2, for each v > 0 and
each A\ we set

1 ——
K’+:K'+(V>)‘) = 5()‘_'_ )‘2+I/2)7
1
ke =k (1, \) = 5(/\ — VAZ +12).

Then the principal curvatures of 7= *(N) in the direction of € € TEn 1(N) =
TE N are given by

{O’ )‘7 '%+<V7 )‘)7 R*(Vv A)})\, v>0 "

The eigenfunctions and the multiplicities are given in the following table.

eigenvalue | basis of eigenfunctions multiplicity
0 (2%, {z""Y,., | dimE + dim T: N
A {y"} m(0, )
iy, A) | {ral 4 26,y m(v, \)
Kk_(v,\) {z/sc,(:”\) + 2/<a,y,g;y’)‘)}k m(v, \)

Proof. From Proposition 2.2.1 (ii) we have

1 1
Ag (N)(x) = §[w75]—ra YRS E7

a1 1
AT V) =AW - 5lv.8e. € TxN.

From this we have

(N (N (70N v [Z9)N YN v, L
(N VA V (wx VA
Ag ( )(?Jl(c )) = —2 :ng ) )‘yl(e )'

Suppose that (

= ax, O by,(:”\), a,beR

is an eigenfunction of Agil(N) with eigenvalue k. Then we have

(N (N (70N (N (79N
AL M) = aal W)+ pag M)
= bzx,(:’)‘) + <az + b)\) y,ﬁ’\’y),
2 2
ko = kazt™?) + mby,?’ v),

27



Comparing these we obtain a system of equations

1%
b— =
5 Kra,

ag 1 b\ = kb,

If @ = 0 then b = 0, which contradicts the fact that ¢ is an eigenfunction.
Thus a # 0 and hence we can assume without loss of generality that a = 1.
Then we have

bv = 2k,
v+ 2b)\ = 2kb.

From this we easily obtain

A+ V212 1
p AEVARY S EVAT ),

v

and

e AEVN Y )
= =+ —V Yy .

Thus our claim follows. O

3 Symmetric properties
via the parallel transport map

3.1 The canonical reflection of the path space

In this subsection we focus on the intrinsic symmetry of the parallel trans-
port map and show that each fiber of the parallel transport map is a weakly
reflective PF submanifold.

Let G be a connected compact Lie group with a bi-invariant Riemannian
metric. As in Subsection 1.2 we denote by G := H'([0,1],G) the Hilbert Lie
group of all Sobolev H'-paths in G parametrized on [0, 1] and V; := H°([0, 1], g)
the Hilbert space of all Sobolev H’-paths in g parametrized on [0, 1]. We write
4 for the map which associates to each g € G (resp. u € V) the inverse path
gu € G (resp. ug € Vj):

g#() =91 =1),  ug(t) == u(l - 1).

Definition. The canonical reflection v of Vj is the involutive linear orthogonal
transformation of Vy defined by

t(u) == —uy, uecV,
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Since (g4) = —(g')4 for each g € G we have
t(gx0)=gsx0, g€G.
Thus by (1.3.3) we obtain the commutative diagram
Vi —
@l q{ (3.1.1)
G — G,
where @ denotes the parallel transport map and i the isometry of G defined
by i(a) = a™! for a € G. Also it follows that the following diagram commutes:
G D PGH{e}xG) ~ V
4 4 .l (3.1.2)
G D PGGx{e}) ~ V.
We can easily see that for each g € P(G,{e} x G),

949(1)7 € P(G,{e} x G) and  ((g4)9(1)7") 0 = gy 0.

Hence via the isometry E : V; — P(G,{e} x G) (cf. Section 1.3) v induces an
involutive isometry t of P(G,{e} x G):

t(9) =g(1) 'gx, g€ PG {e} xG).
The reflective submanifold associated to t is described as follows.

Proposition 3.1.1. Let W denote the fixed point set of t. Then
(i) W is a closed linear subspace of Vy,
(ii) W is isomorphic to the Hilbert space H([0,1/2],g),

(iii) W is contained in the fiber of ® at e € G.

Proof. (i) follows from linearity of t. (ii) is clear by the expression W = {u €
Vo |Vt €]0,1], u(t) = —u(l—t)}. (iii) follows from commutativity (3.1.1). O

The following theorem gives a certain class of weakly reflective PF sub-
manifolds in the Hilbert space Vj.

Theorem 3.1.2. Let G be a connected compact Lie group with a bi-invariant
Riemannian metric and H a closed subgroup of G x G. Suppose that the orbit
H - e through e € G satisfies the condition (H -e)™' = H -e. Then

(i) H - e is a totally geodesic weakly reflective submanifold of G,
(ii) P(G,H)*0 is a weakly reflective PF submanifold of V.
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Proof. (i) It is easy to see that the condition (H-¢)™' = H-e implies the totally
geodesic property of H - e. Also it can be easily seen that i is a reflection of
H - e with respect to any normal vector at e € G. Thus by homogeneity H - e
is a weakly reflective submanifold of G. (ii) By commutativity (3.1.1) the
canonical reflection ¢ is a reflection of P(G, H) % 0 with respect to any normal
vector at . Since P(G,H) 0 is homogeneous, our claim follows. Il

An example of H satisfying the condition (H -e)™! = H - e is that H =
{e} x K or K x {e}, where K is a closed subgroup of G. The following is
another example such that H - e is not a subgroup of G.

Example 3.1.3. For each automorphism o of GG, define a closed subgroup of
G x G by G(o) := {(a,0(a)) | a € G}. Then G(o) acts on G by (1.3.2),
which is called the Conlon’s o-action ([5]). From now on we suppose that
0? = id. Note that G(o) - e is nothing but the Cartan immersion ([23, p. 347])
G/K — G, aK + ao(a)™!, where K is the fixed point set of o. It easily follows
that H := G(o) satisfies (H - e)~! = H - e. Thus by Theorem 3.1.2, G(o) - € is
a totally geodesic weakly reflective submanifold of G, and P(G, G(c)) %0 is a
weakly reflective PF submanifold of V. Note that G(o) - e is not a subgroup
of G in general. On the other hand P(G, G(c)) % 0 is not totally geodesic in
most cases by Theorem 2.3.1.

It was essentially proved (|29, Theorem 4.11], [20, Corollary 6.3]) that each
fiber of the parallel transport map is an austere PF submanifold of V. The
following corollary asserts that the fibers have higher symmetry.

Corollary 3.1.4. Let G/K be a compact normal homogeneous space. Then
each fiber of the parallel transport map @k : Vg — G/K is a weakly reflective
PF submanifold of Vj.

Proof. By Theorem 3.1.2 the fiber of &) at eK is a weakly reflective PF
submanifold of V;. Since any two fibers of ® i are congruent under the isometry
on Vg, each fiber of ®x is a weakly reflective PF submanifold of Vj. m

Corollary 3.1.5. Let G be a connected compact Lie group with a bi-invariant
Riemannian metric. Then each fiber of the parallel transport map ® : V; = G
is a weakly reflective PF submanifold of Vj.

3.2 The weakly reflective property

In this subsection, motivated by the last subsection, we study the weakly
reflective property for PF submanifolds obtained through the parallel transport
map. The main theorem is the following:

Theorem 3.2.1. Let G be a connected compact semisimple Lie group with a
bi-invariant Riemannian metric induced from a negative multiple of the Killing
form and K a symmetric subgroup of G such that the pair (G, K) effective. If
N is a weakly reflective submanifold of the symmetric space G/K then
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(i) 7= (N) is a weakly reflective submanifold of G, and
(ii) @5 (N) is a weakly reflective PF submanifold of V.

