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PARAFERMIONIC BASES OF STANDARD MODULES FOR TWISTED AFFINE

LIE ALGEBRAS OF TYPE A
(2)
2l−1, D

(2)
l+1, E

(2)
6 AND D

(3)
4

MASATO OKADO AND RYO TAKENAKA

Abstract. Using the bases of principal subspaces for twisted affine Lie algebras except A
(2)
2l by Butorac

and Sadowski, we construct bases of the highest weight modules of highest weight kΛ0 and parafermionic
spases for the same affine Lie algebras. As a result, we obtain their character formulas conjectured in
[14].

1. Introduction

In 1980’s, the attempts to obtain combinatorial bases of the integrable highest weight modules or
their (coset) subspaces using vertex operators were initiated in the seminal work of Lepowsky and Primc

[18]. Let g be the simple Lie algebra sl2 and h its Cartan subalgebra. Set ĝ = g ⊗ C[t, t−1] ⊕ Cc, ĥ =
h ⊗ C[t, t−1] ⊕ Cc, where c is the canonical central element. Lepowsky and Primc constructed bases of

the coset space ĝ ⊃ ĥ of integrable highest weight modules build upon vertex operator components. This
work was generalized by Georgiev to the higher rank case g = sln+1. In [12], he first constructed the

bases for the pricipal subspaces studied by Feigin and Stoyanovsky [9, 10], and then did for the ĝ ⊃ ĥ
coset subspaces or equivalently the parafermionic spaces in [13]. As a result, he obtained a fermionic
character formula of the integrable highest weight module L(k0Λ0 + kjΛj).

Recently, based on the works on constructing combinatorial bases of the principal subspaces for other
affine algebras (see e.g. [1, 2]), Butorac, Kožić and Primc obtained fermionic formulas for integrable
highest weight modules similar to the above highest weight for all untwisted affine Lie algebras in [3], and
thereby proved the so called Kuniba-Nakanishi-Suzuki conjecture [16]. Although the untwisted cases are
settled, there are also twisted affine Lie algebras and a similar conjecture was stated in [14]. Fortunately,
necessary combinatorial bases for the principal subspaces have already been obtained recently in [21, 22, 4].
The purpose of this paper is to make use of their results to settle the conjecture in [14] for the twisted
cases.

This paper is organized as follows. In section 2, we review necessary results. In particular, we recall the
twisted vertex operator, construction of the level 1 highest weight representation by it, quasi-particles on
higher level representations and the result by Butorac and Sadowski on the construction of a basis of the
principal subspace by quasi-particles. We then give our main theorem in section 3 on the construction of
a basis of the standard module L(kΛ0). In section 4, we consider the so called Z-operator in the twisted
case and construct a basis of the parafermionic space. In the final section 5, we obtain the fermionic
character formula of the parafermionic space and the standard module L(kΛ0) for the twisted cases. Note

that the A
(2)
2l case is not included, since it is not treated in [4] either. We wish to report also in this case

in near future.

2. Preliminaries

2.1. Notation on simple Lie algebras of type ADE. Let g be a complex simple Lie algebra of type
Aℓ, Dℓ or Eℓ (ℓ = 6, 7, 8 for Eℓ), and let αi (i = 1, 2, . . . , ℓ) be its simple root. The root lattice of g is
given by

L = Zα1 ⊕ · · · ⊕ Zαℓ.

Let h be the Cartan subalgebra and 〈·, ·〉 a nondegenerate invariant symmetric bilinear form on g. Using
this form, we can introduce a symmetric bilinear form 〈·, ·〉 also on h∗ by identifying an element h of h
with an element of αh of h∗ via 〈α, αh〉 = α(h). We fix the bilinear form 〈·, ·〉 on h∗ so that we have
〈α, α〉 = 2 if α is a root. We take the labeling of the Dynkin diagrams of our Lie algebras as in [4]. Let
ν be the Dynkin diagram automorphism of A2l−1, Dl+1, E6 and D4, where the order r of ν is 2, 2, 2 and
3, respectively. The Dynkin diagrams and the autormorphism ν for each type are given in Table 1.

Key words and phrases. Vertex operator algebra; Affine Lie algebra; Parafermionic space; Fermionic character formula.
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Table 1. Dynkin diagrams and the automorphism ν

Remark 1. The results in this paper remain valid when we take g to be one of Aℓ, Dℓ, E6,7,8 and ν = id.

Let η be a primitive rth root of unity and set η0 = (−1)rη. Following §2 of [5] (see also [4, 21, 22]),

we consider two central extensions of L by 〈η0〉, denoted by L̂ and L̂ν ,

1 −→ 〈η0〉 −→ L̂ ( or L̂ν)
−−→L −→ 1

where ¯ stands for the projection to L. L̂ and L̂ν differ from each other when r = 3. Define the functions
C0, C : L× L→ C× by

C0(α, β) = (−1)⟨α,β⟩, C(α, β) =

r−1∏
j=0

(−ηj)⟨ν
jα,β⟩.

The central extension L̂ (resp. L̂ν) is defined by using the commutator map C0 (resp. C), namely, for

a, b ∈ L̂ (resp. L̂ν) aba
−1b−1 = C0(ā, b̄) (resp. C(ā, b̄)). Let each commutator map correspond to the

2-cocyle ϵC0
, ϵC . Namely, for ϵC0

, it satisfies

ϵC0
(α, β)ϵC0

(α+ β, γ) = ϵC0
(β, γ)ϵC0

(α, β + γ),
ϵC0

(α, β)

ϵC0
(β, α)

= C0(α, β).

We choose our 2-cocycle ϵC0
to be

ϵC0
(αi, αj) =

{
1 if i ≤ j

(−1)⟨αi,αj⟩ if i > j
.

This 2-cocycle satisfies

ϵC0(α, β)
2 = 1, ϵC0(α, β) = ϵC0(να, νβ).

The 2-cocycles ϵC0
and ϵC are related by

ϵC0
(α, β) =

 ∏
− r

2<j<0

(−η−j)⟨ν
jα,β⟩

 ϵC(α, β). (1)

Using the 2-cocycle ϵC , we obtain a normalized section e : L→ L̂ν by

e : L → L̂ν

α 7→ eα
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with e0 = 1, eα = α and eαeβ = ϵC(α, β)eα+β . According to [5], there exists an automorphism ν̂ of L̂ν

such that
ν̂a = νā, ν̂a = a if νā = ā. (2)

ν̂ is also an automorphism of L̂ satisfying (2). We have ν̂r = 1.
For j ∈ Z, set

h(j) = {h ∈ h | νh = ηjh} ⊂ h,

so that we have
h =

⊕
j∈Z/rZ

h(j).

Here we identify h(j mod r) with h(j). Associated to this decomposition, we define a Lie algebra

ĥ[ν] =
⊕

m∈ 1
rZ

h(rm) ⊗ tm ⊕ Cc

with Lie bracket given by

[α⊗ tm, β ⊗ tn] = 〈α, β〉mδm+n,0c, [ĥ[ν], c] = 0

for m,n ∈ 1
rZ and α ∈ h(rm) and β ∈ h(rn). Consider the subalgebras ĥ[ν]± =

⊕
±m>0 h(rm) ⊗ tm. Then

ĥ[ν] 1
rZ

= ĥ[ν]+ ⊕ ĥ[ν]− ⊕ Cc is a Heisenberg subalgebra of ĥ[ν]. We introduce the induced ĥ[ν]-module

S[ν] = U(ĥ[ν])⊗U(
⊕

m≥0 h(rm)⊗tm⊕Cc) C,

where
⊕

m≥0 h(rm) ⊗ tm acts trivially on C and c as 1. S[ν] is an irreducible ĥ[ν] 1
rZ
-module, linearly

isomorphic to the symmetric algebra S(ĥ[ν]−).

