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Abstrat

In this thesis, we reexamine genus one super-Green funtions with general

boundary onditions twisted by (�; �) for (�; �) diretions in the eigenmode

expansion and derive expressions as in�nite series of hypergeometri fun-

tions. First of all we review the string theory in the operator and the path

integral methods, and then, using the super-Green funtions, we ompute

one-loop superstring amplitudes with non-maximal supersymmetry, taking

an example of massless vetor emissions of open string type I Z

2

orbifold.
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Introdution

In the four fundamental fores of nature, the eletromagneti and the weak

interations have been uni�ed by Glashow-Weinberg-Salam [1℄ as the ele-

troweak fore, and the Grand Uni�ed Theory (GUT) [2℄ whih uni�es the

strong interation as well as the eletromagneti and the weak interations is

in progress. String theory have been developed as a andidate for the quan-

tum gravity whih uni�es the all four fores [3, 4, 5, 6, 7, 8℄. Although the

disoveries suh as the D-brane [9, 10℄, the T - and S-dualities [11, 12℄ and the

AdS/CFT orrespondene [13℄ have made some progresses, our understand-

ing for the string theory is quite insuÆient. A lot of e�ort has been devoted

to omputations of superstring amplitudes in the path integral formulation as

well as in the operator formulation until now [14, 15, 4, 16, 17, 18, 19, 20, 21℄.

The string theory inhabits higher dimensional spaetimes than our familiar

four-dimensional spaetime, whose extra dimensions are onsidered to be

ompati�ed [22, 23℄ and then not to be observed at the low-energy sale

whih we live in. Numerous models with orbifold ompati�ation have been

proposed [24, 25, 26, 27℄, where the partition funtions have often been al-

ulated. However, it appears that there are a few artiles whih alulate

one-loop amplitudes for more than one point ase on the orbifold. While

Atik-Dixon-Sen have alulated the two and four point one-loop amplitudes

on the orbifold in the heteroti string [28℄, there seems to be also a few suh

alulations in the type I superstring whih is onsidered to be onneted

with the heteroti string by S-duality. In addition, the artiles inluded the

alulation of the amplitudes on the orbifold often use the operator formal-

ism. In order to deal with the one-loop amplitudes on the orbifold in the

path integral formalism, it is neessary to take the generalized Green fun-

tion that does not satisfy ordinary periodiity or antiperiodiity on the genus

one Riemann surfaes in � or � diretions, but it seems that the number of

artiles dealt with suh Green funtion is relatively small [29℄. For these

3



bakgrounds, in this study, we disuss the Green funtion whih satis�es the

generalized boundary onditions, and then ompute the one-loop superstring

amplitudes on the orbifold as an example of using this Green funtion [30℄.

We apply the well-known eigenmode expansion in order to deal with the

Green funtion. Additionally, it is important to exploit partial frations in

the bosoni part and to use Ramanujan's summation formula in the fermioni

part. In general, our �nal expression is given by an in�nite series onsisting

of a hypergeometri funtion (with its argument suessively shifted), whih

is relevant to the genus zero Green funtion

1

. This is in aord with the

piture that the genus one Green funtions an be obtained from those of

genus zero by putting an in�nite number of image harges.

In this thesis, we onsider orbifold ompati�ation. Although it is Calabi-

Yau or K3 that are important in elementary partile physis, in general we

annot alulate the amplitudes in suh target spae beause still we have no

exat representation for these on onformal �eld theory. Nevertheless, the

amplitudes in the orbifold an be dealt exatly. In addition, T

4

=Z

2

orbifold

we onsider here gives us the toy model for those geometries, and we an

alulate the perturbative amplitudes in string theory.

This paper onsists of three parts, and we onsider the Neveu-Shwarz-

Ramond (NSR) superstring through all the three parts. First of all we review

the onstrution of the string theory by the operator method in the part I

and by the path integral method in the part II respetively. In the part III,

we disuss the general Green funtion and then ompute the one, two and

three point one-loop superstring amplitudes on T

4

=Z

2

orbifold as an example

of using the general Green funtion.

The part I onsists of six setions. We review the bosoni string in the

setion 1, the relation between the Chan-Paton fator and the gauge group

in the setion 2 and the fermioni string in the setion 3, respetively. In

1

Suh Green funtion in fat appears in string theory under onstant B �eld [31℄.
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addition, we introdue the

^

U(1) harater in the setion 4. And then we

alulate the one-loop partition funtions on the at spaetime in the setion

5 and on the orbifold in the setion 6. The

^

U(1) harater introdued in the

setion 4 help us to understand the partition funtions in the setion 5 and

6.

The part II onsists of three setions. In turn by using the path integral

method, we review the bosoni string in the setion 7 and the fermioni

string in the setion 8 respetively, in whih the partition funtions are also

alulated. In the setion 9, we write down the N point one-loop superstring

amplitudes in the path integral formalism. In the last part of the setion

8, we reast the superstring one-loop partition funtions in the worldsheet

ovariant path integrals with those of the light-one operator formulation

alulated in the setion 5 in order to irumvent the nuisane of the overall

normalization.

The part III onsists of three setions. In the setion 10, we onstrut the

general Green funtion for the bosoni part and the fermioni part, and then,

using these, the general super-Green funtion on the torus. After introduing

our notations in the setion 11, �nally in the setion 12 we ompute the

one, two, and three point amplitudes on the superannulus with maximal

and non-maximal supersymmetries by using the super-Neumann funtion

derived from the general super-Green funtion in the setion 10 with the

image method (or, involution) [32, 33, 34℄.

In appendix A-I, we summarize some notations, and give some details of

omputation and bakground materials quoted in the text.

Several parts of the review materials in this thesis are based on the un-

published letures delivered [35℄ during the period 2013.11.11-2015.11.15.
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Part I

Operator method: spetrum

and partition funtion in the

light-one quantization

1 Bosoni string

We still don't know what string theory is, but we do know a lot about

strings through �rst quantization, namely, quantization of string oordinates

X

M

(�

M

; �), M = 0; 1; :::; D � 1, whih is, at the same time, embedding of a

surfae swept by a string into D-dimensional Minkowski spaetime.

1.1 Ation and mode expansion

We postulate the following ation:

S

(1)

�

X

M

; g

mn

; �

�

�

1

2��

0

1

2

Z

�

d�

M

d�

p

�gg

mn

�

m

X

M

�

n

X

N

�

MN

; (1.1)

where

d

2

� � d�

M

d� ; (1.2)

�

MN

=

0

B

B

B

B

�

�1

1

.

.

.

1

1

C

C

C

C

A

(1.3)

is a metri in the Minkowski spaetime. We denote by

X

M

= X

M

(�; �

M

) (1.4)
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embedding of a string surfae into two dimensional Minkowski spaetime.

g = det g

mn

; (1.5)

we have denoted by

g

mn

(�; �

M

) : two dimensional metri �eld. m;n = 1; 2: (1.6)

So ation takes the form of two dimensional quantum �eld theory of D-

massless salars oupled to two dimensional metri �elds and priniple of

general ovariane is at work.

� both X

M

, g

mn

are dynamial variables. However, there is no kineti

term for g

mn

, and the metri �eld is auxiliary �eld. This is the �rst

remark.

� the seond remark is that it is the �rst quantization, namely the quanti-

zation of oordinates as a string, but at the same it is the �eld (seond)

quantization as the two dimensional �eld theory.

First we regard two dimensional surfae is also Minkowski like as well. As

the two dimensional quantum �eld theory, we would like to add the loal

ounterterm permitted by general ovariane. So, suh ation will be

S

p

�

X

M

; g

mn

; �

�

=(1 + A)S

(1)

p

�

X

M

; g

mn

; �

�

+�

2

0

Z

�

d�

M

d�

p

�g +

ln�

4�

Z

�

d�

M

d�

p

�gR : (1.7)

One would like to quantize this theory by properly de�ning the path integral

measure for both X

M

and g

mn

. However, in this �rst part we will proeed

in a di�erent way. We will do so by

1. �rst eliminating g

mn

via equation of motion ("lassially")

2. and then quantizing the theory in the light-one gauge

12



Let us �rst derive equation of motion by the variation of the ation. The

variation of g

mn

leads to

Æg

mn

: �

m

X

M

�

n

X

M

�

1

2

g

mn

g

pq

�

p

X

M

�

q

X

M

= 0 : (1.8)

The variation of X

M

leads to

ÆX

M

:

1

p

�g

�

m

�

p

�gg

mn

�

n

X

N

�

� 4

g

X

N

= 0 : (1.9)

In order to get Nambu-Goto ation, we eliminate g

mn

from eq. (1.1). We

have denoted by 

mn

, the indued metri, given by



mn

� �

m

X � �

n

X =

1

2

g

mn

(g

pq

�

p

X � �

q

X) : (1.10)

Then, after the elimination of g

mn

, we obtain

S

(1)

�

X

M

; g

mn

eliminated; �

�

=

1

2��

0

Z

�

d

2

�

p

� det 

mn

=Nambu-Goto ation for a string

=

1

2��

0

(area of the surfae) : (1.11)

This is the Nambu-Goto ation whih is nothing but the area of the surfae

divided by 2��

0

.

From now on, we use the following notation:

�X

M

��

M

�

_

X

M

;

�X

M

��

� X

0

M

: (1.12)

Then the Nambu-Goto ation an be written as

Z

d�

M

d�

p

� det 

mn

=

Z

d�

M

d�

r

�

�

_

X �

_

X

�

�

�

X

0

�X

0

�

+

�

_

X �X

0

�

2

:

(1.13)

As is lear from the original form, this ation is reparametrization invariant,

namely, any hange of oordinate

�

M

= �

M

(�

0

M

; �

0

)

�= �(�

0

M

; �

0

) ; (1.14)
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Z

d�

M

d�

p

� det 

mn

=

Z

d�

0

M

d�

0

r

�

�

_

X �

_

X

�

�

�

X

0

�X

0

�

+

�

_

X �X

0

�

2

:

(1.15)

But at the same time this ation is non-polynomial. We would like to get rid

of this square root by �xing this loal symmetry. This is done by imposing

the following "orthonormality onditions" as onstraints:

(

_

X �X

0

= 0

_

X

2

+X

0

2

= 0

(1.16)

or

8

<

:

�

_

X +X

0

�

2

= 0

�

_

X �X

0

�

2

= 0

: (1.17)

Then Nambu-Goto ation redues to ation for massless D-salars in 1 + 1

dimensions:

S

(1)

�

X

M

; g

mn

eliminated; �

�

�

1

2��

0

Z

d�

M

d�

r

�

�

_

X �

_

X

�

�

�

X

0

�X

0

�

+

1

4

�

_

X

2

+X

0

2

�

2

=

1

2��

0

1

2

Z

d�

M

d�

�

_

X

2

�X

0

2

�

: (1.18)

And the onstraints takes the following form:

8

<

:

�

0

2

T (�

M

; �) �

1

2

�

_

X +X

0

�

2

� 0

�

0

2

�

T (�

M

; �) �

1

2

�

_

X �X

0

�

2

� 0

(1.19)

and it is identi�ed as vanishing 2d energy-momentum tensor.

Conventions

Often used nowadays for losed string (Figure 1) itself is parametrized by

�� < � < � ; �1 < �

M

<1 ; (1.20)

while for open string (Figure 2) it is parametrized by

0 < � < � ; �1 < �

M

<1 : (1.21)
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And z and "�z" are introdued as follows:

z= e

i(�

M

+�)

= e

�+i�

"�z"= e

i(�

M

��)

= e

��i�

: (1.22)

In pratie, most of the omputation urrently are arried out in the Eu-

lidean signature by regarding

i�

M

� � (1.23)

to be real. In Eulidean signature, equation of motion is just a Laplae

Figure 1: losed string Figure 2: open string

equation and the mode expansion of the solution usually takes the following

form in the 10d at spaetime. For losed string,

X

M

(�

M

; �) � X

M

0

�

i�

0

2

P

M

0

ln(z�z) + i

r

�

0

2

X

n 6=0

�

M

n

z

�n

n

+ i

r

�

0

2

X

n 6=0

~�

M

n

�z

�n

n

;

(1.24)

where

P

M

0

�

r

2

�

0

�

M

0

=

r

2

�

0

~�

M

0

: (1.25)

While for open string with free end X

0

j

�=0;�

= 0,

X

M

(�

M

; �) � X

M

0

� i�

0

P

M

0

ln(z�z) + i

r

�

0

2

X

n 6=0

�

M

n

z

�n

n

+ i

r

�

0

2

X

n 6=0

�

M

n

�z

�n

n

;

(1.26)
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while an open string with �xed end ÆX j

�=0;�

= 0,

X

M

� 

M

�

i(

0M

� 

M

)

2�

ln

�

z

�z

�

+ i

r

�

0

2

X

n 6=0

�

M

n

z

�n

n

� i

r

�

0

2

X

n 6=0

�

M

n

�z

�n

n

:

(1.27)

1.2 Quantization in light-one gauge

The hoie of the gauge ondition eq. (1.19) does not �x the invariane of

the Nambu-Goto ation ompletely: if eq. (1.19) is satis�ed for �

M

and �,

then it is also satis�ed for any hange of variable to ~�

M

and ~�

~�

M

= ~�

M

(�

M

; �)

~� = ~�(�

M

; �) (1.28)

provided that they satisfy the following onditions:

(

~�

M

+ ~� = f(�

M

+ �)

~�

M

� ~� =

~

f(�

M

� �)

: (1.29)

So we an �x this loal symmetry, namely, the funtion f and

~

f as well.

~�

M

=

1

2

�

f(�

M

+ �) +

~

f(�

M

� �)

�

; ~� =

1

2

�

f(�

M

+ �)�

~

f(�

M

� �)

�

:

(1.30)

We work out this proedure for the losed string ase �rst.

Let us �rst introdue the light-one oordinates whih are denoted by

X

+

=

X

0

+X

D�1

p

2

; X

�

=

X

0

�X

D�1

p

2

: (1.31)

Then two dimensional inner produt is written as

X � Y =X

M

Y

M

= �X

0

Y

0

+

D�1

X

i=1

X

i

Y

i

=

D�2

X

i=1

X

i

Y

i

�X

+

Y

�

�X

�

Y

+

= �

M

l

N

l

X

M

l

Y

N

l

(1.32)
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M

l

; N

l

= +;�; 1; � � � ; D � 2 (1.33)

�

M

l

N

l

=

0

B

B

�

0 �1

�1 0

0

0 1

1

C

C

A

(1.34)

X � Y = X

i

Y

i

+X

+

Y

+

+X

�

Y

�

(1.35)

Then the oordinate

X

+

(�

M

; �)=X

+

0

+

�

0

2

P

+

0

((�

M

+ �) + (�

M

� �))

+

1

2

funtion(�

M

+ �) +

1

2

^

funtion(�

M

� �) (1.36)

From this equation, we see that we hoose ~�

M

suh that

X

+

(�

M

; �)=X

+

0

+ �

0

P

+

0

~�

M

(1.37)

and this �xes half of the residual loal symmetry eq. (1.29). The remaining

residual symmetry �xed by the following equation:

�

0

P

+

0

~�=

Z

�

0

d�

0

�X

+

(�

M

; �

0

)

��

M

: (1.38)

So, by eqs. (1.37) and (1.38), the residual loal symmetry eq. (1.29) is

ompletely �xed.

To summarize the light-one gauge ondition orresponds to

X

+

(�

M

; �) = X

+

0

+ �

0

P

+

0

�

M

: (1.39)

In this gauge,

_

X

+

= �

0

P

+

0

(1.40)

X

0+

=

�X

+

��

= 0 : (1.41)

ThereforeX

+

is light-one time synhronized at every point on a single string.
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1.2.1 onjugate momenta, Lagrangian, Hamiltonian

Reall that

S

(1)

=

1

2��

0

1

2

Z

d�

M

d�

�

�2

_

X

+

_

X

�

+

_

X

i

_

X

i

�X

0i

X

0i

�

=�

1

2�

P

+

0

Z

d�

M

d�

_

X

�

(�

M

; �) +

1

4��

0

Z

�

��

d�

M

d�

�

_

X

i

_

X

i

�X

0i

X

0i

�

=�

P

+

0

2�

Z

dX

+

Z

�

��

d��

+

X

�

(�

M

; �)

+

1

4��

0

1

�

0

p

+

0

Z

dX

+

Z

�

��

d�

�

(�

0

P

+

)

2

�

+

X

i

�

+

X

i

�X

0

i

X

0

i

�

:

(1.42)

Here we have denoted by

�

+

=

�

�X

+

: (1.43)

Therefore the Lagrangian beomes

L(�

M

)=�P

+

0

Z

�

��

d�

2�

�

+

X

�

(�

M

; �)

+

1

2

Z

�

��

d�

2�

�

P

+

0

�

+

X

i

�

+

X

i

�

1

P

+

0

�

0

2

X

0

2

X

0

2

�

: (1.44)

Let us introdue the momentum density onjugate to string written in

the light-one oordinate:

P

i

(�

M

; �) = P

i

(�

M

; �) �

ÆL

Æ(�

+

X

i

(�

M

; �))

=

1

2�

P

+

0

�

+

X

i

=

1

2��

0

_

X

i

(1.45)

�P

�

(�

M

; �) = P

+

(�

M

; �) =

ÆL

Æ�

+

X

+

(�

M

; �)

= 0 (1.46)

�P

+

(�

M

; �) = P

�

(�

M

; �) =

ÆL

Æ�

+

X

�

(�

M

; �)

= �

1

2�

P

+

0

: (1.47)

The last equation tells us that P

+

0

is the total momentum in the + diretion.
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By the anonial proedure, the light-one Hamiltonian is written as

The light-one Hamiltonian

=

Z

�

��

d�

�

P

i

(�

M

; �)�

+

X

i

(�

M

; �) + P

�

(�

M

; �)�

+

X

�

(�

M

; �)

�

� L

=

1

2P

+

0

Z

�

��

d�

2�

4�

2

(P

i

(�

M

; �))

2

+

1

2P

+

0

Z

�

��

d�

2�

1

�

02

(X

0i

X

0i

)

=

1

2P

+

0

�

0

2

Z

�

��

d�

2�

�

_

X

i

_

X

i

+X

0

i

X

0

i

�

: (1.48)

1.2.2 X

�

Let's see what happens to the oordinate X

�

. Eq. (1.19) an be solved for

X

�

by the alulation below.

(

_

X �X

0

)

i

(

_

X �X

0

)

i

= 2(

_

X �X

0

)

+

(

_

X �X

0

)

�

= 2�

0

P

+

0

(

_

X

�

�X

�

0

) (1.49)

4�

0

P

+

0

_

X

�

= (

_

X +X

0

)

i

(

_

X +X

0

)

i

+ (

_

X �X

0

)

i

(

_

X �X

0

)

i

= 2

_

X

i

_

X

i

+ 2X

0

i

X

0

i

(1.50)

4�

0

P

+

0

X

�

0

= 4

_

X

i

X

0

i

: (1.51)

Therefore P

�

0

, �

�

n

and ~�

�

n

are expressed quadratially in �

i

n

and ~�

i

n

.