From this theorem we obtain the following corollary:

Corollary 3.2.2. Let M be an irreducible Riemannian symmetric space of
compact type. Denote by G the identity component of the group of isometries
of M and by K the isotropy subgroup of G at a fited p € M. If N is a weakly
reflective submanifold of M = G/K then ®'(N) is a weakly reflective PF
submanifold of Vj.

To prove Theorem 3.2.1 we need the following lemma:

Lemma 3.2.3. Let M and B be Riemannian Hilbert manifolds, ¢ : M — B
a Riemannian submersion and N a closed submanifold of B. Fizp € ¢~1(N)
and X € TpngS*l(N). Suppose that vy is an isometry of M fixing p, that vg
is an isometry of B fixing ¢(p) and that the diagram

M 2 M
L
B 2~ B
commutes. Then the following are equivalent:

(i) vaq satisfies va(¢7H(N)) = ¢~ H(N) and dvp(X) = =X,
(i) vg satisfies vg(N) = N and dvp(dé(X)) = —dp(X).

Proof. Tt is easily seen that the condition vy (¢~ (N)) = ¢~ 1(N) is equivalent
to the condition vg(N) = N. Then by commutativity of the diagram

Tho~ (N) 224 Tl (N)

o e

1 dvi 1
LN —— Tl

the condition dvp(X) = —X is equivalent to the condition dvg(dé(X))
—dp(X). This proves the lemma.

Ol

Proof of Theorem 3.2.1. (i) Take a € 7~ }(N) and w € T;:r~Y(N). Set n :=
dr(w) € TLN, N' := L7Y(N) and ¢ := dL;'(n) € T: N'. Denote by v €
T+7=1(N’) the horizontal lift of £&. By commutativity of (1.3.7) (ii) we have
lo(m™Y(N")) = #7Y(N) and dl,(v) = w. Thus in order to show the existence
of a reflection v,, with respect to w it suffices to construct a reflection v, with
respect to v. Let v, be a reflection with respect to n. Then a reflection v
with respect to & is defined by v := L' ov, 0 L,. Now we define v, as follows.
Denote by I(G/K) the group of isometries of G/K. From the assumption the
map L : G — I(G/K), a — L, is a Lie group isomorphism onto the identity
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component Io(G/K) ([23, Theorem 4.1 in Chapter V]). Since IH(G/K) is a
normal subgroup of I(G/K) an automorphism v, : G — G, b — 1,(b) is
defined by

L, =veolLyo 1/5_1. (3.2.1)
Since the bi-invariant Riemannian metric on G is induced from the Killing
form of g the automorphism v, is an isometry of G. Moreover since

veom(b) = ve(bK) =veo Ly(eK) =vgo Ly o Vgl(eK) and
70 Vy(b) = vy(b) K = Ly, ) (eK) = vg o Ly o ygl(eK)

hold for all b € G it follows from Lemma 3.2.3 that v, is a reflection with
respect to v. This proves (i).

(ii) Take u € @' (N) and X € T}-®' (N). Take g € P(G,G x {e}) so that
u=gx0. Set a:=®(u) = g(0) and 1 := dPx(X) € T N. Define N, £, v as
in the above (i). Denote by & € (T;-® ' (N"))\{0} the horizontal lift of £ with
respect to the Riemannian submersion ®x : V; — G/K. By commutativity
of (1.3.9) we have g x &' (N') = &' (N) and d(g%)€ = X. Thus in order to
show the existence of a reflection vx with respect to X it suffices to construct
a reflection v; with respect to ¢. By the same way as in (i) we can define
a reflection v, with respect to v € (T;-7~1(N'))\{0}. Moreover we define a
linear orthogonal transformation v; of Vy by

ve(u) :==dv,ou, u€V. (3.2.2)

Since v, is an automorphism of G we have (g * 0) = (r,0g)*0forall g € G.
This together with (1.3.3) implies that the following diagram commutes:

v, —— 1,

oLl
G s a

Thus by Lemma 3.2.3 v; is an isometry with respect to ¢ and (ii) follows. O

Remark 3.2.4. Even if N is reflective in Theorem 3.2.1, ®;'(N) can not
be reflective due to Corollary 2.3.3 (ii). In this case there exists one more
reflective submanifold N+ of G/K corresponding to N ([35, p. 328]) and thus
a pair of two weakly reflective PF submanifolds appears in the Hilbert space
Vs

Remark 3.2.5. Let G/K be a compact normal homogeneous space and Pk :
Vs = G/K the parallel transport map. The fact that each fiber of ®x is
a weakly reflective PF' submanifold of V; also follows from Theorem 3.2.1 if
(G, K) satisfies the assumptions in Theorem 3.2.1. The advantage of Corollary
3.1.4 is that it does not require such assumptions. It is also noted that under
such assumptions each of the fibers has at least two different weakly reflective
structures.
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Example 3.2.6. Set M := 52”_1(\/5) C R?*" and
M = S""1(1) x S }1) c M.

Ikawa, Sakai and Tasaki [26, Example 2.3] showed that M is a weakly reflective
submanifold of M. Set (G,K) := (SO(2n), SO(2n — 1)) so that G/K = M.
Then by Theorem 3.2.1 the inverse image ®' (M) is a weakly reflective PF
submanifold of V.

Example 3.2.7. Ikawa, Sakai and Tasaki (|26, Theorem 4]) classified weakly
reflective submanifolds of the standard sphere given as orbits of s-representations
of irreducible Riemannian symmetric pairs. Applying Theorem 3.2.1 to their
result we obtain weakly reflective PF submanifolds as follows. Let (U, L) be a
compact Riemannian symmetric pair. Suppose that L is connected. Denote by
u = [@®p the canonical decomposition and Ad : L — SO(p) the isotropy repre-
sentation. If an orbit Ad(L)-z through x € p is a weakly reflective submanifold
of the hypersphere S(||z||) in p, then the orbit P(SO(p), Ad(L) x SO(p),) * 0
is a weakly reflective PF submanifold of the Hilbert space V).

Example 3.2.8. Enoyoshi ([8, Proposition 4]) gave an example of a weakly
reflective submanifold in the symmetric space SO(7)/SO(3) x SO(4) by the
action of the exceptional Lie group G5. Applying Theorem 3.2.1 to her result an
orbit P(SO(7), Gy x (SO(3) x SO(4)))*0 is a weakly reflective PF submanifold
of the Hilbert space V7).

In general it is not clear that conversely the weakly reflective property of
CI)[}l(N ) implies the weakly reflective property of N or not. However the next
theorem shows that under suitable assumptions the weakly reflective property
of ®'(N) is equivalent to that of N. To explain this we now introduce some
terminologies on weakly reflective submanifolds. Let M be a submanifold
immersed in a finite dimensional Riemannian manifold M. Denote by I(M)
the group of isometries of M. For a closed subgroup & of I(M) we say that
M is B-weakly reflective if for each p € M and each £ € TpLM there exists a
reflection v with respect to ¢ satisfying v € &,,, where &, denotes the isotropy
subgroup of & at p. If & = I(M) then “®-weakly reflective” is nothing but
“weakly reflective”. The same concepts and relation are also valid for PF
submanifolds in Hilbert spaces.

