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Synopsis
Described in this paper is a basic theory for elasto-plastic and finite displacement analysis of stif­
.fened plates with the opening subjected to compression in consideration of the initial imperfections
such as initial deflection and residual stress on the basis of a finite element method. In this theory,
the geometrical nonlinearity caused by the large deflection of plates is formulated according to a total
Lagrangian method of removing the rigid body displacement from the global deformation of a finite
element, and then the yield condition of von Mises and the plastic flow rule of Prandtl-Reuss with
strain hardening are used to simulate elasto-plastic nonlinear behavior of steel material. Unbalanced
forces between true nodal forces and applied nodal forces in each step of the iteration calculation are
eliminated by the Newton-Raphson's method. A short box column consisting of two mild steel stif­
fened plates with a circular hole in each of them and two high strength steel flange plates are analy­
zed as a numerical example. Moreover, these numerical results are compared with the experimental
results corresponding to the short box column.

KEYWORDS: elasto-plastic and finite displacement analysis, stiffened plate, opening, compression,
numerical example, initial deflection, residual stress

1. Introduction
It is necessary to provide the openings in stiffened plates of steel bridge piers for the sake of fab­
rication, erection and maintenance of them, despite their constituting stiffened plates subjected to pre­
dominant axial compressive forces.

According to the records of disaster by the Hyogo-ken Nambu Earthquake, which occurred in
the early morning on January 17, 1995, many highway bridge structures were damaged and col­
lapsed. With regard to the damage of steel bridge piers, the local buckling of stiffened plates in the
vicinity of openings located in lower parts of their column members were numerously observed.

In response to these types of damage, first of all, design parameters on the openings in the
stiffened plates of steel bridge piers were examined through questionnaires 1). Secondly, an ex­
perimental study on the ultimate strength of stiffened plates with opening was also carried out by us­
ing four test models 2). Then, the elasto-plastic and finite displacement analysis of stiffened plates
with opening was performed to investigate their ultimate strength 3 ) •

A basic theory for the elasto-plastic and finite displacement analysis of stiffened plates with
opening is described in this paper. The main idea of this theory and the prototype of a computer
program USSP (Ultimate Strength of Steel Plated structures) based on this theory was already de­
veloped in 1975 by the first author et al 4 ). 5). Recent improvements for this program are introduced
in Ref. 6). The originality of this paper is in a method for introducing the residual stress of stif­
fened plates with the opening into the finite element models for the analysis of their ultimate strength.
The point to be noted is also that this theory is verified through the comparison of numerical results
with experimental ones of a short box column consisting of stiffened plates with the opening.

For this analysis, the geometrical nonlinearity caused by the large deflection of plates is formu­
lated according to a total Lagrangian method of removing the rigid body displacement from the global
deformation of a finite element, and then the yield condition of von Mises and the plastic flow rule
of Prandtl-Reuss with strain hardening are used to simulate elasto-plastic nonlinear behavior of steel
material. Unbalanced forces between true nodal forces and applie~ nodal forces in each step of itera-
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tion calculation are eliminated by the Newton-Raphson's method. A short box column consisting of
two mild steel stiffened plates with a circular hole in each of them and two high strength steel flange
plates are analyzed as a numerical example. Moreover, these numerical results are compared with
the experimental results corresponding to the short box column.

2. Basic Theory
2. 1 Analytical and Numerical Assumptions
The analytical and numerical assumptions of the theory are outlined as follows;
(1) Steel materials to be used are homogeous and isotropic.
(2) The materials behave as perfect elasto-plastic and satisfy the yield condition of von Mises in

addition to the plastic flow rule of Prandtl-Reuss.
(3) Displacement of plates and stiffeners follows the Kirchhoff-Love's assumption.
(4) A plate with initial deflection and without any stresses such as residual stress and stress due to

applied forces can be approximated as a folded plate assembled with flat triangular finite
elements as shown in Fig. I.

(5) For a plate with both initial deflection and residual stress simultaneously, the residual stress is
introduced into the initial folded plate. Unbalanced forces at the nodal points of the folded plate
are caused by introducing the residual stress. They can be, however, eliminated through ap­
plying the fictitious nodal forces to the nodal points as illustrated in Fig. 2.