Reall

X

�

= X

�

0

+ �

0

P

�

0

�

M

+ (osillator) ; (1.52)

and therefore

_

X

�

= �

0

P

�

0

+

�

2��

(osillator) : (1.53)

Using eqs. (1.48) and (1.50), we see that the light-one Hamiltonian is

The light-one Hamiltonian =

1

2P

+

0

�

02

Z

�

��

d�

2�

2�

0

P

+

0

_

X

�

=

1

�

0

Z

�

��

d�

2�

_

X

�

eq:(1:53)

= P

�

0

(1.54)
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as expeted. Namely, we have derived from eq. (1.48)

P

�

0

=

1

2P

+

0

�

02

Z

�

��

d�

2�

�

_

X

i

_

X

i

+X

0i

X

0i

�

: (1.55)

1.2.3 ommutation relation

Now we are ready to arry out the anonial quantization. And equal time

ommutators read

[P

i

(�

M

; �); X

j

(�

M

; �

0

)℄=

�

1

2��

0

_

X

i

(�

M

; �); X

j

(�

M

; �)

�

=�iÆ(� � �

0

)Æ

ij

: (1.56)

These give us a set of ommutation relations for the enter of mass transverse

oordinates and the osillation modes

[�

i

n

; �

j

m

℄ =nÆ

n+m;0

Æ

ij

�

~�

i

n

; ~�

j

m

�

=nÆ

n+m;0

Æ

ij

�

P

i

0

; X

i

0

�

=�iÆ

ij

; (1.57)

and all other ommutators are vanishing. P

i

0

are the total enter of mass

momenta for the ith transverse diretion.
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1.2.4 mass operator and number operator

The relativisti invariane tells us that the eigenvalues of the mass operator

m play important roles in the analysis.

�m

2

�P

M

l

0

P

0M

l

= �2P

+

0

P

�

0

+ P

i

0

P

i

0

=�

1

�

02

Z

�

��

d�

2�

(

_

X

i

_

X

i

+X

0i

X

0i

) + P

i

0

P

i

0

=�

1

2�

02

Z

�

��

d�

2�

n

(

_

X +X

0

)

2

+ (

_

X �X

0

)

2

o

+ P

i

0

P

i

0

=�

1

2�

02

Z

�

��

d�

2�

8

<

:

 

i

r

�

0

2

!

2

 

X

n 6=0

(�)�

n

2iz

�n

!

2

+

 

i

r

i

�

0

2

!

2

 

X

n 6=0

(�)~�

n

2i�z

�n

!

2

9

=

;

=�

1

2�

02

�

0

2

4

Z

�

��

d�

2�

8

<

:

 

X

n 6=0

�

n

z

�n

!

2

+

 

X

n 6=0

~�

n

�z

�n

!

2

9

=

;

:(1.58)

Therefore

�

0

m

2

=

D�2

X

i=1

X

n 6=0

�

�

i

�n

�

i

n

+ ~�

i

�n

~�

i

n

�

=2

�

^

N +

^

~

N + onst:

�

: (1.59)

Here we have normal ordered the osillator. The onstant indiated is the

onstant whih appear through the normal ordering proess. The number

operator

^

N and

^

~

N are de�ned by

^

N =

D�2

X

i=1

1

X

n=1

�

i

�n

�

i

n

=

1

2

D�2

X

i=1

X

n 6=0

: �

i

�n

�

i

n

:

^

~

N =

D�2

X

i=1

1

X

n=1

~�

i

�n

~�

i

n

=

1

2

D�2

X

i=1

X

n 6=0

: ~�

i

�n

~�

i

n

: : (1.60)
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Therefore

D�2

X

i=1

X

n 6=0

�

i

�n

�

i

n

=2

^

N + (D � 2)

1

X

n=1

n

=2

�

^

N +

D � 2

2

�(�1)

�

=2

�

^

N �

D � 2

24

�

: (1.61)

Here we have evaluated the normal ordering onstant by zeta funtion regu-

larization (appendix C).

�

0

m

2

= 2

�

^

N +

^

~

N �

D � 2

24

� 2

�

: (1.62)

By a separate argument, whih we do not elaborate upon here, we �nd

D = 26. Therefore

�

0

m

2

= 2

�

^

N +

^

~

N

�

� 4 : (1.63)

1.2.5 state spae

In the state spae of a losed string is given by

jP

i

; ffn

i

k

�n

k

ggi = jP

i

i 
 �

i

1

�n

1

� � ��

i

k

�n

k

j
i (1.64)

�

i

n

n

j
i = 0 ; n > 0 : (1.65)

Here the ground state level is denoted by jP

i

i 
 j
i and

�

0

m

2

jP

i

i 
 j
i = �4jP

i

i 
 j
i : (1.66)

Another point whih to note is the level mathing ondition. There is

no boundary for a losed string, so there is no preferred point on the string.

Quantum theory of a losed string must be invariant under the shift � !
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� +�. From the expression of the mode expansion, this shift is the shift of

the osillators by

�

j

n

! �

j

n

e

�in�

~�

j

n

! ~�

j

n

e

+in�

: (1.67)

So with the unitary operator

U(�) � e

i(

^

N�

^

~

N)�

; (1.68)

this shift is generated. Namely,

U(�)

�

j

n

~�

j

n

U

�1

(�) =

e

�in�

�

j

n

e

in�

~�

j

n

; (1.69)

i :e: U(�)X

i

(�

M

; �)U

�1

(�) = X

i

(�

M

; � +�) : (1.70)

So we want

U(�)jphysi = jphysi ; (1.71)

whih is satis�ed by

(

^

N �

^

~

N)jphysi = 0 : (1.72)

The ground state level is the state alled tahyon. The eigenvalue of

the mass square operator in the unit of

1

�

0

is �4. This is alled state with

"interept" �4.

jtahyon;P

i

i = jP

i

i 
 j
i (1.73)

jP

i

i = e

iP

i

X

i

0

j0i : (1.74)

The �rst exited state whih satis�es the level mathing ondition of eq.

(1.72) are

jP

i

i 
 �

j

�1

~�

k

�1

j
i j; k = 1; :::; 24 = D � 2 (1.75)

and the eigenvalues ofm

2

is zero:

�

0

m

2

�

jP

i

i 
 �

j

�1

~�

k

�1

j
i

�

= 0 : (1.76)
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These tensorial states are massless representing transverse degrees of sym-

metri traeless tensors and those of antisymmetri tensors, and a salar from

the trae part. Eah of them at as an irreduible massless representation

under SO(D � 1; 1).

jP

i

; �

jk

(p)i = �

jk

(P )jP

i

i 
 �

j

�1

~�

k

�1

j
i : (1.77)

Here �

jk

(p) is a transverse polarization, namely, the wave funtion in the

momentum spae.

1.3 The ase of an open string

The gauge ondition expresses reeting the fator 2 di�erene in the mode

expansions eqs. (1.24) and (1.26),

X

+

(�

M

; �) = X

+

0

+ 2�

0

P

+

0

�

M

: (1.78)

Therefore,

�P

+

(�

M

; �) = �

1

2�

P

+

0

2 = �

1

�

P

+

0

: (1.79)

Therefore, in this ase again, P

+

has the meaning of the total momentum in

the + diretion.

The ation is written as

S

(1)

=�

1

2�

2P

+

0

Z

d�

M

Z

�

0

d�

_

X

�

(�

M

; �)

+

1

4��

0

Z

d�

M

Z

�

0

d�

�

_

X

i

_

X

i

�X

0i

X

0i

�

: (1.80)

The anonial proedure is the same as that of the losed string. Let us just

list a ditionary between the losed string ase and the open string ase.

losed open

�

0

P

+

0

! 2�

0

P

+

0

R

�

��

!

R

�

0

(1.81)
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The light-one Hamiltonian is therefore

The light-one Hamiltonian=

1

4P

+

0

�

02

Z

�

0

d�

2�

�

_

X

i

_

X

i

+X

0

i

X

0

i

�

| {z }

4�

0

P

+

0

_

X

�

=

1

�

0

Z

�

0

d�

2�

_

X

�

=P

�

0

(1.82)

as expeted. Here we have used the fat

_

X

�

= 2�

0

P

�

0

+ � � � : (1.83)

Therefore,

P

�

0

P

+

0

=

1
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02
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�

0

d�

2�

�

_

X

i

_

X

i

+X

0

i

X

0

i

�

: (1.84)

The quantization arried out by those in the equal time ommutators

�

P
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(�

M

; �); X

j

(�

M

; �

0

)

�

= �iÆ(� � �

0

)Æ

ij

; 0 < �; �

0

< � : (1.85)

Series to the ommutation relations for the osillators are

�

�

i

n

; �

j

m

�

= nÆ

n+m;0

Æ

ij

: (1.86)

The mass operator square is omputed as
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<
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=
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=�
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D�2

X
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X

n 6=0

�
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: (1.87)
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Therefore

�

0

m

2

=

1

2

D�2

X

i=1

X

n 6=0

�

i

�n

�

i

n

normal order

=

^

N +

1

2

(D � 2)

1

X

n=1

n

=

^

N �

D � 2

24

D=26

=

^

N � 1 : (1.88)

The number operator has been normal ordered

^

N =

D�2

X

i=1

1

X

n=1

�

i

�n

�

i

n

=

1

2

D�2

X

i=1

X

n 6=0

: �

i

�n

�

i

n

: : (1.89)

The normal ordering oeÆient has been omputed as before by the zeta

funtion regularization.

m

2

of the ground state is �1 in the unit of

1

�

0

,

jtahyon;P

i

i = jP

i

i 
 j
i : (1.90)

These are tahyon states with "interept" �1.

There is an eight omponent massless vetor in the �rst exited level

jP

i

; �

i

i =

X

j

�

j

jP

i

i 
 �

j

�1

j
i : (1.91)

Here, we have denoted by �

i

the transverse polarization of the massless vetor.

1.4 Critial dmension

In the present formalism, the "ritial dimension" is obtained from an anomaly

in Lorentz generators

M

M

l

N

l

�

Z

�

��

d�

2�

�

X

M

l

P

N

l

�X

N

l

P

M

l

�

: (1.92)

26



Those generator should satisfy the algebra

�

M

M

l
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l

;M
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l
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l

�

= i�
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l

K

l

M
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l
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� i�
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l
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l
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l

L

l

� i�
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l

L

l

M

M

l

K

l

+ i�

M

l

L

l

M

N

l

K

l

:

(1.93)

When all of the indies are transverse (1 � i; j; k; ` � 24),

�

M

ij

;M

k`

�

; (1.94)

it is easy to hek.

The problem arises from the ommutator where M

�i

is involved.

� boost X

+

) outside this gauge.

� M

�i

atually onsists of three osillators, so the ommutator assoiated

with M

�i

involves six osillators, and naively M

�i

M

�j

is zero but this

an be anomalous due to an operator ordering problem.

[36℄ found

�

M

�i

;M

�j

�

= 0; (1.95)

vanishes if D = 26 and interept 4 for losed and 1 for open.

2 Orientation ip and Chan-Paton fators

2.1 Orientation ip (twist operator)

2.1.1 losed string

For any �gure of an losed string, one an add arrows to indiate inreasing

order of �-parametrization. So, these two �gures, �gure 3 and �gure 4 are

equivalent exept for the diretion of arrows, or the orientation.
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Figure 3: X

M

(�

M

; �) Figure 4: X

M

(�

M

; 2� � �)

Quantum mehanially, this an be stated as follows. Introdue


 suh that 
X

M

(z; �z)


�1

= X

M

(�z; z) : (2.1)

This is equivalent to


�

M

n




�1

= ~�

M

n

: (2.2)

Is our physial Hilbert spae invariant under this operation, namely, an

we have 
jphysi = jphysi?

I) if the answer is yes, the losed string we onsider is said to be non-

orientable. We alled this string type I losed string. There is no way

to assign an arrow for this string. And then only symmetri states

under the interhange of � and ~� survive. Tahon survives. Symmetri

traeless tensor and salra survive, while antisymmetri tensor does not

survive.

II) if 
j�; physi = j ; physi, j�i and j i distint, then

� the string theory is alled orientable. And the ontext of super-

strings is alled type II losed string.

� orientable theory has more states than the unorientable states.

� type II theory must preserve orientability and the string surfae

swept by an orientable states own to be an orientable surfae.
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Figure 5:

2.1.2 open string

The same question an be raised for an open string as well. (See �gure 5.)

Namely, an theory be invariant by the hange � ! � � �? And this an be

stated as follows. Introdue


 suh that 
X

M

(z; �z)


�1

= X

M

(��z;�z) : (2.3)

Namely,


�

M

n




�1

=(�)

n

�

M

n

for Neumann(N) boundary ondition


�

M

n




�1

=(�)

n+1

�

M

n

for Dirihlet(D) boundary ondition (2.4)

and



0M

= 

M

for Dirihlet boundary ondition : (2.5)

The question to be raised is 
jphysi = jphysi.

I) if the answer is yes, an open string is said to be non-orientable. 
 is

realized as


 = (�)

^

N

;

^

N =

1

X

n=1

�

M

�n

�

nM

: (2.6)

The ase where

^

N ating on physial Hilbert state produes

^

N jphysi=(even)jphysi are allowed for N ;

^

N jphysi=(odd)jphysi are allowed for D : (2.7)

Note that �

M

�1

j
i is projeted out in the Neumann boundary ondition

for bosoni string.
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II) 
j�; physi = j ; physi and � and  are distint then the string theory

we onsider is said to be orientable.

2.2 Chan-Paton fators

It is possible to add harges at two ends of an open string, and this is re-

garded as additional degrees of freedom for an open string. Graphially, it is

represented as in �gure 6.

Figure 6:

In general, duality of an open string multi-partile diagrams requires

A(1; 2; :::; N) = A(�(1); �(2); :::; �(N)) : (2.8)

Here we have denoted by j ! �(j), an element of yli permutation group

C

n

.

In the absene of this harge, the full S-matrix is written as

T (1; 2; � � � ; n) =

X

non-yli permutation �

A (�(1); �(2); � � � ; �(n)) ; (2.9)

where the summation is over the non-yli permutation of n elements.

So the natural modi�ation to inlude harges on the two ends of the

string is

T (1; 2; � � � ; n)

=

X

non-yli perm. �

tr

�

�

�(1)

�

�(2)

� � ��

�(n)

�

A (�(1); �(2); � � � ; �(n)) :

(2.10)
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Here we have denoted by �

a

generators of some Lie algebra. The trae fator

is alled Chan-Paton fator and is ylially symmetri by the trae property.

At the level of string states, this modi�ation implies

X

I;J

�

a

IJ

jk; �

i

1

���i

n

(k); I; Ji ; (2.11)

where the k is the momentum of a string, � the polarization and I and J are

additional labels of the string.

Now let's turn to the disussion for an unoriented string. Ation of 
 is

taken to be




X

I;J

jk; �

i

1

���i

n

(k); I; Ji�

a

IJ

=

X

I;J

Y

i

(�)

m

i

jk; �

i

1

���i

n

(k); I; Ji

�

M�

aT

M

�1

�

IJ

;

(2.12)


jk; �

i

1

;:::;i

n

(k); I; Ji = jk; �

i

1

;:::;i

n

(k); J; Ii ; (2.13)

where we permit M to be general N �N matrix.

e.g.1

M = M

T

= I

N

. In order for a vetor to survive projetion, � must be

�

T

= ��. And then the gauge must be SO(N).

e.g.2

If M = �M

T

= i

 

0 I

N=2

�I

N=2

0

!

then �

T

= �M�

T

M . And the gauge is

USp(N).
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3 Fermioni string

3.1 Ation

Let us start from a losed fermioni string. The ation is

S[X

M

;  

M

℄

= S

B

[X

M

℄ + S

F

[	

M

℄

=

1

2��

0

1

2

Z

d�

M

d�

�

(�)�

mn

�

m

X

M

�

n

X

M

+ i

�

	

M

� � �	

M

�

: (3.1)

Here 	

M

's are D two dimensional Majorana fermions. Namely,

	

M

=

 

 

M

1

 

M

2

!

with  

M

1

;  

M

2

real. (3.2)

�

a

's are two dimensional  matries satisfying

�

�

a

; �

b

	

= �2�

ab

: (3.3)

One representation for these two dimensional  matries is

�

0

=

 

0 +i

�i 0

!

�

1

=

 

0 i

i 0

!

�

2

= �

0

�

1

=

 

�1 0

0 +1

!

: (3.4)

�

	

M

� (	

T

)

M

�

0

; (3.5)

�

	� � �	=(	

T

)

M

(�
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+ �

0

�

1

�
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)	

M

= 

1

M

(�

�

M

� �

�

) 

1M

+  

2

M

(�

�

M

+ �

�

) 

2M

: (3.6)

 

1

M

;  

2

M

themselves an be either periodi or antiperiodi, they are alled

Neveu-Shwarz setor or Ramond setor:

 

1;2

M

(�; � = 0)=� 

1;2

M

(�; � = 2�) : Neveu-Shwarz setor

 

1;2

M

(�; � = 0)=+ 

1;2

M

(�; � = 2�) : Ramond setor : (3.7)
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They are onsidered to be the two di�erent setors of the same Hilbert spae.

There are four setors in total.

 

1

 

2

NS NS

NS R

R NS

R R (3.8)

3.2 Quantization in light-one gauge

Now we �x this ation to the light-one gauge. The subsidiary ondition

is 	

+

= 0 in addition to X

+

= X

+

0

+ �

0

P

+

0

�

M

. And we repeat the same

proedure as in the setion 1.2.

3.2.1 momentum, Lagrangian, Hamiltonian

S = S

(L:C:)

B

+ S

(L:C:)

F

; (3.9)

where S

(L:C:)

B

=

R

dX

+

L

(L:C:)

B

as before and

S

(LC)

F

=

1

4��

0

i
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0

P
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Z
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P
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0
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+
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2
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0
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i
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Z

dX

+

L

(L:C:)

F

: (3.10)
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ÆL

(L:C:)

F

Æ(�

+

 

i�

)

= �

i

4��

0

 

i�

: (3.11)

The light-one Hamiltonian is introdued through by the anonial pro-

edure.

The light-one Hamiltonian = H

(L:C:)

B

+H

(L:C:)

F

= P

�

0

: (3.12)

The bosoni part is as before, while the fermioni part turns out to be

H

(L:C:)

F

=

�i

4��

0

2

P

+

0

Z

�

��

d�	

t

i

�

2

�

�

	

i

: (3.13)
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3.2.2 ommutation relation, mode expansion

Finally, quantization means

f�

 

i�

(�

M

; �);  
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; �

0

)g

+

=

1

2

(�i)Æ(� � �

0

)Æ

ij

Æ

��

; (3.14)

i; j = 1; :::; D � 2 ; �; � = 1; 2 :

1

2

of the light hand side of eq. (3.14) is due to the Majorana property. We

obtain

f 

i�
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: (3.15)

Let
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(3.16)

z = e
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�z � e

i(�

M
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; (3.17)
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3.2.3 mass operator and number operator

The ontribution of the fermioni osillators to �

0

d

m
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(3.20)
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In general, eq. (3.20) is written as
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: (3.21)

Therefore mass operator is expressed as
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onst:) ; (3.22)
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�m

d

i

m

R

: (3.23)

We need to evaluate two onstants, onst. and

^

onst:, assoiated with nor-

mal ordering. This an be done by the zeta funtion regularization and the

omputation is below.