2.2. Twisted module and twisted vertex operator. Let Pj be the projection from h onto h(j) for
j ∈ Z/rZ. Following [5] and [17], we set

N = (1− P0)h ∩ L = {α ∈ L | 〈α, h(0)〉 = 0}.
Explicitly, we have

N =

ℓ∑
i=1

Z(αi − ναi)

when r = 2, and
N = {r1α1 + r3α3 + r4α4 ∈ L | r1 + r3 + r4 = 0}

when r = 3. See [4].

Let N̂ be the subgroup of L̂ν obtained by pulling back the subgroup N of L. Then, by Proposition
6.1 in [17], there is a unique homomorphism

τ : N̂ −→ C×

such that
τ(η0) = η0, τ(aν̂a−1) = η−⟨

∑
j νj ā,ā⟩/2

for a ∈ L̂ν . Let Cτ be the one-dimensional N̂ -module C with this character τ and consider the induced
L̂ν-module

UT = C[L̂ν ]⊗C[N̂ ] Cτ ' C[L/N ] ' C[P0L].

Here the last isomorphism is induced from the projection. The readers are warned that P0L 6⊂ L but
P0L ⊂ 1

rL. We have

UT =
∐

α∈P0L

(UT )α,

where (UT )α = {u ∈ UT | hu = 〈h, α〉u for h ∈ h(0)} and

a · (UT )α ⊂ (UT )α+ā(0)
for a ∈ L̂ν , α ∈ P0L.

h(0) acts on UT as

α · b = 〈α, b̄〉b (3)

for α ∈ h(0), b ∈ L̂ν and we set [α, a] = 〈α, ā〉a. We also define the action of zα by

zα · b = z⟨α,b̄⟩b (4)
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and ηα by ηα · b = η⟨α,b̄⟩b. Then for a ∈ L̂ν , we have zαa = azα+⟨α,ā⟩, ηαa = aηα+⟨α,ā⟩. Moreover, as
operators on UT , we have

ν̂a = aη−
∑

νpā−⟨
∑

νpā,ā⟩/2. (5)

UT then becomes an h̃[ν]-module by letting the Heisenberg algebra h̃[ν] 1
rZ

act trivially. We set

V T
L = S[ν]⊗ UT

to be a tensor product of h̃[ν]-module on which L̂ν acts by its action on the second component. Set

h̃[ν] = ĥ[ν]⊕ Cd. d acts on UT and gives the following grading

d · a = − 1

2r
〈
∑
p

νpā, ā〉a for a ∈ L̂ν .

See [17, [7.4]]. Another factor 1/r corresponds to the different definition of the vertex operator. V T
L is

called the twisted module.
Next we define the ν̂-twisted vertex operator. We follow §2 of [5]. For each α ∈ h and m ∈ 1

rZ, let
α(j) stand for Pjα ∈ h(j). Set

α(m) = α(rm) ⊗ tm, (6)

E±(α, z) = exp

 ∑
±m∈ 1

rZ+

α(m)

m
z−m

 . (7)

Note that from [19, Proposition 3.4], we have the following commutation relation

E+(α, z1)E
−(β, z2) = E−(β, z2)E

+(α, z1)

r−1∏
i=0

(
1− ηi

z
1
r
2

z
1
r
1

)⟨νiα,β⟩

. (8)

For a ∈ L̂ν , as defined in [5, 17], we consider the twisted vertex operator

Y ν̂(a, z) = r−
⟨ā,ā⟩

2 σ(ā)E−(−ā, z)E+(−ā, z)azā(0)+
⟨ā(0),ā(0)⟩

2 − ⟨ā,ā⟩
2 , (9)

where

σ(α) =

{
2⟨να,α⟩/2 (r = 2)
(1− η2)⟨να,α⟩ (r = 3)

acting on V T
L . (In [5], this vertex operator is defined for an element of the lattice vertex operator algebra

VL. Since we do not use this fact in this paper, we simply defined it for a ∈ L̂ν .) We define the component
operators Y ν̂

α (m) for m ∈ 1
rZ, α ∈ L by

Y ν̂(eα, z) =
∑

m∈ 1
rZ

Y ν̂
α (m)z−m−⟨α,α⟩/2. (10)

Set

ρi =
1

2
〈(αi)(0), (αi)(0)〉. (11)

Then for a simple root αi, we have

Y ν̂(ν̂eαi
, z) = Y ν̂(eαi

, z)
∣∣
z

1
r →η−1z

1
r

(12)

from (5). For a component operator,

Y ν̂
ναi

(m) = ηrmY ν̂
αi
(m). (13)

From this relation, we know if ναi = αi, then Y
ν̂
αi
(m) = 0 unless m ∈ Z. By an explicit calculation, we

get, if n 6= 0,

[h(n), Y ν̂(eα, z)] = 〈h(rn), α(−rn)〉znY ν̂(eα, z). (14)
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Table 2. Twisted affine Dynkin diagrams

2.3. Twisted affine Lie algebras. Recall that g is a simple Lie algebra of type Aℓ, Dℓ or Eℓ. Let ∆
be its set of roots. Then we have the root space decomposition

g = h⊕
⊕
α∈∆

Cxα.

We normalize a root vector xα so that we have

[xα, xβ ] =


ϵC0

(α,−α)α if α+ β = 0

ϵC0
(α, β)xα+β if α+ β ∈ ∆

0 otherwise.

Then the symmetric bilinear form 〈·, ·〉 on g reads as

〈h, xα〉 = 0, 〈xα, xβ〉 =

{
ϵC0

(α,−α) if α+ β = 0,

0 if α+ β 6= 0,

where h ∈ h.
Now, we assume g to be one of type A2l−1, Dl+1, E6 or D4 and ν as in Table 1. Following [4, 5, 17,

21, 22], the automorphism ν of h is lifted to an automorphism ν of g by

νxα = ψ(α)xνα

where ψ is some function from ∆ to {±1}. For j ∈ Z set

g(j) = {x ∈ g | ν(x) = ηjx}.

The twisted affine Lie algebra ĝ[ν] associated to g and ν is given by

ĝ[ν] =
⊕

m∈ 1
rZ

g(rm) ⊗ tm ⊕ Cc

with Lie bracket

[x⊗ tm, y ⊗ tn] = [x, y]⊗ tm+n + 〈x, y〉mδm+n,0c, [c, ĝ[ν]] = 0

for m,n ∈ 1
rZ, x ∈ g(rm) and y ∈ g(rn). We also define the Lie algebra g̃[ν] by

g̃[ν] = ĝ[ν]⊕ Cd

where d is the degree operator such that

[d, x⊗ tn] = nx⊗ tn

for n ∈ 1
rZ, x ∈ g(rn) and [d, c] = 0. This Lie algebra ĝ (or g̃) is isomorphic to a twisted affine Lie algebra

of type A
(2)
2l−1, D

(2)
l+1, E

(2)
6 or D

(3)
4 depending on the choice of L and ν. See Table 2 for their Dynkin

diagrams.
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Theorem 2. ([5, Theorem 3.1],[11, Theorem 3],[17, Theorem 9.1]) The representation of ĥ[ν] on V T
L

extends uniquely to a Lie algebra representation of g̃[ν] on V T
L such that

(xα)(rm) ⊗ tm 7→ Y ν̂
α (m)

for all m ∈ 1
rZ and α ∈ L2 = {α ∈ L | 〈α, α〉 = 2}. Moreover V T

L is irreducible as a g̃[ν]-module.

