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STABILITY OF LAMB DIPOLES

KEN ABE AND KYUDONG CHOI

AssTrRACT. The Lamb dipole is a traveling wave solution to the two-dimensional Euler equa-
tions introduced by S. A. Chaplygin (1903) and H. Lamb (1906) at the early 20th century.
We prove orbital stability of this solution based on a vorticity method initiated by V. 1.
Arnold. Our method is a minimization of a penalized energy with multiple constraints that
deduces existence and orbital stability for a family of traveling waves. As a typical case,
orbital stability of the Lamb dipole is deduced by characterizing a set of minimizers as an
orbit of the dipole by a uniqueness theorem in the variational setting.

1. INTRODUCTION

1.1. Lamb dipoles. We consider the two-dimensional vorticity equations:

O +v-Vi=0, v=kx({ inR?x(0,c0),

(1.1)
(=0  onR*x{r=0),

with the kernel k(x) = (27)~'xt|x72, x* = /(=x2, x1). The equations (1.1) admit a vortex

pair, i.e., a solution of the form

v(x, 1) = u(X + Ueol) — Ueo,

L(x, 1) = w(x + Usot),

vanishing at space infinity with a constant velocity u,, € R?. Vortex pairs are pairs of
compactly supported dipoles, symmetrically placed with opposite signs, translating in one
direction. They are theoretical models of coherent vortex structures in large-scale geophysi-
cal flows. See, e.g., [27], [19] for experimental works. By rotational invariance of (1.1), we
take uo, = '(—=W,0), W > 0, without loss of generality. Substituting (v, ) into (1.1) implies
the steady Euler equations for (u, w) in a half plane:

u-Vo=0  inR2,

U— U as|x| > oo.

(1.2)
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In the 3rd edition of the book “Hydrodynamics” published at 1906, H. Lamb [30, p.231]
noted an explicit solution to (1.2), generally referred to as the Lamb dipole (Chaplygin-Lamb
dipole), a solution wyz, = Amax{¥r, 0}, ur = '(0x,¥r, =0y, ¥L), 0 < A < o0, of the form

CLfl(ﬂl/zr)sine, r <a,
(1.3) Yi(x) = ( a?
-Ww

r——)sin@, r>a,
r

with the constants

2W
Ch=——7+——, a= co/l_l/z,

A2 Jo(co)
where (r,60) is the polar coordinate and J,,,(r) is the m-th order Bessel function of the first
kind. The constant cy is the first zero point of Jy, i.e., J1(cg) = 0, cg = 3.8317 - - -, Jo(co) < 0.
The parameter A > 0 denotes the strength of the vortex and is related with its impulse by

C(z)ﬂ'W
xowrdx = .
R}

A

The Lamb dipole (1.3) is the simplest explicit solution to (1.2), symmetric for the x»-
variable, which is a special case of non-symmetric Chaplygin dipoles, independently found
by S. A. Chaplygin in 1903 [14], [15]. See [39] for their origins.

The Lamb dipole is considered as a stable vortex structure in a two-dimensional flow.
Its stability has been studied by an experimental work [19] and also by a numerical work
[24]. On the other hand, despite the explicit form of this classical solution, its mathematical
stability had been an open question since the solution was introduced by S. A. Chaplygin
and H. Lamb at the early 20th century. For solutions with a single-signed vortex such as a
circular vortex [48], [43] or a rectangular vortex [5], stability results have been developed,
while no stability result was known for the Lamb dipole which has a multi-signed vortex
and forms a traveling wave.

There is an interesting relation with solifons in the theory of nonlinear wave equations.
One of classical models that describes propagation of a wave may be the KdV equation [29].
More generally for the gKdV equation,

Ow+Pw+0,wWP) =0, xeR, >0,

for an integer p > 2, there exists a soliton solution of the form w(x, ) = Q.(x — ct) forc > 0
and Q.(x) = /P~ D Q(c'%x), where

p+1 )1/(P—1)

Q) = (2cosh2((p - 1)x/2)

is called soliton, which is a unique positive solution of the elliptic problem 62Q + Q” = Q,
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up to translation. Stability of this soliton is well known when the problem is globally well-
posed. Indeed for 2 < p < 5, the gKdV equation is globally well-posed, and if initial
data is close to the soliton, the solution remains nearby the soliton for all time by admitting
translation of Q [6], [49]. Such stability is termed orbital stability. For p = 5, this soliton
is unstable [36] and a finite time blow-up occurs [40], [37]. The Euler equations may have
some aspects of the wave equation. Even for the three-dimensional case, vortex rings form
traveling waves. We shall establish the orbital stability theorem for the Lamb dipole which
is the most typical traveling wave.

In the sequel, we identify a function o in R2 with an odd extension to R? for the x,-
variable, i.e., {p(x1, x2) = —{o(x1, —x2). Since a classical solution to (1.1) exists and is sym-
metric for the x,-variable for sufficiently smooth initial data [34], a standard approximation
argument implies the existence of a symmetric global weak solution € BC([0, o); L?> N
LY(R?)) for symmetric initial data o € L? n LY(R?) [35]. Here, BC([0, »); X) denotes the
space of all bounded continuous functions from [0, co0) into a Banach space X. Among other
results, our simplest result is the following:

Theorem 1.1. Let 0 < A, W < oo. The Lamb dipole wy is orbitally stable in the sense
that for v > 0 and & > 0, there exists § > 0 such that for {y € L* N L'(R?) satisfying
x280 € L'(R2), & > 0, l|¢oll < v and

iralﬂgz {llZo = wr(- + Pl + %20 — wr(- + )i} < 6,
ye

+

there exists a global weak solution ((t) of (1.1) satisfying

igéz {IE) = wr- + Yl + 12 @) = wr- + I} < &, forallt> 0.
YeoRy

Remark 1.2. As we will see later in Remarks 5.2 (i), the smallness condition in Theorem 1.1
can be replaced with a slightly weaker condition infyeaRi 1o — wr(- + Ml + | f Xplodx — ,u|

<dforu= c(z)nW//l.

Orbital stability of traveling waves to the two-dimensional Euler equations is first studied
by Burton, Lopes and Lopes [12] based on a variational principle using a rearrangement and
the concentration compactness principle. See Burton [11] for a recent improvement. The
works [12], [11] proved orbital stability for a broad class of vortex pairs though stability of
Lamb dipole was unknown. We prove Theorem 1.1 by using a simpler variational principle
in a restricted class of vortex pairs.

1.2. Vorticity method. Theorem 1.1 is a particular case of our general stability theorem.
Let us consider the existence problem (1.2). The equation (1.2); implies that the vorticity is
a first integral of the stream line, i.e. an integral curve of u = (9, ¥, —d,, V) for the stream
function . Therefore w is locally a function of ¥. We assume that w is globally represented



4

by w = Af(¥) with some function f(¢) and A > 0. Then solutions of (1.2) can be constructed
by the semi-linear elliptic problem for y > 0:

—~AY = A1f(¥) inR2,
(1.4) Y=y on dR2,
0,¥Y—0, 0,¥Y—-W as|x] > co.

The function f is called a vorticity function which is prescribed by a non-negative and non-
decreasing function. In this paper, we shall take

f(t) = t+’ t+ = max{t’ 0}7

for which the Lamb dipole ¥y, is a solution to (1.4) for y = 0 and spt wy = B(0,a) N Ri,
ie., wp = Af(¥r). Here B(0, a) is an open disk centered at the origin with the radius a > 0.
The three parameters W,y > 0 and A > 0 are referred to as propagation speed, flux constant
and strength parameter. We chose the flux constant y so that ¥ = 0 on the boundary of the

vortex core spt w = Q. The problem (1.4) is a free-boundary problem since the vortex core
Q is a priori unknown. Once the core is found, one can find ¥ by solving the two problems:

- A¥Y=AY inQ, ¥Y=0 ondQ,
—A¥ =0 inR2\Q, ¥=-y ondR2, 4,¥ =0, d,¥ > -W as|x — oo.

On the other hand, the core is characterized as Q = {x € R2 | ¥(x) > 0} by a maximum
principle. The function ¥ = ¢y — Wx; —v is represented by the Green function of the Laplace
operator subject to the Dirichlet boundary condition in a half plane

1 4
(15) v(x) = fR G yw)dy, G(x,y)=ﬂlog(1+ w22 )

Ix =y

To study existence and stability of solutions to (1.4), we consider a variational principle
based on vorticity, called a vorticity method, originating from the idea of Kelvin [45], initi-
ated by Arnold [3], [4]. See also Benjamin [7] for vortex rings. For vortex pairs, vorticity
methods were developed by Turkington [46] and Burton [8]. See also Norbury [42] and
Yang [50] for a stream function method.

Our approach is based on the vorticity method of Friedman-Turkington [23], [22] devel-
oped for vortex rings. For 0 < u, v, 1 < co, we set a space of admissible functions

wZO,fxgwdxz,u,fdeSV}.
R2 R2

+

K,y = {w € L*(R?)

We construct solutions of (1.4) by maximizing a penalized energy
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Erw] = Elw] - —f wzdx, Elw] = —f f G(x, y)w(x)w(y)dxdy.
’ 21 R%— 2 R%_ R%—

For a notational convenience, we formulate the maximization problem as a minimization of

—E> , and denote by

(1.6) Ip,v,/l = a)lerll(f {_EZ,/l[w]} .

wy

The constants W, v > 0 are Lagrange multipliers. This formulation is slightly different
from that of [23], [22], where admissible functions are restricted to a space of symmetric
functions for x; € R. More precisely, the method in [23], [22] applies to prove compactness
of a minimizing sequence satisfying

w(x, x2) = w(=x1, X2),
(1.7) . . .
w(x1, x2) 18 non-increasing for x; > 0.

The condition (1.7) is essential for the method in [23], [22]. In fact, since the energy —FE3 ; is
invariant by translation for the x;-variable, translation of any minimizer is a minimizing se-
quence. In this paper, without assuming (1.7), we shall show that any minimizing sequence
is relatively compact by translation for the x;-variable by using the concentration compact-
ness principle of Lions [31]. The following Theorem 1.3 is an improvement of [23], [22] in
terms of vortex pairs.