In the rest of this subsection we denote by G a connected compact Lie group
equipped with a bi-invariant Riemannian metric, K a closed subgroup of G
and G /K the compact normal homogeneous space. Recall that the Hilbert Lie
group G := H'([0,1], G) acts on Vj via the gauge transformations (1.2.1). We
denote by G, the isotropy subgroup of G at u € V. If u = 0 then Gg is the set
of constant paths G = {l; €G|be G} Thusifu=g 0 for some g € G
then G, = gGg'. Recall also that G x G acts on G by the formula (1.3.2).
We denote by (G x G), = (a,e)AG(a,e)™! the isotropy subgroup of G x G at
a € G, where AG := {(b,b) | b € G}. Finally we recall the G-action on G/K
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defined by b - (aK) := (ba)K for a,b € G. We denote by G,x = aKa™! the
isotropy subgroup of G at aK € G/K.

Theorem 3.2.9.
(i) Let N be a closed submanifold of a compact Lie group G equipped with a
bi-invariant Riemannian metric. Then the following are equivalent:

(a) N is a (G x G)-weakly reflective submanifold of G.
(b) @Y(N) is a G-weakly reflective PF submanifold of Vj.

(ii) Let N be a closed submanifold of a compact normal homogeneous space
G/K. Then the following are equivalent:

(a) N is a G-weakly reflective submanifold of G/K .

(b) 77 Y(N) is a (G x K)-weakly reflective submanifold of G.

(c) D (N) is a P(G,G x K)-weakly reflective PF submanifold of V.
(i

1
Proof. (i) “(a) = (b)”: Take u € ®Y(N) and X € T.;Od~Y(N). Take g €
P(G,G x {e}) so that u = g x 0. Set a := ®(u) = g(0), n := d®(X) € TSN,
N’ := a¢"'N and ¢ := dL;'(n) € TAN'. Denote by & € Ty @~ '(N') the
horizontal lift of £. By commutativity of (1.3.7) we have g * (®~}(N')) =
®~1(N) and (dg%)é = X. Thus in order to show the existence of a reflection
vy with respect to X satisfying vy € G, it suffices to construct a reflection
ve with respect to é satisfying vz € Gy. Let v, be a reflection with respect
to n which is given by v,(c) = b'cb™! for some (V',b) € (G x G),. Then a
reflection g with respect to ¢ is defined by vg := (a,e) ™' oy, 0 (a,e), that is,
ve(c) := beb~! for ¢ € G. Now we define a linear orthogonal transformation v
of V; by
ve(u) == dvgou = bub™ =bxu, uel,

Clearly v; € Gy. Moreover by (1.3.3) the following diagram commutes:

Ve

vV, —— V,

ol

G 25 q.

©

From Lemma 3.2.3 v; is a refection with respect to ¢ and (b) follows.

(i) “(b) = (a)’: Take a € N and n € T;*N. Fix u € ®(a). Denote
by X € (T:® Y(N)) the horizontal lift of . Take g € P(G,G x {e}) so
that g * 0 = u and define N/, &, € as in the above (i). Let vx be a reflection
with respect to X satisfying vx € G,. Then an isometry v; with respect to
£e (T5-@~(N')) is defined by v := (g*) ™' o vx o (g%). By definition v¢ € G;
and thus there exists b € G such that vg(u) = bub~'. Hence defining an
isometry v of G by vg(c) := beb™! for ¢ € G it follows from Lemma 3.2.3
that v is a reflection with respect to £ satisfying v € (G x G).. Therefore
an isometry v, with respect to n is defined by v, := I, o v¢ o [;' so that
vy € (G x G),. This shows (a).
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(i) “(a) = (b)”: Take a € 7 YN) and w € (T+7 1(N)). Set n :=
dr(w) € (TEN), N' := L;Y(N) and ¢ := dL;*(n) € (T:5N’). Denote by
v € (T-n~1(N")) the horizontal lift of £. By commutativity of (1.3.8) we have
l,(m Y (N")) = 7= }(N) and dl,(v) = w. Thus in order to show the existence of
an isometry v, with respect to w satisfying v,, € (GxK), = (a,e)AK (a,e) " it
suffices to construct an isometry v, with respect to v satisfying v, € (Gx K), =
AK. Let v, be a reflection with respect to n which is given by v, (cK) = (bc) K
for some b € G,x. Then there exists k € K such that b = aka™'. Thus an
isometry ve with respect to £ is defined by ve := L ' ovg o L, that is, v = L.
Define an isometry v, of G by

vo(c) :=kek™, c€q.
Clearly v, € (G x K).. Moreover the following diagram commutes:

G — @

| |
G/K —— GJ/K.

Thus by Lemma 3.2.3 v, is a reflection with respect to v and (b) follows.

(i) “(b) = (a)”: Take aK € N and € T5-N. Denote by w € T:-m~'(N)
the horizontal lift of . Define N’, &, v as above. Let v, be a reflection with
respect to w satisfying v, € (G X K),. Then a reflection with respect to v is
defined by v, := [ ' ov,, ol, so that v, € (G x K).. Then there exists k € K
such that v,(¢) = kek™. Thus defining an isometry v¢ of G/K by ve := Ly
it follows from Lemma 3.2.3 that v, is a reflection with respect to £ satisfying
ve € Gex. Hence an isometry v, with respect to 7 is defined by v,, := [,ovgol !
so that v, € G,x. This shows (b).

Using the fact gP(G,G x K)yg~' = P(G,G X K),,q for g € P(G,G x {e})
the equivalence of (b) and (¢) of (ii) follows by the similar arguments to (i). [

Corollary 3.2.10. Let G, G/K be as in Theorem 3.2.9.
(i) Let H be a closed subgroup of G x G'. Then the following are equivalent:

(a) an orbit H - a through a € G is an H-weakly reflective submanifold
of G,

(b) an orbit P(G, H)xu through u € ®(a) is a P(G, H)-weakly reflective
PF submanifold of Vj.

(ii) Let K" be a closed subgroup of G. Then the following are equivalent:

(a) an orbit K- aK through aK € G/K is a K'-weakly reflective sub-
manifold of G/ K,

(b) an orbit (K' x K) - a through a € G is a (K’ x K)-weakly reflective
submanifold of G,

(c) an orbit P(G, K' x K) xu through v € ® '(a) is a P(G, K' x K)-
weakly reflective PF submanifold of V.
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Proof. From (1.3.10) we can assume without loss of generality that a = e.
Moreover by homogeneity it suffices to consider normal vectors only at e € G
or 0 € V,. By similar arguments as in Theorem 3.2.9 (i) our claim follows. (ii)
Similarly we can reduce the case a = e and the assertion follows by similar
arguments as in Theorem 3.2.9 (ii). O

Example 3.2.11. It was proved ([26, p. 442], [44]) that any singular orbit of
a cohomogeneity one action is weakly reflective. In this case each reflection
is given by the action of the isotropy subgroup. Thus by Corollary 3.2.10 we
have the following examples.

(i) Let G be a connected compact Lie group with a bi-invariant Riemannian
metric and H a closed subgroup of G' x G. Suppose that the H-action
is of cohomogeneity 1. If an orbit H - a through a € G is singular, then
H - a is a weakly reflective submanifold of G, and the orbit P(G, H) * u
through v € ®~!(a) is a weakly reflective PF submanifold of V.

(ii) Let G/K be a compact normal homogeneous space and K’ a closed
subgroup of G. Suppose that the K’-action is of cohomogeneity 1. If
an orbit K’ - aK through aK € G/K is singular, then orbits K’ - aK
and (K’ x K) - a are weakly reflective submanifolds of G/K and G,
respectively. Moreover the orbit P(G, K’ x K) * u through u € ®~*(a)
is a weakly reflective PF' submanifold of Vj.

