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Abstract

It is known that multiple M2-branes on various backgrounds are described by
the A = 4 super Chern-Simons theories. After applying the localization technique,
these theories reduce to matrix models which we call the super Chern-Simons matrix
models. And the super Chern Simons matrix models without rank differences are
described with the Fredholm determinant for the quantum curves. At the same
time, those matrix models are expressed by the brane configurations in a circle in
the IIB string theory. In this thesis, from the correspondences between the brane
configurations and the quantum curves, we explain the new brane transitions and
the hidden structure behind the brane transitions, which were found in my doctoral
course.

From the correspondences between the brane configurations and the quantum
curves, we can regard the Weyl groups which are the symmetries of the curves, as
the brane transitions. Then after separating the Hanany-Witten transitions, the
new brane transitions were found (called local rule).

Moreover, by the duality cascades with the Hanany-Witten transitions, the affine
Weyl group appears in the space of the brane configurations naturally. We found
that the fundamental domain (that the Hanany-Witten transitions do not cause the
duality cascades) in the Weyl chamber is nothing but the affine Weyl chamber. The
affine Weyl group takes any brane configuration into the fundamental domain by
the translations in the space of the brane configurations, which realize the duality
cascades. At the same time, it is found that the fundamental domain is a convex
polytope that can fill the space of the brane configurations.

Also, in the correspondences between the quantum curves and the brane configu-
rations, the Weyl groups of the curves interpreted as the brane transitions are smaller
than the original symmetries of the curves by Zs folding. However, by introducing
the super determinant operator interpreted as the insertion of the Fayet-Iliopoulos
parameters, we can regard the full Weyl group as the brane transitions.

For the brane configurations relating to the super Chern-Simons matrix models
in the case that the symmetries of the quantum curves are not fully known yet, we
cannot construct the affine Weyl group. However, from the property of the Hanany-
Witten transitions, the fundamental domains of the duality cascades are at least
polytopes whose planes facing each other are parallel.

This dissertation is mainly based on the joint research with Professor Sanefumi

Moriyama, Tomoki Nakanishi and Kazunobu Matsumura [1,2].
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1 Introduction

The goal of physics is to explain our mother nature. However, due to its complexity, we
often construct simple solvable models to capture its essence (such as ideal gas). Par-
ticularly, in particle physics, we have been searching for an ultimate theory unifying all
interactions. At present, M theory and string theory are expected to be one of the best
candidates. We would like to find the essence of these theories from the correspondence
to the integrable systems. The integrable systems are solvable by the high symmetries,

such as soliton equations and Painlevé equations.

Here, string theory is a ten-dimensional theory consisting of strings (one-dimensional
objects) and branes (higher-dimensional objects), naturally contain not only electromag-
netic, weak and strong interactions but also gravity and perturbatively five types of such
a theory are known. And in the low energy limit, there are the supergravity theories cor-
responding to the string theories. Furthermore, the supergravity theory is composed up
to eleven dimension. M theory is given as the theory containing it in the low energy limit
and string theory by compactifying one dimension. Due to the T and S dualities among
string theories, all string theories are derived from M theory, therefore the M theory is

expected as an ultimate theory unifying all interactions.

Although the M theory and the string theories were mysterious for a long time, var-
ious interesting aspects become clearer by now. As explained below, ABJM theory and
its generalizations describe multiple M2-branes. Since they have a large number of su-
persymmetries, we expect them to have a simple and systematic structure such as the
integrable systems. Indeed, in previous works, the partition function and some super-
symmetric correlation functions of these theories were reduced to matrix models [3]; the
non-perturbative instanton effects were computed exactly [4-7] and related to the free
energy of topological string theories [8,9]; the relation between the ABJM theory and the

Painlevé equation was observed [10].

Besides, in my doctoral course, with my collaborators, we have added many interesting
structures. We clarified the group-theoretical structure and the multi-covering structure
of the quantum A-period [11]; we revealed the correspondence between the ABJM matrix

model and the two-dimensional Toda lattice (and mKP) hierarchy [12,13]; we revealed



the correspondence between the duality cascades and the affine Weyl groups [2]. In my
doctoral thesis, I mainly focus on the last topic of the correspondence between the duality
cascades and the affine Weyl groups in the main text. I also add appendices to cover

various other structures and to introduce our works in my doctoral course.

The ABJM theory is the A/ = 6 superconformal Chern-Simons theory with the two
bifundamental matters and the gauge group U (Ny),xU (N2)_j [14-16] where the subscripts
denote the Chern-Simons levels with k£ > 0. It is known that this theory describes the
worldvolume theory of the multiple M2-branes with min(/Ny, Ny) M2-branes and | Ny — No|
flactional M2-branes on C*/Z;. In the IIB string theory, this situation is described by a
brane configuration with 5-branes (an NS5-brane and a (1, k)5-brane) aligned in a circle

and D3-branes located at the two intervals between the 5-branes.

The ABJM theory is reduced to the matrix model by applying the localization tech-
nique on S? [3,17]. This is called ABJM matrix model. Also, we can apply the localization
technique to the vacuum expectation values of the BPS Wilson loops [18] besides the par-
tition function. It was also found that the dualities between the vacuum expectation
values of the half BPS Wilson loops and the partition function [19,20]. The two-point
functions were constructed as the generalizations of the one-point functions of the half
BPS Wilson loops [21]. Furthermore, it was found that the correlation functions satisfy
many relations deeply concerning with the integrable systems [12,22,23] and correspond
to the soliton models [13]. In particular, the one- and two-point functions correspond to
the mKP and two-dimensional Toda lattice (2DTL) equations respectively. The reduction
from the two-point functions to the one-point functions agrees with the reduction from

the 2DTL equations to the mKP equations in the correspondence.

In the ABJM matrix model, by the Fermi gas formalism [8,24], when we regard the
gauge rank min( Ny, Vo) as the number of free fermions, we can consider the grand canon-
ical partition function by introducing the fugacity z. Also, in the 't Hooft expansion,
for the partition function of the ABJM matrix model, it was found that the perturba-
tive corrections are summed up to the Airy function and reproduce the degree of freedom
N3/2[25,26]. Furthermore, This expansion allows us to reveal the non-perturbative effects,

worldsheet instantons [27] and membrane instantons [28].

In the case with equal ranks N; = Ny = N, the grand canonical partition function is

described by the Fredholm determinant with the spectral operator H,

=(2) = éozNZk(N) - det(1+2H7), (1.1)



where the spectral operator takes the form as H = QP with the hyperbolic cosine operators

[SIE

0=Q:+Q:, P=P:+P: (Q=¢, P=¢), (1.2)

and z denotes the fugacity which relates to the chemical potential p as z = e#. In this
canonical quantization, the Chern-Simons level k plays the role of the Plank constant as
h = 27k and the above operators § and p satisfy the commutation relation [q,p] = ih. If
we consider the WKB expansion for the grand canonical partition function, the surface of
the phase space becomes the Fermi surface. From the area of this Fermi surface, it was
found not only that the ABJM matrix model reproduces the degree of freedom of the N
multiple M2-branes N3/2 in the large N limit but also that the partition function is the
Airy function [8]. Furthermore from the shape of the Fermi surface, it was found that the
Fermi surface relates to the dual toric diagram associated with the local P! xP1. Actually,
this spectral operator is derived by quantizing the mirror curve of the local P! x P! [29],

therefore we also call this operator the quantum curve.

In the non-perturbative effects, both the worldsheet instantons and the membrane
instantons are divergent at some values of k. But, by considering the bound states of
them, the divergences are canceled among the instantons [6]. Also, if we redefine the
fugacity properly, the contributions from the bound states are included in the worldsheet
instantons and we can take a simpler view that the cancelations for the divergences of
the instantons appear between the worldsheet instantons and the membrane instantons.
Also, from the geometric viewpoint, we can reexamine this discussion for the instantons as
follows. First, we can compute the two periods by integrating along two cycles, A-period
and B-period, for the algebraic curve of genus one. As mentioned above, the ABJM matrix
model is described by the quantum curve associated with the algebraic curve of genus one.
Thus, we can construct the quantum corrected periods and compute them [7,30]. As the
result, the quantum A- and B-period give the redefinition of the chemical potential and
the derivatives of the free energy respectively. The B-period is well analyzed and it was
found that it is determined by the BPS indices and has the group-theoretical structure
and the multi-covering structure [31-34]. Here, the group-theoretical structure means that
the B-period is written in terms of the characters for the symmetries of the curve. And
the multi-covering structure means that the instanton effects of high degree include those
of lower degrees. And in our works, we found that there is the same structures for the

quantum A-period [11,34].

There are generalizations of the ABJM theory which keep N = 4 while increasing the
number of the 5-branes [35-39]. The matrix models obtained from the theories by the



localization technique, are the super Chern-Simons matrix models with the gauge group
[T;-; U(X;) and the Chern-Simons levels given by
k
ka=§(sa—sa_1), Sq==x1, (a=1,2,1), (1.3)
where the models are of the circular type with the identification sy = s,. Then, the brane
configurations are constructed with the 5-branes that an NS5-brane and a (1, k)5-brane
are respectively labeled by s, = +1 and s, = -1 and they are arranged in the sequence of

sq. For example, in the case that s, are arranged as

{31’32,...} = {+17...’+]__17...’_]_ .1.17...’_|.]__17...’_]_’...}7 (14)

p1 q1 p2 q1

the corresponding brane configuration is

(e0-000-008-000-0--), (1.5)

where e and o respectively correspond to an NS5-brane and a (1,k)5-brane, also the
grand canonical partition function of the corresponding matrix model is described with

the quantum curve taking the form as
- ,,,@%’75]72@(]1’751317 (1.6)
we call this model (p1, g1, P2, 2, ) model.

In the case with the rank differences, there are the above super Chern-Simons matrix
models generalized from the ABJM matrix model. However, the grand canonical partition
functions in those models have not been fully described by the Fredholm determinant, and
the quantum curves corresponding to those matrix models are not clear (see [40] for recent
progress). To overcome the difficulties, the correspondences between the quantum curves
and the brane configurations with the rank differences were constructed by the Hanany-
Witten transitions [41],

wKoLoM-=-KoK-L+MoM-, (1.7)
wKeLeM-=KeoK—L+MeM-, (1.8)
wKeLoM-=-KoK—L+M-+keM-, (1.9)
wKoLeM-=-KeK—-L+M+koM-, (1.10)

in addition to the correspondences between the quantum curves and the brane configura-

tions without the rank differences. Here, ® and o respectively denote an NSH-brane and
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a (1,k)5-brane, also K, L and M denote D3-branes in each interval of 5-branes. These

transitions can be stated as the conservation of the RR-charge for an NS5-brane,

aue = =5 ((#D5) = (ADS)w) + (#DI) = (#DB)l, (1.11)

and that for a (1, k)5-brane,

an = 5 (NS5 - (ANSH)|n) + (D)), - #D3)l, (1.12)

where (#D5)|.,/r and (#NS5)|,/r are respectively the numbers of the D5-branes and the
NS5-branes on the left/right sides of an original 5-brane (NS5 and (1, %)5-brane), and
(#D3)|L, or r denotes the number of the D3-branes ending to the original 5-brane from the
left /right.

In this thesis, we consider the curves whose parameters are transformed by the known
groups. Namely, for certain brane configurations, the corresponding quantum curves con-
structed in (1.6) has nice classical counterparts known as the del Pezzo curves. The
transformations of the parameters of these curves form the Weyl group of exceptional Lie
algebras. In particular, the A;, D5 and E; curves correspond respectively to the brane con-
figurations with (one NS5-brane, one (1, k)5-brane), (two NS5-branes, two (1, k)5-branes)
and (two NS5-branes, four (1,%)5-branes). And if we regard the Weyl group symmetries
of the curves as the brane transitions, it is found that there are the new brane transitions

after separating the Hanany-Witten transitions [1,42].

For the brane configurations in a circle, the Hanany-Witten transitions may reduce
the number of the D3-branes at the interval of the 5-branes. The number of the D3-
branes corresponds to the rank of the gauge group in the field theory and if we continue
to apply this process to reduce the rank, finally we arrive at the situation of either the
lower ranks do not appear or a rank becomes negative. The negative rank is regarded as
the anti-D3-branes in the string theory, so when a negative rank appears, it is interpreted
as the supersymmetry is broken. The process reducing the ranks is known as the duality
cascade [43-46]. For the supersymmetric brane configurations in a circle, we can ask

following questions,

e [s the process of the duality cascades always completed regardless of the initial brane

configuration?

e [s the endpoint of the duality cascades unique regardless of the flow path of the

duality cascades?



o After applying the duality cascades, if the brane configurations appearing in the
duality cascades are all identified, what the fundamental domain of duality cascades

is, more concretely, whether it is finite and whether it is the connected one?

As in the following paragraph, we can answer these questions with the help of the affine

Weyl groups.

When we consider the correspondences between the supersymmetric brane configura-
tions and the quantum curves, we need to choose the lowest rank as the reference and Weyl
groups act to the brane configurations so that the reference rank is invariant. However,
through the Hanany-Witten transitions, we may encounter one of the ranks lower than
the reference rank. In this case, we need to choose the lowest rank as a new reference
rank again. And we can continue this process until no lower ranks appear. This series
of the duality transformations is nothing but the duality cascade [46]. And, from the
symmetries of the quantum curves we investigate carefully the fundamental domain of the
duality cascades that the lower ranks do not appear by the Hanany-Witten transitions.
The symmetries of the quantum curves are the Weyl groups and regarded as the brane
transitions. Then since the reference rank is fixed, of course, the duality cascade chang-
ing the reference rank is not included there. However, after we identify the fundamental
domain of the duality cascades, by considering the reflections about the boundary planes
of the region, we can extend the Weyl groups to the affine Weyl groups and it is found
that the extensions agree with the duality cascades. Then, it is also found that the overall
rank plays a role of the eigenvalue of the grading operator of the affine Weyl groups. Fur-
thermore, the fundamental domain divided by the Weyl group is no other than the affine
Weyl chamber, therefore it is found that the endpoint of the duality cascades is unique
and the fundamental domain is a convex polytope that can fill the space of the brane

configurations.

Also, when we relate the brane configurations in a circle to the quantum curve, only
part of the Weyl group surviving in the Z, folding remains as symmetries and we shall
regard them as brane transitions. Concretely, the B3 Weyl group for the D5 curve and F}
Weyl group for F; curve are regarded as brane transitions. In this thesis, we show that
the full Weyl group of the quantum curve can be regarded as brane transitions by the
deformation with the FI parameters. Then, from the full Weyl group of the curve, the

brane transitions interpreted as “halves” Hanany-Witten transitions appear.

In section 2, we discuss the correspondences between the quantum curves and the

cyclic brane configurations. And we propose the local rule as the new brane transitions



after separating the Hanany-Witten transitions. In section 3, we derive the affine Weyl
groups from duality cascades. This is a main topic in this thesis. In section 4, we discuss
advanced topics for the case when the symmetries regarded as the brane transitions is not

known and the case with the deformation with the FI parameters.

2 Quantum curves and brane configurations

In this section, we explain several topics. First, we explain that the super Chern-Simons
matrix models without the rank differences are represented with the Fredholm determinant
of the quantum curves briefly. Afterwards, we consider the generalizations to the case with
the rank differences. Then we can embed the space of the brane configurations into the
space of the parameters of the quantum curves. And at the same time, the Weyl group
symmetries of the curve are folded to the smaller symmetries. Since the Weyl group
acting to the subspace of the brane configurations in the parameter space of the curves
includes the transitions interpreted as the Hanany-Witten transitions, by regarding the
Weyl groups as the brane transitions, we can propose the new brane transitions after

separating the Hanany-Witten transitions [1,42].

2.1 Super Chern-Simons matrix models and quantum curves

In this subsection, we explain the relation between the super Chern-Simons matrix models

and quantum curves (see appendix A for detail calculations).