Theorem 1.3. Let O < p,v, A < co. For any minimizing sequence {w,} satisfying w, € K, ,,
Hn = pand —E> j[w,] — 1,0, there exists a sequence {y,} C (?R%r such that {wy(- + yn)}
and {xyw, (- + y,)} are relatively compact in L*(R%) and L' (R?), respectively. In particular,
the problem (1.6) has a minimizer in K, ,.

A novelty in the present paper is the adaptation of the vorticity method of [23], [22],
instead of [46] which prescribes that mass is exactly v > 0 for admissible functions. As
proved in [23], [22] for vortex rings, mass becomes strictly less than v > O for small 1 > 0
with fixed u, v. Indeed, the variational principle in [46] does not provide solutions of (1.4)
for small 4 > 0. Our existence for small 4 > 0 seems a new result although the above
formulation is noted in [46]. See also [42].

Removing the restriction on the strength parameter is essential in the present work since
solutions of (1.4) approach a Lamb dipole as 4 — 0. We shall rigorously state this claim
in Theorem 1.5 below. For fixed y, v, solutions of (1.6) form a one parameter family for
0 < A < oo. In particular, solutions approach a Dirac measure as 4 — oo and in contrast
a Lamb dipole as 4 — 0. A variational characterization of the Lamb dipole is studied
in [9], [10] for solutions to (1.4) for y = 0.

Orbital stability of vortex pairs is a consequence of compactness of a minimizing se-
quence. We use conservations of L?-norms, impulse and penalized energy of (1.1):



N, (D = Idolly, 1 <g <2,
(1.8) (12111 (1) = llx20ll1,
E> A(O)(1) = E21(40), forall z > 0.

Although a global weak solution £(#) of (1.1) obtained by an approximation argument [35]
might have weak regularity at r = 0, by the renormalization property of DiPerna-Lions [18],
the constructed weak solution satisfies the conservations (1.8), i.e., {(?) € K., for {y € K,
In general, £(¢) is not symmetric and non-increasing for the x;-variable even if {j is. The
renormalization property of weak solutions to the two-dimensional Euler equations is due
to [33].

The vorticity method not only constructs stationary solutions as lowest energy solutions
but also deduces their stability by compactness of a minimizing sequence, cf. [13] for dis-
persive equations. For the Euler equations, research on orbital stability goes back to Ben-
jamin [7]. See Wan [47] for an early work. For vortex pairs, the first orbital stability result
appeared in Burton, Lopes and Lopes [12] for a certain class of solutions to (1.2) by a vortic-
ity method based on a rearrangement for a prescribed function. See [28], [12] for a physical
background and an introduction to the problem. The method of [12] yields existence of
solutions to (1.4) for small W > 0, ¥y = 0 with unknown f(¢), 4 > 0 and deduces their
stability by the L2-norm ||(||> for compactly supported ¢y close to the orbit in the stronger
norm ||{]l2 + | f xp{dx|. Burton [11] recently proved orbital stability by using one norm
W1, + T + Ifx%“dxl, p > 2, for both stability of £ and an initial condition of {y. We
prove existence of (1.4) by prescribing f(f) = #;, 4 > 0 and deduce their stability by the
norm [|{|l2 + [Ix2£ll1 without assuming compact support for {p. Let S, denote the set of
minimizers of (1.6). Theorem 1.3 implies:

Theorem 1.4. For 0 < u,v,A < oo, S, is orbitally stable in the sense that for € > 0, there
exists 0 > 0 such that for {y € ’nr! (Ri) satisfying x2{y € L](Ri), Lo =0, ||l £ vand

(1.9) inf {lldo - wll2 + lIx2(do — w)lli} < 6,

WES 1y,4

there exists a global weak solution ((t) of (1.1) satisfying

(1.10) inf {|I{(1) = wll2 + |Ix2({@) —w)lh} < &, forallt>0.

wes uv,A

Theorem 1.4 is a general stability theorem for a family of vortex pairs for 0 < A < oo.
If the set of minimizers is characterized as an orbit O(w) = {w(- +y) | y € (9R_%} for some
vortex pair, one can deduce orbital stability of the vortex pair itself. Since translation of a
minimizer w of (1.6) is also a minimizer, the orbit O(w) is a subset of S, , 1. The converse
inclusion is a uniqueness issue. See [1] for uniqueness of the Hill’s spherical vortex rings
and [9], [10] of the Lamb dipoles.

In this paper, we prove uniqueness of minimizers of (1.6) for small 1 > 0, i.e., uv~'11/2 <
M for some M; > 0. As proved later, for small 4 > 0, the flux constant y vanishes. This
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implies that i/ x, is a positive solution to the elliptic problem in R*, i.e., for y = /(y’,y4) €
R4,

W y']) W, y']) -
A —————Z | =Af| ————— - W R™.
y( 4 ) 4 ( 4 ) n

Since positive solutions i//[y’| of the above problem are radially symmetric for some point
on {y’ = 0} [9], minimizers of (1.6) for small 2 > 0 must be translation of a Lamb dipole
wr for W > 0. As a consequence, it turns out that S, , 1 = O(wy) for ,uv‘l/ll/2 < M; and
(1.10) is orbital stability of the Lamb dipole itself. By the constraint on the impulse, the
speed W > 0 is uniquely determined by W = uAd/ (C(z)ﬂ').

Theorem 1.5. Let 0 < u,v,A < oo satisfy uv A2 < M, for some absolute constant
My > 0. Let wy be the Lamb dipole for W = ,u/l/(c(z)zr). Then, minimizers of (1.6) are
translation of the Lamb dipole, i.e.,

(1.11) Suva = {wr(- +y) |y € OR}.

The characterization (1.11) implies that S, is independent of large v > 0 for fixed
w, A, ie., 'A% < M,. Therefore for given A, W > 0, v > 0 and u = c(z)er//l, we take
¥ = max{v, /1/11/ 2Ml‘l} so that S, 51 = O(wg). Theorem 1.1 is then deduced from Theorem
1.4.

There is a possibility that uniqueness holds even for solutions to (1.4) for small y > O.
See [41], [2] for uniqueness of vortex rings. If the uniqueness holds, one can characterize
S uv,a as an orbit of some deformed vortex pair supported away from the boundary OR2.
Theorem 1.4 may include stability of such solutions.

There are few remarks related with nonlinear wave equations. Orbital stability is con-
cerned with stability about a shape of a wave. Indeed, Theorem 1.1 implies that the shape
of wy is stable by a perturbation for all # > 0. A more advanced question is the asymptotic
behavior of the perturbation £(f) as t — co. One may expect that a perturbation approaches
some fixed traveling wave as t — oo. Such stability is termed asymptotic stability in the
study of nonlinear wave equations. Another issue is interaction between traveling waves.
Stability of two Lamb dipoles or more generally stability of a finite number of the dipoles
are open questions. We refer to a survey [44] on stability of solitons.

In this paper, we considered the vorticity function f(f) = ¢, to prove the orbital stability
of the Lamb dipole. Our method is also applied to prove orbital stability of more general
vortex pairs and also vortex rings. For example, we are able to take f(r) = t}r/ =D a5 a
vorticity function to study existence and orbital stability of vortex pairs for 4/3 < p < o
and vortex rings for 6/5 < p < oco. The stability norm can be replaced with the L”-norm
with the weighted L'-norm.

A special case is p = oo for which the vorticity function becomes an indicator function.
The penalized energy can be replaced with the kinetic energy whose minimizers are vortex
patches [23], [22]. This class particularly includes the Hill’s spherical vortex rings. See [16]
for a stability result.



We outline the proof of Theorem 1.3. Applicability of the concentration compactness
principle to free boundary problems is noted in the original paper of Lions [32, p.279],
though little is known on stability of evolving free boundaries. The first application to sta-
bility of traveling waves to the two-dimensional Euler equations is due to Burton, Lopes and
Lopes [12] in which stability of a set of minimizers is proved for a large class of vortex pairs
based a variational principle with unknown vorticity functions. The main contribution of the
present work is the reformulation of the problem by prescribing f(¢#) = 7, and adjusting a
variational principle of vortex rings developed by Friedman-Turkington [23], [22] to vortex
pairs so that the Lamb dipole is obtained as a minimizer. This variational principle involves
multiple constraints and cannot appeal to the subadditivity condition of a minimum found
by Lions [31] to obtain compactness of a minimizing sequence. We sketch the key part of
the proof below.

In the sequel, we reduce the problem to the case v = A = 1 by the scaling

1
(1.12) o(x) = Tv‘“(ﬁ)‘

If w € Ky, ® € Ky for M = w212 and E, 1 [&] = v72Ep[w]. We abbreviate the
notation as Kﬂ = Kﬂ,l, Iﬂ = Iy,l,l, Erw] = B 1[w], and Sﬂ = S,u,l,l-

To prove compactness of a minimizing sequence of (1.6), we apply a concentration com-
pactness principle and exclude possibilities of dichotomy and vanishing of the sequence.
Since 1, is negative and decreasing for u € (0, o), vanishing cannot occur. The problem is
to exclude dichotomy of the sequence. Let us consider for simplicity a minimizing sequence
{wy} C K, satisfying w, = w1, + W24, W14, w2, 20, and for 0 < @ <

a = f xowidx, pu-a= f Xow2 ,dx,  dist (spt wi ,, Spt wa,,) — 0.
R2 R2

+

Observe that for example if w;, and w,, are compactly supported and move away for the
x1-direction, the sequence {w,} is not compact in L?. If we have the strict subadditivity of
I,ie, 1, <I,+1, ,for 0 < a < u, we immediately conclude that this cannot occur by
letting n — oo in Ez[w,] < Ez[w,] + Ex[wa ] + o(1).