(6) Each finite element is divided into some layers in order to consider the spread of plastic zone in
the direction of thickness. Stress distribu tion and stiffness in each layer is assumed to vary
linearly in the direction of thickness.

(7) Plane stresses in the triangular finite elements are assumed to be constant.
(8) The true nodal forces of the finite elements after their deformation can be calculated on the con­

dition where the non-linear terms in the equations between strains and displacements can be neg­
lected by using the local and net nodal displacements derived by removing rigid body dis­
placements from the global nodal displacements.

Triangular plate element

Fig. I Finite element idealization

C--- 7)..:=: =.-----

{a) Practical plate

DIdealization

(b) Idealized plate

Fig.2 Introduction of residual stress

2. 2 Dealing with Geometrical Nonlinearity
Solutions of plate buckling problems concerning the geometrical nonlinearity might be obtained from
the formulas relating the nodal force vector to the nodal displacement vector of a finite element mod­
el, and containing high order nonlinear terms. However, the formulas are tremendously complicated.
For this reason, the geometrical nonlinearity is, hereby, dealt with by extending the Murry-Willson's
coordinate movement method 7) on flat plates without initial deflection to flat plates with initial de­
flection.

An unloaded triangular finite element before the deformation of which apices are i, j and k is
shifted onto the deformed triangular finite element of which apices are i', j' and k' in such a method
that the node i coincides with the node i', and the side 1J is laid on the straight line i'j' as shown in
Fig.3. The unloaded triangular finite element after this rigid body movement is defined as the
element i"j"k". The displacement of an arbitrary point on the triangular element i'j'k' after the de­
formation from the corresponding point on the triangular finite element i"j"k" is considered to be net
displacement after removing the rigid body displacement. The small displacement theory can be ap­
plied for this net displacement by dividing the finite elements as small enough. In this method, the
tremendous calculation for deriving the stiffness matrices with high order nonlinear terms can be re-
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duced, and then the nonlinearity of material property is only considered in the calculation hereafter.

0_--------- y
y*

x

z
z*

z

x*

Fig.3 Removal of rigid body displacement

2.3 Formulation of Elasto-Plastic Behavior of Materials
2. 3. 1 Relationships between stress and strain in a finite element
(1) Plate Elements
The relationship between stress vector (1 and strain vector E is expressed by Eq. (1), where the
material remains within elastic range:

or

E
1 - J1. 2

J1. 0 ]1 0
O(1-J1.)/2

----- (1)

----- (1) ,

The relationship between incremental stress vector ~ (1 and incremental strain vector ~ E is ex­
pressed by Eq. (2) in the elasto-plastic state without considering the strain hardening:

~ (1 = Dep~ E ----- (2)

where D ep is the stress-strain matrix in the elasto-plastic state as shown in below Eq. (10).
Because the incremental strain vector ~ E is separated into the elastic component ~ E e and the plas­
tic component ~ E p, thus:

---- (3)

The elastic incremental strain vector ~ E e is related to the incremental stress vector ~ (1. The elas­
tic incremental strain vetor 6. E e is, therefore, expressed by:

~ E =D - 1 ~ (1e e ----- (4)

The assumption of the Prandtl-Reuss's plastic flow rule gives the plastic incremental strain vector
~ E P as follows:

----- (5)

where F is the constant to express the yielding condition expressed by Eq. (6) in the case where the
material follows the von Mises's yield criteria:

----- (6)

where (J y is yield stress, and A designates the possitive coefficient.

From Eqs. (3), (4) and (5), the incremental stress vector ~ (1 is expressed by Eq. (7).
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----- (7)

----- (8)

As the stress vector l1 flows on the yield curve in the plastic state, dF is derived by the following
equation.

dF= I:: IT. t1 (J =0

After substituting Eq. (7) into Eq. (8), the coefficient A is given by:

l-a_F1T. Da lJ e
---------- • ~ E

l~IT.D ·l~lalJ e alJ

----- (9)

Substituting Eq. (9) into Eq. (7), the stress-strain matrix Dep in the elasto-plastic state is expressed
by Eq. (10).