The N = 4 superconformal Chern-Simons theories describe the brane configurations
with 5-branes in a circle in the IIB string theory. By the localization technique, they
reduce to the super Chern-Simons matrix models. In the matrix model with the gauge
group []._y U(N)y,, the partition function labeled by py +q; + pa + @2 +-++ = r corresponding
to the brane configuration in (1.5), is denoted by

20 - [ T2 TTAYe,a0), )
a=1
with
N ( N (a) i3 ((a))Z
D a 7\,& xe 22
x g o e4rk > ( )

(a-1)_, (a-1) (a) x(‘j)

Y., 2ksinh u 1%, 2k sinh =
(a)

Y., 12, 2k cosh L

A (e p(@)) = (2.3)
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The partition function in the matrix model is also shown in the case with the rank differ-
ences. However, since the relation between the matrix model and the quantum curve is
not fully known and it is enough to consider the case without the rank differences for our
discussions for the quantum curves below, we give only the partition function without the

rank differences here.

And we proceed with the analysis by using the Fermi gas formalism [8,24]. In the
formalism, by regarding the rank of the gauge group N as the number of free fermions,

the grand canonical partition function is represented as
E’(cm,qu")(z) _ Z Z,gpl’ql"")(N)zN, (2.4)
N=0

with the fugacity z. By introducing the operators § and p satisfying the commutation
relation [, p] = ih, this grand canonical partition function (without the rank differences)
is expressed by the Fredholm determinant of the spectral operator H' as

Elipl’Q1"")(z) = det(l +2H! ), (2.5)

(p1,q1,++)

where the spectral operator is represented in terms of the hyperbolic cosine operators (1.2)
as
Hy) oy =PP Qo (2.6)
Since the matrix models describing the brane configurations are realized by the spectral
operators, we would like to analyze the brane configuration in the viewpoint of the spectral
operators. Therefore, we consider the quantum curves obtained from the del Pezzo curves
through the quantization. When we choose the parameters of the quantum curves specially,
the spectral operators in the case without the rank differences are reproduced. And in this
section, we reveal that the symmetries of the parameters of the quantum curves contain the
transitions interpreted as the Hanany-Witten transitions by identifying the parameters of
the quantum curves and the rank differences. Furthermore, by regarding the symmetries of
the curves as the brane transitions, we propose the new brane transitions after separating
the Hanany-Witten transitions [1,42].

2.2 Symmetries of curves

To investigate the correspondences between quantum curves and brane configurations,

the quantum curves need to be written in terms of the product of the hyperbolic cosine

11



operators. Therefore, in this subsection, we give the quantum curves associated with the
Ay, D5 and E; del Pezzo curves [1,29,42,47,48]. These quantum curves are constructed
by replacing the variables of the algebraic curves with the operators § and p satisfying
the commutation relation [g;p] = ¢h. In this quantization, the operator order is important
because the operators must be ordered so that the Hamiltonian becomes the same function

before and after the quantization.

When the mirror curves of the A;, D5 and E7 del Pezzo curves are denoted H4,), H(p,)
and H g,y respectively and they are the functions of exponentials like H = H (e, e¥), these

curves are quantized as H = H(Q, P) by introducing the g-order?,
[QuPHQo2P5..], =5 Q°P8, (q=e™). (2.7)

The Ay, D5 and E; quantum curves associated with the del Pezzo curves H®, HG) and

H are respectively given as

j‘\[ —~1 =1 ~1 =~ 1 ~ 1 =1 ~ 1 =~
2y :[Q%Pa + Q%P‘é +Q2P2 + mQ‘EP‘%]q, (2.8)
o
H = P~ - — o~
(Ds) =[€3€4Q_1P+ (63+64)P+QP
«
A Yo AN LR ATy
+€3€4(h2 + hQ)Q + - +(61 + 62)62
1 A% A~ = 1 /hy hiy= 1 ~=
+— L Op —(—1 + —1)P‘1 +—QP1, (2.9)
€1€2 €7€3 €12 V€7 €3 €1€2
ﬁ(Eﬂ A2 D
7 _rO2p
) 1Q
Q(FOP+ D)
+F2(+)f5+ £ + HQ(_)P\‘l
«
(P ) (P ) (FOP+ g0 () P
+ Fi+)@\_2(ﬁ+gl)(ﬁ+gl)(ﬁ+gg)(p-f-gg)ﬁ_g]q, (210)
with
F = S (ffn)™ HS = Y (b)) (2.11)
11<<ip 11 <-<ip

!The g-order is understood from the Baker-Cambell-Hausdorff formula. For example, if we quantize
e by x> G and y - P as 2 - TP then we do not need to consider the operator order since
the operaters § and 7 are commutative in e?@*P, However, if we quantize e®**% by e* — Q and e¥ » P,

we must consider the operator order so that the operators @ and P are not commutative.
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where m is the parameter of the A; curve, ey, -, eg, hi, ho are the parameters of the Djy
curve and f1, fo, f3, f1, 91, g2, h1, ho, hs, hy are the parameters of the F; curve. And o and
E are the overall factor and the constant respectively. Also, in the D5 curve the ten
parameters e, -, es, hy, hy satisfy the Vieta’s formula (hihy)? = ;. 8 L e;, while in the F;

(+)

curve the parameters satisfy the Vieta’s formula F) (+ )(g g2)?H,"’ = 1. By calculating the

g-order, the quantum curves are clearly represented as

By 03Py 4 208 P S + O3PS + ¢ imO S P4, (2.12)
«
H - _ e
Z)5) =q%€3€4Q_1P + (eg + 64)P + q_%QP
es 1, 1 1\~
+€3€4(h2 2)@ (a+e—2>Q
1 h? o~ = 1 (hy hiys 1 an
g — L gpy —(—1 n —l)P-1 +qs— QP (2.13)
€162 €7€3 €12 ‘€7 €3 €1€2
H BN
(E7) —¢'O*P
Q@
+q 2 Q(FOP+ g H))
~ F R
+FOP+ =+ g P
«
+@ PO (Prqig)(Praio)(FOP+qiggHY )P
+ qu+)@‘2(p + q‘%gl)(? + q‘%g1)<]/5 + q‘%gg)(? + q‘%gQ)p‘?’, (2.14)
where we introduce the ¢g-number [n], for the sum of g,
n/2 _ 4,-n/2
_ 9 q

By applying the similarity transitions to the quantum curves H, we adjust the coeffi-

cients of each term and transform H to make the asymptotic values easier to see,

=Q:P:+ Q3P 2 +Q 3P +q imQ 1P 3, (2.16)
[0
-HD 1 =_ = 1 = 1 =y
(af’) = 2Q ' (Q+q2e3)(Q +qZes) P
S %o (i)
+€364( 5 + hz)Q + - +(61 + 62)Q
1l i~ _ihi(s _1hi\s,
+gi—Q N (Q+q 3 2)(Qeg )P, (2.17)
e1es er €8



Hier ' (P+qig))(P+qign )P
«
+ q_%@\(ﬁ + q%gl)<F1(+)ﬁ + q%HI(_))p_l
+FIP+ g +H{) P!
+ @ FQ (P g i) (FOP+ g igigHD) P!
+qF{PQ(P+qig)(P+gig)P, (2.18)

where we give the similarity transitions applying the F; curve in appendix B.

Q=0 , Q- Q20 ¢ o Q2 Q=20 g g f f 02
@ P - o @ @ P > o T—0—0—0—0 P - o
es 1
h, @ .g
m @ Q1 920 O 91
€e 1 1 1
h_. @ —
2 €1 g1h, giha
® P-0 o—© P-0 T—o—0—0—o P-0
m hy hy 1 1
PR 91ha g1hs

Figure 1: Asymptotic values of the Ay, D5 and E; curves in the limits () - oo, P — oo,
@@ - 0 and P - 0. The symbols e and o denote an asymptotic value and a doubly
degenerated asymptotic value, respectively. (Left) The four asymptotic values of the A,
curve are parametrized with one parameter m. (Center) The eight asymptotic values of
the Ds curve are parametrized with ten parameters. (Right) The ten asymptotic values

of the E; curve are parametrized with ten parameters.

In the A; curve, the asymptotic values in the limits () — co, P - o0, ) > 0 and P - 0
are given as 1, 1, m and m respectively (see figure 1). Here we omitted the minus signs
of the asymptotic values since it does not affect our discussion. These asymptotic values

are transformed as
s1: m< 1/m, (2.19)

so that it preserves the A; curve. This transition is given by the similarity transition
(Q,P) < (P1,Q) which means the clockwide rotation of the asymptotic values in the
figure 1. Asin the A; case, in the Dj curve the asymptotic values in the limits ) — oo, P —
00, ) > 0 and P — 0 are given as {1/e1,1/es}, {e3,e4}, {es5/ho,e6/ha} and {hy/e7, hi/es}

14



respectively (see figure 1) and they are transformed while preserving the Dj curve as

s5: 1fe; < 1/ey,
Sg €3 <> €4,

S0 - 65/h2 A 66/h27
si: hifer < hifes,
S4 - 1/61 D 65/h2,

S3 . €3 <> h1/67, (220)

where sq is described in terms of other transitions s;.q as Sy = $4535255545351535455525354
because the parameters are not independent. And in the E7 curve, the asymptotic values
in the limits ) > oo, P - 00, () — 0 and P — 0 are expected as g1, {f1, f2, f3, f1}, g2 and
{(g1h1)7Y, (g1h2)7t, (g1hs3)~t, (g1ha)™t} where g; and go are doubly degenerate (see figure
1), which are resoled by quantization. These asymptotic values are transformed while

preserving the E7 curve as

syt f1 e fo,
S1¢ f2(_)f37
Sp ¢ f3<_>f47

ss: (g1h1)™ < (gihe)™,
so: (g1ha)™ < (g1ha) ™,
stt (gihg)™ < (giha) ™",
S4+ g1 %> g2,

s3t fi e (gh)™, (2.21)

where since sg can be described in terms of other transitions s;.o as in the Dy case, sq is

auxiliary transition in this sense.

In the A; case, the transition s; acts to one parameter m and is a generator of the
Weyl group W (A;) on the one-dimensional parameter space lel = {m}. On the other
hand, in the D5 and E7 cases, the numbers of the transitions s; and the parameters do not
match. This problem is solved by considering one constraint (Vieta’s formula), fixing two
degrees of freedom derived from the similarity transitions Q - AQ and P - BP and fixing

extra degrees of freedom created by the differences between the numbers of the asymptotic
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values and parameters?. For the parameters of the D5 curve, we choose the parameters as
_ (hihs)?

€g =€4 =€ =€ = 1, s (222)
€1€3€5
and in the case of the E7; curve as
1
=go=1, hy= ) 2.23
fa=g2 ! f1f2f39%h1h2h3 ( )

By these parameter fixings, in both cases of the D5 and E; curves the numbers of the
transitions s; and the parameters match. In the Ds case, transitions s; act to the five-
dimensional parameter space CP?S ={(hy,hs,e1,e3,€5)} as

hy 1

S5+ (h17h27617e3765) = (h17_7_7e3765)7
€1 €1

St (h17h2761763765) g

hq 1
D h27617 _765)7
€3 €3

S1¢ (hlah27€1763765) =

(
So - (h1,h2,€1,€3765) = (hl, Z_52>€1>637 e%)’
(
syt (hi,hg,er,e3,e5) = (

€1€5 €1€36€5
szt (hi,hy,e1,e3,e5) = (hb )

e e
h1h2 » €1, hlh% » €5 )
and generate the Weyl group W (Ds). Similarly, in the E; case the transitions s; act to

(2.24)

the seven-dimensional parameter space 057 ={(f1, f2, f3,91, h1,ho, h3)} as

S2¢ (f17f27f3791,h1,h2,h3) g (f2;f17f37917h1,h2,h3)
s1: (f1, fa, f3. 91, ha, ho, hs) = (fa, f3, f2, 01, b, b, hg),

so: (f1, f2, f3,91, b1, ho, hy) = ? ;2 ;791;f3h17f3h27f3h3);

(
Sp ¢ (jl»jévjé7glahlah27h3)Fﬁ'(f févjévgl7h2ah17h3)
S6 ¢ (fl,f2;f3,91,h17h27h3)'_’(f f27f3agl7h’17h37h2)7

1
St . f2, f3,91, h1, ha, hs) = s f2, 13, 91, s o, )
7 (fl Jas [3,91, b, ho 3) J1s f2, f3, 91, b, b flfgfgg%hthhg)

Sq4 ¢ (f17f2;f3,91,h1,h2,h3 = f1, f27f3,— h1,h2,h3)

sst (f1, f2, f3,91, b1, ho, hy) = s oy f3 75— hl, (frgrhi)ha, (f191h1)h3) (2.25)

( afr’
and generate the Weyl group W (E7).

f

%if there are n asymptotic values and m(< n) parameters of the curve, we can fix the (n—m) parameters.
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2.3 Case without rank differences

In this subsection, we consider the quantum curves associated with the super Chern-
Simons matrix models having the gauge groups, U(N) x U(N), U(N) x U(N) x U(N) x
U(N)and U(N) x U(N) x---U(N). Then, these curves are respectively represented as the

six
combinations of the hyperbolic cosine operators Q@ and P in the order of the Chern-Simons

levels (1.4). Among them, the combinations of one @ and one P,
9P, PQ, (2.26)

namely the quantum curve of (1,1) model FI(M)?’ is included in the A; quantum curve.

Similarly, the combinations of two Q and two P,

QOPP, QPQP, QPPQ, PQQP, PQPQ, PPQQ, (2.27)
are included in the D5 quantum curve. These operators are those in the (2,2) model and
the (1,1,1,1) model. Finally, we consider the combinations of four 0 and two P included
in the F; quantum curve. Since the F; curve have the following structure,

Hg (B 5 5 DAB . -t (B L\
—&) - q‘1Q2(P + q%gl)(P + cﬁgl)P‘1 +o ot qFf )Q‘Q(P + q‘ggQ)(P + q‘égz)P g
(2.28)

the curves included in this curve must have the structure: ---P9?P---. Thus, only parts of

the combinations,

o~~~ A~~~ o~~~ A~~~ o~ A~~~

QQPQOP, QPQIPQ, PQIPQQ, (2.29)

are H121y? included in the F7; quantum curve.

There are the brane configurations corresponding to above curves constructed by the
combinations of the hyperbolic cosine operators @ and P and at the same time we can
derive asymptotic values for each curve (see table 1). From table 1, it is found that we
make pairs in the asymptotic values facing each other (compare table 1 and figure 1).

Also, we can also understand these pairings from

~~n —_

'PQ§ = Q%(q_%p% + q%ﬁ_%)7

3The operators in (2.26) are equivalent under the similarity tansitions.
“The (2,1,2,1) model, the (1,1,2,1,1) and the (1,2,1,2) model are equivalent under the similarity
transformations.
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types ‘ 1 ‘ 1 ‘ m ‘ m H brane configurations

OP |11 ¢7 | ¢ (0 e 00)
PO [1]1]|q3 g (00 0e)
types ‘ {e;t e5t} ‘ {es,e4} ‘ {h3tes, hyles} ‘ {hiezt, hiegt} H brane configurations
QOPP | {¢=.q2} [ {a=.a:} | {¢° ¢} {q2,47} (0 0e0000)
QPOP | {q:1} | {q: 1} {1,¢7} {1,¢7} (0e000e00)
oPPQ| {11} | {q:.q%} {1,1} {772,¢7} (000e0e00)
PQOP | {a=.qc} | {11} | {a2er) [ {11} | (0600000e)
POPQ | {l.¢z} | {l.q%} {q72,1} {q72,1} (000e000s)
737’5@@\ {¢%,q7} \ {¢%,q7} \ {¢77,q7) \ {¢77,q%) H (00000 e00)
types ‘ {fitic1.-a ‘ g1 ‘ g2 ‘ {(g1hi) izt H brane configurations

NI

QPP | {g5,q3 1,1} [ g2 g2 | {14542} | (0e00000e0000)
QPO*PQ {q’%,l,l,q%} 1 1 {qié,l,l,q%} (0oc0e0o0000e00)

POPQ? | (LLgba2) [ ¢ [a® | {a2.q 211} [ (0000080000 00)

Table 1: Asymptotic values of Ay, D5 and E7; quantum curves and corresponding brane
configurations. The asymptotic values are arranged in the order of those in the limits
Q o0, P—>oo, (Q—0and P—0.