The main difficulty is the fact that K, has the multiple constraints (impulse = u, mass
< 1) which is an obstacle to deduce the strict subadditivity of /, from the scaling property of
E>. See [31, Corollary II.1]. We overcome this difficulty by reducing the problem to com-
pactness of a sequence satisfying (1.7) and existence of minimizers of (1.6) by using Steiner
symmetrization a)fn i.e., a rearrangement of w;, satisfying (1.7), Ex[w;,] < Ez[wzn], con-
serving L7-norms, 1 < g < 2, and impulse. Since wzn is non-increasing for x; > 0, we
are able to show that the weak convergence a);in — w, in L? implies the convergence of the
kinetic energy E [“’;‘k,n] — E[w;]. This yields

-1, < Ex[w] + Ez[w:],

> f2 xowidx, p—a> fz xwadx, il + w2l < 1.
R

+ Ry

A contradiction is deduced from the existence of minimizers of (1.6) (satisfying (1.7)).



9

Indeed, there exists a maximizer w; of E> (a minimizer of —F5) under the constraints
fxzwldx < a and ||wi|}; £ 1 = |[wy]|; for fixed w;. The maximizer satisfies fxza)ldx =a
with compact support. Therefore we are able to replace w; with w; and apply the same
for w, for fixed w;. Since we can assume that spt w; N spt wy = 0 by translation for the
xp-variable,

=1, < E>[wi] + Ex[wz] = Exwy + wa] — fz f2 G(x, y)wi(x)wa(y)dxdy < —1,.
R2 JR2

This implies w; = 0 for i = 1 or 2, a contradiction to u = f x(w + wy)dx.

The existence of the minimizer w; follows from the compactness of a minimizing se-
quence satisfying (1.7). Since we can assume that a minimizing sequence satisfies (1.7) by
Steiner symmetrization, the existence of the minimizer w; follows from the convergence of
the kinetic energy.

This paper is organized as follows. In Section 2, we prove that /,, is negative and decreas-
ing for u € (0, co) and that minimizers of (1.6) are solutions of (1.4) with compact support.
In Section 3, we prove compactness of the kinetic energy for a sequence satisfying (1.7) and
existence of minimizers of (1.6). In Section 4, we prove Theorem 1.3 by a concentration
compactness principle. In Section 5, we prove existence of symmetric global weak solu-
tions to (1.1) and deduce Theorem 1.4 by a contradiction argument. In Section 5, we prove
Theorem 1.5 by applying a symmetry result for positive solutions of the semi-linear elliptic
problem [20].

2. A MINIMIZATION PROBLEM

We begin with estimates for the kinetic energy E[w]. Thanks to the finiteness of the
impulse xow € L', the kinetic energy is finite for w € L? N L' and agrees with the Dirichlet
energy for the stream function. By using energy estimates, we show that I, is decreasing
for u € (0, 00) and any minimizing sequence of [, is a bounded sequence in L?. In the
subsequent section, we prove properties of minimizers.

2.1. Properties of /,. For the later usage in the proofs of Theorems 1.3 and 1.4, we estimate
difference of two energies.

Proposition 2.1. The estimates



1/2 1/2 1/2
< Cx)Pllwlly oy,

en | [ Gt

(22)  E[w] < Clxnolllollillwly?,

1/2 1/2 1/2 1/2
< Cllwrll, w1y 2w} llwsll 2,

(2.3) f f G(x, y)wi(x)wr(y)dxdy
RZ JR2

1/2 1/2 1/2 1/2
24)  |E[wi] - Elw]l < Clwi — wall}llwr — wally *xa(wr + o)l llwr + wall;?,

hold for w, w; € L* N L'(R2) satisfying x,w, xaw; € L'(R%) with some constant C, indepen-
dent of w, w;, i = 1,2.

Proof. We define ¢ in terms of w; by using (1.5). By Hélder’s inequality, for g € (1,2),
1/g=0+(1-6)/2,

1/q
’ 2 4 _ _
gy ()] < Gy dy|  llwilly < €5 llwill, < Cxllwnlllwn .
R

Taking 6 = 1/2 implies (2.1) and

f f G(x,y)wl(y)wz(X)dxdy‘ = ’ f Y1 (x)wa(x)dx
RZ JRZ R2

1/2 1/2 1/2
< Cliwilly?llwr ;! f 3 (0l
R

2
1/2

1/2 1/2 1/2
| .

< Cliwnlly " llwilly " llx2wall} w21l

Thus (2.3) holds. The estimate (2.2) follows from (2.3). We suppress the integral region.
Observe that

2(Elw1] = Elw2]) = f f G(x, y)wi(x)w; (y)dxdy — f f G(x, y)w2(x)wz(y)dxdy
= f f G(x, y)o(x)w;(y)dxdy + f f G(x, y)wa(x)w(y)dxdy,

for ® = w; — wy and by G(x,y) = G(y, x),

f f G(x, Vw20 dxdy = f f GOy, D (ND(x)dxdy = f f Gx, YD ()dxdy.

We see that

2(Elwi] — Elw;]) = ff G(x,y)o(x)w(y)dxdy, & = w;+ wo.

Thus (2.4) follows from (2.3). This completes the proof. O



We show that the Dirichlet integral of the stream function is finite.

Proposition 2.2. For w € L*n LI(RE) satisfying xyw € LI(R%) and w > 0 (w # 0), the
stream function (1.5) satisfies y > 0 in R2,

(2.5) Y(x) > 0 as|x| - oo,
1

(2.6) Elw] = SIVyl5.

Proof. By

Y(x) = fR . G(x, y)w(y)dy = f| - G(x, y)w(y)dy + f G(x, y)w(y)dy,
g X—y|=X2

[x=yl<x2/2

and G(x,y) < n~Lagyalx — y[ 72,

4
f G, YOy € ——[ly20lr.
[x=y|=>x2/2 X2

By Holder’s inequality, 1/g+ 1/¢’ =1, 1/g = 0 + (1 — 6)/2,

1/q 1/q
f G(x,y)w(y)dy < ( f G(x,y) dy) ( f w(y)qdy)
[x=yl<x2/2 [x—yl<x2/2 [x=yl<x2/2

< €5/ lw b

i
Ll(lx—y|<Xz/2)”w”Lz(lx—yl<Xz/2)'
Since
2
w)dy < —|ly2wll1,
l—yl<x2/2 X2
we have
G(x,y)w(y)dy < 2wl lewll 57
x’y w(y y — 4/q_3 x2w Ll w LZOLI’
[x=yl<x2/2 X,

Hence by (2.1) and for ¢ € (0, 1), by taking g € (1, 2] sufficiently small,

Cs
2.7) Y(x) < Trx0)0 (2ol +llllpzag),  x € RE.

(

We take a sequence {w,} C CZ?"(R%) such that w, — win L*> N L! (Ri) and xw, — xw in
L'(R?). By (2.7),



Y(x) = fR , G (@) — wa(y))dy + fR , GOx y)wa(y)dy

X2

< C(llx2(w — wplipt + llw — wallp2az) + lly2cwnllz1-

ﬂ'infyespt wp X = y|2

Sending |x| — oo and then n — oo imply (2.5).

We take a non-increasing function 8 € C°[0, oo) satisfying 6 = 1in [0, 1], 6 = 0 in [2, o0)
and set the cut-off function by 6g(x) = 6(|x|/R). Since —Ay¥ = w in Ri and ¥(x1,0) = 0, by
multiplying ¥0g by —Ay = w and integration by parts,

1
f (|V¢|20R— —szeR) dx = f Ywordx.
R2 2 R2

Since ¥y — 0 as |x| — oo by (2.5), the second term vanishes as R — co. Hence (2.6) follows
from the monotone convergence theorem. O

We prove that the function /, is negative and decreasing for u € (0, co) by using (2.2).

Lemma 2.3.

(2.8) Iy =0,

(2.9) —o0<,; <0, 0<pu<oo,
(2.10) I, <1y, O<a<upu.

Proof. Since

1
I, = = sup Er|w], E>w] = Elw] - —f w2dx,
2 R%—

weK),

we shall show that

2.11) 0 < sup Er[w] <00, 0<pu<oo,
weKy,
(2.12) sup Er[w] < sup Esw], O<a<p.
wekK, weK),

The property (2.8) is trivial since Ko = {0}. By (2.2) and Young’s inequality, for arbitrary
e>0and w € K,

1
1/2 1/2
E>[w] < Cllxoll *lwlhllwlly? - inwni

3 C 1/2 4/3 82 1 2
< 2 (o) +(5 -3 )1l



Thus for € < \5,

sup Er[w] < C,uz/3 < oo,

weK),

We set w; = lB(o,a)nRi for B(0,a) = {x € R? | |x| < a} and choose a > 0 so that fxzwldx =
u. Set wy(x) = o3wi(ox), o > 0, and observe that

f xzwadx:f xowidx = u,
R2 R2

T

fwo-dx:af widx,
R2 R2

0_2
Ez[a)o-] = 0'2 (E[a)l] - 7 f w%dx) .
R}

Thus for sufficiently small o > 0, w, € K, and

sup Er[w] = Ex[ws] > 0.

weK),

We proved (2.11).
It remains to show (2.12). For w € K,, w-(x) = 7 2w(t"x), T > 1, satisfies

f Xowr(x)dx = Tf xw(x)dx = Ta,
R2 R2

f wr(x)dx = f w(x)dx < 1.
R2 R2

Hence w; € K¢, and

1 1 1
sup Er[@] > Esw,] = E[w] - —zf w’dx = Ew]l+ = (1 - —z)f w’dx > E>w].
9eKrq 27% Jg2 2 7 ) JR2

+ +

By taking a supremum for w € K,,

sup Er[@] > sup Eslw].

weKy wekK,

If sup;,e k., E2[@] = sup,cx Ez[w], there exists a maximizing sequence {w,} C K, such that
Er[wy] = sup,,ex, E2[w] and w, — 0'in L2 By (2.2), E»[wy] — 0. This contradicts (2.11).
Hence supgcx  E2[@] > sup,,cx. Ex[w] and (2.12) holds by taking 7 = u/a. The proof is
complete. O
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Remarks 2.4. (i) The strict subadditivity
ILi<Ily+1, o, O<a<uy,

is unknown, cf. Lions [31].

