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A CURL-FREE IMPROVEMENT OF THE RELLICH-HARDY
INEQUALITY WITH WEIGHT

NAOKI HAMAMOTO AND FUTOSHI TAKAHASHI

ABSTRACT. We consider the best constant in the Rellich-Hardy inequality
(with a radial power weight) for curl-free vector fields on RY, originally found
by Tertikas-Zographopoulos [[2] for unconstrained fields. This inequality is
considered as an intermediate between Hardy-Leray and Rellich-Leray inequal-
ities. Under the curl-free condition, we compute the new explicit best constant
in the inequality and prove the non-attainability of the constant. This paper
is a sequel to [B, [].

1. INTRODUCTION

Let N € N be an integer with N > 2, let v € R and put @ = (21, - ,2n) €
RY. In the following, the notation DW(RN ) denotes the set of compact supported,
smooth vector fields on RV

w=(u,ug, - ,uy) : RY 35— u(x) e RY

with the integrability condition
/ [ul?|z[*2de < .
RN

1.1. Preceding results and motivation. It is well known that the Hardy-Leray
inequality
(v+4 - 1)2/ @|x|27dm < / |Vu|?|z[* dx (1)
7T ry [2]? -~ Jry
holds for any vector field u € D.,(RY), with the best constant on the left-hand side.
This was first proved by J. Leray [0] for (V,v) = (3,0), as a higher-dimensional
extension of Hardy’s inequality in one dimension [R], see also the book by La-
dyzhenskaya [9]. Costin and Maz’ya [d] improved the best value of the constant by
assuming u to be divergence-free (under the additional assumption of axisymmetry

for N > 3): for the case N = 2, it was shown that the inequality

2
Cv/ M|a:|2”’d:v§/ |Vu|?|x|? dx
R? R?

|2

3+(’Y*1)2 2 1| < 3
holds with the best constant C., = 1‘2*(7_1)27 (h+11<v3)
72 +1 (Ily+1] > v3)
free vector fields u € D, (R?). Since there is an isometry on R? between divergence-
free fields and curl-free fields, the same conclusion also holds for the two-dimensional

for divergence-
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curl-free fields. As a generalization of this result, we have derived in recent papers
[B, @] the Hardy-Leray inequality
|ul|? 2y 20,127
Hy —= x| Vdx < |[Vul®|x|* dx (2)

Ve |zf? RN
for curl-free fields u € D, (RY) with the best constant

N 1\2 3N-D+(v+¥-2)" . N —_—
(v+35 -1 N-1+(v+¥-2)° if |7+ 2 | SVNAHL
('y + % — 1)2 +N-1 otherwise.

Hy. = 3)

Since C,, = Hj ., this result recovers Costin-Maz’ya’s one for N = 2.
The Rellich-Leray inequality is given by

B | [l 22142 < [ 1uPeds (4)
r |z|! RN
for unconstrained fields u € D.,_1(RY), where the constant By -, is sharp when
. 2 N 2\ 2
Byy= min (=1 = (w+5-17)" (5)

This was found by Rellich [1] for v = 0 and Caldiroli-Musina [?] for v # 0. In
recent papers [B, 7], we additionally considered the curl-free improvement of the
Rellich-Leray inequality: if w € ’D,Y,l(RN ) is assumed to be curl-free, then the
same inequality (B) holds with the best constant By - :

2 N 1)1, 2
BNﬁ:min{(('y—l)Q—Af) 7%§%((7—2)2_(V‘F§_1)2) }9

here and hereafter we use the notation
as =s(s+ N —2) (7)

for any s € R.
In this paper, we are interested in another version of Rellich-Leray inequality
[m, B, T2]:

b

/RN |Aul?|lz[*de > Ay, /RN |ZZ|LQ|2 |z|*dz, Vu € D, (RY) (8)
holds with the best constant Ay , = Verélirgo} ANy, Where
(77%)2 for v =0,
ANy = ((a,—l)z—(u+%—1)2)2 (9)

G+ E-2) 7o for v € N.
We call (B) the Rellich-Hardy inequality. This inequality was first found for N >
5 by Tertikas-Zographopoulos [[2, Theorem 1.7]. Subsequently, Beckner [0] and
Ghoussoub-Moradifam [6] established the same inequality when N € {3,4} and
v = 0, with the best constants A3 = 22 and Ay = 3. See also Cazacu [3] for the
unified proof of the inequality when v = 0.

Now, let us assume that v satisfies

2
AN = min AN = AN o= \7— N .
Y vENU{0} YV Yy ( 2 )
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Then we see that a successive application of Rellich-Hardy and Hardy-Leray in-
equalities reproduces Rellich-Leray inequality (H): we have

/|Au|2|w|27dx > ANn~,0 / |V |?|x|20~ Dz (from (B))
RN RN
2
N N o2 |ul 2(y—1) from ()
2 AN (,Y E: 2) / |z|? i du with v replaced by v — 1
RN
20 JufP
— (-1 - ﬂ_12)/ 21
(=0 = (F-0°) [ plelas

2
> B —|x[*d
= N,’Y/]RN |:13|4|:E| €T

with By, given by (B). Hence, Rellich-Hardy inequality can be considered as a
stronger version of Rellich-Leray inequality and plays a role as an intermediate
between Rellich-Leray and Hardy-Leray inequalities.