In fact, V T
L is an integrable highest weight module of highest weight Λ0, where Λ0 is the fundamental

weight such that 〈Λ0, c〉 = 1 and 〈Λ0, h(0)〉 = 0 = 〈Λ0, d〉. A highest weight vector 1 ⊗ (e0 ⊗ 1) ∈ V T
L =

S[ν]⊗ UT is denoted by 1T . We also have the following formulas on V T
L .

eαde
−1
α = d+ α− 1

2r
〈
∑
p

νpα, α〉, (15)

eαhe
−1
α = h− α(h), (16)

eαh(j)e
−1
α = h(j) for j 6= 0, (17)

eαY
ν̂
β (j)e−1

α = C(α, β)Y ν̂
β (j − 〈α, β(0)〉). (18)

2.4. Standard module. Here we summarize the Cartan subalgebra and simple roots as the twisted

affine Lie algebras. Set l = 4 for E
(2)
6 and l = 2 for D

(3)
4 . The Cartan subalgebra is identified with

h(0) ⊕ Cc⊕ Cd.

Chevalley generators hi (0 ≤ i ≤ l) are given by hi = αi when ναi = αi, hi =
∑r−1

p=0 ν
pαi otherwise for

i 6= 0 and h0 = −
∑r−1

p=0 ν
pθ0 where θ0 is given by

θ0 =


α1 + · · ·+ α2l−2 for A

(2)
2l−1

α1 + · · ·+ αl for D
(2)
l+1

α1 + 2α2 + 2α3 + α4 + α5 + α6 for E
(2)
6

α1 + α2 + α3 for D
(3)
4 .

See [15, §8.3]. g̃[ν] contains a finite-dimensional simple Lie algebra g̃[ν]0̄ (in Kac’s notation) whose Dynkin
diagram is obtained by removing the node 0 from that of the twisted affine Lie algebra. One can take the
set of simple roots of g̃[ν]0̄ as that of the image under the projection P0 to h(0). Because of the labeling
of the Dynkin nodes in Table 1, we can take it as {(α1)(0), . . . , (αl)(0)}.

We consider the standard g̃[ν]-module L(kΛ0) of higher level k, namely, the integrable highest weight
g̃[ν]-module of highest weight kΛ0. Since we know L(Λ0) ' V T

L , we realize L(kΛ0) as a submodule of the
tensor product of k copies of V T

L as

L(kΛ0) ' U(g̃[ν]) · v0 ⊂ (V T
L )

⊗k
,

where v0 = 1T ⊗ · · · ⊗ 1T is a highest weight vector of L(kΛ0). On L(kΛ0), elements of g̃[ν] act through
the coproduct

∆(k−1)(x) = x⊗ 1⊗ · · · ⊗ 1 + 1⊗ x⊗ · · · ⊗ 1 + · · ·+ 1⊗ 1⊗ · · · ⊗ x,

where there are k components in each term. It is also true for the twisted vertex operator Y ν̂(eα, z). For
a simple root αi and a positive integer n, we set

xν̂nαi
(z) = xν̂αi

(z)n = [∆(k−1)(Y ν̂(eαi
, z))]n. (19)

Note that xν̂(k+1)αi
(z) = 0. We also define a component operator xν̂nαi

(m) by

xν̂nαi
(z) =

∑
m∈ 1

rZ

xν̂nαi
(m)z−m−n.

Later, we will use the following commutation relation which can be shown using (14). If m 6= 0,

[h(m), xν̂nαi
(z)] = n〈h(rm), α(−rm)〉zmxν̂nαi

(z), (20)

or equivalently,
[h(m), xν̂nαi

(j)] = n〈h(rm), α(−rm)〉xν̂nαi
(j +m).

For α ∈ L, E±(α, z) acts on (V T
L )⊗k diagonally and hence also on L(kΛ0). One checks

[E±(α, z), h(n)] =

{
k〈α(−rn), h(rn)〉znE±(α, z) if ∓ n > 0,
0 othewise.

(21)
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eα also acts on (V T
L )⊗k diagonally, namely,

eα 7→ eα ⊗ · · · ⊗ eα.

Set Q =
⊕l

i=1 Zαi ⊂ L. Note that Q(0) =
⊕l

i=1 Z(αi)(0) should be understood as the root lattice of

g̃[ν]0̄. Based on the calculations (15)-(18) on V T
L , we define the adjoint action of eα on g̃[ν] by

eαce
−1
α = c, (22)

eαde
−1
α = d+ α− 1

2
〈α(0), α(0)〉c, (23)

eαhe
−1
α = h− α(h)c for h ∈ h(0), (24)

eαh(j)e
−1
α = h(j) for j 6= 0, (25)

eαx
ν̂
β(j)e

−1
α = C(α, β)xν̂β(j − 〈α, β(0)〉). (26)

Note that c = k on L(kΛ0) and
∑

p〈νpα, α〉 = 〈α(0), α(0)〉. eα corresponds to the translation operator of

the affine Weyl group of g̃[ν]. See Section 1.5 of [3] for the untwisted case.
Next we state the vertex operator formula that will be used later. This is a twisted version of (1.27)

in [3]. The proof is completely parallel to [18, Theorem 5.6] or [23, Theorem 6.4].

Lemma 3. For a simple root αi, renormalize the twisted vertex operator xν̂αi
(z) as x̃ν̂αi

(z) = rσ(αi)
−1xν̂αi

(z).
Then, for p, q ≥ 0 such that p+ q = k, we have

1

p!
E−(αi, z)(zx̃

ν̂
αi
(z))pE+(αi, z) =

1

q!
ϵC(αi,−αi)

−q(zx̃ν̂−αi
(z))qeαi

z(αi)(0)+kρi (27)

as an operator on (V T
L )⊗k or L(kΛ0). Furthermore, (27) can be rewritten as

E−(αi, z)exp(zx̃
ν̂
αi
(z))E+(αi, z) = exp(ϵC(αi,−αi)

−1zx̃ν̂−αi
(z))eαi

z(αi)(0)+kρi . (28)

Proof. Set yα(z) = r
⟨α,α⟩

2 σ(α)−1Y ν̂(eαi
, z). From (9), we have

E−(αi, z)yαi(z)E
+(αi, z) = eαiz

(αi)(0)+ρi−1

on V T
L . Since yαi

(z)2 = 0 on V T
L , x̃ν̂αi

(z)p acts on (V T
L )⊗k as p!