(ii) Any minimizing sequence {w,} satisfying w, € K, , 4, — p and —Erx[w,] — 1, is
uniformly bounded in L?. Indeed, by (2.2) and Young’s inequality, for arbitrary £ > 0 and
w € K,

172

1
§||w||§ + Ex[w] = E[w] < Cllxolllwllillwll

3
<=
4

C 12 )/ 2
— || X2 W w + —|wl||5.
(rstheeh i)+ Sl

By taking € = 1,

2/3 4/3
lwll} < Clowl ol - 4Es[wl.

Thus by I, < 0, the minimizing sequence {w,} satisfies lim sup,,_, , llwyll> < Cu'l3.

2.2. Properties of minimizers. We show that minimizers of (1.6) are solutions to (1.4) for
some W > 0 and y > 0 with compact support. As noted below in Remarks 2.6 (iii), the flux
constant y vanishes if u is sufficiently small.

Proposition 2.5. Each minimizer w € S, satisfies

w=fy—Wx—vy),

(213) l//(X) = fRz G(X, y)w()’)d)%

for some constants W,y > 0, uniquely determined by w.

Proof. The proof follows from a standard argument, e.g., [23], [22] for vortex rings. We
set the space K = {w € L> N L'(R2) | xow € L'(R2)} equipped with the norm |jw||x =
llwll2ant + X200l By (2.2) and (2.4), the functional E; : K — R is continuous. For ¢
defined in terms of w € K by using (2.13),, the estimate (2.3) implies that

f2 (W — wndx| < Cllwllxlnllx
IR+




for all n € K. The functional E3 has a Gateaux derivative £} at any point w € K and

_ f W - ) ndx.
e=0 Ri

The functional E/(w) is a bounded linear operator for each w € K and E} : K — K" is
continuous. Thus the Fréchet derivative E, exists and is continuous on K.

We take an arbitrary minimizer w € §,. Since I, < 0 by (2.9), the minimizer w is non-
trivial. We take a constant 69 > O such that |{x € Ri | w > 60} > 0. Here |E| denotes the
Lebesgue measure of a set E C R2. We take compactly supported /1, 1 € L°(R2) such that
spth; C{w > o}, i = 1,2,

f hi(x)dx =1, f xph1(x)dx = 0,
R2 R2

T

f hy(x)dx =0, f xpho(x)dx = 1.
R2 R2

We take an arbitrary § € (0, 8) and compactly supported & € L*®(R?) such that 4 > 0 on

{0 < w < 6}). We set
U:h—(f hdx)h1 —(f xzhdx)hz
R2 R2

so that fndx = 0 and fxzndx = 0. Observe that w + en > 6 — €||nll = 0 on {w > ¢}
for small e > 0. Sincen =h >0on{0 <w <8}, w+en >0o0n{0 < w < 6}. Hence
w + &n € K. Since w is a minimizer of (1.6),

, d
Ey(w)n = £Ez(w + en)

(2.14) Ej(w)n < 0.

By the definition of 7,

E(w)n = E)(w)h — Ej(w)hy ( f 2 hdx) — E)(w)h ( f 2 xzhdx).

+ Ry

By setting y = Ej(w)h; and W = El(w)ha,

OZEé(w)h—y(f hdx)—W(f xzhdx)=f (t//—sz—y—a))hdx=f +f .
R2 R2 R? 0<w<s  Jw>6

+

We set ¥ = ¢y — Wxp —y. Since 4 is an arbitrary function satisfying 2 > 0 on {0 < w < ¢},

Y-w=0 on{w>7d}

(2.15) Y-w<0 onf{0<w<é).



Since ¢ > 0 is arbitrary, sending 6 — 0 implies

Y-—w=0 on{w>0}

(2.16) ¥ <0 on{w=0}.

Y >0,w=Y.If¥Y <0, w=0. Thus w = ¥, and (2.13) holds.
We take a sequence {x,}, X, = '(x1 4, X2,), such that w(x,) — 0 and x,,; — o0, x,2 — 0.
By (2.16),

lim sup (Y (x,) — Wx,2 —7) <0.

n—oo

Hence y > 0. By taking an another sequence {x,} such that w(x,) — 0 and x,; — O,
Xp2 — 00, W > 0 follows.

We show uniqueness of W,y. Suppose that w satisfies (2.13) for W,,y. > 0. Then,
Y =y — W.xp — v, satisfies (2.15) for § € (0, 6p). Hence,

0> (‘P—w)hdx:f W —w -y, — Wixp) hdx
R}

R%
= El(w)h -y, (f hdx) - W, (f xzhdx),
R2 R2

for compactly supported 4 € L®(R2) satisfying 47 > 0 on {0 < w < §}. By taking h =

+hy, £hy, E),(w)hy = y«, Ef(w)hy = W, follow. The proof is complete. O

Remarks 2.6. (i) The constant W is positive by the identity [46, p.1062],

-1
2.17) W=(i [ [ Lféw(x)w(y)dxcly)( [ w(x)dx) Y=y,
2r Jr2 Jr2 |x =y R2

for minimizers w € § . The identity (2.17) follows by multiplying d,,¥ = d,& — W by w
and integration by parts.
(i1) Every minimizer w € S, for y > 0 satisfies

f wdx = 1.
R}

Indeed, suppose that f wdx < 1. We set

n=nh- (f xghdx) hy,
R2

+



by h and h, as in the proof of Proposition 2.5 and observe that f xondx = 0. Then, by
f wdx < 1,

f x(w + en)dx = f xywdx = u,
R2 R2

f (w+endx <1,
R

for small & > 0. Thus w + en € K,. By minimality of w, (2.14) holds for w and n and we
have

Y—-Wx;—w=0 on{w>0}
Y—Wx <0 onf{w=0}.

This implies (2.13); for y = 0, a contradiction to y > 0.
(iii) There exists a constant M > 0 such that if 0 < 4 < M, then every minimizer w € S,

satisfies
f wdx < 1.
R}

In particular, ¥y = 0 by (ii). Indeed, suppose that f wdx = 1. Byu = fRZ xowdx >

2u
1
f wdx =1- f wdx >
0<xp<2u x2>2u 2

Observe that by w = ¥, < ¢,

f wdx < f dx f G(x, y)w(y)dy
0<x <2 0<x <2 R2

+

= f dy f G(y, x)w(x)dx
0<yr<2u R2

. f w(x)dx f G(x, y)dy = f f . f f .
R2 0<yr<2u O<xo<du JO<y,<2u x22>4p JO<y,<2u

For 0 < x; < 4u, we have

221 wdx,

f G(x,y)dy < Cu.
0<y,<2u

In fact, by



f G(x,y)dy = f + f .
O<yr<4u

0<yr<4u, O0<yr<4u,
lx=yl<x2/2  lx=yl2x2/2

we estimate

1 4 x2 4(1 —
f G(x,y)dy < _f log(l N xzyzz)dy _5 log(l N ( 222))dz
4” [x=yl<x2/2 |x - yl 47T lzl<1/2 |Z|

0<yr<4u,
[x=yl<x2/2

< Cu’.

For |x — y| > x»/2, the triangle inequality yields |x — y*| < 5|x — y| for y* = (y;, —y2). By
G(x,y) < xayalx — y172,

1 25
f G(x,y)dy < — f nyzzdy < — f xz_y22dy < Cu?.
n lx =yl n lx =y

0<y <4, O<y><4p, 0<y><4pu,
[x=y|=x2/2 [x=y|>x2/2 [x=y[>x;/2

Hence we have the desired estimate.
For xo > 4u, by xp —y» > x/2,

X
f G(x,y)dy < —Zf 2 ~dy < Cu’.
0<y2<2u T Jo<y,<2u |X - )’|

Hence 1/2 < fo <xr<2 wdx < Cu> = 0as u — 0, a contradiction.

The positivity of W > 0 will be shown to imply compactness of support for minimizers.
We denote by BU C(@) the space of all bounded uniformly continuous functions in @
and by C"(@) the space of all Holder continuous functions of exponent 0 < @ < 1 in
@. For an integer k > 0, BU Ck“’(@) denotes the space of all ¢ € BUC(]R_%r) such that
oy € BUC(R2) N C*(R2), for |I| < k.

Proposition 2.7. For w € S, the stream function (2.13), satisfies € BUC2+"(@), 0<
a < 1,¥/x; € BUC'™(R2) and
Y(x)

(2.18) (— — 0 as x| > oo.
X2
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Proof. Since w € L' N L?, the representation (2.13), implies V2 € L9,q € (1,2) and
Vyel?l, 1/p=1/g—1/2. By (2.13); and (2.5), ¢ satisfies

~AY(x) = f( — Wx —y) inR3,
(2.19) Y =0 on (9R%r,
Y — 0 as|x] - co.
By the Lipschitz co_ntinuity of f, 0y € Lﬁ l(ﬂﬁ), |/| = 3. Here, Lf; 1(R%r) denotes the uniformly

local LP-space in R_%. Hence ¢ € BU C2+“(Ri) by Sobolev embedding. Since y¥(x;,0) = 0
and

Yo, x) _

X2 a

1
fo (02y)(x1, x25)ds,

Uixo € BUC1+“(R_2) follows. By (2.6) and Hardy’s inequality [38, 2.7.1],
+

i
X2

/x> € BUC(R2) N L2(R2) and (2.18) follows. O

<2(Vyll,,

2

Lemma 2.8. The support of w € S, is compact in @

Proof. Since spt w = {x € Ri | Yy(x) — Wxy —y >0} for W > 0and y > 0 by (2.13); and
(2.16),

Wxy < ¥(x), X € spt w.

Since ¥/ x; — 0 as |x| — oo by (2.18), the assertion follows. O

To prove Theorem 1.5 later in Section 6, we state properties of the associated stream
function.