Example 3.2.12. Let G be a connected compact semisimple Lie group. Let
K = K, and K’ = K, be connected symmetric subgroups of G with involutions
0, and 65, respectively. Suppose that 6; 06y = 65 060;. Ohno ([39, Theorem 5])
gave a sufficient condition for orbits (K3 x Kj) - a and K5 - aK; to be weakly
reflective submanifolds of G and G /K7, respectively. By Corollary 3.2.10, in
this case the orbits P(G, Ky X K1) *u through u € ®~1(a) is a weakly reflective
PF submanifold of V.

Compared to Corollary 3.2.10 (i) the following proposition covers only H-
orbits through e € G. However the reflection v¢ with respect to each normal
vector ¢ at e € G need not belong to the isotropy subgroup H. at e € G.

Theorem 3.2.13. Let G be a connected compact Lie group with a bi-invariant
Riemannian metric and H be a closed subgroup of G x G. Suppose that the
orbit H - e through e € G is an weakly reflective submanifold of G such that
for each € € TH(H - €) a reflection ve with respect to & is an automorphism
of G. Then the orbit P(G,H) % 0 through 0 € Va s an weakly reflective PF
submanifold of V.

Proof. Let vg be a reflection with respect to & € T:-(H -e) which is an automor-
phism of G. Then an isometry Ve with respect to & € TOLP(G, H) + 0 is defined
similarly to (3.2.2). By homogeneity of P(G, H) * 0 our claim follows. O

Example 3.2.14. Let G, K7, K be as in Example 3.2.12. Ohno ([39, Theorem
4]) also gave another sufficient condition for an orbit N := (K3 x K;) - a to be
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a weakly reflective submanifold of G. In this case v, := [, 060, ol;! was shown
to be a reflection of N with respect to any normal vector at a € G. Applying
Theorem 3.2.13 to his result we can see that ®'(N) = P(G, Ky x K;) x u
(u € ®7!(a)) is a weakly reflective PF submanifold of V; as follows. Choose
g € P(G,G x {e}) so that u = g % 0. Then a = ®(u) = ¢(0). Set N’ :=
a'N = ((a7'Ksa) x K;) - e. Then 6, is a reflection of N’ with respect to any
normal vector at e € N’'. Since f; is an automorphism of G, it follows from
Theorem 3.2.13 that ®~!(N’) is a weakly reflective PF submanifold of V;. By
commutativity of (1.3.7) we have g x @~ H(N') = &~ 1(N). Thus @ '(N) is a
weakly reflective PF submanifold of Vj.

3.3 The austere property

In this subsection we study the austere property of PF submanifolds ob-
tained through the parallel transport map ®x. Notice that even if N is an
austere curvature adapted submanifold of a compact symmetric space G/K,
it is not clear in general whether the inverse image ®' (V) is austere or not;
according to Theorem 2.4.2 it is not clear whether the set of eigenvalues with
multiplicities of the shape operator is invariant under the multiplication by
(—1) or not. From this reason here we will restrict our attention further to the
case that G/K is a sphere and show that in this case N is austere if and only
if ®'(N) is austere (Theorem 3.3.1).

Let S'(r) = G/K denote the [-dimensional sphere of radius r > 0, where | €
Z>y and (G, K) = (SO(l+1),S0(1)). Note that in this case any submanifold
of G/K is automatically curvature adapted. Let N be a closed submanifold of
G/K. Suppose eK € N and fix £ € T4 N. Then for v € T,x N and n € T: N
the Jacobi operator R, satisfies

Re(w) =00 Ren) = S0P - .06,

r

Thus in this case the eigenspace decomposition (2.4.1) of m is given by

m=mg+m,, where v := ||£]|/r,

my = Rf C TeJkN,
m, = eKN@{neTeLI(N|T]J—§}
In particular we have

mo N TN = {0}, mo N TN = RE,
m, NT,xN =T.xN, m,NTHN={neT:N|nL¢}

Hence by Proposition 2.4.5 the principal curvatures of 77! (N) in the direction
of £ € T}n Y(N) = T N are given by

{0, m(ll€ll/r, A)y m-(lIEll/7, A}y - (3.3.1)
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Further by Theorem 2.4.2 the principal curvatures of a PF submanifold ® ' (N)
in the direction of § € Tg"®~(N) are given by

(3.3.2)

) )
rnm

{o. B strensmnm}

A, n€Z\{0}, meZ

Notice that in this case the multiplicities of

A m (€l A), w S/ ) wdliEl /s A m)

are the same for each .

Theorem 3.3.1. Let N be a closed submanifold of the l-dimensional sphere
Sl(ry = G/K of radius v > 0, where | € Zsy and (G, K) = (SO(1+1),S0(l)).
Then the the following are equivalent:

(i) N is an austere submanifold of G/ K,

(i) 7= Y(N) is an austere submanifold of G,

(iil) @5 (N) is an austere PF submanifold of V.

Proof. “(i) = (ii)”: Take a € 7~ Y(N) and w € T;-7~'(N). Set n := dn(w) €
TN, N := L7'(N) and £ := dL;*(n) € T N'. Denote by v € T-n~H(N')
the horizontal lift of . By commutativity of (1.3.7) (ii), we have [,(7~}(N')) =
7 }(N) and dl,(v) = w. Thus in order to show the austerity of A g
suffices to show that of AZ_I(N/). For each eigenvalue A of Aév " it follows from

the austerity of Aév " that —\ is also an eigenvalue of Aév " and

(=1) x my(llEll/r, A) = w-(lEll /7, =A),
(=1) > w(llEll/r, A) = w (gl /r, =A).

Note that these identities still hold even if the multiplicities are taking account
of. This shows that the set (3.3.1) with multiplicities is invariant under the
multiplication by (—1) and (ii) follows.

“(ii) = (i)”: Take aK € N and n € T4 N. Denote by w € Tir 1(N)
the horizontal lift of . Defining N’, £, v by the above way it suffices to show
the austerity of Aé\ﬂ. Let A be an eigenvalue of Aé\ﬂ. Since the set (3.3.1) is
invariant under the multiplication by (—1) there exist eigenvalues X and \” of
AY" such that

(=1) < my (€Nl /7 A) = - ([€ll/r A,
(=1) x m-(lgll/r, A) = m (Il /r, A7)

Note that the function R — Ry, z +— s (||€]|/r, ) is monotonically increas-
ing. Thus the relation

r-(llEll/r, 2) = =i (Il /r, —2)
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shows that also the function R — Reg, z +— x_(||&]|/7, ) is monotonically
increasing. From these we obtain A’ = )" = —\. Note that this identity still
holds even if the multiplicities are taken account of. This shows (i).

“1) = (iii)”: Take u € ®'(N) and X € T} ®(N). Also take g €
P(G, G x {e}) so that u =g 0. Set a := g(0) = ®(u), n :=dPx(X) € TLHN,
N’ := L;'(N) and £ := dL;"(n) € T.xN'. Denote by & € T;"®.'(N') the
horizontal lift of £&. By commutativity of (1.3.9) we have g * (® ' (N')) =
@ H(N) and dg * (£) = X. Thus in order to show the austerity of A;{ZK ) i

-1 /
suffices to show that of A?K (V)

Aév " that —\ is also an eigenvalue of Aév " and

(=1) < p(ligll/r; Am) = pdliEll/r, =A, —m).