NS

onst:=

(D � 2)

2

1

X

n=1

n+

(D � 2)
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;:::
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n� 2
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!!
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�(�1) = �
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: (3.24)
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R

onst: =

(D � 2)

2

1

X

n=1

n+

(D � 2)

2

1

X

m=1

(�m) = 0 : (3.25)

Similarly for

℄

onst.

Therefore

�

0

d

m

2

= 2
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N +

^

~

N +

�(D�2)

16

NS +

�(D�2)

16

~

NS

0 R + 0

~

R

!

: (3.26)

Invariane under the shift � ! � +� translates into

(

^

N �

^

~

N) j i = 0 : (3.27)

3.2.4 ritial dimension

Again we hek the Lorentz ommutators. Reall that the Lorentz generators

are

M

MN

=

Z

d�

2�

�

X

M

P

N

�X

N

P

M

�

: (3.28)

And we examine

[M

�i

;M

�j

℄ = 0 : (3.29)

From that, we an derive

D = 10 : (3.30)

3.2.5 state spae

Let's disuss the state spae. Let  

i

and

~

 

i

be worldsheet fermions.

Neveu-Shwarz setor

NS setor is expanded

 

i

=

X

r2Z+

1

2

b

i

r

z

�r

: (3.31)
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The expansion was already indiated in eq. (3.18). The NS ground state is

j0i

NS

suh that b

i

r

j0i

NS

= 0 ; r =

1

2

;

3

2

; ::: : (3.32)

i is the vetor index to label the (D�2) transverse diretions of our spaetime.

j0i

NS

is not degenerate, namely, singlet. This state spae

H

NS

= ffb

i

1

�r

1
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i

n

�r

n

�

j

1

�m

1
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j

`

�m

`

j0i

NS

gg (3.33)

reates vetor and in general rank n tensors from the singlet ground state

j0i

NS

. The spaetime onsists of the spaetime bosons.

Ramond setor

As is indiated in eq. (3.18), the expansion is

 

i

=

X

m2Z

d

i

m

z

�m

: (3.34)

The ground state is

j0i

R

suh that d

i

m

j0i

R

= 0 ; m = 1; 2; 3; ::: : (3.35)

It is important to note

fd

i

0

; d

j

0

g = Æ

ij

; d

i

0

y

= d

i

0

: (3.36)

If j0i

R

is a ground state, and then d

i

0

j0i

R

is also a ground state. And therefore

ground state is degenerate and must form a representation of the Cli�ord

algebra. Therefore the Ramond ground state must arry a spinor index.

And the Ramond ground state

j i

R

= j�i

R

(3.37)

must form a spinor representation of SO(8). We an think of d

i

0

as Hermitian

matries obeying eq. (3.36). Therefore 2

D�2

2

= 2

4

= 16 dimension is required.

Let d

i

0

to be

d

i

0

=

1

p

2



i

16

; i = 1; :::; 8 : (3.38)
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i

16

is essentially 8 Eulidean dimensional gamma matries. These matries

are known to be realized as a blok diagonal form:



i

16

=

 

0 

i

8

a _a

(

T

8

)

i

_

bb

0

!

: (3.39)

Therefore the 16 dimensional representation is atually reduible.

Let 

9

16

to be the produt of d

i

0

then it antiommute with all 

i

16

:



9

16

�

8

Y

i=1

(

p

2d

i

0

) and

�



9

16

; 

i

16

	

+

= 0 : (3.40)

Therefore one an assign + or � eigenvalue to the Ramond ground state:



9

16

j i

R

=

(

+j i

R

�j i

R

: (3.41)

And this is onsidered to be the hirality of 8 dimensional spaetime in the

transverse diretion. So we an write this as

j i

R

= j

16

i = j

8



S

i � j

8



C

i : (3.42)

j

8



S

i is a spinor representation with positive hirality while j

8



C

i is another

spinor representation of negative hirality.

To summarize, Ramond Hilbert spae is

H

R

= ffd

i

1

�m

1

� � �d

i

r

�m

r

�

j

1

�n

1

� � ��

j

s

�n

s

j

16

�igg (3.43)

reated from the 16 dimensional spinorial states. It onsists of spaetime

fermions.

Let's list the low lying spetrum of the entire state spae. From (NS;

~

NS)

setor, we obtain

� ground state salar j0i

NS


j0i

~

NS


jki with interept �

0

m

2

= 2

�

�

1

2

�

1

2

�

=

�2.
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� massless rank 2 tensor b

i

�1=2

j0i

NS




~

b

j

�1=2

j0i

~

NS


jki�

ij

(k) with polariza-

tion tensor �

ij

(k), whih is nothing but the wave funtion in k spae.

From (NS;

~

R) setor, we get

� 16 dimensional fermion j0i

NS


j ~

16

~�i

~

R


jki 

~�

(k) with interept �

0

m

2

=

2

�

�

1

2

�

= �1.

� massless vetor spinor b

i

�1=2

j0i

NS


 j ~

16

~�i

~

R


 jki�

i

~�

(k).

As for (R;

~

NS) setor, we replae tilde states by untilde states. For (R;

~

R)

setor, we get massless bosoni bi-spinorial states j

16

�i

R


 j ~

16

~�i

~

R

, �

0

m

2

=

0.

3.3 The ase of open fermioni string

The ation and the equation of motion is same as the ase of losed string. We

parametrize the length of the open string by �. The range of � is 0 < � < �

this time. Fermioni part of the ation is written as

�

	

M

� � �	

M

=  

M

1

(�

�

M

� �

�

) 

1M

+  

M

2

(�

�

M

+ �

�

) 

2M

(3.44)

as before. But there is a boundary in this ase and variation of the ation

tells

�

	

M

�

2

Æ	

M

j

�=�

�=0

= 0 : (3.45)

This means

�

	

M

�

2

Æ	

M

j

�=�

�=0

= � 

1

Æ 

1

j

�=�

�=0

+ 

2

Æ 

2

j

�=�

�=0

= 0 (3.46)

and

 

1

Æ 

1

=  

2

Æ 

2

at � = 0; � (3.47)

at the boundary. The equation of motion is the �rst order equation. So

setting the boundary ondition for  

1

and the boundary ondition for  

2
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independently is too strong.  

1

= � 

2

at � = 0 implies Æ 

1

= �Æ 

2

at

� = 0 and the same is true for at � = �. Without losing generality, we an

state  

1

(�

M

; � = 0) =  

2

(�

M

; � = 0). Then there is a hoie for the sign at

the other end � = �. If

 

1

(�

M

; � = �) = � 

2

(�

M

; � = �) ; (3.48)

it is the Neveu-Shwarz setor. If

 

1

(�

M

; � = �) =  

2

(�

M

; � = �) ; (3.49)

it is the Ramond setor. Modes of  

1

and those of  

2

are no longer indepen-

dent.

 

i

1

=

p

�

0

 

i

;  

i

2

=

p

�

0

~

 

i

: (3.50)

The light-one quantization is arried out as before but there is a slight

hange in the notation whih we an tabulate in

losed open

P

+

0

! 2P

+

0

R

�

��

!

R

�

0

!

R

�

��

b

~

b

!

b

b

! b

(3.51)

and

�

0

m

2

=

1

2

0

B

B

�

X

n 6=0

�

i

�n

�

i

n

+

8

>

>

<

>

>

:

X

n;i2Z+1=2

rb

i

�r

b

i

r

NS

X

m;i2Z

md

i

�m

d

i

m

R

1

C

C

A

=

^

N + onst: : (3.52)

Ant the normal ordering oeÆient is omputed as before:

onst: =

(

�

(D�2)

16

NS

0 R

: (3.53)

Critial dimension is D = 10. The Neveu-Shwarz setor onsists of spae-

time bosons, and the Ramond setor onsists of spaetime fermions.

The spetrum is as follows:
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� NS setor: the ground state salar j0i

NS


jki has an interept �

0

m

2

=

�

1

2

. The next level is massless vetor b

i

�1=2

j0i

NS


jki�

i

(k) (i = 1; :::; 8).

� R setor: the ground state is massless 16 dimensional spinor state

j�i

R


 jki.

4

^

U(1) harater

In general, state spae is alled module and the module of the Heisenberg

algebra is essentially the Fok spae of a free boson. The highest weight state

of the Heisenberg algebra jp; f0gi is labelled by the momentum (�

0

jpi =

q

�

0

2

pjpi) with zero oupation number f0g. And the states built up from

this heightest weight state are of the form

�

n

1

�1

�

n

2

�2

� � � jp; f0gi / jp : n

1

; n

2

; :::i : (4.1)

Let me reall the de�nition of harater in �nite dimensional Lie algebra

g. We denote by the pair (�; V ) representation of this �nite dimensional Lie

algebra.

Let H

i

be the elements of Cartan subalgebra and suppose that the repre-

sentation matries H

i

= �(h

i

) are all diagonal. Then we de�ne the following

objet

hV = tr

V

(x

H

1

1

� � �x

H

`

`

) ; (x

1

; � � � ; x

`

) 2 V : (4.2)

We deompose V into the diret sum of the submodule:

V =

M

�

V (�) : (4.3)

V (�) is de�ned by the vetor with eigenvalue of h

i

v = �

i

v:

V (�) � fv 2 V j h

i

v = �

i

vg : (4.4)
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Then the hV is written like

hV =

X

�

1

;:::;�

`

dimV (�)x

�

1

1

x

�

2

2

� � �x

�

`

`

: (4.5)

So let L

0

be

L

0

�

1

2

:

X

n

�

�n

�

n

:=

X

n=1

�

�n

�

n

+

1

2

�

2

0

: (4.6)

Namely, this is the zeroth element of the Virasoro algebra ating on the

plane. Then the ommutator of L

0

is

[L

0

; �

�m

℄ =

h

X

�

�n

�

n

; �

�m

i

= m�

�m

: (4.7)

Therefore we may inlude L

0

as the derivation in the Cartan subalgebra of

^

U(1).

As the restrited harater, we de�ne h

^

U(1);p

(q) to be the trae over the

Fok spae with momentum p. If expand in the power series of q, we get the

following expression.

h

^

U(1);p

(q) � Tr

p;Fok

q

L

0

=

1

X

m=0

p(m)q

m

q

1

2

�

q

�

0

2

p

�

2

: (4.8)

Here we have denoted by p(m) the number of partition of m into positive

integers:

1 + 1 + � � �+ 1

| {z }

n

1

+ 2 + 2 + � � �+ 2

| {z }

n

2

+ � � � = m : (4.9)

So,

1

X

m=0

p(m)q

m

=

1

Y

n=1

1

1� q

n

=

1

'(q)

(4.10)

and '(q) is alled Euler funtion.

For r folded Heisenberg algebra, the appropriate harater is written as

h

(x

1

)

r

;p

1

:::p

r

(q) =

1

X

m=0

p

r

(m)q

m

q

�

0

4

P

r

i=1

(p

i

)

2

: (4.11)

Here p

r

(m) is number of ways of separating m into positive integers of r

"olors". The sum is given by

1

'(q)

r

.
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5 Partition funtion

5.1 Bosoni string partition funtion on torus

One-loop vauum amplitudes in string perturbation theory arry an essential

information on the spetrum of a free string. The worldsheet geometry of a

torus orresponds to the one-loop vauum amplitude of an oriented losed

string.

To determine the normalization of the amplitude, it is better to start

from quantum �eld theory and let us take a one omponent real salar �eld

in D dimensions. We set  = ~=1 and then the ation is

S =

Z

d

D

x

�

1

2

�

M

��

M

��

1

2

M

2

�

2

�

: (5.1)

In this setion we use the following metri:

�

MN

=

0

B

B

B

B

�

1

�1

.

.

.

�1

1

C

C

C

C

A

: (5.2)

In order to go to the Eulidean �eld theory, we set ix

0

= x

E

.

S

E

=

Z

d

D

x

E

�(��

E

+M

2

)� : (5.3)

Then one-loop partition funtion in quantum �eld theory whih is written as

e

��

E

= e

i�

1�loop

= Z

QFT

Va:1�loop

=

Z

[D�℄e

iS

=

Z

[D�℄e

�S

E

= (onst:) Det

�

1

2

(��

E

+M

2

) :

(5.4)

These obtained by the funtional integral of the real salar �eld theory whih

is a determinant �

1

2

. Using the identity

log

a

b

= �

Z

1

0

dt

t

�

e

�at

� e

�bt

�

; (5.5)

43



we obtain

��

E

=�

1

2

logDet(��

E

+M

2

) + (onst:)

0

=�

1

2

Tr ln

�

(��

E

+M

2

)

N

�

=

1

2

Z

1

0

dt

t

Tr

�

e

�t(��

E

+M

2

)

� e

�tN

�

: (5.6)

So we onlude that, up to the subtration of 1, �

E

is expressed by

�

E

=�

1

2

Z

1

0

dt

t

Tre

�t(��

E

+M

2

)

=�

1

2

Z

1

"

dt

t

e

�tM

2

Tre

�t(��

E

)

=�

1

2

Z

1

"

dt

t

e

�tM

2

X

n




n

�

�

e

�t(��

E

)

�

�

n

�

=�

1

2

Z

1

"

dt

t

e

�tM

2

Z

d

D

x

E

Z

d

D

y

E

X

n

hnjyi




y

�

�

e

�t(��

E

)

�

�

x

�

hxjni

=�

1

2

Z

1

"

dt

t

e

�tM

2

Z

d

D

x

E

Z

d

D

y

E




y

�

�

e

�t(��

E

)

�

�

x

�

Æ

(D)

(x� y)

=�

1

2

Z

1

"

dt

t

e

�tM

2

Z

d

D

x

E




x

�

�

e

�t(��

E

)

�

�

x

�

=�

1

2

Z

1

"

dt

t

e

�tM

2

Z

d

D

x

E

e

�t(��

E

)

Æ

(D)

(x� y)

�

�

y=x

=�

1

2

Z

1

"

dt

t

e

�tM

2

V

E

Z

d

D

p

(2�)

D

e

�tp

2

: (5.7)

t is a parameter alled proper time and V

E

is the spaetime volume. And

UV divergenes ontain in t = 0 end whih we need to regulate. Carrying

out the momentum integration, we obtain

�

E

=�

V

E

2

Z

1

"

dt

t

e

�tM

2

Z

d

D

p

E

(2�)

D

e

�tp

2

E

=�

V

E

2(4�)

D

2

Z

1

"

dt

t

D

2

+1

e

�tM

2

: (5.8)
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In the ase of a Dira fermion in D dimension, we instead obtain

�

Dira

E

= +

V

E

2

[

D

2

℄

2(4�)

D

2

Z

1

"

dt

t

D

2

+1

e

�tM

2

: (5.9)

Let us now apply this formula, namely, formula eq. (5.8), to D = 26

dimensional losed bosoni string. Reall that mass operator

�

0

d

m

2

= 2(

^

N +

^

~

N � 2) : (5.10)

Then

�

"losed bosoni"

= �

V

E

2(4�)

13

Z

1

"

dt

t

14

tr

phys

e

�tm

2

= �

V

E

2(4�)

13

1

�

013

Z

1

"

dt

t

14

�

014

�

0

tr

phys

e

�

t

�

0

�

0

m

2

t

�

0

���

2

= �

V

E

2(4�

2

�

0

)

13

Z

1

"

d�

2

�

14

2

tr

phys

e

�2��

2

�(

^

N+

^

~

N�2)

= �

V

E

2(4�

2

�

0

)

13

Z

1

"

d�

2

�

14

2

X

phys

D

phys

�

�

�

e

�2��

2

�(

^

N+

^

~

N�2)

�

�

�

phys

E

:

(5.11)

Due to the level mathing ondition (

^

N �

^

~

N)jphysi = 0, inside the trae, we

an insert

1 = Æ

N;

~

N

=

Z

1=2

�1=2

d�

1

e

2�i�

1

(

^

N�

^

~

N)

: (5.12)

Note that the eigenvalue of N and

~

N are integers. Therefore

�

"losed bosoni"

= �

V

E

2(4�

2

�

0

)

13

Z

1=2

�1=2

d�

1

Z

1

"

d�

2

�

2

2

1

�

12

2

tre

+2�i(�

1

+i�

2

)(

^

N�1)

e

�2�i(�

1

�i�

2

)(

^

~

N�1)

= �

V

E

2(4�

2

�

0

)

13

Z

d

2

�

�

2

2

1

�

12

2

trq

(

^

N�1)

�q

(

^

~

N�1)

; (5.13)

q = e

2�i�

; �q = e

�2�i��

; � = �

1

+ i�

2
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is true.

We an undo the integrations of the 24 light-one momenta by

Z

d

24

p

i

(2�)

24

e

�t(p

i

)

2

=

�

1

4�t

�

12

=

�

1

4�

2

�

0

�

2

�

12

: (5.14)

Then the expression beomes

�

"losed bosoni"

= �

V

E

2

1

4�

2

�

0

Z

d

2

�

�

2

2

Z

d

24

p

i

(2�)

24

tr

�

e

���

0

�

2

(p

i

)

2

q

(

^

N�1)

�q

(

^

~

N�1)

�

:

(5.15)

Realling

^

N =

1

2

:

X

n 6=0

�

i

�n

�

i

n

: ;

^

~

N =

1

2

:

X

n 6=0

~�

i

�n

~�

i

n

: (5.16)

and

�

i

0

= ~�

i

0

�

r

�

0

2

p

i

; (5.17)

the �

"losed bosoni"

an be written as

�

"losed bosoni"

= �

V

E

2

1

4�

2

�

0

Z

d

2

�

�

2

2

Z

d

24

p

i

(2�)

24

trq

(

^

L

0

�1)

�q

(

^

~

L

0

�1)

: (5.18)

Here

^

L

0

=

1

2

X

n

: �

i

�n

�

i

n

: ;

^

~

L

0

=

1

2

X

n

: ~�

i

�n

~�

i

n

: (5.19)

^

L

0

� 1 �

^

L

(ylinder)

0

;

^

~

L

0

� 1 �

^

~

L

(ylinder)

0

: (5.20)

Using the notation of setion 4, we an write eq. (5.18) as

�

"losed bosoni"

= �

V

E

2

1

4�

2

�

0

Z

d

2

�

�

2

2

Z

d

24

p

i

(2�)

24

�

h

^

U(1)

24

;p

i

(q) q

�1

��

h

^

U(1)

24

;p

i

(�q) �q

�1

�

:

(5.21)

Finally the modular invariane restrits the integration of the omplex

proper time

R

d

2

�

�

2

2

into the fundamental domain

R

F

d

2

�

�

2

2

.
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In order to evaluate eq. (5.18), we get bak to eq. (5.13) to arry out the

trae. And we obtain

�

losed bosoni

= �

V

E

2(4�

2

�

0

)

13

Z

F

d

2

�

�

2

2

1

�

12

2

j�(�)j

48

; (5.22)

�(�) = q

1

24

1

Y

n=1

(1� q

n

) : (5.23)

The Virasoro harater is de�ned as

�

Vir

(h

i

;)

(q) � tr

h

i
q

L

0

�



24

= q

h

i

�



24

1

X

m=0

d

m

q

m

; (5.24)

where d

m

is the number of degeneraies at level m.