Lemma 2.9. For w € S, the stream function € BUCZW(@), 0 < a < 1, is a positive
solution of (2.19) satisfying y/x, € BUC'**(R2), (2.18) and for

Q={x€Ri|gﬁ(x)—Wx2—y>0},

Q is compact in @ If0 < u < My, theny = 0, where M is the constant as in Remarks 2.6

(iii).
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Proof. The assertion follows from Propositions 2.2, 2.7, Lemma 2.8 and Remarks 2.6 (iii).
O

3. EXISTENCE OF MINIMIZERS

We show that if the minimizing sequence {w,} satisfies (1.7), then the kinetic energy
E[w,] is concentrated on a bounded domain Q = {x € Ri | Ix1] < AR, x» < R} and the weak
convergence of the sequence {w,} in L? implies the convergence of the energy E[w,]. Once
we have the convergence of the energy, the existence of minimizers easily follows.

Proposition 3.1 (Steiner symmetrization). For w > 0 satisfying w € L* N L'(R?) and
xow € LY (R2), there exists w* > 0 such that

w*(x1, X2) = W (=x1, x2),

3.1
3.1 w”(x1, x2) is non-increasing for x; > 0.
Moreover,
lwlly = llwll; 1<g<2,
2wl = [Ixwll,
E(w") > E(w).
Proof. See [21, Appendix I], [46, p.1053]. O

For the later usage in the proof of Theorem 1.3, we state a result for general 0 < u, v < oo
with A = 1. We first find a minimizer of —FE in a slightly larger space K,,,, O K,,, and
then prove that the impulse of this minimizer is exactly u > 0. The goal of this section is to
prove:

Lemma 3.2. For 0 < u,v < oo, set

Ky = {a) € L*(R})

wZO,f XdexS/J,f(udeV}.
R2 R2

2
(i) There exists w € f(ﬂ,v such that

Erxwl = sup E[&].

WeK,,y

(ii) This maximizer w € I?,w satisfies (1.7),
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f Xowdx =,
RZ

T

and is with compact support in R%.

The proof of Lemma 3.2 is parallel to the case for vortex rings [23], [22] and is given later.
We first use the monotonicity (1.7), and deduce a decay estimate for the stream function for
the x;-variable.

Proposition 3.3. Let A > 1. Let s be the stream function (1.5) for v € L*NL'(R?) satisfying
Xpw € Ll(Ri) and w > 0. Assume that (1.7) holds for w. Then,

2
62 v =c|(Z) w1l + Ml + 0 (L) ool | o< B
- A 1 2 A x1 s = A

The constant C is independent of w and A.

Proof. By replacing A with A/2, we prove (3.2) for x, < 2|x;|/A and A > 2. We may assume
that x; > 0. Observe that for a non-increasing function g(¢) > 0 for ¢t > 0,

1+t/A 4
f g(s)ds < Z”g“Ll(O,oo) t>0,A2=2,
t—t/A

by tg(¢) < llglli, t > 0. Applying this to w implies

4
f w(y)dy < lewlh-
|x1=y1l<x1 /A

We set

Y(x) = f G(x,y)dy + f G(x,y)dy =: ¢ + ¢o.
[x=yl<x2/2 [x=y|=x2/2

The conditions xp < 2x;/A and [x—y| < xp/2 imply |x; —y1| < x1/A. By Holder’s inequality
forl/g=0+1-6)/2,1/q+1/q¢ =1,

1/q 1/q
Y1 (x) = f amww®4f6mww)(f M@@
R2 [x1=y1l<x1 /A

+

[x=yl<x2/2,
[x1=y1l<x1 /A

2/q 1-6

6 —_
<
< X MMy -y ey 19N 21—y ey 1)

Taking 6 = 1/2 yields ¢ (x) < C(x2/A)"l|wll}*llwlly>. We set
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Yo ) = f Gx,y)dy + f Glxy)dy =: wh + 2.

[x=y[>x2/2, [x=y[>x2/2,
lx1=y1l<x1 /A [x1=y11=x1 /A

By G(x,y) < 7~ Lxayalx — y72,

1 X 6 24
o < L f 22 dy < f o)y < o,
n T Jixy—yil<xi /A A

|x — yI?
[x=y|=x2/2,
[x1=y1l<xi /A
2
1 X2¥2 X [A
swsy | ooy < 2 (L) Iysl.

T |x — | T \x
[x=y|=x2/2,
[x1=y1|=x1 /A

We have obtained (3.2). O

The stream function estimate (3.2) will now be shown to imply that the kinetic energy
E[w] is concentrated on a bounded domain Q = {x € R%r | 1x1] < AR, x2 < R}.

Proposition 3.4. Under the assumption of Proposition 3.3,

(3.3) Y(x)w(x)dx <

2 2
10 W (||w||Llan + ||x2w||L1).

The constant C is independent of w and A,R > 1.

Proof. We decompose

Y()w(x)dx = Y(x)w(x)dx + f & Y@w(0dy,

2 X2
RI\Q 2R Ix1[>AR

and estimate by (2.1)

172, 1/2 12 C
s < Pl [ xPet < ollnsloly.
x2>R x>R

Since |x1| > AR and x, < R imply x; < x;/A, applying (3.2) yields

12 1 1
f WM < C f ((2) lollzngs + ol +X2ﬁllxwllu)w(?€)dx

A
X2<R, X <R,
|x1|=AR |x1|=AR
< (2 ool + ol . + o)
= min{A,R}Uz LinL? L L'nL? L)
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By Young’s inequality, (3.3) follows. O

Proposition 3.4 implies that the kinetic energy E[w] is continuous by the weak continuity
in a certain proper subset of L?, as we now show.

Lemma 3.5. Let {w,} be a sequence such that

sup {llwnllz2nzt + Ix2wpllpi} < oo,
n>1

W, = w in LZ(RE) as n — oo,
Assume that each w,, satisfies (1.7). Then,
Elw,] —» Elw] asn — oo,
Proof. We decompose the energy into two terms

2E[w,] = f Yn(X)w,(x)dx = f Yn(X)w,(x)dx + f Yn(X)w,(x)dx,
RZ 0 R2\Q

and observe that

f Yn(X)wy(x)dx = f wp(x)dx f G(x,y)wp(y)dy
0 0 R2

= f wp(x)dx f G(x,y)w,(y)dy + f wp(x)dx f
0 0 0 R2\

By G(x’y) = G(y7x)9

f wy,(x)dx f
o R3\

+

0 G(x,y)wp(y)dy.

G(x,y)wp(y)dy = f wn(y)dy f G(x, y)w,(x)dx < f Yn(X)wy,(x)dx.
0 0 R2\Q RI\Q
Applying (3.3) yields

¢
min{A, R}!1/2

‘2E[wn]— f f Gty Y)om(Xaon(y)dady| < 2 f YD ()dx <
0JQ R2\Q

By estimating E[w] in the same way,

2|E[w,] - E[w]| <

fQ fQGu, M (@0G) = n(wn()) dxdy) + —r s



24

Since G(x,y) € L*(Q x Q) and w,(x)w,(y) = w(x)w(y) in L*(Q x Q), sending n — oo and
A, R — oo imply the desired result. O

Proof of Lemma 3.2. By the scahng (1.12), we reduce to the case 0 < u < co, v = 1 with an
abbreviated notation Kﬂ 1= K Let {w,} C K be a maximizing sequence of E,. By Steiner
symmetrization, we may assume that w, satlsﬁes (1.7). Since {wy} is uniformly bounded
in L? as we proved in Remarks 2.4 (ii), by choosing a subsequence (still denoted by {w,}),
there exists w € L? such that w, — w in L? and |jw|l> < liminf,_ e ||wpll2. The limit w
belongs to I~(ﬂ and satisfies (1.7). Since {w,} satisfies the assumption of Lemma 3.5,

1
sup Er[@] = hm Erlw,] = hm Elw,] - 3 hmlnflla)nll2 < Elw] - —||cu||2 = Ebw].
weK

Thus w € f(ﬂ is a maximizer. We proved (i).

Since sup,,c g, E>[w] > 0 as we proved in (2.9), the maximizer w is a non-trivial function
and satisfies (2.13) for some constants W,y > 0 as in Proposition 2.5. By the identity (2.17),
we have W > 0. It remains to show

f xywdx = u
RZ

+

n:h—(f hdx)hl,
R

by 4 and h; as in the proof of Proposition 2.5 so that f ndx = 0. Then by f Xowdx < p,

f (w+ en)dx = f wdx <1,
R2 R2

f x(w+en) <u,
2

+

Suppose that f Xowdx < u. We set

for small € > 0. Thus w + en € I?ﬂ. By the maximality of w € I?,,, (2.14) holds for w and n
and for y = E}[w]hy,

0> Ejwln = Ejlwlh — Ej[w]h f2
R+

hdx = f ¥ — v — w)hdx.
R}
In the same way as in the proof of Proposition 2.5, this implies that

Yy—y—-—w=0, on{w>0}
W —v<0, on{w=0}
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Thus (2.13) holds for W = 0. Thanks to the uniqueness of W by Proposition 2.5, this yields
a contradiction to W > 0. The compactness of spt w follows from Lemma 2.8. We have
proved (ii). O

Remark 3.6. 1t is observed from the proof of Lemma 3.2 that after taking Steiner sym-
metrization, {w,} satisfies lim,_ |lwullz = llwll» and hence w, — w in L2. We will see in
the next section that any maximizing sequence is relatively compact in L? by translation for
the xj-variable without the condition (1.7).

4. CONCENTRATED COMPACTNESS

We prove Theorem 1.3. For a minimizing sequence of (1.6) which does not satisfy the
symmetric and non-increasing condition (1.7), Lemma 3.5 cannot be directly applied to
prove compactness of the sequence. Instead, we apply a concentration compactness prin-
ciple to get compactness of the minimizing sequence up to translation for the x;-variable.
The main difficulty appears when we need to exclude the possibility of dichotomy of the
sequence since the strict subadditivity of 1, is unknown as in Remarks 2.4 (i). To overcome
this difficulty, we use the idea from Steiner symmetrization and reduce the problem to the
compactness of a symmetric and non-increasing sequence (Lemma 3.5) and the existence of
minimizers of (1.6) (Lemma 3.2).

As used in [31], [13], the concentration-compactness lemma is available even if the mass
is not exactly the same. See also [12, Lemma 1].