PiQ- (¢ 10} +4i04)PE. (2.30)
In this subsection without the rank differences, we do not need to consider these pairings,
however in the next subsection, namely in the case with the rank differences, these param-
eter pairings are needed for the correspondences between the parameters of the curves and
the rank differences which are the numbers of the D3-branes stretching in each interval of

5-branes.

Originally there is only one parameter in the A; curve, thus the number of the pa-
rameters describing the asymptotic values does not decrease due to the pairing between
the asymptotic values. However, in the cases of the D5 and E; curves, the number of the
parameters decreases by pairing the asymptotic values. In the Dj case, since there are
four pairs of the asymptotic values, the curves in D5 curve type are labeled with the three
parameters. And in the F; case, the curves are distinguished by only four parameters due

to the pairings. Therefore by reducing the parameters as

(h17 €3, h?a €1, 65) = (

mainsg mims mg ms
, Mg, ) ) )7
my mg Mg M2
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(f1, f2, f3,91,h1, ho, h3) = (f17f27f3>917\/f2f391 f3f191 \/f1f291 (2.31)

and by labeling formally the hyperbolic cosine operators, we correspond the labeled quan-
tum curves to the points of subspace of the parameter space, CD° ) 0(2 2 < ={(my, my, m3)}>
in the case of the Dj curve type and CE7 N 0(2 A 2 ={(f1, f2, f3,91)} in the case of the E;
curve type (see table 2 and table 3).

types ‘ quantum curves ‘ (h1,es, ‘ ho,e1,e5) ‘ (mq, ma, m3)
Q0PP | Q,0\PP; (¢,1, g',1,1) (7', 1,1)
0pPoP | 0,P0.P: (.95, | a7 a00) | (a%q2,1)
QPP | (g3 |q¢lhaza?)| (g2 1q:
@27311@17/51 (g, q2 17(]%7‘1%) (¢ 2;1#]2)
0,P:0,P; (1, qié 1,q%,q%) (q’%,q’%,l)
QPPO | O,PP:0; (¢! q, 1,1,1) (1,q2,q2)
0,P.Pi0, (¢,q7", 1,1,1) (17(.1_%76]_%)
POOP | P00 Ps (L1, | ghgta) | (Lgtq?)
Pi0:0:P; (1,1, 4,4,9) (1, g, %)
POPO P.0,7: 0, (Lq%, l,q%,q%) (qE q2 1)
PQPQ: | (aha= | Latae) | (a5l
e (Lax, | aq3q2) | (¢2,1,42)
PiQiPQ: | (¢ha: | aatq?) | (2.0 1)
PPOO| BP0 | (q-l,l, oL | (gL

Table 2: Point configurations for the Ds quantum curves. In the parameter space
01135 = {(hq1,ha,e1,e3,€5)}, the parameters h; and ez are decided from the asymptotic
values of the limits P — 0,00, also the parameters hs, e; and e5 are decided from the
asumptotic values of the limits () - 0,00. And the point configurations corresponding to
the brane configurations give the three-dimensional subspace 01(32’2) = {(mqy,mq,m3)} in

the parameter space C° under the constraint (2.31).

5C](3p D denotes the space of the brane configurations described by p NS5-branes and ¢ (1, k)5-branes.
In the case with the equal ranks, the models are distinguished by the order of the 5-branes. For example,
(2,2) model and (1, 1,1, 1) model are not equivalent under the similarity transitions thus are distinguished.
However, in the case with the difference ranks, the models cannot be distinguished due to the Hanany-
Witten transitions. Thus, we distinguish the spaces of the brane configurations with the rank differences
by the number of the NS5-branes and the number of the (1, %)5-branes as C](Bp ),
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types ‘quantum CU.I"VGS‘ (f1, fas f5s ‘ g1, ‘ hy, ha, hs)

|

QPP | QPP | (¢2,4%,1, | ¢ | 42,q%,1)
@4@2ﬁ@3@1ﬁ1 (q%,l,q%, q, q%,l,q%)
@4@17/51@3/@2721 (l,q%,q%, qt 17q%7q%)
0:0,P,0,0,P; (17q_%7q_%7 q, q,q%,q%)
0P %P | (¢ 102, [a | ¢qq)
2,0:P0:%:Pi | (¢2.02L [a | ¢2.¢7.0)

QPO2PQO | 0,P0;0,P: 0, (Q7q%7q%7 L, 1,q7%,q7%)
0,P.0;0:P:0, (q%aq,q%a L, q_%alvq_%)
0,P.0,0,P:0; (C]%aq%ﬂa L, q_%aq_%al)
0;P.0,0,P:0, (q%,l,q‘%, L, q%,Lq_%)
0;P0,0,P; 0, (Lq%,q_%; 1, 17q%7q_%)
0;P0.0,P: 0, (q %,q%,q‘l, 1, qéaq%al)
@2752@4@37%@1 (q%aq_%717 L, q%aq_%vl)
0,P.0,0:P:0; | (1, 2,47, L, 17q_%7q%)
0,7,0:0,P; 0, (q_%7q 17q—§7 1, q%,l,q%)
0,710,057 0, (q 2,q%,1, L, qféﬂéﬂ)
QP0:0Pi0s | (g2 1,¢5, | 1, | ¢71,¢2)
QP0:0.Pi0u | (¢ haz a2 | L, | 1g7q2)

PO2P0O? | P.0.0:P: 0.0, (q%,q%,l, q, q‘%,q‘%,q‘l)
P.0,0,P:0:0, (q%,l, %, q, qié,q 1;97%
P.0,0,P:0;0, (1>q%7q%7 q, q_lvq_%vq_%)
P0:QPi0i01 | (Lgt,q5, | ¢ | 1Lq2,q2)
P0:01Pi0i0: | (¢7.1,¢3, | ¢ | ¢2.1.q72)
P.0,0,P:0,0; (q%,q%,l, q, q_%7q_%71)

Table 3: Point configurations for the F; quantum curves. The labeled quantum curves

are corresponded to the point of 01(32’4) N 057 = {(f1, f2, f3,01)}, since h; are written as

h; = 7 J{Zgl (subscripts 1, 7, k are different).
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2.4 Case with rank differences

In the previous subsection, we have discussed the correspondences between the quantum
curves and the brane configurations without the rank differences. In this subsection,
through the Hanany-Witten transitions [41], we formulate the correspondences in the case

with the rank differences.

When we consider the case with the rank differences, we correspond the rank differences
to the parameter differences of the curves. Then, since the parameters are labeled and
distinguished, the quantum curves need to be labeled and we need to decide a reference.
In the case of the A; curve, if we consider @Ji as a reference and the parameter m of this
curve is denoted my), then the difference from m ) for another curve ﬁ@l is denoted dm =
m/mysy. On the other hand, since we can consider the Hanany-Witten transitions (1.10) for
brane configurations, we can align the 5-branes of the brane configuration corresponding
to each curve with same sequence as a reference curve (we call this sequence standard
sequence) and read the difference of the number of the D3-branes in the interval of 5-
branes from the reference rank. We identify the parameter difference dm and the rank

difference M as

Sm = — = g=2miM (2.32)
m(s)

and summarize the comparison between the rank differences and the brane configurations
in table 4.

quantum curves ‘ M H brane configurations
. 0 || (0e00)
P.0, k|| (0608) = (0 e ko)

)
i)

Table 4: Comparison between the rank differences and the brane configurations for the

(1,1) model. Here we omit the overall rank N.

As in the A; case, in the cases of the D5 and FE; curves, we choose Qg @1ﬁﬁl and

o~~~ A~~~

Q,93P; Q2 91P;y; as references respectively. And we identify the parameter differences and

the rank differences as follows,

mq mo ms . . .
(5m1, 5m2’ 5m3) — ( ’ 7 ) — (6271—1M1,627”M2,€27mM3),
Mi(s)y Ma(s) MM3(s)

i o fs gl)
Tis) " fas)” fas) 9109

627rzF1’ e?ﬂ'lFQ’ 627r1F37 627mG1). (233)

(6f176f276f37691) = (
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In the E7 case, since the asymptotic values in the limit () - 0, co are paired, we decide to
place the operator 7/5l on the left and 7/511 on the right. Namely, when we correspond the
brane configurations to the labeled E; curves, the Hanany-Witten transition between the
NS5H-branes is restricted.

quantum curves ‘ (M, My, M3) H brane conﬁgurations

0,0, P/P; (0,0,0) | (0s0e0003)

Q,P.0: P; (5,5 0) | (06000003)=(0e0eks03)
0,PQ,P; E0,-5) 1 (08050e00)=(0e0eksks)
Q,P: 0\ P, (%0, (00050605) =(0ekek605)
Q,P: 0.7 E_k0) (03000“0%):<o§kikék%>
Q,PP;0; (k5 5) [ (05000003) =(0eke2ko0)
0,P.P;0, (k, -k k) (o%o%oéoé)zmﬁkizkégk%)
P00, P; (k,g,—k) (000505 08) =(0e0e2koka)
P:0,0, P, (k, -k & (000603 08) = (06 2k o2k 6 ko)
P.0,P;Q, 3k 0) | (050e050)=(0eke3koks)
P.0,P,0, (%.0,-£) || (080000508) = (0 k o3k o 2k3)
P Q2P0 (3k 0,% (06000308) = (06 2k o3k 6 kd)
P:0:P:0, 3 _k 0) (030000 08) = <022k o 3 6 2k3)
PiP:Q:0; (2k,0,0) | (00050e08) =(0e2k o4k o 2k3)

Table 5: Comparison between the rank differences and the brane configurations for the
(2,2) models and the (1,1,1,1) models. Here we omit the overall rank N.

It is found that the correspondences between the point configurations and the brane
configurations from table 4, 5 and 6. If the overall rank is denoted N, we identify the
point configurations with the brane configurations for the A; curve, the Ds curve and the

E7 curve respectively as

(N @ Npo) = (N o N + Mo), (2.34)

(Ny o Nyo Nyo Nyo)=(NeN+M —M+MeN+2M 0N+ M - M- Ms3), (2.35)
and
(N, ¢ Ny o N3 o Ny o N5 & Ngo)
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quantum curves ‘ (F1, Fy, F3,Gh) H brane configurations

0,0:P QP | (5,5,0,-k) (OEOéOgOiOgOg)

0,:0:P.0;0:\Ps | (4,05 -k) <0ﬁ0o05’50iOOOé‘):(o?oéo%kik%oé)
0,0,P.03Q:P; (0,2,2,—k) (000505000000)=(0800kokeks0o)
0,0,P.0,0:P | (0,-% -k k) | (000005000308)=(0e0008k e ko ko)
030,170, 0:P; ’;,0, E k) | (080800000003)=(0e00kskeks ko)
0,0,P.0,0:P; | (-%,-%,0,-k) (0200000 OOOO):(OEOéngkiZkgk:é)
0,P.0:0,P:0, | (k.5 %0) |(060805050e05)=(08ko050eks00)
0,7.0;0,P:0, | (%,k%0) [ (030e00030e00)=(0ekoks0eks0s)
0,P.0,0:P:0; | (£.5k0) | (03090505005)=(0ekokske2ks00)
0,9.0,0,P:0, | (%,0,-50) | (000003050e03)=(0eks050ekso ko)
@3ﬁ§4glﬁ1@2 (O,§,—§,0) (0302()})03050%):(ngékc%()ikgké)
0,P.0,0,P:0 | (-%,-%,-k,0) || (050806050003) = (0ekokske2ks2ks)
0,P.0,0:P:0: | (£,-£0,0) | (05080805005)=(00k505ke2ks k)
0,P.0,0,:P:05 | (0,-5,50) [ (030000050e08)=(0ekok2ke3ksko)
0,P.0;0,P:0, | (-5, —k,~£,0) | (050000030e05) =(0eko052ke3ko2ko)
0,$.0,0:P:0, | (-£,%£,0,0) [ (030003050e00)=(0eko2k3ke2ks ko)
0,$.0,0,P:05 | (-5,0,5,0) | (030e03050e00)=(0eko2k2ke3ks ko)
0,P.0;0,P:0s | (~k,~%,-50) | (0509050500 00) = (0 ko 2k s 2k o 3k & 2ko)
P0.05P:0,0, | (5,50,k) | (050500030000)=(082koko0e2ks ko)
P.0,0,P:0:0, | (5,05 k) | (00030e050008)=(002kokdke3ksko)
P0,0,P:0:0, | (0,55 k) | (03080e000008)=(002ko2%kske3ks ko)
P050,P:0,01 | (0,-% -k k) | (0505000303 08)=(082kok5ke3ks2ko)
P.050,P:0,0, | (-%,0,-%k) | (0530509050308) = (0 2k 52k 5k o3k 2ko)
P0,0:P:0,0; | (-L,-%.0,k) | (0305080060808) = (002k o2k 2k e 4k & 2ko)

Table 6: Comparison between the rank differences and the brane configurations for the

(2,4) models. Here we omit the overall rank N.
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:(N§N+Gl+kéjv+%(—3F1+F2+F3+G1)+/<;%N—F1—F2+F3+k
3N—F1—F2+F3+G1+2ng+%(—Fl—Fg—F3+G1)+kg). (2.36)
Then, in the case of the E; curve, the extra constraint appears
Ni + N5 = Ny + Ny. (2.37)

This constraint means that the sums of the numbers of the D3-branes stretching in both

sides of NS5-branes are equal and is called a balanced condition [1].

2.5 Brane transitions from Weyl group

In this subsection, we review for the local brane transitions (local rule) [1,42]. These
transitions are the brane transitions proposed from the viewpoint of the quantum curves
and derived by regarding the Weyl reflections for the parameters as the brane transitions
under identifications between the point configurations and the brane configurations given

in the previous subsection.

In the case of the A; curve, the Weyl group W (A;) is generated by
s1:Mwk-M. (2.38)
For the brane configurations, this transition is expressed as
511 (N) o Nyo) = (V) © Nye). (2.39)

In this case, there is no reason to interpret the symmetry of the curve as the brane
transition, however the Weyl groups of the D5 and E7; curves include the Hanany-Witten
transitions. Therefore, other transitions after separating the Hanany-Witten transitions

are also interpreted as the brane transitions.

For the D5 and the E7; curves, the Weyl groups are folded due to the pairings of the
parameters (Z, folding). The D; and E7; Dynkin diagrams are folded as the B; and Fj

Dynkin diagrams respectively.

In the case of the D5 curve, under the identification between the point configurations
and the brane configurations, since the asymptotic values are paired, the parameter tran-
sitions are also paired (see figure 2). Therefore the symmetries of the curve are expressed

as

s189 : (My, My, Ms) = (My,—Ms,-M,),
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= ] — -
50
Figure 2: Z, folding. Here, s is the auxiliary transition.