Note that this identity still hold even if the multiplicities are taken account of.
This shows that the set

. For each A it follows from the austerity of

{udligll/r A m)}y, ez

with multiplicities is invariant under the multiplication by (—1). This together
with (3.3.2) shows the austerity of Ag);(l(]vl) and (iii) follows.

“(iii) = (i)”: Take aK € N and n € T N. Choose u € ®4'(a). Denote
by X € Tt®.'(N) the horizontal lift of 5. Defining N’, &, ¢ by the above way

it suffices to show the austerity of Aév ". From (3.3.2) and the assumption the
set

{udligll/r Am)x, mez

with multiplicities is invariant under the multiplication by (—1). Thus for each
eigenvalue \ of Aév "and each m € Z there exists an eigenvalue N of Aév " and
m’ € Z such that

(=1) > (i€l /r, Am) = p(lgll/r, X m).

That is,
€]l (1S
— arctan 2! — 7 = arctan 120 .
arctan A\ mm = arctan Y +mm
Since —m/2 < arctanz < 7/2, the above equality shows m’ = —m and
N=-=\

Note that this identity still holds even if the multiplicities are taking account
of. This shows (i). O

Example 3.3.2. Tkawa, Sakai and Tasaki ([26, Theorem 5.1]) classified austere
submanifolds of the standard sphere given as orbits of s-representations of
irreducible Riemannian symmetric pairs. Applying Theorem 3.3.1 to their
result we obtain austere PF submanifolds as follows. Let (U, L) be a compact
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Riemannian symmetric pair, where L is connected. Denote by u = [ & p the
canonical decomposition and by Ad : L — SO(p) the isotropy representation.
If an orbit Ad(L)-x through z € p is an austere submanifold of the hypersphere
S(||lz||) in p then the orbit P(SO(p), Ad(L) x SO(p),) * 0 is an austere PF
submanifold of the Hilbert space V).

3.4 The arid property

In this subsection we study the arid property of PF submanifolds obtained
through the parallel transport map ®x. We see that all theorems on weakly
reflective submanifolds in Section 3.2 are formulated to the arid case. Although
the essential idea of the proof does not change, for convenience we give complete
proofs here. Together with the result in Section 3.3 we show examples of arid
PF submanifolds which are not austere (therefore not weakly reflective) PF
submanifolds.

The following theorem can be thought of an analogue of Theorem 3.2.1.

Theorem 3.4.1. Let G be a connected compact semisimple Lie group equipped
with a bi-invariant Riemannian metric induced from a negative multiple of the
Killing form and K a symmetric subgroup of G such that the pair (G, K)
effective. If N is an arid submanifold of the symmetric space G/K then

(i) #1(N) is an arid submanifold of G, and

(ii) @ (N) is an arid PF submanifold of Vj.

From this theorem we obtain the following corollary:

Corollary 3.4.2. Let M be an irreducible Riemannian symmetric space of
compact type. Denote by G the identity component of the group of isometries
of M and by K the isotropy subgroup of G at a fired p € M. If N is an arid
submanifold of M = G /K then ®,(N) is an arid PF submanifold of Vj.

To prove Theorem 3.4.1 we need the following lemma:

Lemma 3.4.3. Let M and B be Riemannian Hilbert manifolds, ¢ : M — B
a Riemannian submersion and N a closed submanifold of B. Fixp € ¢~ 1(N)
and X € (T;-¢7'(N))\{0}. Suppose that oaq is an isometry of M fizing p,
that pp is an isometry of B firing ¢(p) and that the diagram

M 4 M
of el
B 225 B

commutes. Then the following are equivalent:

(1) e satisfies or(¢™H(N)) = ¢~ (N) and dpm(X) # X.
(i) s satisfies (N) = N and dep(dp(X)) # do(X).
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Proof. Tt is easy to see that the condition pa(¢~H(NN)) = ¢~ (N) is equivalent
to the condition ¢p(N) = N. Then by commutativity of the diagram

TH7H(N) 2 Trgm!(N)

o]

L dps L
TN — Tl
the condition dp(X) # X is equivalent to the condition dyg(dp(X)) #
d¢(X). This shows the lemma. O

Proof of Theorem 3.4.1. (i) Let a € 7='(N) and w € (T3 7~ 1(N))\{0}. Set
n:=dnr(w) € T5 N, N := L;}(N) and £ :=dL,'(n) € (T5 N')\{0}. Denote
by v € (T+x '(N"))\{0} the horizontal lift of &. From commutativity of
(1.3.8) we have [,(7~'(N’)) = 7~ }(N) and dl,(v) = w. Thus in order to show
the existence of an isometry ¢,, with respect to w it suffices to construct an
isometry ¢, with respect to v. Let ¢, be an isometry with respect to 7. Then
an isometry g with respect to ¢ is defined by ¢ := L' o ¢, o L,. Now we
define ¢, as follows. Denote by I(G/K) the group of isometries of G/K. By
the assumption the map L : G — I(G/K), a — L, is a Lie group isomorphism
onto the identity component Io(G/K) (|23, Theorem 4.1 in Chapter V]). Since
Iy(G/K) is a normal subgroup of I(G/K) an automorphism ¢, : G — G,
b — ©,(b) is defined by

Ly, v = pe 0 Ly o o . (3.4.1)

Note that ¢, is an isometry of G since the bi-invariant Riemannian metric on
G is induced from the Killing form of g. Moreover since

e om(b) = pe(bK) = e 0 Ly(e ) = pg 0 Ly o gpgl(eK) and
T 0, (b) = @, (b) K = Lsav(b)<6K) =peoLyo Spg_l(eK)

hold for all b € G it follows from Lemma 3.4.3 that ¢, is an isometry with
respect to v. This shows (i).

(ii) Let u € ' (N) and X € (TL®: (N))\{0}. Take g € P(G,G x {e}) so
that u = g% 0. Set a := ®(u) = g(0) and 1 := d®x (X) € (T3 N)\{0}. Define
N', €, v as in the above (i). Denote by & € (Tﬁl@[}l(N'))\{O} the horizontal
lift of £ with respect to the Riemannian submersion ®f : V; - G/K. From
commutativity of (1.3.9) we have g % ®'(N') = O H(N) and d(g) = X.
Thus in order to show the existence of an isometry ¢x with respect to X it
suffices to construct an isometry r with respect to é . By the similar way as
in (i) an isometry ¢, with respect to v € (T:-a=1(N’))\{0} can be defined.
Moreover define a linear orthogonal transformation y¢ of Vg by

pe(u) == dp,ou, wueV, (3.4.2)
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Since ¢, is an automorphism of G the identity pg(g * 0) = (@, 0 g) * 0 holds
for all g € G. This together with (1.3.3) shows that the diagram

v, =5 1,
ol e
G 4 G
commutes. Hence by Lemma 3.4.3 ¢; is an isometry with respect to f and we
obtain (ii). O
Example 3.4.4. Let m,n € Zsy. Set M := S™1(\/m) C R™ and

M :=S""11) x - x S" 1) C M.

S

o
m times

Ikawa, Sakai and Tasaki [26, Example 2.3] showed that if m = 2 then M is
a weakly reflective submanifold of M. Taketomi [49, Proposition 3.1] showed
that if . > 3 then M is an arid submanifold of M and is not an austere
submanifold (therefore not a weakly reflective submanifold) of M.