----- (10)

(2) Stiffener Elements
In the case of stiffener elements, the method to derive the relationship between stress and strain is
the same as the plate elements except that the stiffener elements are of one dimension. It means that
the stress-strain vector De and Dep in Eqs. (1) and (2) are replaced by Young's modulus E and
tangent modulus Et , respectively.

2. 3. 2 Relationships between incremental displacement and incremental strain in a finite element
(1) Plate elements
Eq. (11) is adopted as the displacement functions to express the in-plane displaceme~ts of an arbit­
rary point p in a triangular finite element shown in Fig. 4.

~ u= a 1+ a 2x+ a 3Y

~ v= a 4 + a sx+ a 6Y
----- (11) y

."
,,'

k

oL:.i------------""'-----. x

Fig.4 l'riangular finite element and element coordinate

The coordinates of the apices i, j and k of the triangular finite element are defined as (Xi, Yi) ,
(Xj, Yj) and (Xk' Yk), respectively. Then, for this element coordinate system, the nodal incremental
displacemen ts in the x axial direction are defined as t::. Ui' t::. Uj and t::. Uk, and the nodal in­
cremental displacements in the y axial direction are defined as t::. Vi' t::. Vj and ~ Vk, respectively.

By expressing the incremental displacements, t::. u and t::. v at an arbitrary point p, in terms of
the nodal incremental displacements of the apices of the triangular finite element and by eliminating
the coefficients a 1- a 6 in Eq. (11), t::. U l is given by:

----- (12)



where 6. Ul and Nm are expressed by Eqs. (13) and (14) t respectively:

l:i.ul= !l:i.u. l:i.vl

Nm = TJ m ~ mn

where

Also, ~ mn and 6. Unl are given by:

----- (13)

----- (14)

----- (15)
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XjYk-XkYj

Yj-Yk

Xk-Xj

X k Yi- Xi Y k

Yk-Yi

Xi-Xk

Xi Y j-Xj Yi

Yi-Yj

Xj-Xi

----- (16)

6.Ui 6. V;,

6.u n l= 6.Uj 6.Vj

6.Uk 6. v k

Eq. (18) is obtained by differentiating Eq. (12) partially by x and y:

6. E 1 = Bu 6. ds

----- (17)

----- (18)

where 6. E l, Bu and the nodal incremental displacement vector of the finite element ds are given by
Eqs. (19), (20) and (21), respectively:

o 6.u

OX
o 6.v

Oy
o6.u+ o6.v

oy ax

----- (19)

----- (23)

----- (22)

1 Yj-Yk 0 Y k-Yi 0 Yi-Yj 0

Bu=2f1 0 Ik-Xj 0 Xi-Xk 0 Xj-Xi ----- (20)
Xk-Xj Yj-Yk Xi-Xk Yk-Yi Xj-Xi Yi-Yj

6.ds= !6. U it 6. Vi, 6. Ujt 6. Vj' 6. Uk, 6. V kl T ----- (21)

Next, Eq. (22) is adopted as the displacement function to express the out-of-plane displacement of an
arbitrary point p in the triangular finite element.

6. w= a bl + a b2 Ll + a b3 L2+ a b4 Ll L2 + a b5 L2 L3+ a b6 L3 Ll

+ a b7(LI L22-L12 L2) + a b8(L2 L32-L22 L3) + a b9(L3 L1
2

- L 3
2 L1)

Alternatively, Eq. (22) can be expressed in the matrix form as follows:

b.w= GT {3

where GT and (3 are given by Eqs. (24) and (25), respectively:

-----(24)

----- (25)
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in which Ll' Lz and L3 are the area coordinates. As is shown in Fig. 4, the coordinates of the
arbitrary point p in the triangular finite element are (x, y), and each area of the sub-triangles
which are formed by connecting the point p with the apices of the triangular finite element is AI,
Az and A3' respectively. Then, the area coordinates are defined as Ll=Al/A, Lz=Az/A and L3=
A3/A, where A is the area of the finite element. From Ll +Lz+ L3= 1, the unknown coordinates are
reduced into L1 and Lz. The rectangular coordinates (x, y) of the point p are related to the area
coordinates Ll and Lz as shown in Eq. (26).