Lemma 4.1. Let 0 < u < co. Let {p,} c L'(R2) satisfy

=0 nx1, fpndx=,u,,—>,u asn — co,
RZ

+

There exists a subsequence {py,} satisfying the one of the following:

(i) (Compactness) There exists a sequence {y;} C Ri such that p,, (- + yi) is tight, i.e., for
arbitrary € > 0 there exists R > 0 such that

4.1) liminff Prdx > u—e.
Bw.R)NRS

k—oo

(ii) (Vanishing) For each R > 0,

4.2) lim sup f P dx = 0.
k=co er2 JB(y.RINR2
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(iii) (Dichotomy) There exists a € (0, u) such that for arbitrary € > 0 there exist ko > 1 and
{pi}, {plz} c L'(R?) such that sptp]l N sptp]% =0,0<p, <pn =12,
lim sup {npnk —pp = Pill + } <s,

1
P dx —a
(4.3) koo fRz ¢

dist (sptp,i,sptp,%) — 00 ask — oo,

+

[ ==

Proof. The assertion is proved in [31, Lemma I.1] for the whole space and the fixed mass
U, = u by using Lévy’s concentration function. The proof also applies to a half space. The
case u, — u is reduced to the fixed mass case by setting p,, = pppt/ty- O

Remark 4.2. The case (i) is further divided into two cases: (a) limsup,_,., y2x = oo for
Vi = 'Ok y2,0) and (b) sup;s; y2x < oo. In the case (b), we may assume that y,; = 0 by
replacing R. In fact, B('(y1 x,0),R") D B(yk, R) for R’ = sup;, y2x + R. Hence

lim inff Pndx>pu—ec.
ke JB((y1.4.0).R")

Proof of Theorem 1.3. Let {w,} be a minimizing sequence such that w, € K, u, — u and
—E>[wy] — I, as n — oo. By Remarks 2.4 (ii), {w,} is uniformly bounded in L% We set
Pn = Xaw, and apply Lemma 4.1. Then, for a certain subsequence still denoted by {w,}, one
of the three cases, (iii) Dichotomy, (ii) Vanishing, (i) Compactness, should occur. We shall
exclude the first two cases to get compactness of the sequence.

Case 1. Dichotomy:

There exists some @ € (0, ) such that for arbitrary & > 0, there exist ko > 1 and {w1 ,}, {w24} C
L! such that W3y = Wp—W1,—wa, satisfies spt wy , Nsptwz, =0,0 < w;jy, S wp, i =1,2,3,
and

limsup {|[xaw3alli + len —al + |8, — (u— @)} < &,

n—oo

ap = f W pdx, By = f 2w pdx,
R? R?

+ +

dy = dist (spt Wy, Spt wa ) = 00 asn — oo.

By choosing a subsequence, we may assume that sup,, |[x2w3 .|l < 2e, @, — @ and 8, — B.
By suppressing the integral region, we see that
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2E[wy] = f f G ) (Don(y)dxdy
_ f f G, V) (01 n()dxdy + f f G, Y)an(X)wan(y)dxdy

2 f f G5, V)01 (X2 ()dxdly + f f G, Y)(2on() = w3 n(X)w3.n(y)ddxdy.
Applying (2.3) implies

12

1/2 1/2 1/2
< ClR2w, = w3l P12, = w3 lly X203 11} w3 all;

‘ f f G(%, 1) 2wn(x) — 33 1)l xdy

< Ce'l?,

Since G(x,y) < 7 xoyolx — y72,

2

[[ senarwomaan = [[ Gpomooa < £
|x=yl=d, nd;

Hence

1 2
Eslw,) = Elw,] - 5 fz Wdx < Ex[wi ] + Ealwan] + % +Ce\2,
R:

+ ay
We take a Steiner symmetrization w?, of w;, to see that

2
Eslw,] < Ealw} ] + Ealw}, ] + 7% +Ce'?,

n
ol o+l ll < 1, )l + llwj,lle < G,

* *
ay, =f xzwl’ndx, B =f xga)z’ndx.
R2 R2

By choosing a subsequence (still denoted by {w?, }), w], — @} in L? and [[@]l> < liminf, e llw?, l2.
Since w;, is symmetric and non-increasing for x; > 0, we apply Lemma 3.5 to get the con-
vergence of the kinetic energy

lim Elw;,] = E[@f], i=1,2.

n—oo

Sending n — oo implies that
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— I, < B[] + Ex[5] + Ce'/?,

[l + 1[5l < 1, il + @3]l < C,
a> f natdx, Bz f xwsdx.
RZ RZ
+ +

Since w; for & > 0 is also symmetric and non-increasing for x; > 0, applying the same
argument for @? and sending & — 0 implies that @; — @; in L2(R2) and

— 1 < Er[wi] + Es[ws],
llwill + llw2lli < 1,

a > xwdx, u—-az= Xowodx.
R2 R2

+ +

If w; = 0 and w; = 0, we have I, < 0, a contradiction to [, < 0 by (2.9). We may assume
that w; # 0. We set vi = 1—|lwz|l; > 0 and apply Lemma 3.2 to take a maximizer w; € f(wl
of

Erwi] = sup Es|w],

wele

such that f xowidx = @ and spt w; is compact in R2. Hence

-1, < Ex[w] + Ez[w,],
llwtlly + llw2llr < 1,

o= xwidx, u—-a=> Xpwodx.
R2 R2

+ +

If w, = 0, we have -1, < —I,, a contradiction to I, < I, by (2.10). We may assume that
wy # 0. By setting v, = 1 — ||w1]l; > 0 and taking a maximizer w, € I?,H,,Vz with compact
support in the same way,

-1, < Ex[w1] + Ez[w,],
lwotlly + llw2llr <1,

a = xowdx, u—-a= Xawodx.
R2 R2

+ +

By translation for the x;-variable, we may assume that spt w; N spt wy = 0. Since w; + wy €

K,,
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—1, < E>|w] + Ex[wr] = E>w + w2] - ff G(x, y)wi(x)wa(y)dxdy

< -1, - f f G(x, y)wi(x)wa(y)dxdy < —1,.

Hence, w; = 0 for i = 1 or 2. This contradicts y = fRZ X2(w1 + wr)dx. Thus dichotomy does
not occur. "

Case 2. Vanishing:
lim sup f xow,dx =0, foreachR > 0.
"% eRr? JB(.RNRE

We shall show that lim, .. E[w,] = 0. Since E>[w,] < E[w,], this implies I, > 0, a
contradiction to I,, < 0.

We set
2E[w,] = f f G, Y)wn(Dwn(y)dxdy = f f N f f ,
[x=y|=R |x—y|<R

Since G(x,y) < n‘lxwzlx - )’|_2,

2

[ ceyomomany < 2.
=R R

We divide the second term into two terms

ff G(x, y)wp(X)w,(y)dxdy = ff + ff i
[x=yl<R

[x=y|<R,  |x—YI<R,
G>Rx2y»  G<Rxzy»

and observe that

f f G(x, y)wy(x)w,(y)dxdy < Ru| sup f Xowp(x)dx]| —> 0 asn — oo.
yeR2 Y B(y,R)NRZ

[x—y|<R,

G<szy2

We may assume that R > 1. The condition G > Rx,y, implies [x — y| < R™'/2. Since
lx = y* | < 2x0 + R7V2, y* = 1(y1, —y2),

1 1
G(x,y) = == (log|x — y| = log|x — y*[) < — (|log|x — yI| + x2),
2r T
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1/2
( f G, y)zdy) < CRY1 +x2),
lxyl<R-12

and C(R) — 0 as R — oo. Hence

f f G, Y)on(Wwn(y)dxdy < f f G, Y)om(H)n(y)dxdy
[xyl<R-12

[x=yl<R,
G>Rxyyn

1/2

< llwallz f wn(x)( f G(x,y)*dy| dx
R2 |x—y|<R~1/2
< C(RY.

Sending n — oo, and then R — oo implies lim,_,o E[w,] = 0. Thus vanishing does not
occur.

Case 3. Compactness:
There exists a sequence {y,} C Ri such that for arbitrary £ > 0, there exists R > 0 such that

lim inf f Xowpdx > u —&.
=0 JB(yn.RNRE

By translation for the x;-variable, we may assume that y, = /(0,y2,). Then, there are two
cases whether (a) limsup,,_,, y2,, = oo or (b) sup,5 y2,» < co. We shall first show that the
case (a) does not occur.

(a) lim sup,,_,, 2., = 0. We may assume that lim,,_,., y2,, = oo and sup,, |[x2wy/| LUR2\BOWR) S
2¢ by choosing a subsequence. We shall show that lim,_,. E[w,] = 0. This implies
=1, = lim,_,o Es[w,] < lim,_, E[w,] = 0, a contradiction to /,, < 0.

We set
2E[w,] = f Ypwpdx = f +f )
R2 BOWRNRE  JRI\B(,.R)
for
0o = [ Gyt
R+
By (2.1),
C
f Ypwpdx < % f x;/zwndx < —'ulz —0 asn—> oo,
BOwRNR2 xz/ o VBOWRNRE (o —R)"

By Holder’s inequality,
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Yn

1/2
2

12 12
f Yrwpdx < (f xzwndx) (f w,,dx) < Cce'?.
RI\B(».R) oo WRI\BOWR) RI\B(».R)

Thus sending n — oo, and then £ — 0 implies lim,—, E[w,] = 0. Thus case (a) does not
occur.