∑
yαi

(z)j1 ⊗ · · · ⊗ yαi
(z)jk , where

jm ∈ {0, 1} and j1 + · · ·+ jk = p. Since E±(αi, z), eαi
, z(αi)(0)+ρi all act grouplike on (V T

L )⊗k,

LHS of (27) = zpE−(αi, z)(
∑

yαi(z)
j1 ⊗ · · · ⊗ yαi(z)

jk)E+(αi, z)

= ϵC(αi,−αi)
−qzq(

∑
y−αi

(z)1−j1eαi
z(αi)(0)+ρi ⊗ · · · ⊗ y−αi

(z)1−jkeαi
z(αi)(0)+ρi)

=
1

q!
ϵC(αi,−αi)

−q(zx̃ν̂−αi
(z))qeαiz

(αi)(0)+kρi .

Here we have used z(αi)(0)−ρie−1
−αi

= ϵC(αi,−αi)
−1eαi

z(αi)(0)+ρi .

Noting x̃ν̂αi
(z)k+1 = 0 on (V T

L )⊗k, we obtain (28) from (27) immediately. □

2.5. Principal subspace. We will introduce the notion of the principal subspace of L(kΛ0) and twisted
quasi-particle bases which we will use to construct parafermionic bases. First, denote by ∆+ the set of
positive roots and by

n =
⊕

α∈∆+

Cxα

the Lie subalgebra of g which is the nilradical of a Borel subalgebra. Consider its twisted affinization

n̂[ν] =
⊕

m∈ 1
rZ

n(rm) ⊗ tm ⊕ Cc

and its subalgebra

n̄[ν] =
⊕

m∈ 1
rZ

n(rm) ⊗ tm.

In [4, 9, 10, 21, 22], the principal subspace W (kΛ0) of L(kΛ0) is defined as

W (kΛ0) = U(n̄[ν]) · v0.
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From [4], we review twisted quasi-particle monomials. We define the twisted quasi-particle of color i,
charge n and energy −m for each simple root αi, n ∈ N, and m ∈ 1

rZ as the coefficient xν̂nαi
(m) in (19).

A twisted quasi-particle monomial is then defined by

b = xν̂n
r
(1)
l

,l
αl
(m

r
(1)
l ,l

) · · ·xν̂n1,lαl
(m1,l) · · ·xν̂n

r
(1)
1 ,1

α1
(m

r
(1)
1 ,1

) · · ·xν̂n1,1α1
(m1,1). (29)

The sequence

R′ =
(
n
r
(1)
l ,l

, . . . , n1,l; . . . ;nr(1)1 ,1
. . . n1,1

)
is called its charge-type. We assume 1 ≤ n

r
(1)
i ,i

≤ . . . ≤ n1,i ≤ k for each i. The dual-charge-type

R =
(
r
(1)
l , . . . , r

(k)
l ; . . . ; r

(1)
1 , . . . , r

(k)
1

)
is defined in the way that (r

(1)
i , . . . , r

(k)
i ) is the transposed partition of (n1,i, . . . , nr

(1)
i ,i

) for each i. Namely,

r
(s)
i stands for the number of quasi-particles of color i and charge greater than or equal to s in the

monomial b. So we have r
(1)
i ≥ r

(2)
i ≥ · · · ≥ r

(k)
i ≥ 0. The color-type is defined by

C = (rl, . . . , r1)

where

ri =

r
(1)
i∑

p=1

np,i =

k∑
s=1

r
(s)
i . (30)

According to [4], we consider the following conditions (C1)-(C3) for the mode m in xν̂nαi
(m) in b.

(C1) mp,i ∈ ρiZ for 1 ≤ p ≤ r
(1)
i , 1 ≤ i ≤ l,

(C2) mp,i ≤ −(2p− 1)ρinp,i − 〈(αi)(0), (αi−1)(0)〉
r
(1)
i−1∑
q=1

min{np,i, nq,i−1} for 1 ≤ p ≤ r
(1)
i , 1 ≤ i ≤ l,

(C3) mp+1,i ≤ mp,i − 2ρinp,i if np+1,i = np,i for 1 ≤ p ≤ r
(1)
i − 1, 1 ≤ i ≤ l.

Here we understand r
(1)
0 = 0. Set

BW =
⋃

r
(1)
1 ≥···≥r

(k)
1 ≥0

...
r
(1)
l ≥···≥r

(k)
l ≥0

{b as in (29) | b satisfies (C1), (C2) and (C3)}

We know that the principal subspace W (kΛ0) has a basis consisting from twisted quasi-particle mono-
mials.

Theorem 4. ([4, Theorem 5.1]) The set BW = {bv0 | b ∈ BW } is a basis of the principal subspace
W (kΛ0).

3. Quasi-particle bases of standard modules

3.1. Spanning sets for standard modules.

Lemma 5.

(1) L(kΛ0) = U(ĥ[ν]−)QW (kΛ0)
(2) L(kΛ0) = QW (kΛ0)

Proof. ĝ[ν] is generated by (xβ)(rm) ⊗ tm acting as xν̂β(m) on L(kΛ0) for m ∈ 1
rZ, β ∈ ∆. Since every

xβ can be expressed by taking brackets with xαi
for 1 ≤ i ≤ ℓ and xν̂ναi

(m) can also be expressed as

xν̂αi
(m) by using (12), the standard module L(kΛ0) is spanned by noncommutative monomials in xν̂±αi

(m),

i = 1, · · · , l, m ∈ 1
rZ. By using the vertex operator formula (27), we can express xν̂−αi

(m) in terms of

xν̂αi
(m′), eαi

and a polynomial in U(ĥ[ν]). From (20) and (25), we can move the elements of ĥ[ν]− to the

left and the elements of ĥ[ν]+ to the right. Since h(n)v0 = 0 for n > 0, we see that (1) holds. U(ĥ[ν]−) is
spanned by the coefficients of E−(−αi, z). Therefore we obtain (2) from (1) by using the vertex operator
formula (27) for q = 0 and the commutation relation (21). □



9

The second statement in Lemma 5 implies that

{eµv | µ ∈ Q, v ∈ BW }
spans L(kΛ0). But this is not a basis.

For the proofs of Proposition 6 and the main theorem, we introduce a linear order on the quasi-
particle monomials in BW following [4]. For two monomials b abd b̄ with charge-types R′ and R̄′ =
(n̄

r̄
(1)
l ,l

, . . . , n̄1,l; . . . ; n̄r̄(1)1 ,1
, . . . , n̄1,1) and with energies (m

r
(1)
l ,l

, . . . ,m1,1) and (m̄
r̄
(1)
l ,l

, . . . , m̄1,1), we write

b < b̄ if one of the follwoing conditions holds

(1) R′ < R̄′

(2) R′ = R̄′ and (m
r
(1)
l ,l

, . . . ,m1,1) < (m̄
r̄
(1)
l ,l

, . . . , m̄1,1)

where we write R′ < R̄′ if there exists i and s such that r
(1)
j = r̄

(1)
j , nt,j = n̄t,j for j < i, 1 ≤ t ≤ r

(1)
j

and n1,i = n̄1,i, n2,i = n̄2,i, . . . , ns−1,i = n̄s−1,i, ns,i < n̄s,i or nt,i = n̄t,i for 1 ≤ t ≤ r
(1)
i , r

(1)
i <

r̄
(1)
i . In the case that R = R̄′, we apply this definition to the sequences of energies to similarly define
(m

r
(1)
l ,l

, . . . ,m1,1) < (m̄
r̄
(1)
l ,l

, . . . , m̄1,1).