Therefore we an reast � into

� = �

V

E

2

1

4�

2

�

0

T

torus

; (5.25)

T

torus

=

Z

F

d

2

�

�

2

2

Z

d

24

p

i

(2�)

24

�

�

�

�

Vir

(h

i

=

�

0

4

p

i

;=24)

(q)

�

�

�

2

: (5.26)

In the more general ase, one-loop torus partition funtion takes the following

form:

T

torus

=

Z

F

d

2

�

�

2

2

X

i;j

��

Vir

h

i

(�q)X

ij

�

Vir

h

j

(q) : (5.27)

P

i;j

implies generalization of momentum integration and X

ij

denotes some

matrix.

Let us �nally mention that for  = 1 Gaussian model at generi h =

�

0

4

p

2

,

Virasoro harater and U(1) harater are related by

�

Vir

(h;=1)

(q) =

q

h

�(q)

= h

U(1);p

(q)q

�

1

24

: (5.28)

First equality is true at generi h, and seond equality is always true.
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5.2 Fermioni string partition funtion on torus

5.2.1 GSO projetion and spaetime supersymmetry

Now we turn to the fermioni string.

Let us onsider the following trae.

Tr

(NS)

q

L

(NS)

0

; Tr

(R)

q

L

(R)

0

(5.29)

or, after the momentum integration, we are left with the trae over the

osillators

tr

(NS)

q

^

N�

D�2

16

; tr

(R)

q

^

N

: (5.30)

The goal is to �nd a sensible projetion whih make sure of the integer

spaing of the spetrum and this turned out to get rid of the tahyon from

the spetrum. This is alled "Z

2

grading".

Introdue (�)

F

suh that

f(�)

F

;  

i

(�

M

; �)g

+

= 0 (5.31)

is true. Expliitly this is done by

(�)

F

=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

�(�)

D�2

X

i=1

X

r=

1

2

;

3

2

;:::

b

i

�r

b

i

r

(NS)

(+ or�)

9

16

(�)

D�2

X

i=1

1

X

m=1

d

i

�m

d

i

m

(R)

: (5.32)

And then we projet the state spae into Z

2

even states.

H

GSO

=

��

j i

�

�

j i 2 H

NS

�H

R

; (�)

F

j i = j i

		

: (5.33)

In the NS setor, tahyon is projeted out and the lowest is eight dimensional

vetor 8

V

. In the R setor, spinor states 8

S

are kept while onjugate spinor

8

C

is removed, or vie versa.
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Now for D = 10, after this projetion, trae beomes

tr

(NS)

�

1 + (�)

F

2

�

q

^

N�

1

2

=

1

2q

1

2

2

4

1

Y

m=1

 

(1 + q

m�

1

2

)

(1� q

m

)

!

8

�

 

1

Y

m=1

(1� q

m�

1

2

)

(1� q

m

)

!

8

3

5

� f

NS

(q) : (5.34)

Note that (�)

F

reverses the sign of all ontributions with odd number of

fermion osillators.

tr

(R)

�

1 + (�)

F

2

�

q

^

N

= 8

1

Y

m=1

�

1 + q

m

1� q

m

�

8

� f

R

(q) : (5.35)

Now f

NS

(q) = f

R

(q) is true. This is the Jaobi ellipti funtion identity.

1

Y

m=1

(1 + q

m�

1

2

)

8

�

1

Y

m=1

(1� q

m�

1

2

)

8

� 16q

1

2

1

Y

m=1

(1 + q

m

)

8

: (5.36)

Often quoted as

#

4

3

(0) = #

4

2

(0) + #

4

4

(0) : (5.37)

So the spetrum is supersymmetri.

The ground state is 8

V

�8

S

vetor multiplet of D = 10, N = 1 spaetime

supersymmetry.

Now it turns to the losed string. We an just repeat the omputation to

obtain

tr

(�;

~

�)

�

1 + (�)

F

2

�

 

1 + (�)

~

F

2

!

q

L

(ylinder)

0

�q

�

L

(ylinder)

0

= tr

(�)

�

1 + (�)

F

2

�

q

L

(yl)

0

tr

(

~

�)

 

1 + (�)

~

F

2

!

�q

�

L

(yl)

0

; (5.38)

where (�;
~
�) = (NS,

~

NS), (NS,

~

R), (R,

~

NS), (R,

~

R).
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Now

(�)

F

=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

�(�)

D�2

X

i=1

X

r=

1

2

;:::

b
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�r
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i
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(NS)

+

9

16

(�)

D�2

X

i=1

1

X

m=1

d

i

�m

d

i

m

(R) (+ : our onvention)

; (5.39)

(�)

~

F

=

8

>

>

>

>

>

>

>

<
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>
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>

:
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D�2

X
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1

2

;:::

~

b
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~
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i
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~

NS)
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9

16

(�)

D�2

X

i=1

1

X

m=1

~

d

i

�m

~

d

i

m

(

~

R)

type IIB (5.40)
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>

>

>

>
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<

>

>

>

>

>

>

>

:

�(�)

D�2

X

i=1
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r=

1

2

;:::

~
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i

�r

~

b

i
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(
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NS)

�

9

16

(�)

D�2

X

i=1

1

X

m=1

~

d

i

�m

~

d

i

m

(

~

R)

type IIA : (5.41)

� (NS,

~

NS) setor: tahyon is projeted out. So 8

V


 8

V

is the ground

state.

� (R,

~

NS) setor: tahyon is projeted out. Massless states are 8

S


8

V

=

8

C

� 56

S

.

� (NS,

~

R) setor: tahyon is projeted out. Massless spetrum is 8

V




8

S

= 8

C

�56

S

. Therefore this is the same as the spetrum of (R,

~

NS).

Therefore the spetrum is hiral. So this is alled type IIB string.

On the other hand, in the ase of type IIA, the massless spetrum is

8

V


 8

C

= 8

S

� 56

C

. Therefore this ase is non-hiral.

� (R,

~

R) setor: massless type IIB 8

S


 8

S

= 35� 28� 1. Massless type

IIA 8

S


 8

C

= 8

V

� 56

T

.
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So the ground state supermultiplet is

Type IIB: boson

(

(NS;

~

NS) 8

V


 8

V

= 35� 28� 1

(R;

~

R) 8

S


 8

S

= 35� 28� 1

fermion

(

(R;

~

NS) 8

S


 8

V

= 8

C

� 56

S

(NS;

~

R) 8

V


 8

S

= 8

C

� 56

S

(5.42)

Type IIA: boson

(

(NS;

~

NS) 8

V


 8

V

= 35� 28� 1

(R;

~

R) 8

S


 8

C

= 8

V

� 56

T

fermion

(

(R;

~

NS) 8

S


 8

V

= 8

C

� 56

S

(NS;

~

R) 8

V


 8

C

= 8

S

� 56

C

: (5.43)

In both ase, these are the N = 2 supergravity multiplet.

Now type IIB is symmetri under the ip, given by


(�)

F




�1

= (�)

~

F

(5.44)

and


�


�1

= ~� ; 
b


�1

=

~

b ; 
d


�1

=

~

d : (5.45)

So we an make the theory unorientable by projeting the 
 invariant state


jphysi = jphysi. This is type I theory.

Type IIB=
 � Type I : (5.46)

� (NS;

~

NS) setor: 35� 28� 1

28 removed

! 35� 1.

� (R;

~

R) setor: 35� 28� 1

35;1 removed

! 28.

� (R;

~

NS), (NS;

~

R) setor: 8

S


 8

V

= 8

C

� 56

S

. Only one set survives

after 
 projetion.

This is N = 1, D = 10 supergravity multiplet.
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Spaetime anomaly anellation or in�nity anellation implies type I

losed string must be aompanied with open strings. Consisteny requires

the gauge group to be SO(32).

Upshot is

Type I = Type IIB=
 + open string (5.47)

and is unorientable.

5.2.2 modular invariane and fermioni string partition funtion

Reall that

�

losed bosoni

= �

V

E

2(4�

2

�

0

)

13

Z

F

d

2

�

�

2

2

1

�

12

2

1

j�(�)j

48

: (5.48)

We have restrited the domain to be the fundamental region of a torus by

hand. The reason is that the integrand is invariant under the modular group

of a torus.

� !

a� + b

� + d

 

a b

 d

!

2 SL(2;Z) (5.49)

whih is generated by

T : � ! � + 1 and S : � ! �

1

�

=

���

j� j

2

: (5.50)

In fat,

T : �(�)! �(� + 1) = e
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�(�)

S : d� ! d
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=
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d�

Im� ! Im
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=

Im�
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d�d��

(Im�)

2

!

d�d�� j� j

4

j� j

4

(Im�)

2

=

d�d��

(Im�)

2

d

2

�

�

2

=

2Im d�d��

(Im�)

2

is invariant

�(�)! �

�

�

1

�

�

=

p

�i� �(�) : (5.51)
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Therefore (Im�)

1

2

j�(�)j

2

is invariant under the modular group.

More generially, �, it is a torus partition funtion and at the same time

the free energy, is given by

� = �

V

E

2

1

4�

2

�

0

T

torus

(5.52)

and

T

torus

=

Z

F

d

2

�

�

2

2

X

i;j

��

Vir

h

i

(�q)X

ij

�

Vir

h

j

(q) : (5.53)

In the general form eq. (5.53), the integrand is not guaranteed to be mod-

ular invariant. In the ontext of superstrings, the projetion into modular

invariant integrand is alled GSO projetion [37℄.

Let us give the de�nition of the Jaobi theta funtion by the Gaussian

sums:

#

h

�

�

i

(zj�) =

X

n

q

1

2

(n+�)

2

e

2�i(n+�)(z+�)

: (5.54)

It an be written also in terms of the in�nite produts
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= e

2�i�(z+�)

q
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1
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)(1 + q

n+��

1
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e
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n���
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2

e

�2�i(z+�)

) :

(5.55)

The behavior under T and S as follows:

#
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�

i

(zj� + 1)= e

�i��(��1)

#

h
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�+��

1

2

i
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Now
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2
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(0j�) = �q

�
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Y

n=1

(1� q

n

)(1� q
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)(1� q
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) = 0 : (5.57)
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A few di�erent notations have been used for instane
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2
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0
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: (5.58)

What is of diret relevane to superstring vauum amplitudes are the

following expressions.
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: (5.59)
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Let us de�ne O, V , S, C:

O
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�
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�
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�
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1

2
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2

i
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: (5.60)

They are regarded as the SO(8) level 1 urrent algebra haraters

\

SO(8)

1

as-

soiated with the four integral representations with eight independent Majorana-

Weyl fermions. This is generalized to
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SO(N)
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: (5.61)
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=
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: (5.62)

\

SO(2n+ 1)

1
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S

2n+1

= C

2n+1

=

h

1
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i
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1

2

(0)

p
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n+

1

2

= h

\

SO(2n+1)

1

;ŵ

n

: (5.63)
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T and S ating on the four haraters are represented as the matries

2

T = e

�

in�

12

diag

�

1;�1; e

in�

4

; e

in�

4

�

; S =

1

2

0

B

B

B

B

�

1 1 1 1

1 1 �1 �1

1�1 i

�n

�i

�n

1�1�i

�n

�i

�n

1

C

C

C

C

A

: (5.64)

In the n = 4 ase,

T = e

�

�i

3

diag(1;�1;�1;�1) ; S =

1

2

0

B

B

B

B

�

1 1 1 1

1 1 �1�1

1�1 1 �1

1�1�1�1

1

C

C

C

C

A

: (5.65)

The ation of T on a Dedekind eta funtion is given by

T : �

8

! e

2

3

�i

�

8

: (5.66)

Basi building bloks are given by

�

O

8

�

2

2

�

8

;

V

8

�

2

2

�

8

;

S

8

�

2

2

�

8

;

C

8

�

2

2

�
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�

T

� �

losed; 10d at; NSR

: (5.67)

Using eqs. (5.65) and (5.66), ation of T on the �

losed; 10d at; NSR

is repre-

sented as

diag(�1; 1; 1; 1) : (5.68)

The orresponding torus amplitude for more general superstring models

is given by

�

losed, 10d at superstring

=�
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E

2(4�
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)
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F

d

2

�

�

2

2

X

i;j

��

i

X

ij

�

j

��

V

E

2(4�

2

�

0

)

5

Z

F

d

2

�

�

2

2

��X� ; (5.69)

where X

ij

is a generalized GSO projetion.

2

See also appendix D.
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� onstraints of modular invariane is written as

(

S

y

XS = X

T

y

XT = X

: (5.70)

� other physial onstraints are

{ the theory must ontain massless graviton.

{ by spin-statistis, boson and fermions ontribute to eq. (5.69)

with the opposite signs.

We will just list obvious possibilities
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5.3 Klein bottle, annulus, m�obius strip

5.3.1 bosoni string partition funtion

Let's get bak to the at 26 dimensional oriented losed bosoni string. Reall

that the torus free energy reads
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In the expansion of
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24q and 24�q disappear after �

1

integration due to the level mathing on-

dition. Therefore after ground state, �rst exited states are massless states

and number of massless states are 24

2

.

Now let's disuss how to build the state spae of the unoriented losed

string. Namely, the losed string ounterpart of the omputation of eq.

(5.74). De�nition of unoriented losed string is to projet onto 
 invariant

states 
jphysi = jphysi given by
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: (5.75)

Therefore a free energy for losed bosoni unoriented at 26 dimensional

string �

losed

bosoni
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2
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And j�j

KB

is represented (projeted trae is omputed in the following way)
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So we onlude that j�j

KB

is obtained from j�j

T

(not j�j

2

T

) by replaing �

by 2i�

2

and jqj by jqj

2

. So the K is no longer modular invariant. Conrete

expression j�j

KB

is given by
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And then to ompute the multipliitys of the states of unoriented losed

string
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is relevant. From that we onlude that #(massless states) =

1

2
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+

1

2
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1

2

24(24 + 1) =

25 � 24

2

.

Now the open string will at as a sort of "twisted" setor to 
 projetion.

But no invariane priniple suh as modular invariane. We go bak to the

light-one Hmiltonian of the open bosoni string and the vauum energy of

the orresponding quantum �eld theory.

Next, we onsider the open string setor. First, we go bak to the torus

partition funtion and adapt it to the open string. Reall
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l

= 0; 25 and do the Gaussian integration. Then we get
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Using these, we an alulate
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To summarize,
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and

�

Vir

(�

0

p

i

2

=24)A

(

p

jqj) �N

2

=Tr

p

i
(

p

jqj)

L

yl

0

�N

2

=

N

2

�

�

�

i

2

�

2

��

24

e

�tp

i

2

=N

2

(

p

jqj)

�1

(1 + 24

p

jqj+ � � � )e

�tp

i

2

: (5.91)

To make it unoriented, replae �
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and � = �1. Reall 
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Therefore, in the open string setor we an see

#(massless states) = 24
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: (5.101)

� takes +1 for SO(N) and �1 for Sp(N).

62



Grauge group

� = +1 SO(N)

� = �1 Sp(N)

We summarize the modular parameters as the table below.
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5.3.2 fermioni string partition funtion

To onstrut an unoriented string, namely the type I superstring , one �rst
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By the similar proedure, the vauum amplitude of the open string setor
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for the osillator part. These replaements K : � ! 2i�

2

, A : � !

i

2

�

2

,

M : � !

i

2

�
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are understood both by the twist projetion in the operator

formalism and by the worldsheet involutions of the worldsheet path integrals

with torus as the double of the respetive open Riemann surfaes.

Finally, the infrared stability seen as the anellation of the massless poles

in �

I
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+�

I
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in the transverse hannel (or equivalently the

anellation of dilaton tadpoles [32, 38, 39, 40, 41, 42℄ or in�nity anellation

[43, 32℄) selets pf = 2

5

= 32, � = �1 and the gauge group SO(32) [44℄.
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6.1 Cirle ompati�ation

6.1.1 bosoni string

Take a bosoni losed string still light-one. Suppose that we ompatify

24th dimension on a irle of radius R.
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where ŵ represents winding. Now
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The ondition of the irle ompati�ation
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So the general lattie vetor is

 

h

�

h

!

=

`

a

1

p

2

 

1

�1

!

+ma

1

p

2

 

1

1

!

: (6.13)

What is radius a independent is

h

2

�

�

h

2

=(h;

�

h)

 

1 0

0�1

! 

h

�

h

!

=

1

2

� 2`m � 2 = 2`m : (6.14)

This an be regarded as a Lorentz invariant of a two-dimensional Minkowski

spae with signature (1;�1).

At a = 1 (R =

p

�

0

), the lattie is generated by the two lattie vetors

1

p

2

 

1

�1

!

,

1

p

2

 

1

1

!

whih are light like:

�

1

p

2

�

1

p

2

�

 

1 0

0�1

! 

1

p

2

�

1

p

2

!

= 0 : (6.15)
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For a general radius, boost with rapidity y = log a is

�

R

= aZ

1

p

2

 

1

1

!

�

1

a

Z

1

p

2

 

1

�1

!

=Lorentz boost of �

1;1

; (6.16)

where

�

1;1

= Z

1

p

2

 

1

1

!

� Z

1

p

2

 

1

�1

!

: (6.17)

Using these, we an redue eq. (6.9) to

3

��

=1

Vir

(�q)�

=1

Vir

(q) =

1

p

�

2

j�(q)j

2

a

p

�

2

X

`;m2Z

(q)

1

4

(ma+

`

a

)

2

(�q)

1

4

(ma�

`

a

)

2

: (6.18)

6.1.2 fermioni string

Let's �rst go over the GSO projetion one again and go to the S-S om-

pati�ation.

Reall

�

IIB;at

= �

V

E

2

1

(4�

2

�

0

)

5

T ; (6.19)

where

T =

Z

F

d

2

�

�

2

2

X

i;j

��

Vir

h

i

(�q)X

ij

�

Vir

h

j

(q) : (6.20)

The momentum integration has been done 8 times.