1 1

S3 . (Ml,MQ,Mg) — (-Mz - M3 + k, 5(—M1 + M2 — M3 + k)), 5(—M1 — M2 + M3 + k)),
1 1

Sy ¢ (M17M2,M3) — (—Mg + M3 + ]{?, 5(—M1 + MQ + M3 + ]{Z), §(M1 + Mg + M3 - ]{3)),

S550 ¢ (M1,M2,M3) g (Ml, M37M2)7 (2-40)

and generate the Weyl group W (Bs3)6. These transitions are expressed for the brane
configurations as

¥

( > <N10N2.N30N3—N4+N10>

{ 5) > (Ny e Njo Ny e Nys),
34:(N1;N20N3.N4 3) > (N, @ Ny o Ny e N3),

(N 3) > (N, ¢ Ny = Ny + N3 o N3 6 N,3), (2.41)
with N = Ny — N3 + Ny + k. Here, the transitions s;s, and sssp are interpreted as the
Hanany-Witten transitions between (1,%)5-branes and between the NS5-branes respec-
tively. Moreover, after separating the Hanany-Witten transitions, if s3 and s4 are also
interpreted as the brane transitions, they are respectively interpreted as the exchanges

between the number of the D3-branes stretching both sides of (1, k)5-brane surrounded
by NS5-branes and NS5-brane surrounded by (1, k)5-branes.

As in the Ds case, the symmetries of the E7; curve are also folded to ones of the Weyl

6At this time, we cannot determine whether the symmetries of the curve generate the Weyl group
W(Bs) or W(C3). However, from the discussion about the affine Weyl group in the next section, the
group is decided as W (Bs).
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group W (F}) as
sy (F1, Fy, F5,Gy) — (Fy, Fy, F3,-G1),
sy (F1, Fy, F5,Gyp) — (%(—Fl + Fy+ F3 - Gy), Fy, F3, %(—3F1 + Fy+ F3+Gh)),
S985: (F1, Fy, F3,G1) » (Fy, F1, F3,Gy),

5156 ¢ (F17F2>F3:G1) = (F1,F3,F2,G1),
sos7: (1, By, F5,Gy) » (Fy - F3, Fy — F3,-F3,Gh), (2.42)

(see also figure 2). And for the brane configurations, these transitions are written as

54 (N, o N3 8 N} 5 Ny o Ny o Nio),

N10N20N30N40N50N6

53 (N, 8 Ny o Ny o N, & Ny & Ngo) > (N) & N3 o Ny e N o Ny 6 Nyo),

1S

Ny o Ny o Ny o Ny o N5 o Ngo) > (Ny & Ny o Ny NY e NI & Nyo),

g o) >
g ) =

5255 (N1 ® Ny o N3 o Ny o N5 6 Ngo) = (N} @ Ny o Ny — Ny + Ny o Ny o N 6 Ngo),
$156 )=
g o) > {

SoS7 N10N20N30N4.N50N6 = N1.N20N30N40N50N5—N6+N10) (243)

with Né = Nl—N2+N3+k’, Ni = Ng—N4+N5+IC, Ni’ = Ng—Ni-f-Nﬁ-f-k?, N5, = N4—N5+N6+k’
and N} = N3 — Ny + Ng + k. 5285, s15¢ and sps7 are interpreted as the brane transitions
between (1, k)5-branes. And s, and s3 means the exchanges the numbers of the D3-branes

as in the Dy curve.

2.6 Local rule

Since the Weyl groups contain the transitions interpreted as Hanany-Witten transitions,
if we regard the Weyl groups as the brane transitions, the remaining transitions after
separating the Hanany-Witten transitions are the new transitions. Then, we have proposed

the local rule for the brane transitions,

"ON.N,O"':"'ON,.NO"', ....NoN’....:....NoN’..... (244)
These local transitions mean the brane transitions without referring to whole configura-
tions.

When we discuss the brane transitions from the quantum curves, we use the fact
that the grand canonical partition functions are written by the Fredholm determinant.
Therefore, we cannot discuss about the reference rank in our analysis. For the reason, we

do not know if the local rule holds separately for each rank.
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3 Duality cascade and affine Weyl group

For the ABJM matrix model, namely for the A; curve, in the duality cascade the number
of the D3-branes is decreased by the Hanany-Witten transitions as discussed in [46]. In this
section, we reveal that the regions where the duality cascade does not occur (fundamental
domains) are parallelotopes in the subspaces of the brane configurations in the parameter
spaces of the curves Cg n Cp. Then the affine Weyl groups are found by considering the
fundamental domains in addition to the symmetries of curves and the transitions to replace
reference rank N mean both the duality cascades and the translations in the space CgnCp.
These results mean finiteness of the process of duality cascades and the uniqueness of the
endpoint of the duality cascades [2].

3.1 Duality cascade

The Hanany-Witten transitions may decrease the number of D3-branes at the interval of
the 5-branes by exchanging the 5-branes. And we can continue to apply the Hanany-
Witten transitions until the negative ranks appear or the lower ranks do not appear. This
series of the dualities are called a duality cascade. If a rank becomes negative, then the
supersymmetries are broken. And we call the region where the duality cascades do not
occur in the case if the overall rank is large enough, fundamental domain of the duality
cascades.

For example, in the ABJM matrix model, namely (1,1) model consisting of one (1, k)5-
brane, one NS5-brane and D3-branes perpendicular to the 5-branes which are located at
each interval of the 5-branes in a circle, when the reference rank and the rank difference
are denoted N and M respectively, the Hanany-Witten transition makes the following

brane configurations dual,
(NeN+Mo)y=(NoN +k-Me). (3.1)

Here since we decide N as a reference, M is a positive number from the inequality N <
N + M. In the right hand side of the above equality, if the rank difference M is less than
the Chern-Simons level k, the duality cascade does not occur. But, if M is greater than
k, we reconsider the lowest rank N + k- M as a new reference and duality cascade occurs
as

(NoN+k—-Me)=(N"oN'—k+ Mo)=(N"oN"+2k— Me), (3.2)
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with N'= N+k—-M. And if 2k - M is negative, we continue to apply the Hanany-Witten
transitions until the rank lower than the reference rank does not appear or the negative
rank appears. Under this duality cascade, the reference rank N and the rank difference

M continue to be redefined as
(N, M) —> (N+k-M,-k+M)— (N +3k-2M,-2k+ M) — ---. (3.3)

In the ABJM matrix model, if the overall rank N is large enough, we find that the
fundamental domain is clearly 0 < M < k as we see also below [46]. However, more
generally, it is not clear that the endpoint of the duality cascades is uniquely determined,
and any brane configuration in a circle reduces to the fundamental domain of the duality
cascades. We reveal them for the brane configurations corresponding to the D5 and E;

curves in [2] and explain them in the following sections.

3.2 Fundamental domain

The Hanany-Witten transitions may reduce each rank. And if the rank becomes lower
than the reference rank, the duality cascade occurs [43-46]. In this subsection, we discuss

the fundamental domain where we assume N; as the reference rank.

In the case of the A; curve, we consider the Hanany-Witten transitions for the brane
configuration (N e N2<1>) =(NeN+M <1>) The brane configurations obtained through the

Hanany-Witten transitions while preserving the reference rank are
(NeN+Ms), (NoN +k-Me). (3.4)

Since the fundamental domain of the duality cascades is obtained from the condition
N7 < N,, the region is

0<M<k. (3.5)

This region is a line segment in the one-dimensional space of the brane configurations
(N oN + Mé), C]gl’l) = {M}. The boundaries of this fundamental domain are M = 0, k,
thus these correspond to the brane configurations (N e N c1>) and (N e N + k;cla) respectively.

These are just those without the rank difference in table 4.

In the case of the Dj curve, we discuss the Hanany-Witten transitions for the brane
configuration (N, e Nye Nyo N;o) = (N e N + M, — My + Mye N +2M, 0 N + M, — My - Mya).
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As in the A; case, the fundamental domain is obtained from the conditions that the each
rank is greater than the reference rank Ny < Ny, Ny < N3 and Ny < Ny as

k k k k

<M <2k, ——<My<—, ——=<Ms<—

0< 1= ) 9 = 2—27 9 = 3—27
0< My + Mo+ Mg<2k, 0< M- M,+ M;s<2k. (3.6)

Here, above region contains extra inequality 0 < M; < 2k, thus the fundamental domain
for the Ds5 curve can be described with less conditions by omitting this inequality. The
fact that the inequality 0 < M; < 2k is extra is understood by looking at the fundamental
domain in the case of, for example, My = 0 or M3 = 0. Therefore, it is found that the

fundamental domain becomes as

IS VAL ALY VP
2 2" 2 2
0< My + Mo+ My <2k, 0< M - M+ M; <2k (3.7)

Then, this fundamental domain is a rhombic dodecahedron in the three-dimensional
subspace of the brane configurations in the parameter space of the D5 curve 01(32’2) =
{(My, My, M3)} (see figure 3). The vertices of this fundamental domain just correspond
to the brane configurations without the reference ranks in table 5. Indeed, for exam-
ple, the brane configuration (N eNeNoN g) in the first line of table 5 is the vertex
(0,0,0) described by the intersection of the three planes Ny = N = N + M; — My + M3 =0,
Ny =N =N+ M; and N + M; — My — M3. Similarly, the other brane configurations also

correspond to the vertices of the fundamental domain.

M;

Figure 3: Fundamental domain for the Dj; curve.
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In the case of the E; curve, we consider the Hanany-Witten transitions for the brane
configuration (N, ® Ny o N3 Nye N3o Ngo) = (Ne N +Gy +ko N +1(=3F, + Fy+ F3+Gy) +
kSN-F ~Fy+Fy+koN-F —Fy+Fy+ Gy +2kd N+ 5(=F - Fy - Fy + Gy) + ka). The
conditions Ny < Ny, N < N3, N1 < Ny, N7 < N5 and Ny < Ng give the fundamental domain

of the duality cascades for the F; curve as

~k<F+Fy-F3<k, -k<-Fi+F,+F3<k, -k<F,-Fy,+F3<k,
2k<Fi+Fy-F3+G1 <2k, -2k<-Fy+Fy,+ F3+Gy <2k,
2k<Fi-Fy+F3+G1 <2k, -2k<Fy+F,-3F3+G <2k,

2k <-3F1+ F5+ F3+ G <2k, -2k<F|-3F,+ F3+Gy <2k,

3
~k<Gi<k, -2k<) F+Gi<2k. (3.8)
i=1

Here, due to —k < Gy < k, it is found that above inequalities contain some extra inequalities,

thus the fundamental domain is described with less conditions as

—k’SFl-l-Fg—FgSk’, —]{?S—F1+F2+F3Sk‘, —I{ISFl—FQ-l-FgSk',
—2k3F1+F2—3F3:|:G1§2k', —2]{33—3F1+F2+F3:|:G1§2k37

3
2k <F\-3F+F;+G1 <2k, -k<Gi<k, -2k<) F,+G;<2k. (3.9)

i=1
This fundamental domain is an icositetrachoron in the four-dimensional space of the brane
configurations C57 n 01(32’4) = {(Fy, F5, F3,Gy)}. The vertices of the fundamental domain

are just those without the rank differences in table 6. Also, the coordinate transformation
Mi=Fi-Fy-F;, My=-Fi+F-F;, My=-F-Fy+F;,

leads the vertices to the permutations of (+k, £k,0,0) and it is clearer that the fundamental

domain of the duality cascades is the icositetrachoron.

3.3 Affine Weyl group

In this subsection, we discuss how the Weyl groups which are symmetries of the curves
act to the spaces of the brane configurations. And if we add to Weyl groups the reflection
with respect to boundary planes of the fundamental domain of the duality cascades, we

get the affine Weyl groups 7. Then, the fundamental domain of the duality cascades is

"For affine Weyl groups, for example, see [49].
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divided to the affine Weyl chambers and we also find that it can fill the spaces of the brane

configurations.

The Weyl reflection for the hyperplane perpendicular to the simple root « acts to a

vector v as follows,

Sa (V) =v—2((27 Z;a, (3.10)

where we identify a vector v in the subspace of the brane configurations in the parameter

space of the curves Cg n Cp as a wight vector.

In the case of the A; curve, the A; Weyl group W (A;) acts to a one-dimensional vector
v=DM as

s1: M~ M, (3.11)

where we redefine the parameter M as M — M +§ for simplicity. Then, from M -s(M) =

2M it is found that the metric, the simple root and the Cartan matrix are
g=2, ar=1, A{V=2, (3.12)

where we decide the metric g so that the length of the root vector a; becomes /2. Also,

the overall rank N is invariant under actions of the Weyl group.

The fundamental domain in the A; case has two boundary planes, thus we can con-
sider the extra reflections about those planes in addition to the Weyl reflection. These
reflections generate the affine Weyl group W(A\l) The extra root and the Cartan matrix

are respectively,

T 2 =2
~ (A1)y _
ag = —1, (Aij ) = ( 9 9 ) ) (3'13>

and we give the Dynkin diagram in figure 4. Therefore, the affine Weyl group W (A4,) is

Figure 4: Affine A; Dynkin diagram.

obtained by considering the fundamental domain in addition to the symmetry of the A;

curve. Moreover, by dividing the fundamental domain with the Weyl group or by dividing
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the space of the brane configurations 01(31’1) with the affine Weyl group, the affine Weyl
chamber is obtained as

0<M<

o |

, (3.14)

The affine Weyl group allows us to translate a point in the direction perpendicular to
the boundary planes. we can fill the one-dimensional space 01(31,1) = C’f}l by reflecting the
affine Weyl chamber or translating the fundamental domain of the duality cascades with

the affine Weyl group.

The reflection associated with the simple root vector aq acts to 01(31’1) as
So: M~ k—-M, (3.15)

and cannot preserve the overall rank N unlike the reflections of the Weyl group W (A;).
Concretely, from the fact that $; is a reflection, namely 32 =id, it is found that 3, trans-

forms N as
S0: N~ N +2abM - ak, (3.16)

with the arbitrary parameter a. Besides, when we identify the overall rank N as the
eigenvalue of the additional grading operator in the affine Lie algebra and at same time
the Chern-Simons level as the level of the weight vector v, N is transited with the highest

root 6 = oy as
S0: N~ N-(0,v)+k, (3.17)

therefore an arbitrary parameter a is decided as a = —1.

In the case of the D5 curve, with the correspondence between the parameters of the
D5 curve and the brane configuration, the transitions for the parameters of the curve
acts to the three-dimensional subspace of the brane configurations in the parameter space

01(32’2) c C’Fl?"’ as

S12. 1= 8189 1 (My, My, M3) w (M, —Ms, —Ms),
1 1
S3: (Mb M27M3) ind (—Mz - Ms, 5(—]\/[1 + My — Ms), 5(—M1 - M + M3)),

1 1
Sq ¢ (Ml, MQ, Mg) =g (_M2 + M3, 5(—M1 + M2 + Mg), §(M1 + M2 + Mg)),
S50 == S5S50 - (Ml, MQ,Mg) = (Mla M3, MQ), (318)
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where we redefine My — M; + k for simplicity. These transitions generate the Weyl group
W(B3) = {s12,53,54;S50}. And these transitions are the Weyl reflections for a three-

dimensional vector

v = M2 . (319)

By representing the reflections s19, s3, 84, S50 for the vector v with the corresponding simple

root vectors aio, vz, (g, 59 as

v — 8120 = 2(Ms + M3) s,

v =830 =—(M; + My + Ms)as,
v =840 = (M + My — M3)ay,
v = 8500 = —2( My — M3) s,

(3.20)

we find that the simple root vectors and the Cartan matrix are respectively given with
the metric (g,;) = diag(1,2,2) as

0 -1 1 2 -2 0
ap=| 12 |, as=| 12| a=| 12 |. A= -1 2 -1, (321
1/2 ~1/2 ~1/2 0 -1 2

where we omit a9 because sy is auxiliary transition described by the others s;.50. Here
we decide the degree of freedom of overall of the metric so that the lengths of the root
vectors become 1 or v/2. If we consider the reflection about the boundary plane of the
fundamental domain as the extra reflection 3y of the affine Weyl group W (Bs), the extra

root vector ag and the Cartan matrix are given by®

, 2 -2 0 0
5 12 -1 -1
d=1 -1/2 |, AP = : 3.22
G / (4 0 1 2 0 (3.22)
1/2
0 -1 0 2

and the Dynkin diagram is given in figure 5. Also, when we divide the fundamental domain

8If we change the definitions of the metric and the simple roots, we can construct the C3 Cartan
matrix. Actually, the Weyl groups W(Bs) and W (C3) are indistinguishable. However, if we choose the
Weyl group W(C3), we cannot construct the affine Weyl group with the reflection about the boundary
plane of the fundamental domain.
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Figure 5: Affine By Dynkin diagram.

by the hyperplanes parpendicular to the root vectors «;, the affine Weyl chamber is given

as
O§M2+M3, M1+M2+M3§O, OSM1+M2—M3, —kSMl—MQ-FMg,, (323)

where this chamber shares the surface surrounded by the three points

k k k k k k k

(Ml,Mz,Mg):(0,§,§), (—5,5,0), (-5,1,-1), (3.24)

with the fundamental domain (see figure 6). As in the A; case, this fundamental affine

M;

Figure 6: Affine B3 Weyl chamber. The region is the part obtaned by dividing the fun-
damental domain by the planes consisting of the dotted lines. Then dotted lines intersect

the surface of fundamental domain at (3.24).