1
x I = [ Xi- X k Xj- Xk] 1 LL1

z
1 + 1Xykkl

Y Yi-Y k Yj-Yk
----- (26)

----- (27)

By using Eq. (26), the partial differential operator with respect to the rectangular coordinates is
transformed with the Jacobian matrix] into the partial differential operator with respect to the area
coordinates as follows:

I~X I=J I0:1

ay . aLz

Differentiation of both the sides of Eq. (27) partially by x and y yields the following Eq. (28) :

oxay

where J is given by:

----- (28)

1J=­
2A [

Yj-Y k Y k-Yi ]
Xk-Xj Xi-Xk

----- (29)

Moreover, TL is given by:

1 [(Yj-Yk)Z (y k-Y;)Z 2(Yj-Y~ (y k-Y;) ]
TL=4'}P (Xk-Xj)2 (Xi- x iJ 2 2 (Xk-Xj) (Xi-XiJ

2(Yj-Y J (Xk-Xj) 2(y k-YJ (Xi-XJJ 2 ~(Yj-Y JJ (Xi-X,J + (y k-Y;) (Xk-XJ) I
----- (30)

Eq. (27) can be transformed into Eq. (31) :

1
- 0:21=1' riy

aLl 1 ax

where Jt is given by Eq. (32).

----- (31)

----- (32)
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The out-of-plane component t:. d bLI of the nodal incremental displacement vector t:. dI is defined as
Eq. (33) with respect to the area coordinate system.

t:. d bLI = t t:. Wi,
a t:. Wi a t:. Wi

t:. Wj'
a 6.Wj a 6.Wj

(3L2
, aLl , aL2

, aLl ,

t:. W k'
a t:.Wk a 6. w k IT ----- (33)
aL2

, aLl
Eq. (33) is transformed into the out-of-plane component of the nodel incremental displacement vector
6. dbI with respect to the rectangular coordinate system by Eq. (34) :

6.dbLI=Lj6.dbI -----(34)

where Lj is given by:

(

J" 0
L j = J"

o J'
J"= [ ~ o ]

J'
----- (35) , (36)

Differentiating Eq. (23) partially by L1 and L2 and calculating the inverse matrix, the coefficient
matrix P in Eq. (23) can be expressed in terms of t:. d bLI or t:. d bI as follows:

P=AL-
1~ d bLI=AL-

1L j 6. d bI

where A L-
1 is given by:

0 0 0 0 0 0 1 0 0
1 0 0 0 0 0 -1 0 0
0 0 0 1 0 0 -1 0 0
0 -1/2 -1/2 0 1/2 1/2 0 0 0

A -1_ 0 0 0 0 1/2 0 0 -1/2 0L -

0 0 -1/2 0 0 0 0 0 1/2
-1 1/2 1/2 1 1/2 1/2 0 0 0

0 0 0 -1 -1/2 0 1 -1/2 0
1 0 -1/2 0 0 0 -1 0 -1/2

----- (37)

----- (38)

Substitution of Eq. (37) into Eq. (23) yields Eq. (39) which is related 6. w to 6. d bJe

----- (39)

If GLl T and GL2 T are defined as the area coordinate vectors obtained by differentiating GT partial­
ly by L 1 and L z, the incremental vector of rotation angle 6. E> I is given by Eq. (40) :

6. e I = A tJ 6. d bI

where t:. E> I and A tJ are given by Eqs. (41) and (42), respectively:

----- (40)

----- (41)

----- (42)
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G = IGL1
T I

L G T
L2

----- (43)

Moreover, the area coordinate vectors GLll T and GL22 T can be derived by differentiaing partially
G

T
two times with respect to L 1 and L2 , and then the incremental curvature vector ~~ I is given by

Eq. (44) :

~ 4'] =A(JJ ~ db]

where ~ 4J] and AcI» are given by:

----- (44)

a2~W

aX2
a2~w

ail
a2~w

2--­axay

----- (45)

----- (46)

----- (47)

By using the incremental in-plane strain vector ~ E I in the middle surface of the finite element,
the incremental rotation angle vector ~ E> I and the incremental curvature vector ~ ell I expressed in
Eqs. (18), (40) and (44), respectively, the relationship between the incremental strain vector a E /

and the nodal incremental displacement vectors ~ dsI and ~ dbI at an arbitrary point in the finite
element is given by Eq. (48) :