Let us �rst perform the irle ompati�ation to IIB superstring

(��X�)

IIB

= jV

8

� S

8

j

2

1

�

4

2

j�j

16

: (6.21)

In our notation, Virasoro haraters are as follows:

O

8

1

�

8

= Tr

NS

1�(�)

^

F

2

q

L

(ylinder)

0

V

8

1

�

8

= Tr
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1+(�)

^

F

2

q

L

(ylinder)

0

)

=

q

�

1

2

2

Q

1

n=1

(1 + q

n�

1

2

)

8

�

Q

1

n=1

(1� q

n�

1

2

)

8

Q

1

n=1

(1� q

n

)

8

(6.22)

3

See the next subsubsetion for the oeÆient a

p

�

2

.
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S

8

1

�

8
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R

1+(�)

^

F

2

q

L

(ylinder)

0

C

8
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1�(�)
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2

q
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= 8

Q

1
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n

)

8

Q

1

n=1

(1� q

n

)

8

: (6.23)

Note that

1

�

8

represents bosoni ontribution with normal ordering oeÆient

inluded, and Tr

R

(�)

^

F

2

q

L

(ylinder)

0

makes no ontribution in this ase. Reall

eah integration ontributes

Z

dp
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e

�tp

2

=

�

1

4�t

�

1=2

t

�

0

=��

2

=

1

p

4�

2

�

0

�

2

: (6.24)

The irle ompati�ation eliminates

1

p

4�

2

�

0

�

2

and replae it by the lattie

sum of the momentum and the winding number. Therefore

�

IIB;S

1

= �

V

E

2

1

(4�

2

�

0

)

10

2

J

S

1

;IIB

; (6.25)

where

J

S

1

;IIB

=

Z

F

d

2

�

�

2

2

(��X�)

S

1

IIB

; (6.26)

(��X�)

S

1

IIB

= jV

8

� S

8

j
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p
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�
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�
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1

�

4

2

j�j

16

1

2�R
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`;m2Z
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4

(ma+

`
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)

2
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`

a

)

2

� jV

8

� S

8

j

2

1

�

4

2

j�j

16

F

2

(a; �) ; (6.27)

F

2

(a; �) � a

p

�

2

X

`;m2Z

q

1

4

(ma+

`

a

)

2

�q

1

4

(ma�

`

a

)

2

(6.28)

and a �

p

�

0

R

(see also appendix E). Note that

1

2�R

=

�m

2�R

!

dp

2�

in the

ontinuous limit.

6.2 Z

2

orbifold of a irle ompati�ation

Reall the irle ompati�ation, X

24

(z; �z) � X, fousing on �

24

(z) � �

and ~�

24

(�z) � ~�:

J

"=1";S

1

�

Z

F

d

2

�

�

2

2

(��X�)

=1;S

1

(q; �q) ; (6.29)
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where

(��X�)

=1;S

1

(q; �q)=Tr

�(R)

q

L

(yl)

0

�q

�

L

(yl)

0

=
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p

�

2

j�(q)j

2
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p

�

2

X

(�;~�)2�

(1;1)

(R)

q
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2

�
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�q
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2

��

2

; (6.30)

� : eigenvalue of �

0

�� : eigenvalue of ~�

0

; (6.31)

�

(1;1)

(R) = Lorentz boost of �

(1;1)

(6.32)

and

L

(yl)
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=

1

2

X

n2Z

: �
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n
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1

24

�

L

(yl)

0

=

1

2

X

n2Z
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�n
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n

: �

1

24

: (6.33)

Reall

^

X(z; �z)=X � i

r

�

0

2

(� + ~�)� +

r

�

0

2

(�� ~�)� + i

r

�

0
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X

n 6=0

�

i

n
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n

+

X

n 6=0
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i

n
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n

!

=

^

X � i�

0

p̂� + �

0

�ŵ + i

r

�

0

2

 

X

n 6=0

�

i

n

z

�n

n

+

X

n 6=0

~�

i

n

�z

�n

n

!

; (6.34)

where

eigenvalue of p̂ :

m

R

; m 2 Z

eigenvalue of ŵ :

`R

�

0

; ` 2 Z : (6.35)

Using these, we an obtain (see subsubsetion 6.1.1)

(

� =

1

p

2

�

`

a

+ma

�

�� =

1

p

2

�

�

`

a

+ma

�

; a =

p

�

0

R

: (6.36)
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Note X(z; �z) is an angle variable.

Now we would like to onsider Z

2

projetion

Z

2

: X(z; �z)! �X(z; �z) : (6.37)

Namely, we will introdue the operator

Figure 7:

^

Z

2

suh that

^

Z

2

^

X

^

Z

2

= �

^

X;

^

Z

2

2

= 1 (6.38)

i:e: f

^

Z

2

;

^

Xg

+

= 0 : (6.39)

Therefore

[

^

Z

2

; L

(yl)

0

℄ = [

^

Z

2

;

�

L

(yl)

0

℄ = 0 : (6.40)

The diagonalization need not be hanged.

(��X�) on the Z

2

orbifold of the irle ompati�ation onsists of the

two setors:

(��X�)

=1;S

1

;orb

(q; �q) = (��X�)

orb

untwisted

(q; �q) + (��X�)

orb

twisted

(q; �q) : (6.41)

6.2.1 untwisted setor

The mode expansion is unhanged in the untwisted setor. (��X�) in this

setor an be written as

(��X�)

orb

untwisted

=

1

2

Tr

�(R)

(1 +

^

Z

2

)q

L

(yl)

0

�q

�

L

(yl)

0

: (6.42)

Supposed

^

Z

2

ation on the zero mode j
i as

^

Z

2

j
i = j
i ; (6.43)
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^

Z

2

jm; `i = j �m;�`i (6.44)

(therefore f

^

Z

2

; �gjm; `i = f

^

Z

2

; ~�gjm; `i = 0). The state spae projeted is

H

untwisted

= H

(+)

untwisted

�H

(�)

untwisted

; (6.45)

where

H
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untwisted

=
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�
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i

~�

�n

j
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p
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2
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(6.46)

and
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=
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Y
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�

�m
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j

j0i; #(i + j) 2 2Z+ 1
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p

2
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2
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: (6.47)

In alulation
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(6.48)

but

^

Z

2

j0; 0i = j0; 0i : (6.49)

Taking trae, we obtain

Tr

 

1 0

0�1

!

= 0 : (6.50)
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Then the lattie sum anels exept the j0; 0i ontribution. Therefore
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n=1
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Note
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Now we an write (��X�)

(0;

1

2

)
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: (6.55)

6.2.2 twisted setor

In the twisted setor, we impose

X(�; � + 2�) =

�

^

Z

2

X(�; �)

^

Z

2

�

+ 2�`R = �X(�; �) + 2�`R : (6.56)
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The mode expansion is
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: (6.57)

Substituting into (6.56), we obtain

2

^

X

0

� 2i�

0

p̂� + 2�

0
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+ i

r

�

0

2

 

X

r 6=0

�

r

(ze

2�i

)

�r

r

+

X

r 6=0

~�

r

(�ze

�2�i

)

�r

r

+

X

r 6=0

�

r

z

�r

r

+

X

r 6=0

~�

r

�z

�r

r

!

=2�R : (6.58)

We onlude

r 2 Z + 1=2 ; eigenvalues of p̂ and ŵ are 0 (6.59)

(0 � eigenvalue of

^

X

0

� �R is

2�R

2

) 0; �R). The string in the twisted

setor must line in the �xed points. Hene there are two states in the oordi-

nate representation: ffjX

0

= 0i; jX

0

= 2�Rigg. Calulation of the normal
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where, using eqs. (6.53) and (6.54),
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6.2.3 summary

The �nal answer is
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We an easily see that
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; (6.67)

and then eq. (6.66) is modular invariant.

6.3 IIB strings on T

4

=Z

2

orbifold

Now we onsider T

4

(= (S

1

)

4

)=Z

2

ompati�ation.

6.3.1 bosoni ase

The bosoni part is just a generalization of S

1

=Z

2

ase. Namely,

ffX

i

gg = ffX

~

i
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i = 1; 2; 3; 4; ` = 5; 6; 7; 8 (6.68)
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Then
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=
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For the bosoni part,
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Note that 2

4

= 16 in eq. (6.72) derives from the number of �xed points of

T
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the modular invariane of
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2

bosoni

= (��X�)
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2

untwisted; bosoni

+ (��X�)
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2
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(6.74)

is preserved.
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6.3.2 fermioni ase

Now let's turn to the worldsheet fermions.
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This provides SO(4)

~

i part
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Now let's onsider the Z

2

ation of the worldsheet fermions  

`

, ` =

5; 6; 7; 8. By worldsheet supersymmetry, we must have
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in NS setor. As for R setor,
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Therefore

^

Z

2

= 

5

16 `

(�)

1

X

m=1

X

`

d

`

�m

d

`

m

: (6.82)

So in this setor,
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We an write the 1 inserted part in the untwisted setor as
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In order to proeed to the twisted setor, we reall that
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So the twisted setor with 1 insertion gets fator jQ
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So the twisted setor with
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Part II

Path integral method: bosoni

and fermioni amplitudes

7 Bosoni string partition funtion

Here we set as follows:

� work in the Eulidean signature both for the worldsheet and spaetime.

� deal only with a losed bosoni string for a while.

String perturbation theory + path integrals read
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; (7.1)

where M is the worldsheet swept out by the string and [vol:(Di�(M))℄ is the

volume of the group of the di�eomorphism. The Eulidean ation is
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where B is a ounter term. B should be tuned so that the renormalized

e�etive ation has onformal invariane.

7.1 DX
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In the �nite dimension ase, N dimensional Riemannian spae with metri
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B
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The volume element is

1
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We want to onstrut an in�nite dimensional analog of this.
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Then we an tune B, albeit being divergent suh that
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Using this,
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7.2 Dg

mn

Proeed to Dg

mn

in the same spirits. We onsider

M=spae of metries on M

= ffg

mn

(�)jg

mn

(�) is a metri on Mgg : (7.9)
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A natural metri on M is
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where u is arbitrary and
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is the projetor onto the spae of symmetri traeless tensors. We an write

any metri variation as
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Thus we onlude
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We must ount eah deformation one and for all.
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where P

1

is the operator whih maps a vetor to a symmetri traeless rank
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2 tensor. One would think
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Two athes

1. Are all Æh
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?
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and then we an write
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This is the answer to 1.

Next we onsider 2.
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This an be written as
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: (7.23)

This is alled onformal Killing equation, where Æv is a onformal Killing ve-

tor (CKV). (7.23) means a di�eomorphism generated by CKV Æv is equivalent

to a Weyl resaling. This implies doubly ounting. We omit this in di�eomor-

phism. Then we onlude that

�

detP

y

1

P

1

�

1

2

should have been

�

det

0

P

y

1

P

1

�

1

2

.

Figure 8:

This is the appliation of the Atiyah-Singer index theorem.

The Riemann-Roh

dim kerP

1

� dim kerP

y

1

= 3�(M) : (7.24)

The left hand side represents analyti side, while the right hand side does

topologial side.

Summary (�gure 8):

1. extra integrations whih belong to kerP

y

1

; Theihm�uller deformation.

2. [Dv℄ is from (kerP

1

)

?

only.
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So far, we have

Z =

1

X

h=0

�

h

Z

[D�℄

Y

i

dt

i

vol(Di�

?

0

)vol(Di�

0

)

vol(Di�

0

)vol(Di�)

�J [det

0

P

y

1

P

1

℄

1

2

�

2�

R

d

2

�

p

g

det

0

�

g

�

�

D

2

(spaetime vol:) ; (7.25)

where

Y

i

dt

i

represents integration over Teihm�uller deformation and J is

Jaobian to orretly ount the volume of Teihm�uller deformation. Here

vol(Di�

?

0

)

vol(Di�

0

)

=

1

vol(CKV)

: (7.26)

Zero indiates onneted omponent and

Di�(M)

Di�

0

(M)

� �

0

(Di�(M)) = mapping lass group = (MCG)

h

: (7.27)

Therefore

vol(Di�)

vol(Di�

0

)

= # of distint path onneted omponents of Di�eo: group :

(7.28)

We will use following:

Fat

For any metri g

mn

on M, 9 a unique � suh that

g

mn

(�)= e

�(�)

ĝ

mn

(�)

R

ĝ

=onst =

8

>

>

<

>

>

:

1 h = 0

0 h = 1

�1 h � 2

: (7.29)

There exists a global "slie" for the ation of the Weyl groups (Figure 9),

whih is

^

M� ffĝ

mn

(�)jĝ

mn

on M; R

ĝ

= onstgg : (7.30)
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Teihm�uller spae is de�ned by

Teihm�uller spae with genus h �

^

M=Di�

0

(M) � T

h

(7.31)

and Moduli spae is de�ned by

Moduli spae with h �

^

M=Di�(M) � (moduli)

h

= T

h

=(MCG)

h

: (7.32)

Figure 9:

Therefore

fftangent vetors at ĝ on

^

Mgg = ffr

m

Æv

n

+r

n

Æv

m

gg � kerP

y

1

: (7.33)

Hene

fftangent vetors at ĝ on (moduli)

h

gg = kerP

y

1

: (7.34)

Let's start over

Æg

mn

(�) = Æ�(�)g

mn

(�) + Æ`

mn

(�) +

X

i

Æ

i

�

(i)

mn

; (7.35)

where

Æ`

mn

(�) 2 ImP

1

: (7.36)
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ff�

(i)

mn

gg is a set of basis vetor in kerP

y

1

. h�

(i)

j�

(j)

i is de�ned through

h�

(i)

j�

(j)

i

g

�

Z

p

gG

mnpq

�

(i)

mn

�

(j)

pq

: (7.37)

Therefore

[Dg

mn

℄ = [D�℄[D`

mn

℄

Y

i

d

i

q

deth�

(i)

j�

(j)

i : (7.38)

On

^

M, we make a gauge slie

^

S transverse to the orbit of di�eomorphism.

Let

ĝ = (ation of Di�

0

)ĝ

0

; ĝ

0

2

^

S ; (7.39)

g = e

�

(ation of Di�

0

)ĝ

0

: (7.40)

Clearly

^

S =

^

M=Di�

0

(M) = T

n

= parametrized by �

i

: (7.41)

In�nitesimal deformation of eq. (7.40) is

Æg

mn

(�)= Æ�g

mn

+ (r

m

Æv

n

+r

n

Æv

m

) +

X

i

�g

mn

��

i

Æ�

i

= Æ�(�)e

�(�)

ĝ

mn

(�; �

i

) +r

m

Æv

n

+r

n

Æv

m

+

X

i

e

�(�)

�ĝ

mn

(�; �

i

)

��

i

Æ�

i

;

(7.42)

where r

m

indiates ovariant derivative. Compare (7.35) = (7.42),

0

B

B

�

Æ�(�)

Æ`

mn

(�)

Æ

i

1

C

C

A

=

0

B

B

�

1 � �

0P

1

�

0 0 M

i

j

1

C

C

A

0

B

B

�

Æ�(�)

Æv

m

(�)

Æ�

j

1

C

C

A

; (7.43)

where M

i

j

is a matrix suh that

X

i

h�

(`)

j�

(i)

iÆ

i

=

X

j

h�

(`)

je

�

�ĝ(�)

��

j

iÆ�

j

(7.44)

X

i

h�

(`)

j�

(i)

iM

i

j

=

X

j

h�

(`)

je

�

�ĝ(�)

��

j

i : (7.45)
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Therefore

Y

i

Æ

i

=detM

i

j

Y

i

Æ�

i

=det

�

h�

(`)

je

�

�ĝ(�)

��

i

�

�

det

�

h�

(`)

j�

(i)

i

��

�1

Y

i

d�

i

: (7.46)

Finally

[Dg

mn

℄

= [D�℄[Dv

?

m

(�)℄det

0

(P

y

1

P

1

)

1

2

g

Y

i

d�

i

deth�

(`)

je

�

�ĝ(�)

��

j

i

g

�

det

�

h�

(`)

j�

(i)

i

��

�1

g

:

(7.47)

7.3 Summary

The previous formula for Z is re�ned to be

Z =

1

X

h=0

�

h

Z

T

h

1

vol(CKV)

Q

d�

i

jjMCGjj

Z

[D�℄

�

deth�

(`)

je

�

�ĝ

��

j

i

g

�

�

 

det

0

(P

y

1

P

1

)

deth�

(`)

j�

(`)

i

!

1

2

g

�

2�

R

M

d

2

�

p

g

det

0

�

g

�

�

D

2

(spaetime volume)

=

1

X

h=0

�

h

Z

(moduli)

h

Q

d�

i

vol(CKV)

Z

[D�℄

�

deth�

(`)

je

�

�ĝ

��

j

i

g

�

�

 

det

0

(P

y

1

P

1

)

deth�

(`)

j�

(i)

i

!

1

2

g

�

2�

R

M

d

2

�

p

g

det

0

�

g

�

�

D

2

(spaetime volume) :

(7.48)

7.4 Example: torus

We set D = 26 and look at Z

h=1

.
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Reall eq. (7.24), dim kerP

y

1

= 2, dim kerP

1

= 2. Using eq. (7.48),

Z

h=1

=(spaetime vol:)

Z

(moduli)

h=1

d(WP)

h=1

1

vol(kerP

1

)

�(det

0

P

y

1

P

1

)

1

2

�

2�

R

M

d

2

�

p

g

det

0

�

ĝ

�

�

D

2

; (7.49)

where

d(WP)

h=1

=

deth�

(`)

j

�ĝ(�)

��

j

i

ĝ

deth�

(`)

j�

(i)

i

1

2

ĝ

Y

i=1;2

d�

i

: (7.50)

Reall that for any metri g

mn

, 9� suh that

g

mn

= e

�

ĝ

mn

(7.51)

R

ĝ

= onst: (7.52)

Gauss-Bonnet theorem states �(M) =

1

4�

R

M

d

2

�

p

ĝR

ĝ

= 2 � 2h � b. When

we set h = 1, b = 0,

R

ĝ

1

4�

Z

M

d

2

�

p

ĝ = 0 (7.53)

Therefore

R

ĝ

= 0 (7.54)

and we an hoose

R

M

d

2

�

p

ĝ = onst = 1 for example.

We parametrize the torus by 0 � �

1

� 1, 0 � �

2

� 1 (Figure 10). The

line element is written as

ds

2

= ĝ

mn

d�

m

d�

n

=dzd�z ; (7.55)

where z = Re z + i Im z. Range of Re z or Im z is not [0; 1℄. Let

Im z= �

2

�

2

; Im z > 0

Re z= �

1

+ �

1

�

2

: (7.56)
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Then

ds

2

= jd�

1

+ �

1

d�

2

+ i�

2

d�

2

j

2

= jd�

1

+ �d�

2

j

2

; (7.57)

where � = �

1

+ i�

2

(Figure 11). Now the metri an be written as

ĝ

mn

=

"

1 �

1

�

1

�

2

1

+ �

2

2

#

(7.58)

and

R

M

d�

2

p

ĝ = �

2

. Note, in D = 26,

R

M

d�

2

p

ĝ = �

2

and = 1 will make no

Figure 10: Figure 11:

di�erene beause of Weyl invariane but D 6= 26 not lear.