Set G := SO(mn) and K := SO(mn—1) so that M = G/K. If m = 2 then
(M) is a weakly reflective PF submanifold of V; by [37, Theorem 8] and
is not a totally geodesic PF submanifold of V; by [37, Theorem 3]. If m > 3
then ®,' (M) is an arid PF submanifold of V; by Theorem 3.4.1 and is not an
austere PF submanifold (therefore not a weakly reflective PF submanifold) of
Va by Theorem 3.3.1.

In general it is not clear that conversely the arid property of ®'(N) implies
the arid property of N or not. However the next theorem shows that under
suitable assumptions the arid property of ®.'(N) is equivalent to that of N.
To explain this we now introduce some terminologies which are used in a
context slightly wider than [49]. Let M be a submanifold immersed in a finite
dimensional Riemannian manifold M. Denote by I(M) the group of isometries
of M. For a closed subgroup & of I(M) we say that M is &-arid if for each
p € M and each £ € T,- M\{0} there exists an isometry ¢ with respect to &
satisfying ¢ € &, where &,, denotes the isotropy subgroup of & at p. Clearly
®-weakly reflective submanifols are &-arid submanifolds. If & = I(M) then
“®-arid” is nothing but “arid” The same concepts and relation are also valid
for PF submanifolds in Hilbert spaces.

The following theorem can be thought of an analogue of Theorem 3.2.9.

Theorem 3.4.5.
(i) Let N be a closed submanifold of a compact Lie group G equipped with a
bi-invariant Riemannian metric. Then the following are equivalent:
(a) N is a (G x G)-arid submanifold of G.
(b) @ Y(N) is a G-arid PF submanifold of V.
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(ii) Let N be a closed submanifold of a compact normal homogeneous space
G/K. Then the following are equivalent:

(a) N is a G-arid submanifold of G/ K.
(b) 77 Y(N) is a (G x K)-arid submanifold of G.
(c) @ (N) is a P(G,G x K)-arid PF submanifold of Vj.

Proof. (i) “(a) = (b)": Let u € ®YN) and X € (T-®Y(N))\{0}. Take
g € P(G,G x {e}) so that u = g% 0. Set a := ®(u) = ¢(0), n := d®(X) €
(TEN)\{0}, N’ := a N and € := dL;*(n) € (T-N")\{0}. Denote by ¢ €
(T5-@~*(N"))\{0} the horizontal lift of . From commutativity of (1.3.7) we
have g % (P~1(N')) = & 1(N) and (dg*)é = X. Thus in order to show the
existence of an isometry ¢x with respect to X satisfying ¢ox € G, it suffices
to construct an isometry ¢; with respect to é satisfying Pg € Gy Let ¢,
be an isometry with respect to n which is given by ¢,(c) = Veb™! for some
(b',b) € (G x G),. Then an isometry ¢, with respect to £ is defined by
ve = (a,e)"t oy, 0 (a,e), that is, pe(c) := beb™! for ¢ € G. Define a linear
orthogonal transtormation ¢, of Vy by

pe(u) == dpg ou = bub™ = bxu, u€eV,
Note that ¢; € Gy. Moreover by (1.3.3) the diagram

V, — v,

ol

G >, ¢

©

commutes. Thus by Lemma 3.4.3 ¢; is an isometry with respect to f and we
obtain (b).

(i) “(b) = (a)”: Let a € N and n € (T;-N)\{0}. Fix u € ®7!(a). Denote
by X € (T+®71(N))\{0} the horizontal lift of . Take g € P(G,G x {e}) so
that g % 0 = u and define N’, €, € as in the above (i). Let ¢y be an isometry
with respect to X satisfying ¢x € G,. Then an isometry y; with respect to
£ e (T5-@~1(N"))\{0} is defined by ¢, := (g)~" o wx o (g%). By definition
e € G and thus there exists b € G such that g(u) = bub~". Thus defining an
isometry ¢ of G by p¢(c) := beb™! for ¢ € G it follows from Lemma 3.4.3 that
@¢ is an isometry with respect to £ satistying ¢¢ € (G < G).. Hence an isometry
©n with respect to 7 is defined by ¢, := I, 0 ¢ o [;! so that ¢, € (G x G),.
Therefore we obtain (a).

(i) “(a) = (b)”: Let a € 7 Y(N) and w € (T}+71(N))\{0}. Set n :=
dr(w) € (TeN)\{0}, N' == LoH(N) and § := dL7'(n) € (TgN)\{0}.
Denote by v € (T}+7~'(N"))\{0} the horizontal lift of £&. From commuta-
tivity of (1.3.8) we have I (7 '(N")) = 7 }(N) and dl,(v) = w. Thus in
order to show the existence of an isometry ¢,, with respect to w satisfying
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Yw € (G X K)y = (a,e)AK(a,e)! it suffices to construct an isometry ¢, with
respect to v satisfying ¢, € (G x K). = AK. Let ¢, be an isometry with
respect to n which is given by ¢, (cK) = (bc)K for some b € G,x. Then there
exists k € K satisfying b = aka™'. Thus an isometry ¢, with respect to ¢ is
defined by ¢¢ := L, 0 ¢ o L,, that is, p¢ = Lj. Define an isometry ¢, of G
by

ou(c) == kek™, ceq.

Note that ¢, € (G x K).. Moreover the diagram

G 25 @G

| |
G/K =5 G/K

commutes. From Lemma 3.4.3 ¢, is an isometry with respect to v and we
obtain (b).

(i) “(b) = (a)”: Let aK € N and n € (T4 N)\{0}. Denote by w €
(T+7=1(N))\{0} the horizontal lift of . Define N’ £, v as above. Let ¢, be
an isometry with respect to w satisfying ¢, € (G x K),. Then an isometry
with respect to v is defined by ¢, := ;' 0 p,, 0l, so that ¢, € (G x K).. Thus
there exists k € K such that ¢,(c) = kck™'. Hence defining an isometry ¢
of G/K by ¢ := Ly, it follows from Lemma 3.4.3 that ¢, is an isometry with
respect to & satisfying ¢¢ € Gex. Therefore an isometry ¢, with respect to n
is defined by ¢, := [, 0 ¢ o' so that ¢, € Gux. This proves (b).

Using the fact gP(G,G x K)y9~! = P(G,G x K),,q for g € P(G,G x {e})
the equivalence of (b) and (c) of (ii) follows by similar arguments to (i). [

Corollary 3.4.6. Let G, G/K be as in Theorem 3.4.5.
(i) Let H be a closed subgroup of G x G'. Then the following are equivalent:

(a) an orbit H - a through a € G is an H-arid submanifold of G,
(b) an orbit P(G, H) % u through u € ®(a) is a P(G, H)-arid PF sub-
manifold of V.

(ii) Let K" be a closed subgroup of G. Then the following are equivalent:

(a) an orbit K' - aK through aK € G/K is a K'-arid submanifold of
G/K,

(b) an orbit (K' x K) -a through a € G is a (K' x K)-arid submanifold
of G,

(c) an orbit P(G, K’ x K)*u throughu € ® *(a) is a P(G, K'x K )-arid
PF submanifold of V.

Proof. (i) By (1.3.10) we can assume without loss of generality that a = e.
Moreover by homogeneity it suffices to consider normal vectors only at e € G
or 0 € V. Thus by similar arguments as in Theorem 3.4.5 (i) the assertion
follows. (ii) We can similarly reduce the case a = e and by similar arguments
as in Theorem 3.4.5 (ii) our claim follows. O
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Example 3.4.7. Let (U, L) be a compact Riemannian symmetric pair where
L connected. Denote by u = [ 4 p the canonical decomposition, by Ad : L —
SO(p) the isotropy representation and by S the standard sphere in p.