X

(b) sup,;> y2.,» < co. We may assume that y, , = 0 by taking sufficiently large R > 0 as noted
in Remark 4.2, i.e., for B = B(0, R),

lim inf f Xowpdx > u —&.
BNR2

n—oo

Since {wy} is uniformly bounded in L?, by choosing a subsequence, w, — w in L? for some

w. By sending n — oo,
f xpwdx = .
R}

Hence w € K. We shall show that

4.4) lim Elw,] = E[w].
n—oo

This implies that

1
~ly = lim Ealwy] < lim Elw,] - 5 liminf |w,ll} < Ex[w] <~
n—oo

n—o00 n—00

Hence limy,_ [|wyll> = llwll2 and w,, — w in L? follows. By

f x|w, — w|dx = f Xo|w, — w|dx + f x2|lw, — wldx £ Cllw, — wlh + C's,
R? BNR? R2\B

sending n — oo and then € — 0 implies x,w, — xw in L'. Since Es>[w,] — E>[w], the
limit w € K}, is a minimizer of I,.
It remains to show (4.4). We decompose

2E[w,] = f Yntwadx = f ' f ,
R? BNR2  JR2\B
and also
t,bnwndx=f a)(x)dxf G(x,y)wn(y)dyzf f +f f ]
BRY BNR} R2 BnR2 JBnR2  JBnR2 JR2\B
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Observe that by G(x,y) = G(y, x),

f wy(x)dx f
BNR2 R2\

+

G(x, y)w,(y)dy = f wn(y)dy f G(x, y)wp(x)dx
B BNR2 R2\B

< f wn(x)dx f G(x, y)wn()dy
R2\B R}

= ¢n(x)wn(x)dx~
R2\B

Hence

‘2E[wn]— f f Gt Y)wn(Dwn(y)dxdy| < 2 f YD),
BNR2 JBNR2 R2\B

By

Yn

12
X

Yn(X)wp(x)dx < I

1/2 1/2
(f xzwndx) (f w,,dx) < Csl/z,
o WRI\B RI\B

and estimating E[w] in the same way,

R2\B

2|E[w,] - E[w]] < +Ce'2.

f G(%, ) (@n(X)on(y) = (X)) dxdy
BNR2

BNR2

Since G(x,y) € L*(B x B) and wWp(X)W(Y) = wx)w(y) in L*(B X B), sending n — oo and

& — Oyields lim, o E[w,] = E[w]. The proof is now complete.

5. ORBITAL STABILITY

We prove Theorem 1.4. We first show existence of global weak solutions of (1.1) sat-
isfying the conservations (1.8). To see this, we recall renormalized solutions of DiPerna-

Lions [18].

5.1. Existence of global weak solutions. We consider the linear transport equation

AE+Db-VE=0 inR>x(0,7),

5.1
- £(x,0) =& onR*x {t =0},

with the divergence-free drift b, i.e., div b = 0, satisfying
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be L0, T; W (R?)),

loc
(5.2) | | )
e L'(0,T;L" + L (R")).

1+ |x]

We denote by LY the set of all measurable functions f such that [{|f| > a}| < oo for each
a € (0,00). We say that ¢ € L*(0, T} L°) is a renormalized solution of (5.1); if & satisfies

(5.3) ABE +b-VBE) =0 inR>x(0,T),

for all 8 € C' N L*(R) vanishing near zero, in the sense of distribution. It is proved in [18,
Theorem II. 3] under the condition (5.2) that for & € L° there exists a unique renormalized
solution & € C([0,T1; L%) of (5.1) and if & € LY(R?), g € [1, o], the renormalized solution
satisfies £ € C([0, T]; LY(R?)) and

(5.4) I€1l4(1) = 11éolly  forall £ > 0.

It is proved in [33, p.357] that every global weak solution of (1.1) for /o € L4 N L'(R?), g €
(1, 00), constructed by approximation of ¢y is a renormalized solution of (5.1) for b = k = ¢,
see also [17]. Thus the conservation (1.8); holds for the weak solutions by (5.4).

Proposition 5.1. For symmetric initial data ¢y € L*> N L' (R?) such that x2¢o € L'(R?) and
Lo = 0 for x 2 0, ie, {o(x1,x) = —Lo(x1,—X2), there exists a symmetric global weak
solution ¢ € BC([0, ); L> N L'(R?)) of (1.1) such that x»¢ € BC([0, o0); L'(R?)), £ > 0 for
xy >0,

(5.5) f " f L(0wp +v-Vo)dxdt = — f Lo(x)p(x, 0)dx
0 JRr? R2

forv =kx{ and all ¢ € CX(R? x [0, 00)). This weak solution { satisfies the conservations
(1.8).

Proof. For smooth and symmetric initial data {p € C;°, there exists a symmetric classical
solution £ € BC([0, c0); L>N LY of (1.1) [34]. Since { is conserved on the particle trajectory
map that globally exists and is homeomorphism of R? onto R? [35, Proposition 4.1, Corol-
lary 4.1], £(-, 1) is compactly supported in R%. By the conservations (1.8) and the Biot-Savart
law v = k = £, the solution satisfies

£ € L®(0,00; LN LY,

x20 € L(0, c0; LY,

v € L*(0,00; L"), 2 < p < 00,
Vv e L¥(0,00; L), 1 < g < 2.

(5.6)
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By (5.6)3 and (5.6)4, v¢ € L*(0,00;L"), 1 < r < 2. For arbitrary ¢ € C;’."(Rz), we have
IVk*oll;» < Cllgll;~ for 1/r+1/r" = 1 by the estimate of the singular integral operator. By
Fubini’s theorem,

fR RETPETE fR (ks D) e = - fR 0k @)

Since (-, ) is compactly supported in R? and a smooth solution to 8, + v - V¢ = 0, by
differentiating the above equation in ¢,

f ov(x, Ne(x)dx = — f 0:L (x, )k * p)(x)dx = — f v(x, ) (x, 1) - V(k * @)(x)dx.
R2 RZ RZ

Thus

< vz llelly -

f ov(x, Hp(x)dx
RZ
for all ¢ € CX(R?). By density of C*(R?) in L (R?), the functional ¢ +— [, d,vedx is

uniquely extendable to that on L” (R?). By Riesz representation theorem, 0,v(-, 1) € L' (R?)
and the above inequality holds for all ¢ € L” (R?). Thus by duality, ||0,v||z- < C|v{||z- and

(5.7) 0veL”0,00;L"), 1 <r<2.

We set ¢(x, 1) = fRZ G(x,y){(y,)dy by (1.5). We have v = V*+¢ for V+ = (d,,-0;). By
(5.7) and applying the Sobolev inequality ||¢|lzs < C|[Vellzr, 1/s =1/r—1/2,1 < r < 2 for
(p = al(b,

(5.8) 0ip € L7(0,00; L%), 2 < § < 0o.

We will use (5.7) and (5.8) to obtain the equality (1.8)3.
The function v satisfies the condition (5.2). Indeed, by v = k=, k = klg+klpg. = k; + ko,
B = B(0, 1), and Young’s inequality,

Wlztyze < Nkt Iz + Nk * e < (lktllze + Nk2llze)NE
Hence
(5.9) v e L®0,00; L + L™).

The existence of a global weak solution of (1.1) satisfying (5.5)-(5.8) for symmetric {y €
L>N L', 20 € L', &y > 0 for x, > 0, follows by an approximation of ¢, by elements
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of C°, e.g., [35]. By the conditions (5.6)4, (5.9) and the consistency [18, Theorem II.3
(1)], the constructed global weak solution ¢ is a renormalized solution of (5.1). Hence
¢ € BC([0,00); L> N L") and (1.8); holds.

The conservations (1.8); and (1.8)3 follow from the weak form (5.5). To see this, we
take a cut-off function § € C*(R), satisfying # = 1 in (—o0,1] and 6 = 0 in [2, o0) and
set Or(x) = 6(|x|/R), R > 1, and n,,(t) = 6(m(t = T) + 1), m > 1, T > 0. For arbitrary
f € BC[0, c0),

00 2 2
f FOOmu(H)dt = f f(% + T) 0(s)ds — f(T) f O(s)ds = —f(T) asm — oo.
0 1 1

Thus by substituting ¢ = x20gmn,, into (5.5) and sending m — oo,

T
f f v - V(x0g)dxdt = f x4 (x, T)Or(x)dx — f X28o(x)0g(x)dx.
0 Jr2 R2 R2
Since
{v- V(xabg) = (61 (% (v - |v1|2)) - 32(V1V2)) Ok + {vxs - Vo,

sending R — oo implies (1.8);.
To prove (1.8)3, it suffices to show the conservation of the kinetic energy

(5.10) f v(x, T)dx = f [vo(x)|*dx.
R2 R2

Since 2E[w] = ||v||§ by (2.6), (1.8); and (5.10) imply (1.8)3. By (5.6) and (5.7), observe that

T
(5.11) 2 f f v - dvdxdt = f v(x, T)|>dx — f lvo(x)*dx.
0 R2 R2 R2

By (5.6) and approximation of the test functions in (5.5), we have

T
f f {0 +v - Vp)dxdr = f {(x, Tp(x, T)dx — f Jo(0)e(x, 0)dx
0 JRr2 R2 R2
for all ¢ € L(R? x (0, 7)) satisfying Vg, 0y € L>(0,T; L), 2 < s < c0. By (5.6)1, (5.6)2

and Proposition 2.2, ¢ € L®(R? x (0,7)). By (5.6)3 and (5.8), Vo, d,¢ € L™(0,T; L*). Thus
by substituting ¢ into the above and applying Proposition 2.2,

T
ffv-atvdxdt:f |v(x,T)|2dx—f |v0(x)|2dx.
0 Jr2 R? R?