Weyl chamber (or the fundamental domain) can fill the three-dimensional subspace of the
brane configurations C](32’2) c 01]3 ® with actions of the affine Weyl group, and we identify

the overall rank /N and the Chern-Simons level as the eigenvalue of the additional grading
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operator and the level of the weight vector respectively. Actually, the reflection 5y acts to
(Ml,MQ,Mg) and N as

1 1
S0 : (M1,M2,M3) '—’(Mz - M; -k, §(M1 + My + M3 + k)7 5(—M1 + My + Ms — k))a
§0:Ni—>N+M1—M2+M3+k. (325)

This result for N is reproduced from the formula (3.17) with the highest root 6 = ay +

2043 + 20{12 in Bg.

Finally, we construct the affine Weyl group for the parameter space in the case of
the E7 curve. As in the Dj case, the correspondence between the curve and the brane
configuration reduces the symmetry of the curve W (E7) to W (Fy). And the Weyl group

W (Fy) acts to the four-dimensional vector
v = : (3.26)

as follows,
v =840 = Gray,
1
V— 83U = —5(3F1 - FQ — F3 + Gl)@g,

v = So50 = 2(F — Fy)as, (3:27)
v = s160 = 2(Fy — F3) s,

v — So7v = 2F3007.

where ay, as, ass, agg and agr are the simple root vectors corresponding to the reflections

S4, S3, S95, S16 and sg7 respectively. With the metric

3 -1 -1 0
11-1 3 -1 0
) = = , 3.28
@G5 0 o (3.28)
0 0 0 1
these simple root vectors are given as
0 -1 1/2 0 1/2
0 0 -1/2 1/2 1/2
Oy = , Qg= , Qg = , Qg = , Qo7 = , (3.29
4 0 3 0 25 0 16 12 07 1 (3.29)
2 -1 0 0 0
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and the Cartan matrix is obtained as

2 -1 0 0
-1 2 -1 0
ATy _ 3.30
a2 e (3:0)
0o 0 -1 2

By considering the reflection about the boundary plane as the extra reflection in the affine

Weyl group, the extra root and the Cartan matrix are given as

) 2 -1 0 0 0
X ) -1 2 -1 0 0

do = ;@i = o 2 2 -1 0 |, (3.31)
_1 0 0 -1 2 -1
0 0 0 -1 2

and see figure 7 about the Dynkin diagram. Also, the fundamental affine Weyl chamber

Figure 7: Affine Fy Dynkin diagram.

shares the area surrounded by the four points:

k k

k 3k 3k
(F17F27F37G1):(§7§7ka0)7 (

2k 2k 2k k
2747 47 2

0), (=, —,—,0
)7 ( 3 ) 3 ) 3 ) )7 (
with the fundamental domain of the duality cascades, namely it is given as

—3F1+F2+F3—G1S0, FlSFQSFg, G1SO, F1+F2+F3—G1§2]€. (333)

This region fills the four-dimensional space 01(32’4) N 057 with the actions of the affine
Weyl group. And the reflection corresponding to the simple root vector oy is concretely
represented as

- 1 1

So - (Fl,F%Fg,Gl) '—>(§(F1 —F2 —F3 +G1) —k, 5(—F1 +F2 —F3 +G1) —k,
1 1
5(—F1 — F2 +F3 +G1) — k,§(F1 +F2 +F3 + Gl) +I€)7

1
§03N|—>N+§(F1+F2+F3—G1)+k. (334)
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3.4 Translations and brane transitions

In the previous subsection, the affine Weyl groups are given by considering the funda-
mental domains in addition to the Weyl groups which are the symmetries of the curves.
In this subsection, let us discuss that the affine Weyl group is not only a mathemati-
cally interesting structure but also a natural structure from the viewpoint of the brane

transitions.

The extra reflection 5y in the affine Weyl group is the reflection about the boundary
plane of the fundamental domain, and this reflection changes the overall rank (3.17). If the
overall rank decreases after the reflection, we expect it to match with the duality cascade.
At the same time, since all translations of the affine Weyl group are always represented
with at least one §j, these translations also change the overall rank. In this subsection,
conversely, from the transitions which change the overall rank, we reproduce the transla-
tions obtained from the affine Weyl group. The transitions changing the reference rank
for sequence of the 5-branes are given as the rotation for the 5-brane at the left end to
the right end. These transitions mean that we replace the reference after cyclically mov-
ing 5-branes to the S! direction, thus we will call these transitions the cyclic transitions.
Since the cyclic transitions mean the redefinition of the reference rank, if the reference
rank decreases after the cyclic transitions, the duality cascade occurs. Also, since the
cyclic transitions are obtained by turning the sequence of the 5-branes to S! direction,
they are natural transitions considered as extensions of the similarity transitions in the

case without difference ranks.

First, in the case of the A; curve, the cyclic transitions for the NS5-brane . ¢; and for
the (1, k)5-brane 5 ¢; act to the brane configuration (N, e N2<1>) =(NeN+M+ gcla) as

ci:<NiN+M+gé)H(N+M+§éNi>

HEV(N+M+§£N+2M+2I§<1>):(N’iN’+M+%<1>), (3.35)
i k i
clz(N0N+M+§c1))H: (NéN—M+SO)
k i i k
n—>(N—M+§oNé):(N’oN’+M—§<1>), (3.36)

where the equals labeled HW mean the dualities under the Hanany-Witten transitions and
the unlabeled equals mean the redefinition of the reference rank. Thus, these transitions

act to the one-dimensional space of the brane configurations 01(31,1) ={M} as

:Mw—M+k, c:MwM-Ek, cc:Mw— M. (3.37)
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These transitions clearly mean the translations on 01(31,1) = {M} and are described in terms
of the affine Weyl group W(A,) = {51, 50} as

G = 5081, C1 = 8150. (338)

Also, these translations act to the overall rank N as

ci:N»—>N+M+§, cl:NHN—M+§. (3.39)

Next, in the case of the Dj curve, the translations act to the brane configuration
(N, o Nyo N3 Nyd)= (N o N+ M —M+M+keN+2M +2ko N + M, — M, — M; +kd),
for example, the translation for an NS5-brane o ¢; is given as

ci (N o N+ My~ My+Ms+keN+2M +2ko N+ M - My — M + ko)
> (N + My — My + My + ko N+2M, +2ko N+ M, - My — M+ Ne)
= (N" e N'+ M, + My — My + ko N' = 2M;3 5 N’ = My + My — My — ko)
MW AN @ N'+ My — My + My + 3k o N' + 2M; + 4k o N’ + M, — My — My + 2kd). (3.40)

When we regard this cyclic transition ¢;; as the transition on the three-dimensional space
of the brane configurations 01(32’2) = {(M,, M5, M3)}, this transition is represented as

1 1
Gii * (Ml,MQ,Mg)H (M1+k,M2—§k,M3+§k’), (341)

thus this cyclic transition for the NS5-brane ¢ means the translation on the parameter
space. Also the inverse of ¢; is expressed as the inverse cyclic transition for the NS5-brane

1 . .
e in the brane configurations,

V(NN + M - Mo+ My+keN+2M +2ko N+ M — My — M, +k3)
MW N SN+ My + My - My+ ko N = 2My+ k5N = My + My~ My + k)
> (N = My + My~ My + ko NeoN+M+M—-M+kdN—2M, +kd)
= (N" & N'+ M, — My + M~k o N +2M, 6 N' + M, — My — M;3), (3.42)

and is represented on the space of the brane configurations as

1 1
it (My, My, M3) — (M1—/€,M2+§k7M3—§k)- (3.43)
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. .. i1 2
When ¢, ¢ji, ¢; and ¢y denote the cyclic transitions for the 5-branes e, o, o and o respec-

tively, the transitions ¢; (i =1,ii, 1,2) are represented on the space of the brane configura-

tions as
1 1
Gij * (Ml,MQ,Mg) — (]\41 +]{;7M2 _ §k’M3+ 5]{7)7
1 1
¢ (My, My, M3) — (My + k, My + §k;7M3 - 5k)?
1 1
C1: (Ml,Mg,Mg) — (Ml _]{;’M2 _ 5]’{;7]\4'3_ Ek)a

1 1
2 (M17M27M3) e (M1 - kaMQ + §k7M3 + ik)v

cicicicy 2 (My, My, Ms) w (My, My, Ms), (3.44)

and mean the translations on the space 01(32’2) = {(My, My, M3)}. These translations are

represented in terms of generators of the affine Weyl group W (Bs) as

Cii = $35125354535125350,
Ci = 535125350535125354,
C1 = 512545350535125453,

Co = 848350838128483812. (345)

Here, since the Weyl group W (Bj;) does not change the reference rank and these cyclic
transitions change the reference rank, we need to use at least one extra reflection 3q in the

affine Weyl group to describe these transitions with the affine Weyl group.

These cyclic transitions are geometrically interpreted as the translations in the direction
perpendicular to the boundary planes of the fundamental domain of the duality cascades.
We give all combinations of these cyclic transitions in table 7. The transitions in table 7
mean the translations perpendicular to the planes described by the inequalities (3.6). The
extra inequalities in (3.6) are —k < M; < k, the transitions associated with these are given
by one for the two NS5-branes ¢;ic; and one for the two (1, k)5-branes cico. Namely, the
cyclic transitions for the 5-branes of the same type are not the translations perpendicular

to the boundary planes in the fundamental domain (3.7).

Also, the cyclic transitions are redefinitions of the reference rank that chooses the
number of the D3-branes connecting to the 5-brane on the left end from the right side as

~1 corresponds to the

the new reference rank. For example, the cyclic transition cjcq = cflc1

redefinition of the reference to the number of the D3-branes at - on the brane configuration

(¢3-90).
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Cyclic transitions ‘

(M17 MQ; M3)

N

Cii (My+k,My—5 My +5) | N+ My - My+ My +k
G (My+k, Mo+ 5 My —5) | N+ M+ My— My +k
1 (My—k,My—5 Mz—5) | N- My - My— My +k
Cs (My -k, Mo+ 5 Ms+5) | N+ M+ M+ My +k
CiiCi (M, + 2k, My, Ms) N +2M, + 2k
CiiCh (M, My — k, Ms) N - 2M, + 2k
cicy (My, My, M5 - k) N —2M; + 2k
CiiCo (My, My, M3 + k) N +2M5 + 2k
CiCa (My, My + K, M3) N +2M, + 2k
C1Co (M -2k, My, M3) N - 2M, + 2k
CiGic1 (My+k,My—5 Mz —5) | N+ My - My - My +k
CiiCiCa (My+k, Mo+ 5 My+5) | N+ M+ My+ My +k
CiiC1Ca (My—k,My—5 Mz+5) | N- My - My+ M +k
GiC1Co (My -k, Mo+ 5 Ms—5) | N= My +My— Mz +k

Table 7: List of the cyclic transitions which are interpreted as the translations perpendic-

ular to the boundary planes of the fundamental domain.

Finally, in the case of the E; curve, we discuss the cyclic transitions acting to the brane
configuration (Ny e Nyo Ny Nye N5o Ngo) = (NeN+Gy+ko N +L(=3F + Fy+ Fy+Gy) +
kSN -Fi-Fy+Fs+koeN-F—Fy+ Fy+Gy+2ko N+ L(=Fy - F, - Fy+ Gy) + ko). In
this case, as we mentioned in the previous section, we place the NS5-brane e on the left
and the NS5-brane o on the right and that the Hanany-Witten transition between NS5-
branes is restricted. However the labels for the 5-branes are introduced to consider the
correspondence between the brane configurations and the quantum curves, thus they are
not physical. Therefore if we rotate the NS5-brane cyclically, we relabel for the NS5-branes
so that the NS5-brane s is placed to the left of the NS5-brane .. Also, when we consider
the cyclic transition for the NS5-brane i, it acts to the brane configuration after relabeling

to the NS5-branes. The cyclic transitions are represented in the four-dimensional space
CED A O = {(Fy, Fy, F3,G1)} as

Coi=cCii = ¢ : (F1, Fy, F3,Gy) — (Fy, Fy, F3,G1 + 2k),
c1: (F1, Fo, F3,Gy) = (Fy -k, Fy, F5,Gy — k),
co: (F1, Fy, F3,Gh) > (B, Fy -k, F3,Gy - k),
c3: (P, Fo, F3,G1) = (F1, By, F3 -k, G - k),
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04:(F17F27F37G1)H(F1+k7F2+kaF3+kal_k)a
CiCiiC1C2C3Cy * (F17F27F3,G1) = (F1,F2,F3,G1), (3-46)

and mean the translations on the space. In table 8, we give the combinations of the cyclic
transitions geometrically interpreted as the translations perpendicular to the boundary
planes of the fundamental domain (3.9). The cyclic transitions not included in table 8,
CaCe, CiC, Cicici and cicjepey (4,7, k,¢=1,---,4) are not the translations associated with the
boundary planes of the fundamental domain (3.9). Especially, among them, ¢;c; are the
translations perpendicular to the extra separations described by the extra inequalities in
(3.8).

4 Discussions

4.1 Space-filling with Hanany-Witten transitions

In this subsection, we show that the boundary planes facing each other in the fundamental
domain are parallel in the general case corresponding to the super Chern-Simons matrix
model. This fact is derived from the Hanany-Witten transitions independently of the affine

Weyl groups.

In the case with p NS5-branes and ¢ (1,k)5-branes, the Hanany-Witten transitions
lead

1 T

(0‘]\72']\732 + Ny ® Nyyy o p;lNg p+1

[\

1 2 -2
©Vp+2 © Np+yg pry+1 " %o p+g-1 Yo Np+q )
-1
W08 pk = Nyg "' 2k = Nyg 1 0" -+ 8 (q = 1)pk = Npya & qphi —
Sq(p-1)k-N," - qrk - Npy (e - 1)k - N, - -2qk—N3-qk—N21>, (4.1)

where the RR-charges are invariant on both sides. From this equation, we find that if
there is 0 < N, as the condition to describe the fundamental domain, there is always the
condition 0 < f(k)— N, corresponding to it independently of the affine Weyl groups where
f is the linear function of k. This fact means that the boundary planes facing each other
in the fundamental domain are paralell. And the fundamental domain is obtained by the
cutting out the rectangle described by 0 < N, < f(k).