Let us first show that there are examples of Ad(L)-orbits which are Ad(L)-
arid submanifolds in S. By Taketomi’s result ([49, Proposition 4.4]) an orbit
N := Ad(L)w through w € S is an Ad(L)-arid submanifold of S if and only
if N is an isolated orbit of the Ad(L)-action on S. One can find such isolated
orbits by considering the fundamental Weyl Chamber. Fix a maximal abelian
subspace a in p and denote by F' the fundamental system of the restricted root
system with respect to a. The fundamental Weyl chamber is defined by

C:={wea|Va€eF, alw)>0}

with closure )
C:={wea|VaeF, alw)>0}.

It is known ([24, Lemma 1.2]) that C' is decomposed by
C = H cA : disjoint union,

A: subset of F
A={wea|VaeA, a(w)>0 and VB € F\A, B(w) = 0}.

If a subset A consists of only one element then dimC? = 1 and thus the
intersection S N C*? consists of only one point, which implies that in this case
the orbit Ad(L)w through w € C? is isolated. In this way we can obtain
examples of Ad(L)-arid submanifolds in the standard sphere S. Notice that
from the classification result of austere Ad(L)-orbits ([26, Theorem 5.1]), in
particular we can choose Ad(L)-arid orbits which are not austere.

Applying Corollary 3.4.6 (ii) to such examples we obtain the orbit

P(SO(p),Ad(L) x SO(p)y) 0

which is an P(SO(p),Ad(L) x SO(p),)-arid PF submanifolds in the Hilbert
space Vo). Moreover by Theorem 3.3.1 such an arid PF submanifold is not
an austere (therefore not a weakly reflective) PF submanifold in V)

The following theorem can be thought of an analogue of Theorem 3.2.13.

Theorem 3.4.8. Let G be a connected compact Lie group with a bi-invariant
Riemannian metric and H be a closed subgroup of G X G. Suppose that the
orbit H - e through e € G s an arid submanifold of G such that for each
€€ (TH(H -e)\{0} an isometry o¢ with respect to & is an automorphism of
G. Then the orbit P(G, H) % 0 through 0 € Vo is an arid PF submanifold of
Ve

Proof. Let ¢ be an isometry with respect to £ € (T:-(H - e))\{0} which is an
automorphism of G. Then similarly to (3.4.2) we can define an isometry P¢
with respect to £ € (T;-P(G, H) * 0)\{0}. By homogeneity of P(G, H) 0 the
assertion follows. O
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Now we see an example of an arid submanifold H -e satisfying the condition
in Proposition 3.4.8. Although the following H - e can be shown to be arid by
applying Theorem 3.4.1 (i) to Taketomi’s example [49, Proposition 3.1], here
we give a direct proof in order to see an isometry with respect to each normal
vector explicitly.

Example 3.4.9. Set G := SO(9). Denote by E the 3 x 3 unit matrix. Define

Q € G by

L [ V2E VBE E

Q= 7 V2E —\3E E

ol vze o —2E
Set K := Q({1}xSO(8))Q~", K" := SO(3)xSO(3)xSO(3) and H := K'x K.
Then the tangent space of the orbit H - e is given by

T.(H-e)=t+t=t+Q(0®0(8)Q" = QQ¥Q+ (0@ 0(8))Q".

Then it follows from the direct computations that each X € Q7 'TH(H - e)Q
is written by

0o S T
X=|-5 0 0],
=T 0 0
s 00 t 00
S=[1020 0], 0001, stelR
000 0 00
The calculation of QX Q™! shows that each Y € T:-(H - e) is written by
0 v Vv
Y=|-U 0 W[,
-V —-wW 0
—2z 0 0 —x—y 0 0] z—y 0 0
U := 0 00}, V:= 0 0 0f, W:= 0 00
0 00 0 0 0 ] 0 00
for z,y € R. For each (7,7) € {(1,2),(1,3),(2,3)} we define P, ; € O(9) by
0 FE O 0 0 E] E 0 0
Pl’g = E 0 0 s P1,3 = 0 F 0 y P273 = 0 0 F
0 0 F E 0 0 | 0 F O

and define an automorphism ¢;; of G by
vij(A) == P;jAP;,  A€G.

1y
Then for each £ € T;H(H - e) there exists (4,7) such that ;; is an isometry
with respect to . Thus H - e is an arid submanifold of G. Since ¢;; is an
automorphism of G it follows from Proposition 3.4.8 that the orbit P(G, H) 0
is an arid PF submanifold of V;. Notice that we can not apply Corollary 3.4.6
(i) to this example since ;; is not an inner automorphism of G and thus not
belong to the isotropy subgroup H. at e € G.

46



4 Homogeneous minimal PF submanifolds
in Hilbert spaces

4.1 A critical difference between finite and infinite di-
mensions

In the finite dimensional Euclidean spaces the following fact is known:

Theorem 4.1.1 (Di Scala [46]). In finite dimensional Euclidean spaces any
homogeneous minimal submanifolds must be totally geodesic.

On the other hand the following fact follows from our results.

Theorem 4.1.2. In infinite dimensional Hilbert spaces there exist many ho-
mogeneous minimal PF submanifolds which are not totally geodesic.

In fact, in Section 3 we have seen many examples of minimal PF submanifolds
which are orbits of the P(G, H)-actions. Moreover from Corollary 2.3.2 such
minimal PF submanifolds are not totally geodesic, which shows Theorem 4.1.2.
Comparing with Theorem 4.1.1, above Theorem 4.1.2 shows a critical difference
between finite and infinite dimensional cases

There is a natural question:

Question 4.1.3. Can any homogeneous minimal PF submanifolds be de-
scribed by an orbit of a P(G, H)-action ?

In the rest of this thesis, aside from this question we propose and discuss more
concrete problems on homogeneous minimal PF submanifolds.

4.2 A problem related to hyperpolar P(G, H)-actions

Recall that an isometric action of a compact Lie group on a Riemannian
manifold M is called polar if there exists a closed connected submanifold S of
M which meets every orbit orthogonally. If S is flat in the induced metric then
such an action is called hyperpolar ([21]). Similarly an isometric PF action of
a Hilbert Lie group on a Hilbert space V is called hyperpolar ([21]) if there
exists a closed affine subspace .S of V' which meets every orbit orthogonally. It
was shown ([50]) that the P(G, H)-action is hyperpolar if the H-action on G is
hyperpolar. Hyperpolar actions on irreducible Riemannian symmetric spaces
of compact type were classified by Kollross [32].

Notice that almost all examples of minimal PF submanifolds we have seen
in Section 3 are orbits of hyperpolar P(G, H)-actions. Conversely it is also
interesting to consider the following problem:

Problem 4.2.1. Determine minimal orbits in a hyperpolar P(G, H)-action
and classify the symmetric properties they have.
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In order to study the above problem it is noted ([29], [20]) that a P(G, H)-
orbit is minimal if and only if the H-orbit is minimal. This shows that the
determination of minimal P(G, H)-orbits can be reduced to a finite dimen-
sional problem. However the classification of symmetric properties seems not
easy. As we have seen in Section 3.3 the austere property via the parallel
transport map is not clear except for the spherical case. Moreover even if we
classify all austere orbits in H- or P(G, H)-actions it seems very difficult in
general to classify all weakly reflective orbits; it is very hard to assert one
austere orbit is not weakly reflective.