Set

BH =

{
hαl

· · ·hα1

∣∣∣∣ hαi = αi(−mti,i)
nti,i · · ·αi(−m1,i)

n1,i , i = 1, . . . l,
ti ∈ Z≥0,mti,i > · · · > m1,i,mp,i ∈ ρiN, np,i ∈ N

}
and B′

W = BW ∩M ′
QP , where M

′
QP is the set of all quasi-particle monomials with no xν̂kαi

(m). The

following proposition can be proved in the same way as Lemma 2.3 in [3].

Proposition 6. The set BL = {eµhbv0 | µ ∈ Q, h ∈ BH , b ∈ B′
W } spans L(kΛ0).

Proof. By Lemma 5 (1), the set of vectors

{eµhbv0 | µ ∈ Q,h ∈ BH , b ∈ BW }
spans L(kΛ0). It suffices to check that the arguments used in the proof of [3, Lemma 2.3] also hold for our
case. By the vertex operator formula (27), a quasi-particle xν̂kαi

(m) is expressed by eαi and monomials

in U(ĥ[ν]±). Then we can move eα and elements of ĥ[ν]− to the left, and elements of ĥ[ν]+ to the right
by the relations (21) and (25). As a result, we can express eµhbv0 as a linear combination of vectors
eµ′h′b′v0, where µ

′ ∈ Q,h′ ∈ BH , and b′ ∈ M ′
QP . Note that b′ contains no quasi-particles xν̂kαi

(m), but

is not necessarily in BW . Take any vector eµ′h′b′v0 that is not in BW , if it exists. Since b′v0 ∈W (kΛ0),
it is expressed as a linear combination of vectors b′′v0 such that b′′ ∈ BW by Theorem 4. b′′ may contain
xν̂kαi

(m), but it is greater than b with respect to the order ”<” defined above. Since the set BW is upper

bounded with respect to this order, the process of eliminating quasi-particles xν̂kαi
(m) end in finitely

many steps and b in any term in the final linear combination belongs to BW ∩M ′
QP . □

3.2. The main theorem. Consider the decomposition

L(kΛ0) =
⊕
s∈Z

L(kΛ0)s, where L(kΛ0)s =
⊕

s2,··· ,sl∈Z

L(kΛ0)slαl+···+s2α2+sα1
.

To prove our main theorem, we use the Georgiev-type projection such that

πRα1
: L(kΛ0) → L(Λ0)r(1)1

⊗ · · · ⊗ L(Λ0)r(k)
1
,

where Rα1 = (r
(1)
1 , r

(2)
1 , . . . , r

(k)
1 ) is a fixed dual-charge-type for the color 1 and r1 =

∑k
s=1 r

(s)
1 . This

projection is naturally generalized to L(kΛ0)[[wtl,l, . . . , w1,1, zr(1)l ,l
, . . . , z1,1]]. We also denote this gener-

alization by πRα1
. Set αi(z)− =

∑
m<0 αi(m)z−m−1. We consider the vector

eµαl(−m′
tl,l

)n
′
tl,l · · ·α1(−m′

1,1)
n′
1,1xν̂n

r
(1)
l

,l
αl
(m

r
(1)
l ,l

) · · ·xν̂n1,1α1
(m1,1)v0

with dual-charge-type R = (Rαl
, · · · ,Rα1

). Recall that the image of this vector with respect to πRα1

coincides with the coefficient of the corresponding projection of the generating function

eµαl(wtl,l)
n′
tl,l

− α1(w1,1)
n′
1,1

− xν̂n
r
(1)
l

,l
αl
(z

r
(1)
l ,l

) · · ·xν̂n1,1α1
(z1,1)v0.

In order to prove the main theorem, we need a generalization of the twisted vertex operator Y ν̂(a, z)
defined in section 2.2 to the case where a belongs to an extension of the weight lattice P of g. We do not
repeat its definition. See [6].
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Proposition 7. Let a, b be elements of an extension P̂ν of P such that 〈ā, b̄〉 ∈ Z. Then we have the
following commutation relation for the twisted vertex operators.

Y ν̂(a, z1)Y
ν̂(b, z2) = (−1)⟨ā,b̄⟩cν(ā, b̄)Y

ν̂(b, z2)Y
ν̂(a, z1)

Here cν(ā, b̄) is some constant which belongs to C×.

Proof. We use [6, Theorem 5.2] in the case when h∗ = 0. The condition 〈ā, b̄〉 ∈ Z is important, since we
use the property zmδ(z) = δ(z) (m ∈ Z) for the formal delta function. □

Let λi (i = 1, . . . , ℓ) be the fundamental weights of g and set

Y ν̂(eλi
, z) =

∑
m∈ 1

rZ

Aλi
(m)z−m+⟨(λi)(0),(λi)(0)⟩/2−⟨λi,λi⟩/2.

From Proposition 7, we have

Aλi(m)Y ν̂
αj
(n) = (−1)δij cν(λi, αj)Y

ν̂
αj
(n)Aλi(m) (31)

on V T
P , which is the extended space of V T

L by enlarging the root lattice L to the weight lattice P . We
also have

[h(n), Aλi(m)] = 〈hrn, (λi)(−rn)〉Aλi(m+ n). (32)

Moreover,

Aλi
(m)1T ∈ U(h[ν]−)eλi

for m ≥ 0 and Aλi
(0)1T = eλi

. (33)

Theorem 8. The set BL is a basis of L(kΛ0).

Proof. We should prove the linear independence of BL. We consider a linear combination of vectors in
BL, ∑

cµ,h,beµhbv0 = 0 (34)

of the fixed degree and h(0)-weight. From (24), for a h(0)-weight ρ, the action of eµ maps the weigt space
Vρ to Vρ+kµ. Hence, we may assume that a summand in (34) with the maximal charge of color 1, chg1b,
has µ with α1 coordinate zero. Namely, we assume that summands appear in the form

(A) eµhbv0 with chg1b = r1 and µ = clαl + · · ·+ c2α2, or
(B) eµ̄h̄b̄v0 with chg1b̄ < r1 and µ̄ = c̄lαl + · · ·+ c̄1α1, where c̄1 > 0.

Among the vectors v = eµhbv0 with chg1v = r1, we choose a vector with the maximal charge-type R′
α1

and the corresponding dual-charge-type

Rα1 = (r
(1)
1 , · · · , r(k−1)

1 )

for the color i = 1 where r1 = r
(1)
1 + · · · + r

(k−1)
1 . Note that r

(k)
1 = 0 for a vector in BL. Denote the

Georgiev-type projection by πRα1
. Since

eα1(1T ⊗ · · · ⊗ 1T ) = eα11T ⊗ · · · ⊗ eα11T ,

we have

eµ̄h̄v̄ ∈
⊕

s1,··· ,sk−1∈Z
sk>0

L(Λ0)s1 ⊗ · · · ⊗ L(Λ0)sk .

Therefore, for the vectors of the form (B) we have πRα1
(eµ̄h̄b̄)v0 = 0. This means that the πRα1

projection

of the sum (34) contains only the summands of the form (A). Applying the same trick for the simple
roots α2, . . . , αl, we can assume µ = 0 in (34).