As a simple example, let us consider the brane configuration with one (1, %)5-brane
and two NS5-brane: (N e N + M, e N + MQO) Then the space of the brane configurations
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Cyclic transitions (Fy, Fs, F3,GY) N

Co (F1, Fy, F3, Gy + 2k) N+Gi+k

c (Fy -k, Fy, F3,Gy - k) N+3(-3Fi+F+ F3-Gq) +k
o (Fi, Fy—k, Fy,G1 — k) N+L(F -3F+F,-Gy)+k
3 (F,Fy, F5—-k,Gy - k) N+3(Fi+F-3F-Gi)+k
4 (Fi+k,Fo+k Fs+kG -k)| N+i(Fi+F+F-G)+k
CeCl (FL -k, Fy, F3,Gy + k) N+3(-3Fi+F+F3+G)+k
CoCo (FI,Fy -k, F3,Gy + k) N+i(Fi-3F+F3+G)+k
CoCsy (F\, By, Fs -k, Gy +k) N+i(F+F-3F+Gy)+k
CeCy (Fi+k,Fo+k,Fs+k,Gi+k) | N+i(Fi+F+F+Gi)+k
CeC1Ca (Fy -k, Fy -k, F3,G1) N-F-F+F+k
CeC1C3 (Fy -k, Fy, F5-k,G) N-Fi+F,-F+k
CeC1Cy (F\,Fo+k, F5+k,Gq) N-Fi+F+F+k
CeCaC3 (Fy,Fy -k, F3-k,Gy) N+F -F-F3+k
CoCoCy (Fi+k, Fy, F3+k,Gy) N+F -F+F5+k
CeC3Cy (Fy+k,Fy+k, F3,Gy) N+F+F-Fy+k
CeC1C2C3 (Fi-k Fy-k F5-k,Gy-k) %(—Fl—FQ—Fg—G1)+k:
CeC1C2Cy (F1, By, F3+k,Gy - k) %(—Fl—F2+3F3—G1)+k
CeC1C3Cy (F\,Fo+k, F5,Gy - k) %(—F1+3F2—F3—G1) +k
CoCoC3Cy (Fy+k, Fy, F5,Gy - k) %(3F1—F2—F3—G1)+k5
CeCeC1C2C3 (Fi-k,Fo—k, F5—k Gy +k) N+%(—F1—F2—F3+G1)+k
CeCeC1C2Cy (F1, Fy, F5+k, G+ k) N+%(—F1—F2+3F3+G1)+k;
CeCeC1C5C4 (FL,Fy+ k, F3,Gy+ k) N+3(-Fi+3F-F3+Gq)+k
CeCeCC3C4 (Fy+k,Fy, F3,Gy + k) N+33F-F,-F3+Gy)+k
CeC1C2C3Cy (F1, Fs, F3, Gy - 2k) N-G,+k

Table 8: List of the cyclic transitions interpreted as the translations perpendicular to the

boundary planes of the fundamental domain.
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is the two-dimensional space 01(32’1) = {(My,Ms)}. In this case, firstly we find that the
fundamental domain is at least inside the rectangle described by 0 < M; <k and 0 < My <
2k from the equation (N e N + M; e N + M2<1>) WN oN +2k-Myo N +k- Mye). And

the fundamental domain is obtained as the parallelogram as in figure 8,
0<M <k, 0<-M;+M;<k, (4.2)

by cutting out the rectangle with the condition 0 < —M; + M5 < k from the Hanany-Witten

M,
_M1+M2 = k

M2=2k

/ -M;+M;, =0

Figure 8: Fundamental domain of the (2,1) model.

transitions for (N eN+MeoN+ M2(1)> (see table 9 for all the inequalities).

brane configurations H separations in 01(32’1) ={(My, M)}

(N o N + M o N + Myo) 0< M, 0<DM,
(NeN+M oN+Fk+ M — Mye) 0< M, M +M<k
(06 2k — My ok + M, — Mye) My <2k, -M,+M,<k
(N o N = M, + My e N + M,o) 0<-M, + M, 0<M,
(N oN =M +MoN+Fk- M) 0<—M; + My, M<k
(NON +2k—-Mye N +k— Me) My <2k, M;<k

Table 9: Comparison between the brane configurations and the separations in 01(32’1) for
the (2,1) model.

Moreover, the fundamental domain in this case can fill 01(32’1) = {(My, M3)} with the

translations. Now we cannot use the affine Weyl group to obtain the translations, however
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by considering the cyclic transitions, these translations are obtained as

c1 1 (My, My) — (M - k, My - 2k),
ci: (My, My) — (My+ k, My + k),
¢t (My, My) — (My, My + k),
crcic o (My, Ma) = (M, My). (4.3)

In general, when the fundamental domain is found, it is nontrivial whether it can fill the
space of the brane configurations with the transitions. But if the fundamental domain
cannot fill the space, it means that the space of the brane configurations has a special
subspace whose configurations are not included in the fundamental domain of the duality

cascades.

4.2 Deformations with FI parameters

In the previous section, we regard the Weyl group for the parameters of the curves as
the brane transitions from the correspondences between the brane configurations and the
quantum curves. Then, we fix the lowest rank of all ranks as the reference. And by
considering the duality cascades that the reference rank decreases by the Hanany-Witten
transitions, we can define the affine Weyl groups in the space of the brane configurations.
In these discussions, the Weyl groups of the curves are reduced to the smaller Weyl groups
from the correspondence between the brane configurations and the quantum curves. Con-
cretely, in the case of the D5 and E7 curve, W (Bs) and W (F}) act to the space of the brane
configurations, respectively. In this subsection, by introducing the super determinant op-
erator we regard full Weyl groups of the curves as the brane transitions. The insertion of

this operator is interpreted as the introduce of Fayet-Iliopoulos parameters [19,50-52].

Let us introduce the super determinant operator defined by

X (Na-1,Na) — = Tyt ol Dasle ol (4.4)
The vacuum expectation value is denoted by
r Ng 1-(a)
(pra1) Y= DTeat™®  \ (Naot.Na) ( x (Nacr.Na) ) Za
<X>k7(217"'7ZT)(N17 7NT) N f Cll:II Na!(zﬂ_)Na A ' (X ' ) ’ (45)
with
Ne (@) ika (5@)2_¢ @)
DNeg(@) = T]day™ e e )V ~ere™ (= Z, — Z,_y. (4.6)

(=1
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If Zy =--=7.=0, this value matches the partition function as

ZP (N, e, Ny) = (X)P (N, ). (4.7)
In the case without difference ranks N; = --- = N, = N, the vacuum expectation value in

the grand canonical ensemble is denoted by
(X)), ()= 3 AN X, (N). (4.8)
N=0
With the Fredholm determinant, this value is represented as

(X)) () = det(1+ zfrl), (4.9)

and then the quantum curve is modified as

r

= i =2 PR S | om ; ~ i . =2\ i -2

H—l — e—ﬁp H(e—ﬁ&zq e—fZaqz hﬁefzaqeﬁsuq )eﬁp 7 (410)
a=1 COSs 5

with the appropriate similarity transition and goes as

— r 1
-1
= | —=, 4.11
ol QCOSh% ( )

where 7 denote P for an NS5-brane and § for a (1, k)5-brane.

In the case of the D5 curve, the quantum curve H (2,2) 1s modified as

ﬁ(l2,2) = (QCosh %)(2 cosh %)(2 cosh ]%M)(Qcosh ]%le) (4.12)

By redefining p and @, we can set Z and Z, as
Zy=Zy=0. (4.13)

Then, the parameters of D5 curve (hy,hs,eq,es,e5) and (My, My, M3, Z1, Z3) correspond

as

maoms Mmims M3 mszi
(h17h27€1763765) = ’ ) , o323, 9
my ma  Mazy ma

(4.14)

with m; = €™M (;=1,2,3) and z; = €?™% (j =1,3). And the Weyl group W (Ds) acts to

01(32’2) as

moz3 mszs

S1 ¢ (mlam27m3;zla22) g (mla\/

) ) 21, m2m3)7
ms meo
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. mo ms 1
32.(m1,m2,m3,21,z2)|—> may, ) y %1, )7
ms3zs3 moz3 mams

s (Mmy, ma,ms, 21, 22)

S4 ¢ (m17m27m37217’z2) =

S5 ¢ (m17m2,m3,z1,2‘2) =

(4.15)

namely, for the brane configuration
oo 1.2
(Nye Ny o N3 o Nyo)
- (N§N+M1—M2+M3+kzi N+2M1+2kzé N+ M= My - My+ks),  (4.16)
the Weyl group W (Ds) acts as

sii0> (NON+ M, —My+My+k ¢ N+2M+2k o N+ M, - Zy+kd),
0 Z1 Ma+M3 0

2+M

Syim (N8N +My-My+ Mtk o N42M;+2k & N+ M+ Zy+k3),
1

—M>—-M3

35:l—>(NioSN+M1+Z1+k: . N+2M1+2chl>N+M1—M2—M3+k;§)7
3

—M2+M3

sotr (NON+Mi=Zi+k o N+2My+2k 8 N+ M= My=My+ks),  (417)
3

2—Ms3
where we omit s3 and s4 since they have nothing to do with Z; and Z3. Here there are
sz and s4 interpreted as the local rule but not sy, so, s5 and sg before inserting the super
determinant operator. However, before inserting the operator, the products s;ss and s5sq
of them exist and are interpreted as the Hanany-Witten transition between (1, k)5-branes
and that between NS5-branes respectively. Therefore if we regard si, so, s5 and sy as the

brane transitions, these should be called half Hanany-Witten transitions.

Also, we can confirm that there are similar half Hanany-Witten transitions for the F-
case. In the E7 case, to consider Weyl group W (£E7) acting to the brane configuration

with the FI parameters
ii 1 2 i 3 4
(Nig Nz o Ng o NysNs o Noe)
i 1 ;
:<N3N+G1+k§> N+§(—3F1+F2+F3+G1)+k;zg N-F - Fy+Fy+ks
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1
N—Fl—F2+F3+G1+2k§ N+§(—F1—F2—F3+G1)+k§), (4.18)
3

we represent the Weyl group W (E;) (2.25) as

80:(f17f27f3791721722723)'_>( fl , f2 ,l,gle’L,l
Viszs sz 2T sz sz f3

J2f323 Jaf322
Sl:(f17f27f37g17’z17227z3)'_>(fla\/ e ) P 7glazlaz27z3)7
2 3

Z V4 17 1%
:(f17f27f3agl7zluz27z3)'_) (\/f1§2 27\/f1£2 17f37.gl7 f2 - 27 fl ! 27Z3)7

fi f
f2f3 Jaf391
Bil N

Sq ¢ (f17f27f3vglazlvz27z3) = (f17f27f3a 9_721722a23)a
1

z z 12 217
:(f17f2)f3aglazlaz27z3)'_)(\/f1f2 17\/f1f2 27f37.gl7 fl : 27 f2 ! 2,23)7
29 2 fa fi

fafzz fafsz fozoz f3z92
86‘(f1,f27f3,91,21,22,23)"’(flj\/ 223 2: 245 3,91721, 2= 35 S 3)>
<3 22 f3 fa

S7: (f1,f27f3791721722,23) g (fl\/%> f2\/%7 23791721\/5, Z9 Z_j’fg)’ (4'19)

under the parameter transitions

’ ,"2”379 ,h ’h27h3 > z ’ 722’3,23’3,g 9 \,

Indeed, this W (E7) act to (4.18) with Fj = 2mfi| G| = e2™91 and Z; = 2™ (j =1,2,3) as

),

S

N

S

t(f1s f2, f3.91, 21, 22, 23) = ( f2,f5,

7Z17Z27Z3)7

w

S

ot

ii 1 ;
.—>(N3N+G1+k§)N+§(—3F1+F2+F3+G1)+kzc2> N-F - Fy+Fy+ks

1
N—Fl—F2+F3+G1+2]€ g N+5(—F1—F2+F3+Gl)+23+]€§),

%(—Fg-{-Zg)

ii 1 :

(NN +Gi+k o N+—(-3F +Fy+Fy+G1) +k 5 N-F +k+Zy— Zye
0 Z1 2 %(—F2+F3+ZQ+Z3) 0
1
N—F1+G1+2k3+Z2—Zg g N+—(—F1—F2—F3+G1)+kg),

%(FQ—F3+Z2+Z§,) 2 0

ii 1

s (NeN+Gy+k 5 N+ =(-F - Fy+ Fy+Gy) +k+ 2y - Zy 5
0 %(*F1+F2+21+Z2) 2 %(Fl*FQ‘FZl‘FZQ)

i 1
N—Fl—F2+F3+]€8N—F1—F2+F3+G1+2kzg N+§(—F1—F2—F3+G1)+k’§>,
3
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ii 1
S5l|—><N8N+G1+k é N+5(—F1—F2+F3+G1)+]€—Z1+ZQ g

(P -Fa+21+25) L(-F1+Fa+21+23)
i 1
N—Fl—F2+F3+]€8N—F1—F2+F3+G1+2kz(?; N+§(—F1—F2—F3+G1)+k§)>,
3

i 1 .
36:|—>(N0N+G1+k<1>N+—(—3F1+F2+F3+G1)+k 5 N-Fi+k-Zy+ Z3e
0 7 2 L(Fa-Fs+Za+73) 0
1
N—F +Gy+2k—Zo+ 7 g N+§(—F1—F2—F3+G1)+k:§),

%(—F2+F3+ZQ+Z3)

ii 1 ;
57:|—>(N8N+G1+k2<1> N+§(—3F1+F2+F3+G1)+krzg N—F - Fy+Fy+he
1 2

1
N-F-F+F+Gi+2k & N+=(-F - Fy+Fy+Gy) — Zs + ko). (4.21)
%(F3+Z3) 2 0

Here s3 and s, are omitted because they do not affect the FI parameters and the transitions
interpreted as the local rule. And other transitions sg, s1, S, S5, S¢ and s; are interpreted
as the half Hanany-Witten transitions that give the Hanany-Witten transitions under Z,
folding.

From above discussion for the D5 and E; Weyl groups, we find that the half Hanany-
Witten transitions are summarized as
1
5ot (K (of0)L(o[0) M) o (K (of0) S (K + M) & (Zy = Z1)(s[o) M=), (52)° = 1,
Z1 Z n Z%

(4.22)

with Z, = $3(+2(K -2L + M) + Z, + Z5). The products s,s_ = s_s. denote the Hanany-

Witten transitions.

4.3 Fundamental domains for D; and E; Weyl groups

Next, let us find the fundamental domain obtain by the Weyl group W (Ds). Before
inserting the super determinant operator, the fundamental domain is obtained as that for
the Weyl group W (Bj3)

NISN27 NISN?)? N1SN47 (423)
namely

0< M- My+My+k, 0<2M; +2k, 0<M, - M,—M;+F. (4.24)
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Acting the Weyl group W (Ds) (4.15) to these inequalities, the following inequalities appear

in addition to the inequalities (3.7) describing the fundamental domain for the Weyl group
W(B3)7

—k<My+Ms<k, -k<Zi+Z3<k, -k<Z;<k,
—kSMlﬂ:ZZ'Sk, —kSMQ-l‘Mg:i:ZZ‘Sk, —kSMg—Mgﬂ:ZiSk,

(4.25)
with ¢ = 1,3 and if we remove the extra inequalities, they become
k k k k
——<My<—, ——<M3<—=, -k<Zi+Z3<
5 = 2_2, 5 = 3_2, k<Zy+Z3<k,
—]{/’SM1+M2:I:M3§/{Z, —]{JSMl—MQ:I:Mgﬁk,
k<M +Z;<k, -k<My+Ms+Z;<k, -k<My-Ms+Z;<k. (4.26)
It is found that by the action of the Weyl group W (Ds) to the vector on 01(32’2)
My
M,
v = M3 y (427)
Z
Z3
with the metric (g;;) = diag(1,2,2,1,1), the simple root vectors are represented as
0 0 -1 1 0
1/2 1/2 -1/2 1/2 -1/2
a1 = 1/2 , Qg = 1/2 , Q3= —1/2 , Gy = —1/2 , Q5= 1/2 . (428)
0 0 0 0 -1
-1 1 0 0 0

And D5 Weyl chamber is given as

(a,v) = Mo+ M3 —Z3>0, (ag,v)=My+Ms+Z3>0, (as,v)=-M;—My— Mz>0,

(CY4,’U) =M1+M2—M320, (045,’0) Z—M2+M3—Z1 > 0.