~EI=Bu· ~ds/+1/2- aCoI-A o • ~db/+COI-Ao· ~dbI-Z·A4J· ~db/

----- (48)
where Co/ and ~ Co / are given by Eqs. (49) and (50), respectively:

awo
0

a~w
0ax ax

C o /= 0
awo

~Co/= 0
o~w

----- (49) , (50)oY OY
awo awo a~w a~w

ay ax ay ax

(2) Stiffener Elements
The relationship between the nodal incremental displacement vector and the incremental strain vector
in a stiffener elem~nt is obtained in the similar manner to the plate elements. Consequently, the
equation relating the incremental strain vector 6. E R at an arbitrary point in the stiffener element to
the incremental displacement vector in the axial direction ~ dRn and the incremental displacement vec­
tor of flexure ~ dRb is given by Eq. (51) :

~ E R = BRn • ~ dRn- Z • BRb • ~ dRb

where BRn, ~ dRn, BRb and dRb are given by:

BRn= [-l/L, IlL]

----- (51)

----- (52)
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-1/L ]

1/L2

----- (53)

-----(54)

----- (55)

Z

1 ~.%
i

Fig.5 Stiffener element

in which L is the length of the stiffener element, and !:i Ui, !:i Uj, !:i wi and !:i wj are the dis­
placements in the axial direction and the deflections at the nodal points i and j as shown in Fig. 5.

2. 3. 3 Equations of equilibrium
A structure idealized by an assembly of finite elements is in a state after I -th iteration from an
equilibrium state M (the iteration state I) where the nodal force vector fI induces the internal stress
vector (J I in a finite element. In the next loading step (step I) that the internal stress vector is in­
creased by !:i (J I by the nodal force vector increased by !:ifI in the finite element, the equation of
equilibrium condition of the finite element can be obtained according to the principle of virtual work.
Therefore, Eq. (56) is valid by using the virtual nodal displacement vector 8 d and the virtual strain
vector 8 E •

fa E T(<1 I+~ <1 I)dV= odT(fI+~fI)

Substitution of Eqs. (2) and (48) into Eq. (56) gives:

----- (56)

---- (57)

where lsI, fbI, k ssI ' k sbI and kBBI are given by:

f ---- (58) - (61)

kEBI = k bbl +k GI + J A 0 T ° COlT ° DI ° COl ° A 0 ° dV- J z ° A 0 T ° COlT ° DI ° A 0 ° dV

_JzoAOToDIoCOIoAo °dV ---(62)

kbbI = Ji ° Acf>T ° DIo Acf> ° dV, kGI = JA o To PI ° A o ° dV ----(63), (64)

[

l1 x
PI =

r xy

r xy ]

l1 y
---- (65)

If the size of the finite elements is so small that the error of the numerical results can practically be
ignored, the deformed structure at the iteration state I before the loading step I can be also approxi­
mated by the assembly of flat plate finite elements. Therefore, Eqs. (66) and (67) are held by the
following conditions:
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awo=o awo=o
ax ' ay

Hence Co ]=0 from Eq. (49), then Eq. (57) is simplified into Eq. (68).

---- (66), (67)

----- (68)

where h] is the tangent stiffness matrix of the flat plate element. The tangent stiffness matrix of a
stiffener element can be derived in the similar manner. After transforming these tangent stiffness
matrices with respect to the element coordinate system into the global coordinate system and assemb­
ling all the tangent stiffness matrices, the global equilibriu'm equation of the structure with the global
tangent stiffness matrix is given by Eq. (69).

----- (69)

The incremental displacement vector /). UI corresponding to the incremental applied load vector /). PI
is obtained by solving Eq. (69) after modifying them by the boundary conditions.

2. 4 Formulation of Unbalanced Forces
In the iteration state I after the I -th time iteration of calculation by using Eq. (69) from the' equilib­
rium state M, the stress vector G I and strain vector E I in a finite element are given by Eqs. (70)
and (71) as shown in Fig.6:

(J ]= G M+ /). (J M

E ]= E M+ /). E M

----- (70)

------ (71)

where (J M and E M are stress and strain vectors at the equilibrium state M, respectively, and
means incremental vector from the equilibrium state M.