Consider a linear combination

ch,bhbv0 +
∑
b′>b

ch′,b′h
′b′v0 = 0. (35)

For a monomial h = hl(−mtl,l)
ntl,l · · ·h1(−m1,1)

n1,1 , set h̄ = hl(mtl,l)
ntl,l · · ·h1(m1,1)

n1,1 and multiply
h̄ from left to (35). Using (20), it turns out to be

ch,bbv0 +
∑
b′′>b

c′h′′,b′′h
′′b′′v0 = 0
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up to an overall scalar multiple. Now, using (31),(32) and (33), one can argue in a similar way to the
proof of Theorem 5.2 of [12] to prove ch,b = 0. For the commutation relation of eλi

and Y ν̂
αj
(m) is given

by substituting α = λi in (18). In place of (5.25) of [12], we use

πRα1
b′xν̂sαi

(−sρi)v0 = const πRα1
b′

1⊗ · · · ⊗ 1⊗ eα1
⊗ · · · ⊗ eα1︸ ︷︷ ︸
s factors

 v0.

Once we show ch,b = 0, substitute this relation to (35) and continue the process, then one eventually
shows all coefficients are zero. □

4. Parafermionic bases

4.1. Vacuum space and twisted Z-algebra. Denote by L(kΛ0)
ĥ[ν]+

the vacuum space of the standard
module L(kΛ0) , i.e.

L(kΛ0)
ĥ[ν]+

= {v ∈ L(kΛ0) | ĥ[ν]+ · v = 0}. (36)

By the Lepowsky-Wilson theorem [19] (A5.3) we have the canonical isomorphism of d-graded linear spaces

U(ĥ[ν]−)⊗ L(kΛ0)
ĥ[ν]+ ≃−→ L(kΛ0) (37)

h⊗ u 7→ h · u
where U(ĥ[ν]−) ' S(ĥ[ν]−) is the Fock space of level k for the Heisenberg subalgebra ĥ[ν] 1

rZ
with the

action of c being the multiplication by scalar k. We consider the projection

πĥ[ν]+ : L(kΛ0) → L(kΛ0)
ĥ[ν]+

given by the direct decomposition

L(kΛ0) = L(kΛ0)
ĥ[ν]+ ⊕ ĥ[ν]−U(ĥ[ν]−) · L(kΛ0)

ĥ[ν]+
. (38)

By (25), we have the projective representation of Q on the vacuum space L(kΛ0)
ĥ[ν]+ .

We set

Znα(z) = E−(α, z)n/kxν̂nα(z)E
+(α, z)n/k

for a quasi-particle of charge n and a root α. It is called the Z-operator. Note that the action
of Z-operators commutes with the action of the Heisenberg algebra ĥ[ν] 1

rZ
on the standard module

L(kΛ0). More generally, we need to define the Z-operators for quasi-particles of charge-type R′ =
(n

r
(1)
l ,l

, · · · , n1,1). For x
ν̂
R′(zr(1)l ,l

, · · · , z1,1) = xν̂n
r
(1)
l

,l
αl
(z

r
(1
l ,l

) · · ·xν̂n1,1α1
(z1,1) of charge-type R′, we define

ZR′(z
r
(1)
l ,l

, · · · , z1,1) =E−(αl, zr(1)l ,l
)
n
r
(1)
l

,l
/k

· · ·E−(α1, z1,1)
n1,1/kxν̂R′(zr(1)l ,l

, · · · , z1,1)

× E+(αl, zr(1)l ,l
)
n
r
(1)
l

,l
/k

· · ·E+(α1, z1,1)
n1,1/k. (39)

For convenience, we write this formal Laurent series by

ZR′(z
r
(1)
l ,l

, · · · , z1,1) =
∑

m
r
(1)
l

,l
,··· ,m1,1∈ 1

rZ

ZR′(m
r
(1)
l ,l

, · · · ,m1,1)z
−m

r
(1)
l

,l
−n

r
(1)
l

,l

r
(1)
l ,l

· · · z−m1,1−n1,1

1,1 .

Since Z-operators act on the vacuum space and we can express quasi-particle monomials in terms of
Z-operators by reversing (39), we have

πĥ[ν]+ : xR′(z
r
(1)
l ,l

, · · · , z1,1)v0 7→ ZR′(z
r
(1)
l ,l

, · · · , z1,1)v0.

Now, Theorem 8 implies

Theorem 9. The set of vectors

eµZR′(m
r
(1)
l ,l

, · · · ,m1,1)v0

such that µ ∈ Q and the charge-type R′ and the energy-type (m
r
(1)
l ,l

, · · · ,m1,1) satisfy the conditions for

B′
W is a basis of the vacuum space L(kΛ0)

ĥ[ν]+ .

The proof is parallel to that of Theorem 3.1 of [3].
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4.2. Parafermionic space and its current. Recall that the map α 7→ eα for α ∈ Q is extended to
a projective representation of Q on L(kΛ0). This gives a diagonal action ρ(kα) = eα ⊗ · · · ⊗ eα of the

sublattice kQ ⊂ Q such that L(kΛ0)
ĥ[ν]+

µ → L(kΛ0)
ĥ[ν]+

µ+kα. We define the parafermionic space of the

highest weight kΛ0 as the space of kQ-coinvariants in the kQ-module L(kΛ0)
ĥ[ν]+

L(kΛ0)
ĥ[ν]+

kQ := L(kΛ0)
ĥ[ν]+/spanC{(ρ(kα)− 1) · v | α ∈ Q, v ∈ L(kΛ0)

ĥ[ν]+}. (40)

We have the canonical projection

π
ĥ[ν] +
kQ : L(kΛ0)

ĥ[ν]+ → L(kΛ0)
ĥ[ν]+

kQ (41)

and denote the composition π
ĥ[ν]+

kQ ◦ πĥ[ν]+ : L(kΛ0) → L(kΛ0)
ĥ[ν]+

kQ by π. Note that in this case, we have

L(kΛ0)
ĥ[ν]+

kQ '
⊕

µ∈kΛ0+Q/kQ

L(kΛ0)
ĥ[ν]+

µ .

For every root β, we define the parafermionic current of charge n by

Ψν̂
nβ(z) = Znβ(z)z

−nβ(0)/kϵ
−n/k
β , (42)

where ϵβ : L(kΛ0) → C× is given by

ϵβu = C(β, µ)u for u ∈ L(kΛ0)µ.

Since Z-operators commute with the action of the Heisenberg subalgebra ĥ[ν] 1
rZ
, the parafermionic

current preserves the vacuum space L(kΛ0)
ĥ[ν]+ . The commutation relation (26) can be written as

xν̂β(z)eα = C(α, β)−1eαx
ν̂
β(z)z

⟨α,β(0)⟩.

From this relation and the one between zµ and eα, we have

[ρ(kα),Ψν̂
nβ(z)] = 0.

Therefore, Ψν̂ is well-defined on the parafermionic space L(kΛ0)
ĥ[ν]+

kQ . For a quasi-particle of charge-type

R′ = (n
r
(1)
l

, · · · , n1,1), we define the parafermionic current of charge-type R′ by

Ψν̂
R′(zr(1)l ,l

, · · · , z1,1) = ZR′(z
r
(1)
l ,l

, · · · , z1,1)z
−n

r
(1)
l

,l
(αl)(0)/k

r
(1)
l ,l

· · · z−n1,1(α1)(0)/k
1,1 ϵ

−n
r
(1)
l

,l
/k

αl · · · ϵ−n1,1/k
α1

.