(4.29)
If we define the new root ag as &gy = —6 with the highest root of the Ds Lie algebra
0 =aq + g+ 203 + 200 + s, (4.30)
the affine D5 Weyl chamber is obtained by adding
(G, v)+k=-My+ M3+ Z1+k >0, (4.31)
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to the above inequalities describing the Ds; Weyl chamber.

In the E7; case, with the same argument as above, the structure as in the Dy case can
be obtained. Then we consider the brane configuration with the FI parameters,

ii 1 2 i 3 4
Vg2 2 Ns 2 Nag N 2 Nog)

i 1 .

:<NEN+G1+I€§ N+§(—3F1+F2+F3+G1)+k'z<23 N—Fl—F2+F3+l€5
1 2
1
N—Fl—F2+F3+G1+2ng N+§(—F1—F2—F3+G1)+k§). (4.32)
3

The parameters of the E; curve (f1, f2, f3, 91, h1, ha, h3) are corresponded to the parameters
describing the brane configurations (Fi, Fy, F5,G1, Z1, Z5, Z3) as

’ 3 "2,13, ,h ,hz,hg > z ’ ,22’3723’3,g s ,

with Fj = e?™ifi, Gy = e?™91 and Z; = ¥4 (5 =1,2,3).

As in the Dj case, the fundamental domain is obtained as

~k<F, <k, -k<Gi<k, -k<Hy<k, -k<F,-Fj<k, -k<Hy-Hy<k,
—kSE—HZ"Sk', —kSHy-’rGlSk‘, —kSFi+Gl+Hy+Hj/Sk’,

3
~k<F,+F;+G +Hy+Hy<k, -k<F+F+G+)Y Hy<k,

=

3
~k<Fi+Fj+2Gy+ ) Hy <k, —k<ZF+G1+ZH <k,

i'=1 i/=1

3 3 3
~k<Y F+2G1+ Y Hy<k, k<> F+2Gi+2H,+Hy+Hy<k,

i=1 i'=1 i=1

3 3
~k<Y F+2Gy+ Hi +2Hy + Hy <k, —k<) F;+2G,+H, + Hy+2H; <k, (4.34)
=1

i=1

with ?;,j,’i,,j, = 1,2,3 (Z F j and 1/ # ]’) in terms of (Fl,FQ,Fg,Gl,Hl,HQ,H3). In this
notation, it is difficult to assess whether this fundamental domain contains the inequal-

ities in the Fj case (3.9), however if we represent this fundamental domain in terms of
(F17F27F37G17217227Z3) as

—kSFl'l‘FQ—FgSk', —kS—F1+F2+F3Sk, —k'SFl—FQ'l‘FgSkJ?
—QkSFl-FFQ—?)Fg:bGngkJ, —2]{33—3F1+F2+F3:|:G1§2]€,
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3
—2]{3SF1-3F2+F3:|:G1§2]€, —kSGlﬁk, —Qk’SZEﬂ:G1S2/€,
i=1

-k<F,+Z; <k, -k<F,-Fj+Z,<k, -2k<F,-F,-F,+Gy-2Z;<2k,
2k <F,-Z;+Z <2k, -k<(F,-F;)+(Z-2Z;)<k,
2k<F+F;-F,+Gy+2Z; -27Z; <2k,

—k<Z1+Zy-Zs<k, -k<-Z1+Zy+Z3<k, -k<Zi-Zy+Z3<k, (4.35)

with 7,7,k =1,2,3 (all subscripts 4, j and k are different), it is clear that the inequalities

up to the third line are those in the Fj case (3.9). Also, the W (E;) acts to 01(32’4) as (2.25).

By acting these transitions to the vector v with the metric g;; as

R I
P, R
F3 SRR R
v=l e |, =] 23 81222 (4.36)
H, 1112 211
H, 11121 21
Hj 1112 112
with H; = 2™ and the simple root vectors of the E; are obtained as
0 ) 1 -1 0
1 -1 0 0
-1 0 0 0
ar=| 0 |, as=1 0 |, ag=1 -1 1, ag=1 2 |,
0 0 0 -1
0 0 1 -1
0 0 1 -1
0 0 0
0 0 0
0 0 0
as=| 0 |, ag=] 0 [, ar=1 0 (4.37)
1 0 0
-1 1 0
0 ) -1 1

And the E; Weyl chamber is described by the inequalities

(al,v)=F2—F320, (O(Q,U)=F1—FQZO, (043,7))=—F1—G1—H120,
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(ag,v)=G1 20, (as5,v)=Hy-Hy>0, (ag,v)=Hy—H320,
(047,7)):F1+F2+F3+2G1+H1+H2+H3ZO. (438)

Moreover, when we consider the highest root vector of the E;

0= 201 + 3ag + 4043 + 20y + 3as + 206 + ar, (439)
we can construct the extra root vector as &y = —6 and the affine F; Weyl chamber is
obtained by adding

(&O,U)‘Fk:Fg'i'kZO, (440)

to the inequalities describing the F; Weyl chamber (4.38).

5 Conclusion

Let us summarize the contents of this thesis.

Firstly, we consider some super Chern-Simons matrix models with the equal ranks de-
scribed with the A1, D5 and E; quantum curves. And in the case with the rank differences,
by fixing the lowest rank of all ranks as the reference, we can consider the correspondence
between the quantum curves and the brane configurations. Then, the Weyl groups, namely
the symmetries of the quantum curves, contain the transitions interpreted as the Hanany-
Witten transitions. After separating them, if we also regard the remaining transitions as
the brane transitions, we find the new brane transitions that exchange the number of the
D3-branes stretching both sides of the 5-brane surrounded by the different 5-branes from
the original 5-brane. Furthermore, we propose the brane transitions without referring to

whole configurations and call it local rule [1].

Secondly, we consider the duality cascades for the brane configurations in a circle. If the
ranks lower than the reference is obtained by the Hanany-Witten transitions, we redefine it
as the new reference rank, which is the duality cascade in field theories. We can understand
the redefinitions of the reference rank as the cyclic transitions in the brane configurations
and as the translations in the space of the brane configurations. We obtain the affine
Weyl groups in the space of the brane configurations by considering these translations in
addition to the Weyl groups of the curves. It is found that the fundamental domain of the
duality cascades is characterized by the affine Weyl chamber and is the polytope that can
fill the spaces of the brane configurations. Namely, we can systematically understand the

duality cascades as the affine Weyl groups.
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When the quantum curves are related to the brane configurations, the Weyl groups
of the curves are diminished by Z, folding. Concretely, W(D;) and W (E;) respectively
become W (B3) and W (Fy) by Z, folding. Therefore, thirdly, we consider the insertion
of the super determinant operator which is interpreted as the introduction of the FI pa-
rameters. By this, we consider the full Weyl group of the curves as the brane transitions.
Also in this case, the fundamental domains in the Weyl chambers are naturally obtained

as the affine Weyl chambers.

Fourthly, more generally, by the Hanany-Witten transitions, it is found that the facing
boundary planes of the fundamental domains of the duality cascades are parallel. More-
over, for brane configurations with NS5-branes and (1, k)5-branes aligned in a circle, the
fundamental domains are obtained by cutting out the rectangle described the condition
that the numbers of the D3-branes at the intervals of the 5-branes in the brane configura-

tion of the standard order are positive.

In the appendices of this thesis, we give the reviews of our research results in my
doctoral course including the mathematical structure of the quantum A-period of the
D5 quantum curve [11], the correspondence between the ABJM matrix model and two-
dimensional Toda lattice hierarchy [12,13] and the static force potential of non-Abelian

gauge theory at a finite box in Coulomb gauge [59].

A Fermi gas formalism

The Fermi gas formalism [8] is the method that we regard the partition functions of the
matrix models as those in free fermion model. We recognize the fermionic feature from
the property of the determinant. Moreover, the computed partition function leads the
Fermi surface in the WKB expansion A — 0. It is also found that the partition function is

represented with the Airy function.

Here, we show that the grand canonical partition function is written with the Fredholm

determinant. Namely when the partition function labeled by p1 + ¢1 + po + ¢ + - = r is
denoted by
T DNg() r
s [ AL e,
a=1 : =1
with
DVa ] A" oy a0y (A.2)
= Ak \TL .
i 11 o € )
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(a-1) __(a-1) (a) x(‘;)

2., 2ksinh M 1%, 2k sinh =
(a) ’

MY_, T2, 2k cosh L

AN (ga=1) g@)y = (A.3)

we show that the grand canonical partition function is expressed with the Fredholm de-

terminant as
=P (2) = det(1+ 20, ). (A.4)
After we showed it for the ABJM matrix model and we generalize the result to that for
the (p1,q1,---) model.
The (1,1) model is the ABJM matrix model without the rank difference and the

partition function in the model is represented by

ZABM(N) = 70D (Y = fDNmeNx() AM (4@ FMYAM (D @) (A 5)

NI
with
N (1) N 7.2
DN (1) = H L ene@)? DN @) I1 dry” i@y (A.6)
71 27 71 2T
The measure is expressed with the Cauchy determinant,
AWM (2,7) = det ;_ . (A.7)
2k cosh =222 |
For convenience, we define the function P and Q as
1 1
P($(+),$(_)) = )z Q(x(_)vx(Jr)) = Oz’ (A.8)
2k cosh =57 2k cosh =5

where 2(#) denotes the variable associated with s, = £1. These functions P and Q are the
same functional type, however it is convenient to distinguish by a different notation when

we consider the quantization. In this notation, the partition function is represented as

)y [ DNa® o) )
with
Hil (o) 2l)) = /Dx( Pl 2) Q) 2, (A.10)

where we used the Cauchy-Binet formula. And the determinant of H (‘1 1 is expanded as

D xl
7Ny = [ Z5= - 1>JHH(11) (2,2 ). (A.11)

O'ESN
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Due to the nature of the permutation group, with the trace

tr(H(11,1)) = fD$(1)H(11,1)(9U(1)>33(1))a (A.12)
the partition function is represented as
1 . ¢
ZED(N) = — (_1)2]-=1<a—1>é —— T(w(H , (A.13)
: N! 2?_1;]-:1\! —1(] 451) H( (1 Y )

and finally becomes

Z00(Ny= T ﬁgi( 1) tr(H(ll)))J, (A.14)

Z;L 134j=N

where we calculate the sum for all ¢; satisfying the condition ¥, j¢; = N. From this
partition function, the grand canonical partition function in the ABJM matrix model

without the rank difference is represented with the determinant as

= (2) = Z NZD(N)

ﬁ i - '(( 13)] 1tr((zH(1 n) )) J
= ﬁeXp(( lj) _ltr((zH(l 1)) ))

= exp(tr log(l + ZH(_ll,l)))

= det(1+ zH(l{l))NxN. (A.15)

Let us introduce the operators ¢ and p satisfying the canonical quantization condition

[7,P] = ih and the eigenstates corresponding to them

(z[g==(zl,  (plp=p(pl (A.16)

In the normalization of the eigenstates

(ala’) = 273(x = a'), ({alp) = \/% 910y al = 1.



through the Fourier transformation, the following equation holds,

z—z')p

1 ~ dpel o [dp 1 . 1
chosha"Tx' J or cosh £ J o cosh§<x|p>><<p|x>_<x|2 hﬁ|x>

Therefore the functions P and O are written as

1 1

'P x(+)’x(_) — m(*’) Ax(_) , Q x(_)’x(+) — x(_) Ax("') ,
(#,20) = (O gla ), Q) = (Ol ple)
and H (111) becomes
L (x(l) T )) f dzx®) ‘Z(ac@))?( (1)| |$(2)><x(2)| 1 A|x(1)>
D ’ 2coshp 2cosh £
(o e T 1),
2cosh £ 2cosh £
in terms of the operators. Since the trace of the H! , 1)
1) .
da )eﬁ(ﬂl))?(m(l) L _ae_ 1 Lo
2T 2cosh § 2cosh §
1 . .
_ f dﬂj( )(x(l) 1 Ae%qg 1 Aeﬁ52|$(1)>7
2m 2cosh § 2cosh §

the similarity transition leads

( ) —q —q i @
tr(H(l 1)) / dx (1) 1 Aeﬁﬁzeﬁfﬁ 1 Aeﬁ?fzeﬁﬁqx(l))

2COSh§ 2cosh §
I N T S S U
2w 2cosh & 2cosh 4

where we use the formula,

el f(qP)en? = f(§,P+7), e

By defining the operators

— —

ity =72

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)



the grand canonical partition function is derived as
(A.25)

=10 () = det(l + Zﬁ(ll,l))’

where the determinant is defined through the trace,
(A.26)

_ dr)
tr(H(ll,l)):/ o (93(1)|H(11,1)|37(1))-

The operator H (‘111) is nothing but the quantum curve.
Since the generalization of the ABJM matrix model only changes the measure, it is

sufficient to generalize the quantum curve H- as
L 1
(A.27)

o)
a-1 2cosh 5

77-1

where 7 denote P for an NS5-brane and @ for a (1, k)5-brane. For example, in the case
of the (p1,q1,-++) model, the grand canonical partition function is represented with the

quantum curve,
=P, (A.28)

771
H(p1,q17~--

B Similarity transition for E7; curve

In this section, we show the similarity transitions to derive the E; quantum curve H (Er)

in (2.18) [48]. First, we define the operator
(B.1)

?=01)"0

(B.2)

with
= =~/ = u -1
U(u)™t:= P(P + qigl) for wueZ.

Then, the relation between @" and @’" can be represented as

((7(—1)@')% =g ﬁ U(1-2i)

@=(0e0Q) =@ 10@i-1. @

With these properties, we rewrite H, (B7) in terms of Q' as

H(E7)/Oé
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=¢'QUB) )P
-1/2 177 M, 120
+q FQUMFyP+q'"H
s E 95
+F2( )P+—+H§ ) p-1
a
+ ql/QFLL(+)Q\”1l7(—1)’1(P+ q71/2gl)(1’5+ q71/292>(F1(7)ﬁ+ q’l/zglgng(+)>ﬁ’2
+qF{Q2T(=3) 1T (-1)(P+ g0 )(P+ ¢ 201)(P+ g0 (P + 47 V2g5) P,
(B.4)
by replacing Q' to Q, (2.18) is obtained as
F[(E7)/a
= 'Q*UB3)U(L)P
+ q_1/2©U(1)(Ff+)p + ql/QHl(_))
~ F N =
+ FOP+ =+ P!
Q
+ ql/ZFf)@\_lU(—l)_l(ﬁﬁL q_1/291)(ﬁ+ q—1/292)(F1(7)p+ q_1/29192H1(+))ﬁ_2
+qF{IQPT(-3)"0(-1) (P + g%, )(P+ g2, ) (P + g %2g5)(P + g Mg, P
= ¢ Q*(P+¢"q)(P+ g )P
+ q—1/2@‘(ﬁ+ q1/291)<F1(+)ﬁ+ q1/2H1(—))ﬁ—1
s F 95
+F2( )P+—+H2( ) p-1
a
+ q1/2F4(+)Q\*1(1’6 + q’1/292)(F1(_)ﬁ + q*1/2g192H1(+))13*1

+qF4(+)@_2(]3+q‘3/292>(p+q‘1/2g2)]’5‘1. (B.5)

C Qunatum mirror map for del Pezzo geometries

In this section, let us review the results of [11] briefly.