Let's �rst get a onrete expression for d(WP)

h=1

, vol(ker

^

P

1

). Reall

�

(`)

mn

2 ker

^

P

y

1

. We know ` = 1; 2. In the omplex basis

P

y

1

=

 

�r

z(+2)

0

0 �r

(�2)

z

! 

�

zz

�

zz

!

= 0 ; (7.59)

where

r

z

=

�

�z

; r

z

= g

z�z

r

�z

= 2

�

��z

: (7.60)

Therefore

�

zz

is a funtion of z only

�

zz

is a funtion of �z only :
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They must be periodi too. These mean �

zz

, �

�z�z

are both onstant, and

�

z�z

= 0. ĝ

mn

is de�ned by the inverse of ĝ

mn

:

ĝ

mn

=

1

�

2

2

"

�

2

1

+ �

2

2

��

1

��

1

1

#

: (7.61)

By invariane argument alone, we an onlude

�

(`)

mn

=

�

��

(`)

ĝ

mn

�

1

2

ĝ

mn

ĝ

pq

�ĝ

pq

��

(`)

: (7.62)

Therefore

�

(1)

mn

=

"

0 1

1 2�

1

#
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(2)

mn

= �

1

�

2

"

1 �

1

�

1

�

2

1

� �

2

2

#

: (7.63)

From

h�

(`)

j�

(`

0

)

i

ĝ

=

Z

d

2

�

p

ĝG

abd

ĝ

�

(`)

ab

�

(`

0

)

d

=

Z

d

2

�

p

ĝĝ

pm

ĝ

nq

�

(`)

mn

�

(`

0

)

qp

; (7.64)

h�

(1)

j�

(1)

i = h�

(2)

j�

(2)

i =

2

�

2

; h�

(1)

j�

(2)

i = 0 : (7.65)

Hene

deth�

(`)

j�

(j)

i

ĝ

=

4

�

2

2

; (7.66)

while, from

�

�

(`)

j

�

��

(`

0

)

ĝ

�

=

Z

d

2

�

p

ĝG

mnpq

�

(`)

mn

�

��

(`

0

)

ĝ

pq

= h�

(`)

j�

(`

0

)

i ; (7.67)

det

�

�

(`)

j

�

��

(`

0

)

ĝ

�

=

4

�

2

2

: (7.68)

Next we onsider vol(kerP

1

). Again in the omplex basis

P

1

=

 

r

(+1)

z

0

0 r

z(�1)

!

: (7.69)
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We an take

~

�

(1)m

=

 

1

0

!

;

~

�

(2)m

=

 

0

1

!

(7.70)

as

~

�

(`)m

2 kerP

1

, ` = 1; 2. Using these,

deth

~

�

(`)
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(`

0
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i=det
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p

ĝĝ
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~
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(7.71)

and then

vol(kerP

1

) =

q
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~

�

(`)

j

~

�

(`

0

)

i = �

2

2

: (7.72)

Now we evaluate the determinant:
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y

1
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1

)Æv

m
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n
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1

Æv)
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p

Æv

p

)
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n

Æv

m

= 2�

ĝ
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m

: (7.73)

Therefore

�

det
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P

y

1
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1

2

= det

0

(2�

ĝ

) : (7.74)

We just quote the result for det

0

�

ĝ

:

det

0

�

ĝ

= �

2

2

j�(�)j

4

: (7.75)

Therefore

Z
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= (spaetime volume)

Z
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Y
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i

4
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2

2
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�

D

2

= (vol:)

Z
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2

Q

i
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i

(2�)�

2

2

(det2)(2��

2

j�(�)j

4

)

�

(

D�2

2

)

: (7.76)
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Finally, we disuss the integration region of d

2

� . Again, Teihm�uller spae

is written as

T

h=1

=genus 1 Teihm�ullar spae

= f� = �

1

+ i�

2

jIm� � 0g = UHP : (7.77)

The onsider

�

1

! �

10

= ��

1

+ ��

2

�

2

! �

20

= �

1

+ Æ�

2

or

�

1

= ��

10

� ��

20

�

2

= ��

10

+ Æ�

20

(7.78)

maintain periodiity. Then �; �; ; Æ must be integer. Now that

R

M

d

2

�

p

ĝ =

the same onstant as before, �Æ � � = 1. Then

jd�

1

+ �d�

2

j

2

= jÆ � �j

2

�

�

�

�

d�

10

+

�
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�� + Æ

�

d�

20

�

�

�

�

2

: (7.79)

This motivates a transformation

�

0

=

�� � �

�� + Æ

: (7.80)

Let

SL(2;Z)=

( 

� ��

� Æ

!

�

�

�

�

�

�; �; ; Æ 2 Z; �Æ � � = 1

)

:

This is an genus one MCG

= (MCG)

h=1

: (7.81)

Note that the ation of

SL(2;R) =

( 

� ��

� Æ

!

�

�

�

�

�

�; �; ; Æ 2 R; �Æ � � = 1

)

(7.82)

on T

h=1

preserves the boundary Im � = 0, i.e. real line ! real line. So the

T

h=1

is "stable" under SL(2;R). But it is not "faithful" as

 

�1 0

0 �1

!

ats

trivially on T

h=1

:

(�1)� � 0

�0 � � + (�1)

= � : (7.83)
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The group PSL(2;R) � SL(2;R)=ff�1

2

gg ats faithfully on T

h=1

. The

elements of SL(2;Z) whih are in PSL(2;R) form a group

PSL(2;Z)�SL(2;Z)=ff�1

2

gg

� the modular group : (7.84)

Let

T =

 

1 1

0 1

!

or � ! �

0

= � + 1 ; (7.85)

S =

 

0�1

1 0

!

or � ! �

0

= �

1

�

; (7.86)

and

F =

�

�

�

�

�

�

�

2

� 0; j� j � 1;�

1

2

� �

1

�

1

2

�

(7.87)

as in �gure 12.

Figure 12:

Fats

i) PSL(2;Z) is generated by S, T .

ii) for 8� 2 T

h=1

, 9g 2 PSL(2;Z) suh that g� 2 F .

iii) g� = � , � 2 F has the solution g = 1

2

exept fot the ases � = A; i; B.
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ii), iii) � F is a fundamental region of the PSL(2;Z). Therefore

(moduli)

h=1

=T

h=1

=SL(2;Z) = T

h=1

=(PSL(2;Z)) � ff�1

2

gg

=F=ff�1

2

gg : (7.88)

So this �nal formula is attained by

Z

(moduli)

d�

1

d�

2

� � � =

1

2

Z

F

d�

1

d�

2

� � � : (7.89)

The �nal formula

Z

h=1

= (volume)

Z

F

d�

1

d�

2

(2�)�

2

2

(det 2)

�

2��

2

j�(�)j

4

�

�12

(7.90)

an be understood as oming from olletion of free partile one loop dia-

grams. The �

2

is understood as a "proper time". UV divergene orrespond

to 1 at �

2

! 0 but in eq. (7.90) it is ut o�. The in�nity at �

2

!1 is IR

and related to the presene of tahyon in the spetrum.

8 Fermioni string partition funtion

Variables are

�

�

M

;  

Maj �

M

; (8.1)

where �

a

m

is a Rarita-Shwinger �led. The zwei bein e

m

a

and the metri

g

mn

are related by

g

mn

= e

m

a

e

n

b

Æ

ab

: (8.2)

We use following indies:

M : 10d vetor

� : 2d spinor

m : 2d Einstein

a : 2d loal Lorentz : (8.3)
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Note that �; a are Eulidean indies. The ation an be written as
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b

 

Maj

M

)

�

;

(8.4)

where

�

a

= e

a

m

�

m

(8.5)

�

b

= e

b

m

�

m

(8.6)

r

a

= e

a

m

(�

m

� !

m

1

2



5

) (8.7)

!

m

= e

m

a

"

pq

�

p

e

q

b

Æ

ab

: (8.8)

The partition funtion we want to ompute is

Z =

X

topology

X

spin struture

Z

De

m

a


(D)
(W)
(L)

Z

D�

m

a


(S)
(SW)

Z

DX

M

D 

Maj

M

e

�S

;

(8.9)

where


(D) : volume of 2d di�eo:


(W) : volume of 2dWeyl


(L) : volume of 2d loal Lorentz


(S) : volume of 2d susy


(SW) : volume of 2d super Weyl : (8.10)

There are following symmetries:

(1) 2d di�eomorphism

Æe

m

a

= Æ�

n

�

n

e

m

a

+ e

n

a

�

m

�

n

(8.11)

Æ�

m

= Æ�

n

�

n

�

m

+ �

n

�

m

�

n

(8.12)

ÆX

M

= Æ�

n

�

n

X

M

(8.13)

Æ 

Maj

M

= Æ�

n

�

n

 

Maj

M

: (8.14)
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Using this,

Æ(g

mn

) = Æ(e

m

a

e

na

)

(8:11)

= Æ�

m;n

+ Æ�

n;m

; (8.15)

where ";" indiates the ovariant derivative.

(2) Weyl transformation

Æe

m

a

=�e

m

a

(Æg

mn

= 2�g

mn

; Æe

a

m

= ��e

a

m

) (8.16)

Æ�

m

=

1

2

��

m

(Æ�

a

= �

1

2

��

a

) (8.17)

ÆX

M

=0 (8.18)

Æ 

Maj

M

=�

1

2

� 

Maj

M

: (8.19)

(3) loal Lorentz transformation

Æe

m

a

= `"

ab

e

m

b

(8.20)

Æ�

m

=

1

2

`

5

�

m

(8.21)

ÆX

M

=0 (8.22)

Æ 

Maj

M

=

1

2

`

5

 

Maj

M

: (8.23)

(4) supersymmetry transformation

Æe

m

a

= i�

a

�

m

(8.24)

Æ�

m

=2r

m

� (8.25)

ÆX

M

= � 

Maj

M

(8.26)

Æ 

Maj

M

=�

i

2



n

�(�

n

 

Maj

M

) + i

m

��

m

X

M

= i

n

�(�

n

X

M

�

1

2

(�

n

 

Maj

M

)) : (8.27)
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(5) super Weyl transformation

Æe

m

a

=0 (8.28)

Æ�

m

= 

m

� (8.29)

ÆX

M

=0 (8.30)

Æ 

Maj

M

=0 : (8.31)

Our proedure to ompute eq. (8.9) is as follows:

1. de�ne the inner produt in the funtion spae of e

m

a

, �

m

.

2. �nd orthogonal bases.

3. hange of integration.

8.1 De

a

m

The inner produt an be de�ned by

hÆejÆei =

Z

d

2

�

p

g

�

e

a

n

e

b

m

Æe

m

a

Æe

n

b

+ e

a

n

e

b

m

Æe

n

a

Æe

m

b

+ 

0

e

a

m

e

an

Æe

m

b

Æe

nb

	

:

(8.32)

The orthogonal deomposition is written as

Æe

m

a

= Æ�e

m

a

+ (P

1

Æ�)

m

a

+ Æ`"

ab

e

mb

+

X

i

Æ

i

 

i

m

a

; (8.33)

where

P

1

: (P

1

Æ�)

m

a

= fÆ�

n

�

n

e

m

a

+ e

n

a

�

m

Æ�

n

g �

1

2

e

m

a

e

b

n

�

Æ�

`

�

`

e

n

b

+ e

`

b

�

n

Æ�

`

	

�

1

2

"

ab

e

m

b

"

d

e



n

�

Æ�

`

�

`

e

n

d

+ e

`

d

�

n

Æ�

`

	

(8.34)

 

i

: kerP

y

1

: (8.35)
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Now

e

a

m

(P

1

Æ�)

m

a

= 0

"

ab

e

b

m

(P

1

Æ�)

m

a

= 0 (8.36)

and

hÆ�e

m

a

j(P

1

Æ�)

m

a

i = 0 : (8.37)

Therefore

Z

De

m

a


(D)
(W)
(L)

=

Z

D�D(P

1

�)D`


(D)
(W)
(L)

Y

i

d

i

deth 

i

j 

j

i

1

2

: (8.38)

Next we perform hanging integration variables. We introdue following

�duial metri for gauge �xing:

e

m

a

= e

�

ê

m

a

(�

i

) ; (8.39)

where �

i

denotes bosoni moduli. Taking variation of eq. (8.39),

Æe

m

a

= Æ�e

m

a

+ (Æ�

n

�

n

e

m

a

+ e

n

a

�

m

Æ�

n

) + ÆL"

ab

e

m

b

+

X

i

Æ�

i

�

�e

m

a

��

�

=(Æ� +

1

2

e

b

n

�

Æ�

`

�

`

e

n

b

+ e

`

b

�

n

Æ�

`

	

)e

m

a

+ (P

1

Æ�)

m

a

+

�

ÆL +

1

2

"

d

e



n

�

Æ�

`

�

`

e

n

d

+ e

`

d

�

n

Æ�

`

	

�

"

ab

e

m

b

+

X

i

Æ�

i

�

�e

m

a

��

i

�

:

(8.40)

By matrix form, this transformation an be desribeed as

2

6

6

6

6

4

Æ�

d`

P

1

Æ�

Æ

i

3

7

7

7

7

5

=

2

6

6

6

6

4

1 0 � 0

0 1 � 0

0 0P

1

0

0 0 0 T

ij

3

7

7

7

7

5

2

6

6

6

6

4

Æ�

dL

Æ�

Æ�

i

3

7

7

7

7

5

: (8.41)

To obtain T

ij

, we onsider the inner produt of

X

i

Æ

i

 

im

a

=

X

i

Æ�

i

�e

m

a

��

i

: (8.42)
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Then

h 

j

j 

i

iÆ

i

= h 

j

j

�e

m

a

��

k

iÆ�

k

: (8.43)

Therefore

Æ

i

= h j i

�1

ij

h 

j

j

�e

m

a

��

k

iÆ�

k

� T

ik

Æ�

k

; (8.44)

and hene

detT = deth 

i

j 

j

i

�1

deth 

i

j

�e

m

a

��

j

i : (8.45)

Finally,

Z

De

m
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(D)
(W)
(L)

=

Z

D�D`D(P

1

�)


(D)
(W)
(L)

Y

i

d

i

deth 

i

j 

j

i

1

2

=

Z

D�DLD

0
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Y

i
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i

det
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1
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)

1

2
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i

j 

j

i

1

2

=
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D�DLD

0
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Y

i
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i
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1

)
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i

j 

j

i

�

1

2
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m

a
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j

�

=

Z

Y

i
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i
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(CK)

det
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(P

y

1

P

1

)

1

2

deth 

i

j 

j

i

�

1

2

det
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i

�

�

�

�

�e

m

a

��

j

�

;

(8.46)

where the onformal Killing vetor is exluded in D

0

� and 
(CK) denotes

the volume of onformal Killing vetor.

8.2 D�

a

m

Similarly to the previous subsetion, �rst we de�ne the inner produt by

hÆ�jÆ�i =

Z

d

2

�

p

g

�

Æ�

m

(g

mn

�

1

2



m



n

)Æ�

n

+ 

00

Æ�

m



m



n

Æ�

n

�

: (8.47)

The orthogonal deomposition is

Æ�

m

= 

m

Æ� + (P

1=2

Æ�) +

X

i

Æ�

i

	

i

m

; (8.48)
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where

Æ� : spin

1

2

(parameter)

Æ� : spin

3

2

(parameter)

Æ� : Grassmann #

	

i

m

2 kerP

y

1=2

(8.49)

and

(P

1=2

Æ�)

m

= 2r

m

Æ� � 

m



n

r

n

Æ� ; 

m

(P

1=2

Æ�)

m

= 0 : (8.50)

Then

h

m

Æ�j(P

1=2

Æ�)

m

i = 0 et: : (8.51)

Therefore

Z

D�

m

a


(S)
(SW)

=

Z

D�D(P

1=2

�)


(S)
(SW)

Y

i

d�

i

deth	

i

j	

j

i

�

1

2

: (8.52)

To onsider the hange of integration variables, we introdue the �duial

metri suh as

�

m

= 

m

�+

X

i

a

i

�

i;m

; (8.53)

where a

i

denotes supermoduli and �

i;m

2 kerP

y

1=2

. The variation is

Æ�

m

= 

m

Æ�+ 2r

m

Æ� +

X

i

da

i

�

i

= 

m

Æ�+ 

m



n

r

n

Æ� + (2r

m

Æ� � 

m



n

r

n

Æ�) +

X

i

da

i

�

i

; (8.54)

where 

m

Æ�, 2r

m

Æ� and

P

i

da

i

�

i

denote super Weyl, loal supersymmety

and super moduli respetively. The transformation matrix an be written as

2

6

6

4

Æ�

P

1=2

Æ�

Æ�

i

3

7

7

5

=

2

6

6

4

1 � 0

0P

1=2

0

0 0 S

ij

3

7

7

5

2

6

6

4

Æ�

Æ�
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j

3

7

7

5

: (8.55)
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From tihs

Æ�

i

= S

ij

da

j

; (8.56)

while from eqs. (8.48) and (8.54)

Æ�

i

	

i

= da

i

�

i

: (8.57)

Multiplying 	 on the left hand side,

h	

j

j	

i

iÆ�

i

= h	

j

j�

i

ida

i

; (8.58)

and then

d�

i

= h	j	i

�1

ik

h	

k

j�

j

ida

j

: (8.59)

Comparing with eq. (8.56),

S

ij

= h	j	i

�1

ik

h	

k

j�

j

i : (8.60)

Therefore

detS
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= deth	j	i
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deth	

k

j�

j

i : (8.61)

Finally,
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j

i
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(CKS)
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(P
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P
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)

�

1

2

deth	

i

j	

k

i

+

1

2

deth	

k

j�

j

i

�1

; (8.62)

where the onformal killing spinor is exlued in D

0

� and 
(CKS) denotes the

volume of onformal killing spinor.
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8.3 Summary

To summarize subsetions 8.1 and 8.2,

Z

De

m

a


(D)
(W)
(L)

Z

D�

m


(S)
(SW)

=

Z

Y

i
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det

0

(P
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deth 
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�
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2

deth 

i

j
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m

a
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j

i

�
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1


(CKS)

det
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�

1

2

deth	
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j	

j

i

+

1

2

deth	

i

j�

j

i
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(8.63)

Therefore

Z

=

X

topology

X

spin struture

Z

Y

i
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i
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det
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1
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1

)

1

2

deth 

i
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j

i

�

1

2

deth 

i

j

�e

m

a

��

j

i

�

Z

Y

i

da

i

1


(CKS)

det

0

(P

y

1=2

P

1=2

)

�

1

2

deth	

i

j	

j

i

+

1

2

deth	

i

j�

j

i

�1

�

Z

DX

M

D 

Maj

M

e

�S

: (8.64)

8.4 Example: torus

On torus, the metri is

g

mn

=

"

1 �

1

�

1

�

2

1

+ �

2

2

#

; z = �

1

+ ��

2

; (8.65)

and g

mn

= e

m

a

e

na

. The zwei bein an be written as

e

m

a

=

"

1 0

�

1

�

2

#

(8.66)

beause

"

1 0

�

1

�

2

#"

1 �

1

0 �

2

#

=

"

1 �

1

�

1

�

2

1

+ �

2

2

#

: (8.67)
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The inverse of e

m

a

is

e

a

m

=

"

1 0

�

�

1

�

2

1

�

2

#

: (8.68)

Dira matries (worldsheet Eulidean) are



1

=

"

0 1

1 0

#

; 

2

=

"

0�i

i 0

#

; 

3

=

"

1 0

0�1

#

; 

0

=

"

0 1

�1 0

#

= i

2

: (8.69)

Fermions on torus are lassi�ed into 4 setors:

 (�

1

+ 1; �

2

)= r (�

1

; �

2

) ; r = �1

 (�

1

; �

2

+ 1)= s (�

1

; �

2

) ; s = �1 ; (8.70)

where

(r; s)= (+;+) R R (8.71)

(+;�) R NS (8.72)

(�;+) NS R (8.73)

(�;�) NS NS : (8.74)

(8.75)

We onsider how many supermoduli paraeters exist in (r; s) setor. To do

this, we would like to solve

P

y

1=2

	

m

= 0 ; and 

m

	

m

� e

a

m



a

	

m

= 0 : (8.76)

In general, this equation an be written as

�2r

m

	

m

= 0 : (8.77)

When the metri is onformal at,

0 = �

m

	

m

= g

mn

�

n

	

m

= 0 : (8.78)
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It is better to use omplex notation:



m

	

m

= 

a

e

a

m

	

m

=

"

0 e

1

m

� ie

2

m

e

1

m

+ ie

2

m

0

#

	

m

= 

z

	

z

+ 

�z

	

�z

; (8.79)

where



z

=

"

0 1

0 0

#

; 

�z

=

"

0 0

1 0

#

: (8.80)

Thus

	

z

=(e

1

m

� ie

2

m

)	

m

	

�z

=(e

1

m

+ ie

2

m

)	

m

: (8.81)

Sine

�

��

1

=

�

�z

+

�

��z

�

��

2

= �

�

�z

+ ��

�

��z

; (8.82)

�

m

	

m

=

�

�z

	

�z

+

�

��z

	

z

: (8.83)

So we onlude

�

�z

	

�z

+

�

��z

	

z

= 0 ; 

z

	

z

+ 

�z

	

�z

= 0 : (8.84)

This solution is

	

z

=

"

f(z)

0

#

; 	

�z

=

"

0

g(�z)

#

; (8.85)

where f(z) is an analyti funtion and g(�z) antianalyti. On torus, there must

be onstant. Exept for RR setor, i.e. (++) setor, there is no supermoduli.