In connection with such a classification problem the author is now giving
attention to the structure of weakly reflective submanifolds. Let M be a weakly
reflective submanifold of a Riemannian manifold M. Denote by I(M) the
group of isometries of M and by I(M) its identity component. There are at
least two kinds of weakly reflective submanifolds:

(a) for each p € M and each £ € T;" M there exists ve € Io(M) (: identity
component) such that ve(p) = p, dve(§) = —€ and ve(M) = M.
(b) for each p € M there exists an involutive isometry v, € I(M) which is
independent of the choice of £ € TpLM such that v,(p) = p, dv,(§) = —¢
and v,(M) = M.
For example, consider an isometric action of cohomogeneoity one on M. It is
known ([44], [26]) that in this case any singular orbit M is a weakly reflective
submanifold of M. More precisely if M has one codimension in M then M
satisfies the condition (b) because the identity component of each isotropy
subgroup acts transitively on each normal space. On the other hand, if the
codimension of M is equal or greater than two then it can be seen that M
satisfies the condition (a). Note that there exist examples of weakly reflective
submanifolds which satisfy both conditions (a) and (b): a weakly reflective
submanifold M reviewed in Example 3.4.4 (the case m = 2) satisfies (b) for
all n € Zs>, and in particular if n is even then it also satisfies (a). Although
examples by Ohno [39] and by Kimura-Mashimo [28] satisfy the condition (a),
Enoyoshi’s example ([8]) does not satisfy (a) but (b). It should be also noted
([37]) that under suitable assumptions if M satisfies the condition (b) then
its inverse image under the parallel transport map is a weakly reflective PF
submanifold satisfying the condition (b). It can be a problem to consider
whether weakly reflective submanifolds which does not satisfy both conditions
(a) and (b) exist or not. Also for arid submanifolds similar types may work
and might be useful to study their structure.

4.3 A problem related to affine Kac-Moody symmetric
spaces

In this subsection we mention a problem related to affine Kac-Moody sym-
metric spaces.
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Following [16] (see also [17]) we first review briefly the fundamental facts
on affine Kac-Moody symmetric spaces. Let g be a simple Lie algebra with
Killing form (-, ) and ¢ : g — g an automorphism of finite order. The twisted
Lie algebra L(g, o) is defined by

L(g,0) ={u:R—g: C®map |Vt R, u(t+2r)=o0c(u(t))}

with pointwise bracket [u, v]o(t) := [u(t),v(t)]. For each A\ € R\{0}, define an
alternating linear 2-form wy on L(g,0) b

wn (1, ) = A!/§ (0 (1), v(8) ot

The affine Kac-Moody algebra E(g, o) is defined by
L(g,0) := L(g,0) + Rc + Rd
with bracket

[u,v] == [u,v]o + wr(u,v)e, [d,u] =1, [c x]:=0
u,v € L(g,0), = € L(g,0),

with derived algebra L(g, o) + Rec and center Re. Note that the isomorphism
class of L(g, o) does not depend on .

Let GG be a simply connected compact simple Lie group with Lie algebra g
and o : G — G an automorphism of finite order. The twisted loop group

L(G,0) ={g:R— G: C®map |Vt € R, g(t+2m)=0(g(t))}

with pointwise multiplication is a Frechet Lie group with Lie algebra L(g, o).
Then we define a Frechet Lie group L(G, o) whose Lie algebra is L(g,0) :=
L(g,0) + Re. Consider the 2-form w, defined above. The induced left in-
variant closed 2-form on L(G, o) is still denoted by wy. We can choose A so
that 5w, defines an integral cohomology class in H?(L(G,¢),Z). Then there
corresponds a principal S'-bundle P over L(G, o) with a connection whose
curvature form coincides with w. Then Z(G,O’) is defined as a group of all
bundle automorphisms on P preserving the connection. Note that L(G, o) ex-
tends L(G, o) by S*. Note also that we can (and will) choose A so that L(G, o)
is simply connected. Finally we define the Kac-Moody group [A/(G, o) whose
Lie algebra is IA/(g, o). This is a Frechet Lie group defined by the semi-direct
product
L(G,0) := S' x L(G, 0).

where the S'-action on L(G, o) is induced from the natural R-action on L(G, )
shifting the parameter on loops.
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Define a non-degenerate symmetric bi-linear form of index 1 on L(g, o) by

27
(u+mrc+ s1d, v+ 1o+ Sod) = / (u(t),v(t))odt + 1159 + 1251
0

u,v € L(g,0), ri,s; € R,

where (-, ) denotes the negative multiple of the Killing form. By left transla-
tion we can define a metric on L(G, o) so that L(G, o) is a Lorentz manifold.
Since the metric is bi-invariant the map g — ¢~! is an involutive isometry and
thus we can think of [:(G, o) as a symmetric space.

Roughly speaking, an affine Kac-Moody symmetric space is by definition
either an affine Kac-Moody group G = E(G, o) with above metric or the
quotient G / K , where K is the fixed point set of an involution 6 on G. More
precisely here we consider an involution of the second kind. There are two
kinds of involutions on Kac-Moody group G: the first kind involution inducing
the identity on S* C L(G, o) and the second one inducing the reflection on
this S'. We consider only the second one so that the extension L(G,o) to
L(G, o) is not canceled in the quotient. Also we do not mention the manifold
structures of G and G/K. Actually they are tame Frechet manifolds ([14]),
where the inverse function theorem is valid. Moreover the unique existence
theorem of Levi-Civita connection for G and G / K can be proved. For details
of such manifold structures and geometry of G and G/ K, see Popescu [43]. For
classification of involutions of affine Kac-Moody algebras, see Gro [13] and
Heintze-Grof [22]. For complex Kac-Moody groups and the duality of affine
Kac-Moody symmetric spaces, see Freyn [10].

One of the most striking similarities between finite dimensional Rieman-
nian symmetric spaces and affine Kac-Moody symmetric spaces comes from
their isotropy representations. In the finite dimensional case it is known that
the isotropy representation of a symmetric space is polar and the converse es-
sentially holds: any irreducible polar representation is orbit equivalent to the
isotropy representation of a symmetric space (Dadok [6]). Also principal orbits
of the isotropy representation are isoparametric in the sense of Terng [50], and
under suitable assumptions conversely any irreducible isoparametric subman-
ifolds in Euclidean spaces are orbits of polar representation (Thorbergsson
[53]). In the case of affine Kac-Moody symmetric spaces similar properties
hold. For an affine Kac-Moody symmetric space, there corresponds a hyper-
polar PF action on a Hilbert space (Kollross [32], Terng [51], Heintze-Grof§
[22]). A principal orbit of the hyperpolar PF action is isoparametric, and the
converse also holds under a suitable assumption (Heintze-Liu [19]).

We now propose the following problem:

Problem 4.3.1. Find similar properties between minimal orbits in the isotropy
representation of Riemannian symmetric spaces and minimal orbits in the
isotropy representation of affine Kac-Moody symmetric spaces.

For example, in the finite dimensional case it was shown that there ex-
ists a unique minimal orbit in each strata of the stratification of orbit types
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(Hirohashi-Song-Takagi-Tasaki [25]). It is interesting to ask whether simi-
lar result also holds for affine Kac-Moody symmetric spaces. In the finite
dimensional case austere orbits and weakly reflective orbits of the isotropy
representation were classified by Ikawa, Sakai abd Tasaki [26]. It may be also
interesting to study similar classification problem for affine Kac-Moody sym-
metric spaces. These problem would also relate with the problem mentioned
in the last subsection.
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