Note that the parafermionic current of charge-type R′ also commutes with the diagonal action ρ(kα) for
α ∈ Q. As in the Z-operator, we set

Ψν̂
R′(zr(1)l ,l

, · · · , z1,1) =
∑

m
r
(1)
l

,l
,··· ,m1,1

ψν̂
R′(mr

(1)
l ,l

, · · · ,m1,1)z
−m

r
(1)
l

,l
−n

r
(1)
l

,l

r
(1)
l ,l

· · · z−m1,1−n1,1

1,1

where the summation is over all sequences (m
r
(1)
l ,l

, · · · ,m1,1) such that mp,i ∈ ρiZ+
np,i⟨(αi)(0),µ⟩

k on the

µ-weight space L(kΛ0)
ĥ[ν]+

µ .
The following lemma associates the coefficients of Z-operators with those of parafermionic currents.

Lemma 10. For a simple root β, m ∈ 1
rZ and weight µ we have

Zβ(m)
∣∣∣
L(kΛ0)

ĥ[ν]+
µ

= C(β, µ)ψν̂
β(m+ 〈β(0), µ〉/k)

∣∣∣
L(kΛ0)

ĥ[ν]+
µ

Proof. By applying (42) to the µ-weight space L(kΛ0)
ĥ[ν]+

µ , we have

Ψν̂
β(z)

∣∣∣
L(kΛ0)

ĥ[ν]+
µ

= C(β, µ)−1/kZβ(z)z
−⟨β(0),µ⟩/k

∣∣∣
L(kΛ0)

ĥ[ν]+
µ

.

Hence we obtain the statement by taking the coefficient of z−m−⟨β(0),µ⟩/k−1. □

Next we consider the relations between different parafermionic currents. We have the following lemma
by direct computation. Noting that C(β, β) = 1 for a simple root β, the proof is parallel to that of
Lemma 3.2 of [3].
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Lemma 11. For a simple root β and a positive integer n,

Ψν̂
nβ(z) =

 ∏
1≤p<s≤n

r−1∏
i=0

(z
1
r
s − ηiz

1
r
p )

⟨νiβ,β⟩/k

Ψν̂
β(zn) · · ·Ψν̂

β(z1)

∣∣∣∣∣∣zn=···=z1=z . (43)

We set

Ψν̂
ntβt,...,n1β1

(zt, . . . , z1) = Z(nt,...,n1)(zt, . . . , z1)

t∏
i=1

z
−ni(βi)(0)/k

i ϵ
1/k
βi

for simplicity for a given simple roots βt, . . . , β1 and charges n1, . . . , n1. Analogously to Lemma 11, we
obtain the following lemma. The proof is parallel to that of Lemma 3.3 of [3].

Lemma 12. For given simple roots βt, . . . , β1 and positive integers nt, . . . , n1,

Ψν̂
ntβt,...,n1β1

(zt, ..., z1)

=

 ∏
1≤p<s≤t

C(βs, βp)
nsnp/k

r−1∏
i=0

(z
1
r
s − ηiz

1
r
p )

⟨nsν
iβs,npβp⟩/k

Ψν̂
ntβt

(zt) · · ·Ψν̂
n1β1

(z1). (44)

From Theorem 9, we have

Theorem 13. For the highest weight kΛ0, the set of vectors

π
ĥ[ν]+

kQ ZR′(m
r
(1)
l ,l

, · · · ,m1,1)v0 = ψν̂
R′(mr

(1)
l ,l

, · · · ,m1,1)v0

is a basis of the parafermionic space L(kΛ0)
ĥ[ν]+

kQ , where ZR′(m
r
(1)
l ,l

, · · · ,m1,1)v0 is a vector that appears

in a basis of the vacuum space L(kΛ0)
ĥ[ν]+ .

5. character formulas

5.1. Grading operator. Since we do not find the coset Virasoro algebra construction [20, §3] for the
twisted vertex operator case, we introduce, by hand, a grading operator for our parafermionic space

L(kΛ0)
ĥ[ν]+

kQ . Define an operator D acting on the space L(kΛ0)
ĥ[ν]+ as follows.

D = −d−Dĥ[ν]+ , Dĥ[ν]+
∣∣∣
L(kΛ0)

ĥ[ν]+
µ

=
〈µ(0), µ(0)〉

2k
.

Then, for a simple root β ∈ L and m ∈ Z, we have

[D,xν̂β(m)] =

(
−m−

〈β(0), β(0)〉
2k

)
xν̂β(m). (45)

On v ∈ L(kΛ0)
ĥ[ν]+ , we also have

[D,ψν̂
β(m)] =

(
−m−

〈β(0), β(0)〉
2k

)
ψν̂
β(m).

We call the coefficient of the right hand side the conformal energy of ψν̂
β(m) and write

enψν̂
β(m) = −m−

〈β(0), β(0)〉
2k

. (46)

Now we compute the conformal energies of ψν̂
nβ(m) and ψν̂

ntβt,...,n1β1
(mt, . . . ,m1).

Lemma 14. For a simple root β and charge n, we have

enψν̂
nβ(m) = −m−

n2〈β(0), β(0)〉
2k

. (47)

Moreover, for simple roots βt, · · · , β1 and charge nt, . . . , n1, we have

enψν̂
ntβt,...,n1β1

(mt, . . . ,m1) =

t∑
i=1

(
enψν̂

niβi
(mi)−

i−1∑
p=1

〈ni(βi)(0), np(βp)(0)〉
k

)
. (48)
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Proof. Consider the right hand side of (43). This means that ψν̂
nβ(m) can be expressed by ψν̂

β(mi) with

i = 1, · · · , n. Note that each term z
⟨β(0),β(0)⟩/k
i reduces the conformal energy by 〈β(0), β(0)〉/k. Since (43)

contains n(n− 1)/2 such terms and the energy of ψν̂
β(m) is give by (46), we have

enψν̂
nβ(m) = −

n∑
i=1

(
mi +

〈β(0), β(0)〉
2k

)
− n(n− 1)

2
·
〈β(0), β(0)〉

k

= −m−
n2〈β(0), β(0)〉

2k

where m1 + · · · +mn = m. Now, (48) follows from (44) and the same argument by using the energy of
ψν̂
nβ(m) given by (47). □

Using (23) we can show [D, ρ(kα)] = 0 for (α ∈ Q). Hence, the grading operator D is well defined on

the parafermionic space L(kΛ0)
ĥ[ν]+

kQ .