F

~UM ~Ul

FM+l M+l ~Frl1+1
FI

~FM

FJ.f

0 UM U/ UM+l U

Fig.6 Load vector F- displacement vector U curve

Considering Eq. (2), (J] is given by:

where

I

De (elastic or strain reversal)
DM = a De+ (1 - a ) Dep (transition from elastic into plastic)

Dep (plastic)

------ (72)

------ (73)
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For a finite element which was elastic in the equilibrium state M, but have changed to be plastic in
the iteration state I, the incremental strain vector is separated into the plastic and the elastic
ranges. The parameter a is the ratio of the incremental strain vector up to just the yielding to the
total incremental strain vector, being decided by the following equation.

( d xM+ a • ~ d xM) 2 - ( d xM+ a • ~ d xM) • ( d yM+ a • ~ d yM)

+ (d yM+ a • ~ d yM)2+ 3(" xyM+ a • ~ " xyM) 2= d y2 ------(74)

For the net nodal incremental displacement vector ~ UM which is the nodal incremental vector re­
moved the rigid body displacement vector through the method as mentioned in 2. 2, the small dis­
placement theory can be adopted. The relationship between the incremental strain vector t!J. E M and
the net nodal incremental displacement vector ~ UM is, therefore, given by Eq. (75) :

b. E M= E I- E M=A· ~UM ------(75)

where A is expressed by:

A = [But -zeA;] ------ (76)

By the principle of virtual work, Eq. (77) is held by using the virtual strain vector 0 E and the
virtual nodal displacement vector 0 u.

------ (77)

Substituting Eqs. (72) and (75) into Eq. (77), and considering that Eq. (77) must be valid for arbit­
rary 0 u, Eq. (78) can be obtained as follows:

fi=IM+kM·~uM ------(78)

where 1M and kM are expressed by Eqs. (79) and (80), respectively:

fM= fAT. (J MtIV ------(79)

ku- f AT. DM •AdV ------ (80)

From Eq. (78), the nodal incremental force vector of each finite element is given by:

~/M= kM • ~ UM ------ (81)

The true nodal force vector II in the iteration stage I is obtained through adding ~fM to the true
nodal force vector I M in the equilibrium state M. The true nodal force vector F I in the global struc­
ture is obtained through transforming II with respect to the element coordinate system into the true
nodal force vector with respect to the global coordinate system and assembling them together with the
true nodal force vectors of the other finite elements. Thus, the unbalanced force vector ~ F rI is
given by the Eq. (82) :

~FrI=F(M+l) - F1

where F(M+l) is the nodal applied force vector in the global structure.

------ (82)

3. Method for Introducing Residual Stress into Finite Element Models
Residual stress ·is one of the inevitable factors which affect adverse influence upon the ultimate
strength of stiffened plates with the opening.

Fig.7 shows the idealized distributions of the residual stress to be used in the elasto-plastic
and finte displacement analysis for stiffened plates with the opening strengthened by a doubler plate
or not strengthened. They are assumed on the basis of measured distributions of residual stress
3) • The residual stress distribution (Type A) caused by gas-arc cutting can be idealized as shown
in Fig. 7 (a). The residual stress distribution (Type B) in a doubler plate is caused by welding them
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onto a plate with the opening and can be idealized as shown in Fig. 7 (b). The residual stress dis­
tribution (Type C) in a plate with the opening, which is caused by welding a doubler plate onto
them, can be idealized as shown in Fig. 7 (c). The idealized longitudinal residual stress distributions
(Type D) in stiffened plates and stiffeners, and idealized transverse residual stress distribution
(Type E) caused by welding of transverse stiffeners are also depicted in Figs.7 (d) and (e). .