The perturbative part of the grand canonical partition function in the ABJM matrix
model leads to the fact that the partition function is the Airy function and the non-
perturbative part consists of the worldsheet instantons, the membrane instantons and the
bound states of them. On the other hand, we also understand the ABJM matrix model

from a geometric viewpoint. The ABJM matrix model is represented with the Fredholm
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determinant of the quantum curve associated with the curve of genus one known as the
local P1xPL. Then we can consider two cycles for the curve of one genus, integrations along
them give the periods (called A- and B-periods) respectively and they are modified for the
quantum curve as explained below. The B-period by integrating along the B-cycle give
the derivatives of the free energy and it is found that the woldsheet instantons are written
in terms of the BPS indices and have the multi-covering structure that the instantons in
the higher order contain instantons in the lower order [7]. The membrane instantons also
have similar multi-covering structure with the coefficients of the positive integer. Here,
there is a natural question what role the A-period plays. The answer is that the A-period
allows us to better understand the cancelation mechanism among the divergences of the
instantons [4] that exactly give the non-perturbative part. This cancelation mechanism
occurs among instantons including the bound states, however by redefining the fugacity
with the A-period 114 as

log zer = log zg + I 4(2), (C.1)

with zg = 2+ E, the bound state is included in the worldsheet instantons, as the result,
the cancelation mechanism of the divergences occurs between the worldsheet and mem-
brane instantons. This redefined chemical potential (or fugacity) is often called effective
chemical potential. From such an important role, we expect that the A-period has the
interesting structure and the structure is important to understand the non-perturbative
effects. Therefore, in [11] to systematically examine the A-period, we have considered
the D5 quantum curve that enjoys the larger symmetries than the A; quantum curve
describing the ABJM matrix model.

We can obtain the quantum A-period as the natural modification of the (classical)
A-period by introducing the wave function and considering the Schrodinger equation for
the quantum curve [7( ps) following [7,30],

—_

[H(Ds) + é]qf(g;) =0. (C.2)

«

The operators Q and P act to the wave function as
QU(z) = XU[X], PU(z)=V[g"'X], (C.3)
thus the quantum A-period is obtaind as

e Lo PLx]
Ha(2) = Resx-o 57 log 2 X/(a(X —e5)(X -1))
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with

Vg 'X]

PXI= 5w

(C.5)

It is found that this quantum A-period is naturally given by comparing the classical A-
period

11 = jlgpd:v = 55 dyXlogP. (C.6)

Under the parameter transitions,

1 q q 1
hi=q3qs, ho=——, e =—1, 63=—4, €5 = —, (0-7)
4243 42 ds q192
the quantum A-period is expanded in the large z as
00 (_1 /+1
Ma(z) =), i Ag(ha, ha, e, e3,e5,), (C.8)
=1
with
Al = 07
A= +qi + @+ G + G+ gl Yt as
As 1

= (Q1+QQ+CI3+Q4+CI5

G2 +q 2 010203010
+ 414293 + q1G294 + q1G2q95 + q1G394 + Q14395 + q1G495 + §2G3q4
+ (243G5 + 4204G5 + 43945 + 1G203G4G5) (C.9)

Here we choose the overall factor « to

>
[N

Q)
LN

, (C.10)

)
W ol
9]
(SN

because the Weyl group W (Ds) acts to not only parameters of the curve but also the overall
factor a. It is found that the quantum A-period has the group theoretical structure, which

is written in terms of the Ds characters as

A1 =0, Ay=x10, A= (q% + C]_%)Xw,
11

3 5
Ay = (q2 + q72)X1 + (q% + CI*%)(X% +3x1) + §X54 + §X45 + ?Xla (C.11)
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Also, as in [6], since the inverse quantum A-period has a simple structure, we solve the
quantum A-period inversely
log zp =logz + Y (-1)" Eyz . (C.12)
=1
Then we find the multi-covering structure in the quantum A-period

n|l n

(C.13)

£,
with the multi-covering components €4(q; q1, 2, q3, ¢4, q5)
€1=0,
€2 = X10;
€3 = (2 +¢7%) 1,
e1=(*+q ) xa+ (g+qa7) (xas +3x1) + 4xa,
&= (q% +q *)xge + (47 +477) (xqaz + 3x19) + (47 + 47737
€6 = (q* + a7 )xa0 + (¢% +¢7°) (X120 + 4x10) + (¢* + ¢7*) (X320 + X136 + 3X120 + 9X10)
+ (g +q7")(3x120 + 8x10) + (X320 + 2X120 + 9X10),
er=(q7 +q 2 )x16+ (a7 +¢7)(X1aa + 4x16) + (47 + ¢ 7) (X560 + 4X144 + 13Y16)
+ (qg + q_g)(Xmo +4x560 + IX144 + 25X16) + (q% + q_%)(3X560 +8X144 +27X16)
+(q2 +q72) (X720 + X560 + 9X144 + 27X16),
es=(¢°+ Q_S)Xl + (Q7 + q_7)(X45 +3x1) + (Q6 + q_G)(leo + Xs4 + 4Xa5 + 10X1)
+(q° +q7°) (Xoas + X210 + 4X54 + 14xa5 + 25X1)
+ (¢ + ¢*) (X1o55 + X945 + X770 + 13X210 + 1054 + 35X45 + HdX1)
+ (¢ +q7%)(x1386 + 4X1050 + 10X045 + 3X770 + 25X 210 + 19X54 + 62X45 + 84X1)
+(¢% + 47*) (3x1o50 + 8Xo45 + 3X770 + 27X 210 + 19X54 + 68x45 + 102)1)
+(q+ q_l)(X1386 +3X71050 + 10X045 + 3X770 + 27X 210 + 22X54 + T3X45 + 105x1)
+ (4X1o80 + 10X0a5 + 2X770 + 28X210 + 22X 54 + 72X 45 + 108X1).
The coefficients of €, are positive integers and the representations appearing are same ones

in the B-period [32,33] except for the trivial case d = 1.

For the above results, some questions remain. First, we do not understand whether
the structure that the A-period is written in terms of the Ds characters of the same
representations (except for €;-1) with the B-period is natural. In addition, we do not
know why the trivial case €;-1 is the only exception. Second, the coefficients of the multi-

covering components are positive integers, however it is not clear what they count.
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D ABJM/2DTL correspondence

In this section, we summarize the results of [12,13] briefly.

The localization technique is known as the method to obtain the matix models from
the supersymmetric gauge theories [3,17]. Therefore, only when the supersymmetries are
preserved, the vacuum expectation values in the supersymmetric gauge theories reduce to
those in the matrix model by the localization technique. In the ABJM theory. The vacuum
expectation values of the half BPS Wilson loops in the ABJM theory are represented as
the insertions of the super Schur functions [53] in the ABJM matrix model. For the one-
point functions in the ABJM matrix model, the characteristic structure is found and it is
called shifted Giambelli relation [22]. And this structure leads that the one-point functions
satisfy some relations well-known for the Schur functions [54], the Giambelli relations [23]
and the Jacobi-Trudi relations [12].

Later, in [21], the two-point function in the ABJM matrix model is proposed as the
generalization of the one-point function. This generalization is constructed so that the
two-point functions do not reduce to the one-point functions through the Littlewood-
Richardson rule trivially and satisfy the modification of the shifted Giambelli relation of
one-point functions. The two-point functions are not results by the localization technique,
however we expect that the definition of the two-point functions is natural and physical

from the characteristic properties of the two-point functions.

In [13], we have studied the correspondence between the ABJM matrix model and the
soliton equations. After J. Scott-Russell found the solitary waves in 1834, the many non-
linear differential equations describing the solitons are found and solved. Furthermore, it is
found that there are infinite non-linear differential equations compatible with the original
equation and the whole set of them is called integrable hierarchy. The Sato theory claims
that when the soliton solution (tau-function) is expanded with the Schur functions, the
coefficients satisfy the Pliicker relations and the whole set of the relations equivalent to
the integrable hierarchy [55-58|. Interestingly, the two-dimensional Toda lattice (2DTL)
hierarchy gives modified Kadomtsev-Petviashvili (mKP) hierarchy by simple reduction.

The coefficients of the tau function expanded with the Schur functions are represented
as the expectation values of the product of the fermions in the Fermionic construction
known in the integrable systems. Then, the Wick theorem for the fermions leads not only
the Pliicker relations but also the Giambelli relations and Jacobi-Trudi relations (see, for
example, [58]). In [13], by generalizing the theorem, we have shown that the coefficients
of the 2DTL tau function satisfy the shifted Giambelli relation modified for the two-point
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functions. By this fact, if we correspond the two-point functions to the coefficients of the
2DTL tau function for the hook representations, the correspondence for any representation

is automatically constructed due to the shifted Giambelli relation.

This correspondence between ABJM matrix model and 2DTL hierarchy (ABJM/2DTL
correspondence) gives us some advantages. First, the proofs that the one-point functions
satisfy the Giambelli relation and the Jacobi-Trudi relation were complicated, however the
ABJM/2DTL correspondence allows us to rederive them with the Wick theorem system-
atically. Also, we can find the Giambelli relation for the two-point functions as the new
relation with the generalized Wick theorem. In this way, we expect that the Fermionic
construction will play an important role when discussing the mathematical structure of
the ABJM matrix model in the future.

Second, the ABJM/2DTL correspondence allows us to reevaluate the generalization
from the one-point functions to two-point functions in the ABJM matrix model in the view-
point of the integrable systems. In the integrable systems, the 2DTL hierarchy reduces
mKP hierarchy by simple reduction. On the other hand, in the ABJM matrix model, if
one Schur function inserted in the two-point function is trivial one, the two-point function
reduces to the one-point function. These reductions agree in the ABJM/2DTL corre-
spondence. Actually, the two-point functions correspond to the 2DTL hierarchy and the
one-point functions correspond to the mKP hierarchy. Therefore the generalization to the

two-point functions is considered natural from the viewpoint of the integrable system.

E Static force potential of non-Abelian gauge theory

at a finite box in Coulomb gauge

Although the contents in this appendix do not relate directly to the main topic of this
thesis, I have also studied static force potential at a finite box in my doctoral course.
In this section, let us review the results of [59] briefly. We have reconsidered the force
potential existing between two classical static sources of pure non-Abelian gauge theory
in the Caulomb gauge® at a twisted [71-77] (and periodic [78,79]) finite box. There
we have calculated the interaction energy up to the one-loop level in the old-fashioned
perturbation theory and analyzed it in the derivative expansion and the short-distance

expansion. And as the result, the former expansion leads the negative beta-function and

9We give some of the references about non-Abelian gauge theory with the Coulomb gauge [60-70].
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the Uehling potential in the non-Abelian gauge theory. The latter expansion is given by
the convolution of the two Green functions being non-singular at ; = @2 (see (E.14)).
Also, it was found that the effect of the twist comes from Green function of the Laplacian

in the twisted sector.

First, in the Coulomb gauge, the Hamiltonian consists of the physical degrees of free-

dom and all of the gauge degree of freedom being eliminated as
H - % Z / dg.I(j_lHEtr)ajHEtr)a + Bi(tr)aBi(tr)a)_i_Hcouh
2 ab
g ! — a — — 14 !
Hei = 25 [ s g p@)al(@:0) -0 ") W) TP @), (E1)
a,b

where H§tr)“, BZ.(tr)a, D;, p* and J are respectively the conjugate momentum of the trans-
verse gauge field Agtr)a, the transverse magnetic field, covariant derivative, the current
density and Faddeev-Popov determinant J = det(9;D;). Here the current density includes

two external source terms as

() = goe ™ AT () + pf o () + P o (),
P oex (@) = 4 20 (® - @1 2), (E.2)

where A is twisted sector and |w), is the ket vector in the momentum representation in
the A twisted sector. The twisted sector is derived from the twisted boundary condition
for the gauge field [80],

Ai(l',y,Z) = PAz(x + L,y,Z)P71 = QAZ(:U>y + L72)Q71 = Ai(mayaz + L)7 (EB)

where P and ) are the constant matrices which satisfy for SU(N),

27

PQ =QPe¥ . (E.4)

The Green function of the Laplacian in the X twisted sector is

1 eQﬂ'i)vE

GMzlx') = —— Z

—_— E.5
4 S |le—x' + Le| (E-5)

where we use the Poisson resummation formula. In the limit L — oo, the dependence on

the twisted sector disappears

G(zlx") = N

At |e — x|

(E.6)
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With the Green function in the A twisted sector, the part of the vacuum energy which
depends on linearly upon both pf . () and p§ ., () at the lowest classical level is obtained
as

I a (a) ! a !
B = -3 [ Pl o (@)6N (ale)5 ) ()

==Y ZQ1€12G)‘(G)($1|1’2)~ (E.7)

Therefore, the twisted sector makes the interaction energy smaller than that in the periodic

boundary condition at the classical level.

And in the old-fashioned perturbation theory well-known in the quantum mechanics,
the perturbative expansion of the interaction energy E(r12 = |21 —x2|) is given up to second
order by

E(rlz) Z gOQ;EIf Z <m1|n)>\(a> ﬁll + 98(5;\(@ (n) + 5;:((1) (n))]A<a)(n|w2), (ES)

neZ3+ (@)
n+0

where 0}, (n) and 0 (o) (n) are contributions included in the leading order and the second

order respectively and the sum of them gives the correction at the one-loop level

n+m);P(m);n;
Z 3 ( )iP(m)

167r3 n-n 2 In + m|?lm|

(a)( )

)

meZ3+ (0
m+0

(Jm| - |n -m|)? P(m);; P(n-m);;

m[+|n —m| [mln - m)|

Lw(n) = % Z (E.9)

T c2a ez A
m+0

The zero mode m = 0 in the summation is removed to prevent the divergence in the

periodic case A = 0.

In the following, we investigate the result (E.8) in the long-distance and the short-
distance expansions. At long-distance r15 ~ L, the quantum correction is expanded in n?

as

(a)(n)+(5>‘(a)( n)
Yy [21'( 12 _14(m-n)2)+$(_66(m-n)+57(m-n)3)

CEQ 73 4 A(©) m? [mf|nf? im|? Im|7|n|?
m=+0
N l(_150|n|2 N 822(m-n)? Tl4(m-n)
4!

327r3

P il P ) + (higher orders of n’)] (E.10)
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Here if we consider the case of the periodic boundary condition A = 0, due to the cubic

symmetry, the quantum correction reduces to

o) + Bg(m) = o 3

meZ3
m=*0

[11 1 47 |n)?

3 mP 60 |m[ +(9(|n|4)]- (E.11)

We obtain the interaction energy at the periodic box as

2 a0
959195 , 11 1 6
E LK B FRNPF L S
(r2) = Za:ngzzg |z — xo + nL|[ 901272 4 még |m|3
m#0
goq1q2 47 1 Iz (3) 1 1
J —xy+nl)-— —
~ 2 (iry 30 @) ,;Z:g (wr-wrnl) =g més ml?
m=0
+ (higher orders in the derivative expansion), (E.12)

and the parts of the first and second line give the negative beta-function and the Uehling
potential respectively in the large L.

In the expansion at short-distance r15 << L, in the limit L - oo we can expand the

interaction energy in the inverse of the momentum of the external charges 1/p as

2 a,a 2 3
95919 ip-(w1-m0)| 1 1 A A
E(ry) = Z (02 1); /dsp@m )lp_Q +g8(—372 b +o(—p5 : (E.13)

where A is UV cutoff. We note that the 1/p*-term is written as

dp ]‘ 1p-(x1—x2
@) — P (@), (E.14)

f B2G(m1]2) G (2|2s) =

which is non-singular at x; = @,

dezG(w|z)G(z|w’):(%) fazszlaiz| |z_1w,|_ (F.15)

Then in terms of the Green functions, the interaction energy E(rip) is written as

E(T’lg) ) Zq1q2 [G(m1|w2) - A2 f d32G $1|Z)G(Z|132) + O(AS) (E16)
The short-distance expansion begins with the convolution of the two Coulomb Green

functions and is non-singular at the short distance limit of the two external sources x| = xs.
This term does not appear in the QED.
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