By (5.11), we have obtained (5.10). The proof is complete. O
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5.2. An application to stability. We now apply Theorem 1.3 for:

Proof of Theorem 1.4. We give a proof for the case 0 < y < oo, v = 1 = 1. The proof is
also applied to the general case 0 < u, v, A < oo by replacing K, 1,,, S, by K,i, L2, S yiv.as
respectively. Suppose that (1.10) were false. Then there exists €9 > 0 such that for n > 1,
there exist {p, € r’nlL! satisfying o, > 0, [|[{o.nll1 < 1 and £, > O such that a global weak
solution in Proposition 5.1 satisfies

inf {0, — Wl + [IX2(on — Wi} <
weS,,

Jnf {liZn(t) = wli2 + 162(Zn(ta) = W)

_— S| -
-

> &0-

We write ¢, = {,(,) by suppressing t,. We take w, € S, such that ||{o,, — wall2 + [1x2({o,n —
w)lli = 0. By (2.4),

|Ealfoa] + L] = |E2ldon] = Ealw,]| = 0 asn — oo,

Thus {{o,} is a minimizing sequence such that {p, € K, u, = f x2lopdx — p and
—E3[Lon] = Iy asn — oo,
By the conservations (1.8), £, € K, and

|Eala] + L] = |Ealdon] + | > 0 asn — oo,

Hence {{,} is also a minimizing sequence such that {,, € K,,,, 1, — p and —E>[{,] — 1. By
Theorem 1.3, there exists a sequence {y,} € R? such that, by choosing a subsequence (still
denoted by {{,}), there exists { € L* N L' such that

LG +yn) = ¢ in LP(R3),
X2l +yn) = x2¢  in LY(R2),

and the limit / € K, is a minimizer of /,,, i.e., { € §,. Sending n — oo implies

0= inf (I -l + (¢ = @)} = inf (Tim (1, - oll2 + 2 - @)}

> li,minf( lgSf {1 = wll2 + [1X2(&n — W)l }) > &
Wed

11— 00

We obtained a contradiction. O
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Remarks 5.2. (i) It is observed from the above proof that the assertion of Theorem 1.4 holds
even if impulse of initial data is merely close to y, i.e., for € > 0 there exists ¢ > 0 such that
for o € L* N L'(R?) satisfying £ > 0, [|Zoll; < v and

f x28odx — p
R}

there exists a global weak solution of (1.1) satisfying (1.10).
(i) In [12], orbital stability by the L>-norm is proved if initial data ¢ is close to a set of
minimizers in the same topology as (5.12).

(5.12) inf [|{o — wll2 +

WES 11yv.A

<9,

6. UNIQUENESS OF THE LAMB DIPOLE

We prove Theorem 1.5. For minimizers w € S, the associated stream functions are
positive solutions of (2.19) for W > 0 and y = 0, provided that 0 < ¢ < M, as in Lemma
2.9. Our goal is to prove that such solutions are only translations of the Lamb dipole (1.3)
for A = 1.

6.1. A decay estimate. We consider positive solutions ¢ > 0 of the problem:

—AY(x) = f( - Wxz) inRZ,
(6.1) =0 ondR2,

Yy =0 as|x| — eo,

for some constant W > 0.

Theorem 6.1. Let ¢ € BUC2+"(@), 0 < a < 1, be a positive solution of (6.1) for some

W > 0 such that y/x, € BUC'(R2), /x> — 0 as |x| = oo and for Q = {x € R2 | y(x) —
Wx, > 0}, Qis compact in Ri. Then, ¥(x1,x2) = Yr(x1 + g, xp) for some q € R, where
Y =Y + Wxy and ¥y is the Lamb dipole (1.3) for A = 1 and the given W > Q.

The uniqueness (up to translations) of weak solutions ¢ € Hé(Ri) to (6.1) for W > 0O is
proved by Burton [9, Theorem 2.1] by applying a symmetry result of Fraenkel [20, Theorem
4.2] for positive solutions to semi-linear elliptic problems, see also [25, Theorem 4, 2.3.
Remark 1]. His proof is based on the fact [50, Lemma 1] that HOI(R%) is isometrically
isomorphic to a subspace of axisymmetric functions in H'(R*) by the transform

y="0,y1) €R*, x; = y4, x2 = y'|.

62w, gt = L2

This reduces weak solutions of (6.1) to those of
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~Ayp = f(p— W) inR*,

(6.3)
¢—0 as|yl— oo

By the Sobolev embedding H IRY c L*(R*) and differentiability of weak solutions to the
Poisson equation, they are in W24(R* c BUC*(R*),0 < a < 1 and satisfy the decay (6.3),.
The decay implies that f(¢ — W) is compactly supported and thus for

(6.4) E={yeR'|e()-W>0},

Z is compact in R*. By uniqueness of the Poisson equation, ¢ is expressed in terms of the
Newton potential. The potential representation implies that ¢ € BUC?*®(R*) is a positive
solution to (6.3) and satisfies the admissible asymptotic behavior for the application of the
moving plane method [20], see below (6.6).

The uniqueness in Theorem 6.1 will be proved without the isometry since the solution
Y € BUC*™@(R2), 0 < a < 1, is a classical solution to (6.1) with compactly supported
Q c R2. By the transform (6.2), ¢ € BUC'**(R*) is a solution of (6.3) in R*\{y’ = 0} with
compactly supported = c R*.

Following [1, Lemma 2.2], we take a function 8 € C*(R) such that 6(t) = 0 for r < 1 and
6(f) = 1 for t > 2. For arbitrary & € CL(R*) and § > 0, we set &(y) = £(3)6(|y’|/6) so that
spt&s N {y’ = 0} = 0. The function &s € Cé (R*) satisfies & — €in WL R*) as 6 — 0. Since
@ is C** in R4\{y’ = 0} and satisfies (6.3); in a classical sense, multiplying &5 by (6.3); in
R*\{y" = 0} and integration by parts,

f Vo - Vésdy = f Slp — W)ésdy.
R4 R4

Sending & — 0 implies that ¢ € BUC'**(R%) is a weak solution of the Poisson equation in
R* in the sense that for all £ € C Ll RY),

f Ve - Védy = f Flo - Wiedy,
R4 R4

Thus by differentiability of weak solutions [26, Theorem 8.8], we have ¢ € WIZO’CZ(R“). By the

compactness of = ¢ R* and uniqueness of the Poisson equation under the decay condition
o(y) = 0as |y| = oo, ¢ is expressed with T'(y) = (4n2)~!|y|72 as

6.5) o) = f TGy 2)f(¢ - W)dz.

This implies that ¢ € BUC***(R*) is a positive solution to (6.3).
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Lemma 6.2. Let ¢ be as in (6.5). There exists p > 0 and g € R such that
’ _ b
ey, yat+q) = DR +8(y),
(6.6) c c
eI < =7, V8Ol < —,  for |yl = 2R + |ql,
Il Il
for some R > 0 such that E C B(0, R) with some constant C, where B(0, R) is an open ball
in R4,

Proof. By (6.5),

e(y) =T() ﬁ flo=W)dz -V, I'(y) - ( ﬁ zf(p - W)dZ) + 80,

C c
lgoOI < G IVgo)l < b for |y = 2R.

Hence

4
pP PjYj

p0) = 5+ > T+ g0,
bi* & bl

1 1 .
p:mfaf(‘P‘W)d% PFﬁfEij(cp—W)dz, j=12734

Since Z and ¢ are symmetric for y’ = 0, p; = 0 for j = 1,2, 3. By taking g = p4/(2p), (6.6)
follows. O

6.2. Moving plane method. The decay (6.6) is the admissible asymptotic behavior [20,
Definition 4.1 (C)] for the application of the moving plane method.

Proof of Theorem 6.1. We apply a symmetry result for positive solutions to (6.3) satisfying
(6.6) [20, Theorem 4.2] and deduce that ¢(y) = @(y’, y4 + q) is radially symmetric in R* and
decreasing in the radial direction. Since |y| = |x| and ¢(y) = ¢(|y|), we deduce that

W(x1 +q,x2)
X2

=o(y,ys+q) =0, ys) = ¢ (x]).

By translation of i for the x;-variable, we may assume that g = 0, i.e., ¥(x1, x2)/x2 = ¢(|x]).
In polar coordinates defined by x; = rcos 6, x, = rsin6, we set

Y(x) = Y(x) — Wxp = (¢(r) — W)rsin 6 =: n(r) sin 6.



40

We prove ¥ = ¥;. By (6.1), ¥ satisfies

~AY =¥ inQ,
~A¥ =0 inR3\Q,

¥ =0 ondR2UdQ,
0,¥Y—0,0,¥Y—>-W as|x - .

(6.7)

Since ¢(r) is decreasing for r > 0 and ¥ = 0 on 9€Q, there exists some a > 0 such that
¢(a) = Wand Q = B(0,a) N Ri. Substituting ¥ = n(r) sin § into (6.7); implies that (r) is a
solution of the Bessel’s differential equation:

1 1
ii+-n——=n+n=0,7>0, 0<r<a,
r r
1(a) = 0.

(6.8)

Solutions of (6.8) are given by a linear combination of the Bessel functions of the first and
second kind of order one. Since n(r) > 0 is bounded at r = 0 and n(a) = 0,

n(r) = C1J1(r),
a = co,

for some constant C1, where ¢ is the first zero point of J;. Hence, ¥(x) = C1J;(r) sin 8 for
r<a.

In a similar way, we consider the region r > a. Since W is harmonic for r > a, n =
C»/r + C3r with some constants C,, C3. Since V¥ = (C,/r?) (- sin 26, cos 26) + (0, C3),
sending » — oo implies that C3 = —W. By ¥ = O for r = a, C; = Wa?. Hence ¥(x) =
~W(r — a*/r)sin@ for r > a.

The constant C; is determined by continuity of 0,%¥ at r = a, ie., lim,_4400,¥Y =
lim, ,,_9 8,¥. By using Ji(cp) = Jo(cp), C1 = —2W/Jy(co) = Cy, follows. We have proved
Y =VY¥;. O

Proof of Theorem 1.5. By the scaling (1.12), we reduce to the case v = 4 = 1. By Theorem
1.3, S, is not empty, i.e., S, # 0. Let 0 < u < M for the constant M; > 0 as in Remarks
2.6 (iii). For an arbitrary w € S, the associated stream function ¢ is a positive solution of
(6.1) for some W > 0 satisfying ¢, ¥//x; — 0 as |x] — oo and for Q = {iy — Wx, > 0},
Qis compact in R2 by Lemma 2.9. Applying Theorem 6.1 and w € K, imply that w is
translation of the Lamb dipole w;, for W = ,u/(c(z)n). Hence S, Cl{wr(-+y) |y € (9R_%}.
Since S, # 0, there exists w € S, and yy € (')R_% such that w = wr(- + yg) for the
Lamb dipole wy, for W = ,u/(cgn). By translation invariance of E; for the x;-variable,
{fwr(-+y)|ye 6R§r} C S, follows. We have proved (1.11). The proof is now complete. O
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