(Type A)
(a) Residual stress distribution

caused by ga~-arc cutting

(Type B)
(b) Residual stress distribution

caused by welding along
edges in doubler plate

(Type C)
(c) Residual stress distribution

caused by welding for
doubler plate

a rt( =0.6 (J y)

hrIA~:::~
~O.2hr

(] rc( =0.2 (] y) (] rt(= (J y)

(i) Plate panne) (ii) Stiffener

(Type D)
(d) Longitudinal residual stress distribution caused by

welding for longitudinal stiffeners

I

(Type E)
(e) Transverse residual stress distribution

caused by welding for transverse
stiffeners

Fig. 7 Idealized distributions of residual stresses for analysis (dimensions in mm) 3)

The residual stress distribution of a stiffened plate with the opening under consideration can be
approximately generated in the finite element model by superposing properly some or all of the types
of the distributions shown in Fig. 7 as follows;

(i) The residual stress distributions of Types A, Band C are assumed to be constant in the direc­
tion along the circumference of the hole. Therefore, the residual stress distribution along an
arbitrary radial direction can be obtained by rotating the residual stress distributions shown in
Fig. 7 about the center of the hole .

(ii) The residual stress distributions of Types D and E are assumed to be constant in the longitu­
dinal and transverse directions, respectively.

(iii) The residual stress Type A can be supposed to be absorbed in the residual stress distribution
Type C in case that the doubler plate is welded.

(iv) All the types of the residual stress distributions to be necessary for a stiffened plate with the
opening under consideration are superposed after they are transformed into the residual stresses
with respect to the global coordinate system.

(v) The residual stress (J T%' (J 1)' and T T%Y in each finite element are changed into the equivalent
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and constant values.
(vi) In the finite elements where the equivalent stresses t1 r expressed in Eq. (83) after the super-

position exceed the yield stress t1 y, the components of the residual stresses must be reduced by
multiplying them by (1 y/dr in order to make the equivalent stress equal to the yield stress:

- J 2 2 2
t1 r= (1 r% - (1 T% (1 1)'+ (1 1)' + 3 '" rxy ----- (83)

where t1 rz. t1 ry , and '" rxy are the residual stresses.

4. Numerical Example
4. 1 Analytical Model
The test model No.2 subjected to uni -axial compression in Ref.2) is selected as the numerical exam­
ple. The side elevation and the cross section of the test model are shown in Fig. 8. It has a circular
hole without any enhancement around them in each one of the two stiffened web plates made of mild
steel (SS400), while th~ two flange plates are made of high strength steel (HT780).
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Fig.8 Side elevation and cross section of test model No.2 (dimensions in mm)

The analytical model and the initial deflection curves adopted in this analysis are illustrated in
Fig. 9.
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(a) Analytical model (b) Initial deflection curves
Fig.9 Analytical model and initial deflection curves (dimensions in mm)

The analytical model is formed by paying attention to the shaded part of the side elevation of
the test model No.2 in Fig. 8. It corresponds to one fourth model, because of the symmetry on the
shape and deflection of the test model No.2. Proper mesh division of finite element models for stif­
fened plates with the opening was investigated in Ref. 3). The result is, therefore, adopted in decid­
ing the mesh division of the analytical model shown in Fig. 9. The initial deflection curves are
selected on the basis of the measured initial deflection curves in the test model 2 ) •

The residual stress distributions of Types A and D are adopted and are introduced in the simi­
lar manner mentioned in Chapter 3.
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Fig. to shows the residual stress distribution utilized in the analysis compared with the mea­
sured residual stresses 3) • They are all non-dimensionalized by the yield stress of the test model. It
can be seen from Fig. 10 that the assumed residual stress distribution is agree well with the mea­
sured values.

(J rx / (J y (Jrx jOy
(tension) 1. 0 0 - 1. 0 I. 0 0 -I. 0 (~ompression)

i I

I. 0 0 -1. 0 (Jrx/(Jy

90 96 64

~ Measured value

12 Predicted distribution

Fig.tO Residual stress distribution adopted in
analysis and measured one (dimension in mm)

Table 1 Boundary conditions
(see Fig. 9 (a) )

~-ments u v w {)x {)y ()z
Position

Side AB 2 0 1 1 0 1

Side AI, BG 2 1 0 1 1 0

Point. A, B 2 1 1 1 1 1

Point G, I 2 1 1 1 1 0

Side GR, IJ 0 0 1 1 1 0

Side CD, EF 1 0 0 0 1 1

Side FJ, CH 1 0 0 0 1 1

Half Circle ED 0 0 0 0 0 1

Point H, J 1 0 1 1 1 1

remarks: 0 = free
1 = constraint
2 = controlled in-plane displacement

The boundary conditions for the analytical model are summarized in Table 1. Material prop­
erties of the steel plates adopted for the analytical model are listed in Table 2.