5.2. Parafermionic character formula. We define the character of the parafermionic space L(kΛ0)
ĥ[ν]+

kQ

by

chL(kΛ0)
ĥ[ν]+

kQ =
∑

m,r1,...rl≥0

dim(L(kΛ0)
ĥ[ν]+

kQ )(m,r1,...,rl)q
myr11 · · · yrll ,

where (L(kΛ0)
ĥ[ν]+

kQ )(m,r1...,rl) is the weight space spanned by monomial vectors of conformal energy −m
and color-type (r1, . . . , rl) (see (30)). Consider an arbitrary quasi-particle monomial

xν̂n
r
(1)
l

,l
αl
(m

r
(1)
l ,l

) · · ·xν̂n1,lαl
(m1,l) · · ·xν̂n

r
(1)
1 ,1

α1
(m

r
(1)
1 ,1

) · · ·xν̂n1,1α1
(m1,1) ∈ B′

W . (49)

Denote by

R′ = (n
r
(1)
l ,l

, · · · , n1,1), R = (r
(1)
l , · · · , r(k−1)

1 )

its charge-type, dual-charge-type. We define Pi = (p
(1)
i , . . . , p

(k−1)
i ) by p

(s)
i = r

(s)
i − r

(s+1)
i (r

(k)
i = 0) for

i = 1, . . . , l, s = 1, . . . , k − 1, so that p
(s)
i stands for the number of quasi-particles of color i and charge

s in the monomial (49). Set P = (Pl, . . . ,P1). To emphasize the dependence of k, we also write P(k−1).
We consider the parafermionic space basis given in Theorem 13. From (48), the conformal energy of

ψν̂
n
r
(1)
l

,l
αl,...,n1,1α1

(m
r
(1)
l ,l

, . . . ,m1,1)

is equal to

−
l∑

i=1

r
(1)
i∑

s=1

ms,i +

r
(1)
i∑

s=1

n2s,iρi

k
+

r
(1)
i∑

s=1

s−1∑
t=1

2nt,ins,iρi
k

+

i−1∑
j=1

r
(1)
j∑

t=1

〈ns,i(αi)(0), nt,j(αj)(0)〉
k




= −
l∑

i=1

r
(1)
i∑

s=1

ms,i −
1

2

l∑
i,j=1

r
(1)
i∑

s=1

r
(1)
j∑

t=1

〈ns,i(αi)(0), nt,j(αj)(0)〉
k

, (50)

where ρi is defined in (11). Since

r
(1)
i∑

s=1

ns,i =

k−1∑
s=1

sp
(s)
i ,

(50) is further calculated as

−
l∑

i=1

r
(1)
i∑

s=1

ms,i −
1

2

l∑
i,j=1

k−1∑
s,t=1

st

k
〈(αi)(0), (αj)(0)〉p

(s)
i p

(t)
j . (51)

To calculate the character of the parafermionic space, we use the corresponding result of the principal
subspace.
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Theorem 15. ([4, Theorem 6.1]) For each of the affine Lie algebras A
(2)
2l−1, D

(2)
l+1, E

(2)
6 , D

(3)
4 , we have

chW (kΛ0) =
∑
P(k)

q
1
2

∑l
i,j=1⟨(αi)(0),(αj)(0)⟩

∑k
s,t=1 min{s,t}p(s)

i p
(t)
j∏l

i=1

∏k
s=1(q

ρi)
p
(s)
i

l∏
i=1

y
∑k

s=1 sp
(s)
i

i

where the sum runs over all sequences P(k) of lk nonnegative integers.

Note that in this formula, we use the index set P(k) rather than P(k−1), since the basis vectors contain
quasi-particles of charge k by Theorem 4. Now we can obtain the character of the parafermionic space

L(kΛ0)
ĥ[ν]+

kQ .

Theorem 16. For each of the affine Lie algebras A
(2)
2l−1, D

(2)
l+1, E

(2)
6 , D

(3)
4 , we have

chL(kΛ0)
ĥ[ν]+

kQ =
∑

P(k−1)

q
1
2

∑l
i,j=1⟨(αi)(0),(αj)(0)⟩

∑k−1
s,t=1 D

(k)
s,t p

(s)
i p

(t)
j∏l

i=1

∏k−1
s=1 (q

ρi)
p
(s)
i

l∏
i=1

y
∑k−1

s=1 sp
(s)
i

i

where the sum runs over all sequences P(k−1) of l(k − 1) nonnegative integers and

D
(k)
s,t = min{s, t} − st

k
.

Proof. Comparing Theorems 4 and 15, one can readily calculate the generating function with weight
given by the first term of (51) as∑

P(k−1)

q
1
2

∑l
i,j=1⟨(αi)(0),(αj)(0)⟩

∑k−1
s,t=1 min{s,t}p(s)

i p
(t)
j∏l

i=1

∏k−1
s=1 (q

ρi)
p
(s)
i

l∏
i=1

y
∑k−1

s=1 sp
(s)
i

i .

Taking the conformal shift, namely the second term of (51), into account, we obtain the desired formula.
□

5.3. Character formula of the standard module. Finally, we prove the following character formula
of L(kΛ0) that was conjectured in [14, Conjecture 5.3].

Theorem 17. For each of the affine Lie algebras A
(2)
2l−1, D

(2)
l+1, E

(2)
6 , D

(3)
4 , we have

chL(kΛ0) =
1∏l

i=1(q
ρi)∞

∑
η∈Q(0)

q⟨η,η⟩/2k
l∏

i=1

yηi

i

∑
P(k−1)

q
1
2

∑l
i,j=1⟨(αi)(0),(αj)(0)⟩

∑k−1
s,t=1 D

(k)
s,t p

(s)
i p

(t)
j∏l

i=1

∏k−1
s=1 (q

ρi)
p
(s)
i

where the sum
∑

P(k−1) runs over all sequences P(k−1) of l(k − 1) nonnegative integers satisfying

l∑
i=1

k−1∑
s=1

sp
(s)
i (αi)(0) ∈ η + kQ(0).

Proof. By Theorem 8 and (37) , we have

chL(kΛ0) =
1∏l

i=1(q
ρi)∞

chL(kΛ0)
ĥ[ν]+ , L(kΛ0)

ĥ[ν]+ = span{eµbv0 | µ ∈ Q, b ∈ B′
W }.

By wt v, we denote the h(0)-weight of a weight vector v. From (24) we have

wt eµbv0 = wt bv0 + kµ(0). (52)

From (23) we also obtain

−d · eµbv0 = −d · bv0 + 〈wt bv0, µ(0)〉+
k

2
〈µ(0), µ(0)〉. (53)

Here we note 〈λ, µ〉 = 〈λ, µ(0)〉 for a h(0)-weight λ and µ ∈ Q. From (52),(53) and Theorem 15 we obtain

chL(kΛ0)
ĥ[ν]+ =

∑
λ∈Q(0),µ∈Q

∏
i

y
λi+k(µ(0))i
i q⟨λ,µ(0)⟩+ k

2 ⟨µ(0),µ(0)⟩chW ((k − 1)Λ0)λ (54)

where chW ((k − 1)Λ0)λ is the coefficient of
∏

i y
λi
i (λ =

∑
i λi(αi)(0)) in chW ((k − 1)Λ0). Setting

λ+ kµ(0) = η, the coefficient of
∏

i y
ηi

i in (54) is equal to

q⟨η,η⟩/2k
∑

λ∈η+kQ(0)

q−⟨λ,λ⟩/2kchW ((k − 1)Λ0)λ.
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In view of Theorem 15, the factor q−⟨λ,λ⟩/2k can be removed by replacing min{s, t} with D
(k)
s,t in the

power of q and we obtain the desired formula. □

Remark 18. We compare this result with [14, Conjecture 5.3]. First, note that due to the difference of
the normalization of the bilinear form 〈 , 〉 on the root lattice Q(0), q in this paper should be replaced with
qr to compare with [14]. Recalling rρi = t∨i , we see that the above formula is consistent with Conjecture
5.3 in [14].
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