The onformal Killing spinor � satis�es

0 = P

1=2

� = 2r

m

� � 

m



n

r

n

� : (8.86)
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In the at ase, this redues to

2�

m

� � 

m



n

�

n

� = 0 (8.87)

and then

(2g

m

n

� 

m



n

)�

n

� = 0 : (8.88)

Therefore

�

n

� = 0 ; (8.89)

where � is onstant spin

1

2

spinor. In the (+�); (�+); (��) setor there is

no onformal Killing spinor, while in the (++) there is one (two omponent)

onformal Killing spinor.

The formula is eq. (8.64) as before:
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X

topology

X

spin struture
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a
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i

�

Z

Y

i

da

i

1


(CKS)

det

0

(P

y
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P

1=2

)

�

1

2

deth	

i

j	

j

i

+

1

2

deth	

i

j�

j

i

�1

�

Z

DX

M

D 

Maj

M

e

�S

: (8.90)

But for RR it vanishes beause of the matter fermion zero mode. Therefore,

for (+;�), (�;+), (�;�)

� no supermoduli

� no CKS

and for (+;+)

� (R;R)

va: amp:

= 0 .
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The torus vauum amplitude for IIB/IIA in at ten dimensions is, there-

fore, simply written as

Z

IIB=IIA

at
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�
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0

;s

0

)

; (8.91)

where we have hosen C

��

= �C

�+

= �C

+�

=

1

2

,

�

C

��

= �

�

C

�+

= �

�

C

+�

=

1

2

, C

++

=

�

C

++

= 0 in aordane with the GSO projetion of the IIB su-

perstring that implements the modular invariane. The Eulidean volume

is denoted by V

E

. Omitting the alulations of the Weil Petersen measure

fator and those of the funtional determinants, we obtain

Z
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16
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; (8.92)

where

T (�) =

1

�(�)

4

�
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4
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�+

#
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4
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#
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0

i

4

�

: (8.93)

We take a short ut to proeed further and to determine the normaliza-

tion fator K by omparing the last expression eq. (8.92) with the vauum

amplitude evaluated in the light one gauge operator formalism, written in

terms of the so(8) haraters. (The overall normalization an also be seen

by the one-loop free energy in loal �eld theory):

�

IIB=IIA

at

= �

V

E

2(4�

2

�

0

)
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Z

F

d
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�
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(��X�)

IIB=IIA; at

: (8.94)

Identifying eq. (8.92) with eq. (8.94), we obtain

K = �

1

(4�

2

�

0

)

5

: (8.95)
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Note that, from the point of view of one-loop free energy in loal �eld the-

ory,

1

(4�

2

�

0

�

2

)

1

2

omes from a gaussian integration over one momentum, and

�

1

2

R

d

2

�

�

2

� � � omes from a proper time representation of logDet.

9 Fermioni string amplitudes at one-loop

The superstring sattering amplitudes are given in general by the funtional

integrals with the appropriately hosen vertex operators
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worldsheet �elds with respet to this ation modulo the loal symmetries
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(9.1)

Therefore
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Part III

Genus one Green's funtion

with (�; �) boundary ondition

and superstring amplitudes

10 Genus one Green funtions with (�; �) bound-

ary ondition

In this setion, we ompute the genus one Green funtions with general

boundary ondition to be designated by (�; �), using the eigenmode ex-

pansion. We mainly onsider the ase of torus here. The other one-loop

geometries, Klein bottle, annulus and M�obius band, an be onstruted by

the involution (or, the image method) as seen, for example, in [33, 34℄.

Let z � �

1

+ ��

2

and �z = �

1

+ ���

2

(0 � �

1

; �

2

� 1) be the omplex

oordinates on the worldsheet torus with modular parameter � � �

1

+ i�

2

.

The Laplaian is de�ned by � � 4�

z

�

�z

. We use the plane wave bases

�

n

1

;n

2

h
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�
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(�
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2

)�

1

p

�

2

e

2�i(n

1

+�)�

1

e

2�i(n

2

+�)�

2

=

1

p

�

2

e

2�i

����

f(n

2

+�)�(n

1

+�)��gz

e

�

2�i

����

f(n

2

+�)�(n

1

+�)�g�z

(10.1)

as our eigenfuntions, where n

1

; n

2

2 Z, 0 � �; � < 1. We have imposed

the orthonormality on �

n

1

;n

2

h

�

�

i

(�

1

; �

2

) to determine the normalization fa-

tor

1

p

�

2

. (See appendix A.6.) This funtion possesses the following quasi-
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periodiities:

�
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2
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1
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) : (10.2)

In the subsequent subsetions, we will �rst onsider the bosoni and

fermioni omponents and then use these omponents to provide the su-

pertorus Green funtion. We will also onsider the superannulus Neumann

funtion as the involution of the supertorus Green funtion.

10.1 Bosoni part

Sine the eigenequation is

��

n
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;n
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) ; (10.3)

the eigenvalue reads

�
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: (10.4)

Note that �

(0;0)

0;0

= 0. In the following, we onsider the ases of � 6= 0 and

(�; �) = (0; 0); (0;

1

2

).

10.1.1 ase of � 6= 0

Now we would like to ompute the Green funtion
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By translational invariane, we have hosen 0 in the seond set of arguments.

Exploiting the partial fration, we deompose

1

�

(�;�)
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(10.6)

whih is permissible even for n

1

= 0, � 6= 0. Using
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we obtain
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(10.8)

where q � e

2�i�

. Aording to eq. (B.14), we have the following manipula-
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tion:
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(10.9)
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where � � e
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(10.10)

Substituting eqs. (10.9) and (10.10) into eq. (10.5), we obtain
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10.1.2 ase of (�; �) = (0; 0)

In this ase, it is neessary to exlude (n

1

; n

2

) = (0; 0) at the sum in eq.

(10.5):
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As the result of the alulation in appendix G.1, we obtain
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The terms in the braket [...℄ vanish when ating on � = 4�
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.
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(10.14)

Now we divide this sum into n

1

6= 0 part and n

1

= 0 part to use the partial

fration deomposition in eq. (10.6).
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As the result of the alulation in appendix G.2, we obtain
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10.2 Fermioni part

The eigen-equations are
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The eigenvalues an be written as
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Note that �
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= 0.

10.2.1 ase of (�; �) 6= (0; 0)

Here we alulate the Green funtion
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We obtain
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eqs: (10:7); (10:17); (10:18)
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Similarly, using
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This time, we have used
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instead of eq. (10.7), avoiding getting Æ(�

2

+�) whih vanishes in the original

domain.
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In partiular, when (�; �) = (

1
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and the omplex onjugates of these.

10.2.2 ase of (�; �) = (0; 0)

In this ase, we need to exlude the zero mode (n

1

; n
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) = (0; 0) in the sum:
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Here we use the relation

S
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eqs:(10:12);(10:24)
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to alulate eq. (10.24), beause eq. (B.47) appears not to work well when

(�; �) = (0; 0). Eq. (10.25) an be easily understood by using the last line

in eq. (10.1). From eqs. (10.25), (10.13), we obtain
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118



In addition,
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The last term, namely, �1 in eqs. (10.26) and (10.27) vanishes when ating

with (�i)�

�z

or (�i)�

z

.

10.3 Supertorus Green funtion and superannulus Neu-

mann funtion

10.3.1 supertorus Green funtion

We de�ne the supertorus Green funtion (�

f

= (�;�) or (�;+) or (+;�)) by
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(10.28)

where �,

�

� are Grassmann oordinates and G

++

, G

+�

and S

�

f

are given in

eqs. (10.13), (10.15) and (10.23), respetively. Aording to appendix H,

we an see that G

supertorus

+�

�

f

� G

supersphere

when z

I

� z

J

, where G

supersphere

is

the supersphere Green funtion. The worldsheet supersymmetry is broken

in general by the boundary ondition, but it is still useful to onsider this

objet, whih we demonstrate in setion 12.

119



10.3.2 superannulus Neumann funtion

Using the image method as in [32℄ (appendix F), the superannulus Neumann

funtion an be written as
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where ~z, ~z

0

,

~

� and

~

� denote respetively the onjugate points of z, z

0

, � and

�

0

.

11 Box notation

In order to proeed even further and to prepare for alulation of string sat-

tering amplitudes in setion 12, we will introdue notation for the integrand

of the string one-loop partition funtion.
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11.1 IIB/IIA at

Let us, in partiular, write (��X�)
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in order to represent the ontribution from a single hiral boson and fermion

obeying the boundary onditions (�

b

; �

b

) and (�
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) respetively:
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r and s are the same as in eq. (8.70). In the notation of setion 10, r = e

2�i�

,

s = e

2�i�

, so that

r = +1,� = 0 ; r = �1, � =

1

2

s = +1,� = 0 ; s = �1, � =

1

2

modulo 1 : (11.4)

The power 8 = 10� 2 seen in eq. (11.1) permits ovariant interpretation as

the 2d metri and 2d gravitino �elds obey the same boundary ondition as

the worldsheet bosons and fermions do respetively.
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11.2 IIB string on T
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As a simple prototypial example, let us onsider IIB string on T
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where F

2
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R

I

. The �rst

line represents the ontribution from the T

4

ompati�ation without Z

2

in-

sertion, the seond, the third and the fourth lines represent the ontributions

from the untwisted setor with Z

2

insertion, the Z

2

twisted setor and the

Z

2

twisted setor with the Z

2

insertion respetively. In eah term inside the

braket, the �rst bin represents the spaetime part and the seond bin the

internal part. Referring to the harater of  = 1, Z

2

orbifold, we are able to
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(11.6)

Here, the arguments of the theta onstants are modulo 1 and the non-integer

parts are understood to be taken. Note that, in this notation, we have

inluded the ontribution from the 2

4

= 16 �xed points in the twisted setor

in eq. (11.6).

11.3 open superstring on T
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Another prototypial example whih we will onsider in the next setion is

the open string setor in the type I superstring on T
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Among the many possibilities disussed in [25, 42, 41℄, where the dilaton

tadpoles anel, we will onsider the simplest ase where the gauge group

is U(n = 16)

(9)

� U(d = 16)

(5)

with all of the D5 branes at the same �xed

point and the �rst and the seond subsripts indiate D9 and D5 brane

123



respetively
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where F

1
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2

) = a

I

p

�

2

X

p

I

e

�tp

I

p

I
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2

�

t
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0

. See also [27, 26, 53, 54, 55℄.

12 One-loop superstring amplitudes with non-

maximal supersymmetry

In this setion, we apply the genus one super Green funtion onstruted un-

der the general twists in the (�; �) diretions to superstring amplitudes. For

simpliity, we illustrate this by the annulus ontribution to the open super-

string amplitudes of the ompati�ation in setion 11.3, but our proedure

is appliable to a large lass of toroidal models and their orbifolding of losed

and open superstrings inluding heteroti string [56℄ ompati�ations.

12.1 Neumann funtions with arguments on the bound-

ary

In order to proeed to the omputation, we need the Neumann funtion for

the superannulus under a variety of boundary onditions for a worldsheet

4

Other aspets of this series of model are disussed in [45℄-[52℄.
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boson and a worldsheet fermion spei�ed by

�

�

b

�

f

�

and with the arguments

set on the same boundary. The Neumann funtion for the M�obius strip ase

an be read o� from the annulus ase by the hange of the arguments in

the theta funtions and will not be disussed expliitly here. For the ase of
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The last line of eq. (12.1) an be dropped in the alulation of amplitudes

as the soure J satis�es
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Note that, for losed string models with Z

2

insertion,G

supertorus

�+

�

f

andG

supertorus

��

�

f

are needed in order to evaluate the ontributions from the twisted setors.

Likewise, N

superannulus

�+

�

f

, N

superannulus

��

�

f

are needed in the ase of a 5-9 string.

12.2 Koba-Nielsen type formula for genus one super-

string amplitudes

Let
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for massless vetor emission of an open superstring. It an be written as
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Here we have introdued the grassmann soure �

J

, J = 1; 2; 3; :::; N , for this

representation. Following setion 9, we arry out the gaussian integration

5

and the sum S over the boundary onditions.

Let S = S
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, where S
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is the part of the sum whih ontains

(++) to some power in �

f

. For these parity-violating ases [62℄, it is well-

known that the amplitudes for lower N vanish. Ignoring these ases in this
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Here, we have denoted by (V

E

Æ) a produt of the momentum onserving delta

funtions (2�)
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zero modes of the bosoni oordinates) and the volume of the ompati�a-
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5

See [32℄. See also [57, 58, 59, 60, 61℄ for di�erent approahes of omputation.
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in aordane with eqs. (5.107) and (11.9). We will restrit our attention to

the annulus ase from now on.

We have denoted by
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the part of the integrand whih has appeared

in the vauum amplitude, (for instane, eq. (11.10)) and N
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where the I = J part vanishes by the on-shell ondition. Following [32℄, let

us label the �rst, the seond, the third and the fourth line of the exponent by

the number of �'s and by the number of �'s, namely, [0; 2℄, [1; 1℄, [2; 0℄, [2; 2℄

respetively. Also upon ompati�ation, namely the division of the pair of

indies (M;L) into the spaetime part (�; �) and the internal part (`; `

0

), we

set the internal part of the momenta k
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= 0 for simpliity. Index struture of
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See appendix I for these properties.

12.3 Analysis and evaluation of N = 1; 2; 3 ases

We will now analyze a few simplest ases. Let us �rst obtain a few generi

features of the amplitudes from the integral representation. First, in order

to obtain a non-vanishing amplitude, all grassmann integrations must be

saturated. Also, under the assumption made in the last subsetion,

X

I

k

M

I

=

0 for M = 0; 1; :::; 9. Note that, the zero mode is absent in the expansion of

X

`

, ` = 5; 6; 7; 8, and that momentum onservation is not ensured.

I) N = 1; the amplitude vanishes generally and trivially as suh ase is

absent in the integrand.
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12.3.1 ase of maximal supersymmetry

In this ase, namely, in the ase of at 10d and its toroidal ompati�ations,

it is well-known that the vanishing of these two types after the summation

over �
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is established, (see, for example, [21℄) by the Riemann identity eq.

(B.44). In fat
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aording to eqs. (11.3) and (11.10) and

�

12

(2n)

2

 

Y

I

F

I

(a

I

; �

2

)

!

X

�

f

J

�

f

(B

IJ

�

f

)

2

=

X

�

f

C

�

f

#

�

f

(0)

4

(B

IJ

�

f

)

2

=

X

�

f

C

�

f

#

�

f

(0)

4

0

�

1

2

#

�

f

(

z

I

2

�

z

J

2

)

#

�

f

(0)

#

0

h

1

2

1

2

i

(0)

#

h

1

2

1

2

i

(

z

1

2

�

z

2

2

)

1

A

2

eq:(B:44)

=

1

2

0

�

1

2

#

0

h

1

2

1

2

i

(0)

#

h

1

2

1

2

i

(

z

1

2

�

z

2

2

)

1

A

2

�2#

h

1

2

1

2

i �

z

1

2

�

z

2

2

�

#

h

1

2

1

2

i �

�

�

z

1

2

�

z

2

2

��

#

h

1

2

1

2

i

(0)#

h

1

2

1

2

i

(0)

= 0 ; (12.12)

where

x

1

=

1

2

n

0 + 0 +

�

z

1

2

�

z

2

2

�

+

�

z

1

2

�

z

2

2

�o

=

z

1

2

�

z

2

2

y

1

=

1

2

n

0 + 0�

�

z

1

2

�

z

2

2

�

�

�

z

1

2

�

z

2

2

�o

= �

�

z

1

2

�

z

2

2

�

u

1

=

1

2

n

0� 0 +

�

z

1

2

�

z

2

2

�

�

�

z

1

2

�

z

2

2

�o

= 0

v

1

=

1

2

n

0� 0�

�

z

1

2

�

z

2

2

�

+

�

z

1

2

�

z

2

2

�o

= 0 : (12.13)

133



and we have used #

h

1

2

1

2

i

(0) = 0. Similarly,

�

12

(2n)

2

 

Y

I

F

I

(a

I

; �

2

)

!