Table 2 Material properties of web and flange plates

~
Thickness Young's Modulus Poisson's Ratio Yield Point

Plates teem) E(kgf/enf) P. (J Y (kgflenD
Web 0.314 2.17X 106 0.28 3.472

Flange 1.005 2. 16X 106 0.27 8.573

4. 2 Analytical Results
Shown in Fig. II are the situations of spread of plastic zone in three load stages in the vicinity of
the ultimate state. In this figure, Pu means the applied axial load to the web plate at the ultimate
state, and also O.60Pu means that the applied axial load at the load step is 60% of the ultimate load
Pu• It can be seen from Fig. 11 that the plastic zone expands from the outstanding plate parts ad­
jacent to the opening near the center line of the test model to its radial direction.

p elastic element

~ plastic element

(a) O.60Pu (b) O.82Pu (c) 1.00Pu

Fig. II Spread of plastic zone

The relationships between the longitudinal and in-plane average stress in the web plate and the
longitudinal and in-plane strains at an edge point near the circumference of the hole are compared
with the experimental results as shown in Fig. 12. These values are non-dimensionalized by the yield
stress and the yield strain, respectively.
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Fig. 12 Relationships between average stress
in web plate and strain at edge point

Fig. 13 Relationships between average stress in
web plate and deflections at edge points

The analytical relationships between the average stress in the web plate and the deflections at
the two side edge points near the circumference are compared with the experimental results in Fig.
13. It can be seen from both the analytical and experimental results that the plate edges of the right
and left sides of the hole deflect in the outside and inside directions of the box, respectively.

It is considered that the behavior of the strains and deflections of these edge points near the
circumference of the hole up to the ultimate state does not agree well quantitatively, but it almost
agree qualitatively between the analytical and experimental results, because the local initial deflection
near the hole in the analytical model is different from that of the test model. The difference of the
local strains and deflections between the analytical and experimental results is considered to affect
less influence upon the ultimate strength of stiffened plates with opening and the overall behavior of
them up to the ultimate state.

The analytical relationship between the applied axial force to the web plate and the axial dis­
placement is compared with the experimental one as shown in Fig. 14. The ordinate of this figure is
the applied axial force P divided by the squash load Py of the web plate, and the abscissa is the
displacement divided by the yielding displacement of the web plate with the opening. Both the analy­
tical and experimental load-displacement curves have almost same tendency. Then, the values of the
non-dimensionalized ultimate strength are O. 671 in the analysis, and O. 660 in the experiment. They
are situated in good agreement. The 'slight difference of the axial displacement up to the ultimate
state between the analytical and experimental results is considered to be caused by the difference of
the residual stress distributions in the analytical and the test models.

1.

~ o.
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<C o.
--+- Experiment
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Axial ~isplacement u1uy

.0

Axual direction . Location of
/ / diaphragm

Transvene direction

Fig. 14 Relationship between applied axial
force to web plate and axial displacement

(a) Analysis (b) Experiment
Fig.15 Deformations of analytical and

experimental models at ultima.te state
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The deformation shapes of the analytical and experimental stiffened plates with the opening at
the ultimate state are compared with each other as shown in Fig. IS. The deformed shapes of both
the analytical and experimental stiffened plates have 3 half waves in the transverse direction, and
the shapes of the deformation are well resemble.

5. Conclusion
The main conclusions obtained in this study are summarized as follows:
(1) A basic theory of elasto-plastic and finite displacement analysis of stiffened plates with opening

is described on the basis of the finite element method.
(2) One of methods for introducing a proper residual stress distribution into the finite element mod­

els for stiffened plates with opening are discussed. It is shown that the residual stress distribution
adopted for the analysis is good agreement with the measured one in the corresponding test model.

(3) In the numerical example of the stiffened plate with opening without any enhancement, the analy­
tical results .agree well with the experimental ones.

(4) It can be concluded that the behavior up to the ultimate state and the ultimate strength of stif­
fened plates with opening can be analyzed with good accuracy by the method proposed in this paper.
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