X

�

f

J

�

f

B

12

�

f

B

23

�

f

B

13

�

f

=

X

�

f

C

�

f

#

�

�

f

(0)

4

B

12

�

f

B

23

�

f

B

13

�

f

=

X

�

f

C

�

f

#

�

f

(0)

4

�

1

2

�

3

0

�

#

�

f

(

z

1

2

�

z

2

2

)

#

�

f

(0)

#

0

h

1

2

1

2

i

(0)

#

h

1

2

1

2

i

(

z

1

2

�

z

2

2

)

1

A

�

0

�

#

�

f

(

z

2

2

�

z

3

2

)

#

�

f

(0)

#

0

h

1

2

1

2

i

(0)

#

h

1

2

1

2

i

(

z

2

2

�

z

3

2

)

1

A

0

�

#

�

f

(

z

1

2

�

z

3

2

)

#

�

f

(0)

#

0

h

1

2

1

2

i

(0)

#

h

1

2

1

2

i

(

z

1

2

�

z

3

2

)

1

A

eq:(B:44)

=

1

2

�

1

2

�

3

#

0

h

1

2

1

2

i

(0)

3

#

h

1

2

1

2

i

(

z

1

2

�

z

2

2

)#

h

1

2

1

2

i

(

z

2

2

�

z

3

2

)#

h

1

2

1

2

i

(

z

1

2

�

z

3

2

)

�2#

h

1

2

1

2

i �

z

1

2

�

z

3

2

�

#

h

1

2

1

2

i �

z

3

2

�

z

2

2

�

#

h

1

2

1

2

i �

z

2

2

�

z

1

2

�

#

h

1

2

1

2

i

(0)

= 0 ; (12.14)

where

x

1

=

1

2

n

0 +

�

z

1

2

�

z

2

2

�

+

�

z

2

2

�

z

3

2

�

+

�

z

1

2

�

z

3

2

�o

=

�

z

1

2

�

z

3

2

�

y

1

=

1

2

n

0 +

�

z

1

2

�

z

2

2

�

�

�

z

2

2

�

z

3

2

�

�

�

z

1

2

�

z

3

2

�o

=

�

z

3

2

�

z

2

2

�

u

1

=

1

2

n

0�

�

z

1

2

�

z

2

2

�

+

�

z

2

2

�

z

3

2

�

�

�

z

1

2

�

z

3

2

�o

=

�

z

2

2

�

z

1

2

�

v

1

=

1

2

n

0�

�

z

1

2

�

z

2

2

�

�

�

z

2

2

�

z

3

2

�

+

�

z

1

2

�

z

3

2

�o

= 0 : (12.15)

12.3.2 ase of non-maximal supersymmetry
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ontributes to the N = 3 amplitude. So we will onentrate on this ase.
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as well as from eq. (12.9)
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(12.24)

Unlike the ase of maximal supersymmetry, after nationalizing, eah term

onsists of the produt of di�erent # funtions and we do not �nd the use of

the Riemann identity.

Conlusion

In this thesis, we have mainly provided following two things.

1. we found super-Green funtion with (�; �) twisted boundary ondition.

2. we obtained �nite value for the three point one-loop superstring am-

plitude with non-maximal supersymmetry.

Now we an alulate any amplitude with twisted boundary ondition due

to our �rst work. Here we have found the super-Green fation onsists of the
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bosoni part whih an be written as the in�nite series of hypergeometri

funtion and the fermioni part whih is formed by the Jaobi theta funtions

by using Ramanujan's summation formula in analyti number theory. The

seond result insists that the amplitudes with non-maximal supersymmetry

need not satisfy the non-renormalization theorem. Taking T

4

=Z

2

orbifold

ompati�ation, we have onsidered the toy model for Calabi-Yau or K3

ompati�ations whih an be solved exatly.
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A Notations

A.1 Indies

M;N; ::: = 0; 1; :::; D � 1 : spaetime vetor

M

l

; N

l

; ::: = +;�; 1; :::; D � 2 : spaetime vetor (light-one)

�; �; ::: = 1; 2 : 2d worldsheet spinor

m;n; ::: = 1; 2 : 2d worldsheet einstein

a; b; ::: = 1; 2 : 2d worldsheet loal Lorentz : (A.1)

A.2 Fields

X

M

: bosoni ordinate

 

�

M

: (worldsheet) fermioni ordinate

e

a

m

: zwei bein

�

�

m

: Rarita� Shwinger �eld : (A.2)

A.3 Metri

�

MN

=

0

B

B

B

B

�

�1

1

.

.

.

1

1

C

C

C

C

A

; �

M

l

N

l

=

0

B

B

�

0 �1

�1 0

0

0 1

1

C

C

A

: (A.3)

A.4 Light-one oordinates

X

+

=

X

0

+X

D�1

p

2

; X

�

=

X

0

�X

D�1

p

2

: (A.4)
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A.5 Super�eld

We introdue a real super�eld by

X

M

(z; �z; �;

�

�) = X

M

(z; �z) +

r

1

2

� 

M

(z; �z) +

r

1

2

�

 

M

(z; �z)

�

� +

1

2

�

�

�F

M

(z; �z)

(A.5)

where � and

�

� are Grassmann numbers, X

M

(z; �z) and  

M

(z; �z) are bosoni

and fermioni �elds, and F

M

(z; �z) is a auxiliary �eld. The super-derivatives

are de�ned by

D = �

�

��

+ i�

�

�z

;

�

D =

�

�

�

�

� i

�

�

�

��z

: (A.6)

A.6 Normalization in eq. (10.1)

Let us determine the normalization N in

�

n

1

;n

2

h

�

�

i

(�

1

; �

2

) = Ne

2�i(n

1

+�)�

1

e

2�i(n

2

+�)�

2

: (A.7)

The inner produt with funtions f , g is de�ned

(f; g) =

Z

1

0

d�

1

Z

1

0

d�

2

p

ĝf

�

g : (A.8)

On a torus geometry

ĝ

mn

(�) =

"

1 �

1

�

1

�

2

1

+ �

2

2

#

and

p

ĝ =

p

det ĝ

mn

= �

2

; (A.9)

the orthonormality of �

n

1

;n

2

h

�

�

i

(�

1

; �

2

) implies

Æ

m

1

;n

1

Æ

m

2

;n

2

=

�

�

m

1

;m

2

h

�

�

i

(�

1

; �

2

);�

n

1

;n

2

h

�

�

i

(�

1

; �

2

)

�

= jN j

2

�

2

Æ

m

1

;n

1

Æ

m

2

;n

2

:

(A.10)

Hene we take

N =

1

p

�

2

: (A.11)
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B Some formulae

B.1 Gamma funtion

�(x) =

Z

1

0

e

�t

t

x�1

dt [Rex > 0℄ : (B.1)

For example,

�(1) = 1 ; �(2) = 1 ; �(3) = 2 ; �(4) = 3! = 6 : (B.2)

B.2 Zeta funtion

B.2.1 de�nition

�(z) =

1

X

n=1

1

n

z

: (B.3)

For example,

�(0) = �

1

2

; �(2) =

�

2

6

; �(4) =

�

4

90

: (B.4)

B.2.2 generalized zeta funtion

Generalized zeta funtion is de�ned by

�(z; a) =

1

X

n=0

1

(a+ n)

z

[a : onst:; Rez > 1℄ : (B.5)

This funtion satis�es

�(z; 1) = �(z) ; �

�

z;

1

2

�

= (2

z

� 1)�(z) : (B.6)
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B.3 Gauss hypergeometri funtion

B.3.1 de�nition

F (�; �; ; z)=

2

F

1

(�; �; ; z) =

1

X

n=0

(�)

n

(�)

n

()

n

z

n

n!

=

�()

�(�)�( � �)

Z

1

0

t

��1

(1� t)

���1

(1� tz)

��

dt ;

(B.7)

where

(�)

n

= �(�+ 1)(� + 2) � � � (� + n� 1) =

�(�+ n)

�(�)

; (�)

0

= 1 : (B.8)

In order to obtain the seond line in eq. (B.7), we must have

� Re > Re� > 0,

� z an not be the real number whih is greater than 1,

� (1� tz)

��

takes the branh whih goes to 1 as t! 0.

B.3.2 spei� ases

When we set � = 1, � = a (> 0),  = 1 + a () Re > Re� > 0) and z = x,

we obtain

F (1; a; 1 + a; x)

(B:2)

=

�(1 + a)

�(a)

Z

1

0

t

a�1

1� tx

dt : (B.9)

Other ases are, for example,

log(1� z) = �zF (1; 1; 2; z) ; (B.10)

F (1; 2; 3; z) = �

2

z

2

fz + ln(1� z)g : (B.11)
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B.4 Computation of the in�nite sum I

When b = 1, k = 0, the formula

1

X

n=0

x

n

(a + nb)(a + nb + 1) � � � (a+ nb + k)

=

1

k!

Z

1

0

t

a�1

(1� t)

k

1� xt

b

dt ; (B.12)

[a; b > 0; jxj < 1℄ ;

is onverted into

1

X

n=0

x

n

n+ a

=

Z

1

0

t

a�1

1� tx

dt

(B:9)

=

�(a)

�(1 + a)

F (1; a; 1 + a; x) : (B.13)

Using this, with a > 0, m 2 f0;Ng and jxy

m

j < 1,

1

X

n=0

1

n+ a

x

n+a

1� Cy

n+a

=

1

X

n=0

1

n + a

x

n+a

1

X

m=0

�

Cy

n+a

�

m

=

1

X

m=0

x

a

(Cy

a

)

m

1

X

n=0

(xy

m

)

n

n+ a

(B:13)

=

1

X

m=0

x

a

(Cy

a

)

m

�(a)

�(1 + a)

F (1; a; 1 + a; xy

m

)

=

x

a

�(a)

�(1 + a)

1

X

m=0

(Cy

a

)

m

F (1; a; 1 + a; xy

m

) :

(B.14)
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Similarly, with ~a � 1 + a,

1

X

n=0

1

n+ a

x

n+a

1� Cy

n+a

=

1

X

n=1

1

n + a

x

n+a

1� Cy

n+a

+

1

a

x

a

1� Cy

a

=

1

X

n=1

1

(n� 1) + (1 + a)

x

(n�1)+(1+a)

1� Cy

(n�1)+(1+a)

+

1

a

x

a

1� Cy

a

m�n�1; ~a�1+a
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1

X

m=0

1

m+ ~a

x

m+~a

1� Cy

m+~a

+

1

a

x

a

1� Cy

a

(B:14)

=

x

~a

�(~a)

�(1 + ~a)

1

X

m=0

(Cy

~a

)

m

F (1; ~a; 1 + ~a; xy

m

) +

1

a

x

a

1� Cy

a

(B.15)

and, with

~

~a � 2� a,

1

X
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1

n� a

x

n�a

1� Cy

n�a

=

1

X

n=2

1

n� a

x

n�a

1� Cy

n�a

+

1

1� a

x

1�a

1� Cy

1�a

=

1

X

n=2

1

(n� 2) + (2� a)

x

(n�2)+(2�a)

1� Cy

(n�2)+(2�a)

+

1

1� a

x

1�a

1� Cy

1�a

m�n�2;

~

~a�2�a

=

1

X

n=2

1

m +

~

~a

x

m+

~

~a

1� Cy

m+

~

~a

+

1

1� a

x

1�a

1� Cy

1�a

(B:14)

=

x

~

~a

�(

~

~a)

�(1 +

~

~a)

1

X

m=0

(Cy

~

~a

)

m

F (1;

~

~a; 1 +

~

~a; xy

m

) +

1

1� a

x

1�a

1� Cy

1�a

:

(B.16)
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B.5 q-Pohhammer symbol

q-Pohhammer symbol is de�ned by

(a; q)

1

�

1

Y

k=0

(1� aq

k

) ; (a; q)

n

�

(a; q)

1

(aq

n

; q)

1

; (B.17)

where a; q 2 C, jqj < 1 and n 2 Z. When a = 0, the former is

(0; q)

1

=

1

Y

k=0

1 = 1 : (B.18)

The latter an be expliitly written as

(a; q)

n

=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

n�1

Y

k=0

(1� aq

k

) n > 0

1 n = 0

�1

Y

k=n

1

(1� aq

k

)

n < 0

: (B.19)

This satis�es

(aq

�n+1

; q)

n

= (�a)

n

q

�

n(n�1)

2

�

1

a

; q

�

n

: (B.20)

B.6 Ramanujan's

1

 

1

summation formula

B.6.1 de�nition

The Ramanujan's summation formula [63, 64℄ is

1

X

n=�1

(a; q)

n

(b; q)

n

z

n

=

(az; q)

1

(q; q)

1

(

q

az

; q)

1

(

b

a

; q)

1

(z; q)

1

(b; q)

1

(

b

az

; q)

1

(

q

a

; q)

1

; (B.21)

with j

b

a

j < jzj < 1, jqj < 1.
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B.6.2 spei� ase

From eq. (B.21), one an derive

1

X

n=�1

z

n

1� aq

n

=

(az; q)

1

(

q

az

; q)

1

(q; q)

2

1

(a; q)

1

(z; q)

1

(

q

z

; q)

1

(

q

a

; q)

1

(B.22)

with jqj < jzj < 1.

Proof: substituting b = aq into eq. (B.21), the left hand side is

(a; q)

n

(b; q)

n

b=aq

=

(a; q)

n

(aq; q)

n

=

n�1

Y

k=0

(1� aq

k

)

n�1
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(1� aq
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2

) � � � (1� aq

n�2
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n�1

)
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2

) � � � (1� aq

n�2

)(1� aq

n�1

)(1� aq

n

)

=

1� a

1� aq

n

: (B.23)

Therefore

1

1� a

(a; q)

n

(aq; q)

n

=

1

1� aq

n

: (B.24)

The right hand side is

6

1

1� a

(az; q)

1

(q; q)

1

(

q
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; q)

1

(

b

a

; q)

1

(z; q)

1

(b; q)

1
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b
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; q)

1

(

q
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; q)

1

b=aq

=

(az; q)
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q
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; q)

1

(q; q)

2

1

(z; q)

1

(a; q)

1

(

q

z

; q)

1

(

q

a

; q)

1

:

(B.25)

Therefore, substrituting b = aq and dividing eq. (B.21) by 1� a on the both

sides, we obtain eq. (B.22). 2

6

Note that (1�a)(aq; q)

1

= (1�a)

Q

1

k=0

(1�aq

k+1

) = (1�a)� (1�aq)(1�aq

2

) � � � =

Q

1

k=0

(1� aq

k

) = (a; q)

1

:
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B.6.3 Jaobi triple produt

The Jaobi triple produt is written as

1

X

n=�1

(e

�i�

)

n
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(e

2�iz
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=

1

Y
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(1� (e
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))(1 + (e

�i�

)

(2m+1)
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(B.26)

where z; � 2 C and Im� > 0.

Proof: When b = 0, q = q

02

and z = �

q

0

z

0

a

, the left hand side of eq. (B.21)

an be written as
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(B.27)

and the right hand side
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(B.28)
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Then, taking a!1 on the both sides,

7

we obtain
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) : (B.29)

Setting q

0

= e

�i�

and z

0

= e
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, we an see
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(B.30)

B.7 Dedekind eta funtion

The Dedekind eta funtion is de�ned by

�(�) � q

1

24

1

Y

n=1

(1� q

n

) : (B.31)

B.8 Jaobi theta funtion

B.8.1 de�nition

We de�ne the Jaobi theta funtion as
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(B.32)
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where we have used eq. (B.26) in the seond line. We also use the following

notation:
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B.8.2 properties

This funtion has following properties:

#

h

�+1

�

i

(zj�) = #

h

�

�

i

(zj�) ; #

h

�

�+1

i

(zj�) = e

2�i�

#

h

�

�

i

(zj�) ; (B.38)

#

h

�

�

i

(z + 1j�)= e

2�i�

#

h

�

�

i

(zj�) ;

#

h

�

�

i

(z + � j�)= e

�2�i�

(q

�

1

2

e

�2�iz

)#

h

�

�

i

(zj�) ; (B.39)

151



#

h

�

�

i

(zj�) = #

h

�

��

i

(��zj � �� ) : (B.40)

The theta funtion satis�es the heat equation:
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At z � 0,
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B.8.3 the Riemann identity

For �; � = 0;
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B.9 Computation of the in�nite sum II

Using eq. (B.22), we �nd
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C Zeta funtion regularization
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is representation as
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Let's now hek IIB ase
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E Modular invariane of the lattie sum

Consider the ratio
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To prove its modular invariane, the basi identity is
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F Image method in superspae

In this appendix, we apply the method of images in superspae to superan-

nulus.
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Therefore,
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the �rst term in the last line of eq. (G.1) an be omputed as
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Next, turning to the seond term,
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As a result of eqs. (G.1), (G.3) and (G.8),
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the terms in the box brakets of eq. (G.9) an be reast as follows:
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The terms in the brakets on the last line vanish when ating � = 4�
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The �rst term in the last line of eq. (G.13) is
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The seond term in eq. (G.13) is
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Using the formula
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Finally,
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H Supertorus Green funtion and supersphere

Green funtion

Sine

#

h

1

2

1

2

i

(zj�)

#

0

h

1

2

1

2

i

(0j�)

z�0

� z ; ln

�

�

1� e

2�iz

�

�

z�0

� ln jzj (H.1)

G

+�

(z; �zj0; 0)

z�0

�

1

2�

ln jzj (H.2)

and

S

�

f

(z; �zj0; 0)

z�0

�

i

�

1

z

; S

�

f

(z; �zj0; 0)

�z�0

� �

i

�

1

�z

; (H.3)

where �

f

= (��); (�+); (+�). Using eqs. (H.2) and (H.3),
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I Supplement to N

IJ
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I.1 Properties under I $ J

Here we hek the properties under I $ J .

Due to the even/odd properties for theta funtions,
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In addition, by the fat that the derivative of a even/odd funtion beomes

odd/even,
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Using these,
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From eq. (12.10),
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I.2 Singularity at z
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where we have also used

lim

z!0

#

00

h

1

2

1

2

i

(zj�)

#

h

1

2

1

2

i

(zj�)

L

0

Hopital

0

s rule

= lim

z!0

#

000

h

1

2

1

2

i

(zj�)

#

0

h

1

2

1

2

i

(zj�)

eq:(B:41)

= lim

z!0

�

�z

n

4�i

�

��

#

h

1

2

1

2

i

(zj�)

o

#

0

h

1

2

1

2

i

(zj�)

= 4�i lim

z!0

�

��

n

#

0

h

1

2

1

2

i

(zj�)

o

#

0

h

1

2

1

2

i

(zj�)

= 4�i

�

��

n

lim

z!0

#

0

h

1

2

1

2

i

(zj�)

o

lim

z!0

#

0

h

1

2

1

2

i

(zj�)

= 4�i

�

��

[�2�f�(�)g

3

℄

�2�f�(�)g

3

= 4�i

�

��

[f�(�)g

3

℄

f�(�)g

3

= 4�i

�

��

ln f�(�)g

3

= 3 � 4�i

�

��

ln �(�) (I.8)

169



to evaluate E

IJ

++

.

I.3 Eq. (12.8) at z
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in ase of maximal supersym-

metry

Let us hek that eq. (12.8) redues to that of [32℄ at z
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in ase of

maximal supersymmetry.
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