In the context of the curl-free improvement, it seems also natural to ask whether
the same phenomenon will happen in (B); in particular, the main interest of our
problem is how the best constant in (B) will change when w is assumed to be
curl-free.

1.2. Results. Motivated by the observation above, we aim to derive the best con-
stant in Rellich-Hardy inequality for curl-free fields. Now, our main result reads as
follows:

Theorem 1. Let N > 2. Let uw € D,_1(RY) be a curl-free vector field. Then the
inequality

2
| A2z de > O Vel o 2vds (10)
RN T eyl
holds with the best constant C' ., expressed as
Cno =, i, Oev:
where
2
. (-1 - %) | "
Ny,0 = = ANy,15
(49N !
2
“5- (50PN o)
Ole = N 2
(v+5-3)"+3N-1)
and
Oy = (=22 (+5-1)") (G5 -1)"+er) forv>2.

((772)27(u+%71)2>2+2(’y71) ((27+N75)a,,+(N71)('er%fB)z)

Moreover, we obtain a stronger inequality by adding a remainder term to the
right-hand side of (IM).
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Theorem 2. Let Cy  be the same constant as in Theorem 0. Then there exists
an absolute constant ¢ > 0 such that the inequality

v 2
/ \Au|2\m|2”dx—CN7/ A RNESN
RN ey |2

> c/N ‘V <|-’E|2—%—W(m . V)(|m|v+%_2u)> ‘2 P2
R

(12)

holds for all curl-free fields u € D1 (RY).

Remark 3. From the proof below, we see that the constant ¢ on the right-hand side
of (@A) can be estimated by

c>1 when v <1,
¢c>1/2 when N >3 and ~>1,
¢c>1/3 when N=2 and ~v>1

However, the best possible (the largest) value of ¢ is unknown.

As a direct consequence of Theorem B, we can conclude that the best constant
Cn of the inequality (IM) is never attained in D.,_q(R"Y)\ {0}:

Corollary 4. If the equation

2
/ |Au|2|w|27dx — CN,’*// |vu| ‘:B‘Q’de
RN RN

||

holds for a curl-free field uw € Dy—1(RY), then u = 0.
Proof. Let (1) holds true. Then the right-hand side of (I?) must vanish. Thus
70y <T7+%72U(TU)) =ty 2

holds for some constant vector filed xo, where (r,o) = (|z|,x/|x|). Integrating
both sides on any interval [s,7] C R with respect to the measure Ldr, we have

)7-%—%—271

2 —

RIS

s v+E -2 (i
u(ro) = (7) u(so) + Ty -2

u(so) + g log 2 (v=2-

w2

xy (v

) .

)
In the case v # 2— &, take the limit s — oo (resp. s — +0) when v < 2— . (resp.
v >2— &), then we obtain

w2

- and hence wu(x) = u(0).

u(ro) = TR0

This fact together with the integrability condition [,y [u[?*[2]*Y~*dz < oo says that
w(0) must vanish, whence w = 0. In the case v =2 — £, taking s — 0 leads to

, s
u(ro) = u(0) + x 31_% log -

and the finiteness of the right-hand side yields @y = 0. Therefore, we see again
that u = u(0) and hence u = 0. O

As another direct consequence of Theorem B, we have the following fact:
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Corollary 5. Let Cn . be the same constant as in Theorem . Then there exists
an absolute constant ¢ > 0 such that the inequality

D2 2
VOGP x|V de — Cx D7) | |*Y dx
RN T en 2l

2 c/ ‘V (|.’1}|27%*’Y($ . V)(|w|7+%*2v¢)) ’2 .
RN

holds for all scalar field ¢ such that V¢ € Dﬂ,,l(RN). Here D%¢ denotes a Hessian
matriz of ¢.

Overview of the remaining content of the present paper. The rest of this
paper is organized as follows: Section B provides a minimum required notations
and definitions, and reviews a representation of curl-free fields. Section B gives the
proof of Theorem [: we recall from [7] the scalar-potential expression of L? integrals
of curl-free fields; after that, we derive Lemma [@ as a key tool for evaluating the
ratio of the two integrals in (I0), which also plays a computational part in the
proof of Theorem B. The proof of Lemma [@ is separated into two cases. Since both
the cases use similar techniques and consist of long calculations, we prove only
one case in the same section, and postpone the other case in Section B. Section @
proves Theorem B by using an operator-polynomial representation of Rellich-Hardy
integral quotient and by making full use of Lemma [@. Section B observes curl-free
improvement phenomena of best constants in some cases.

2. PRELIMINARY FOR THE PROOF OF MAIN THEOREM

2.1. Notations and definitions in vector calculus on RY. Here we summarize
the minimum required notations and definitions for the proof of our main theorems.
We basically use the notation

RY =R\ {0} and SV=t={z eR": |z|=1}.
For every vector « € RN , the notation
r=lz| >0 o=z/lx]cSV!
denotes the radius of @ and its unit-vector part, which defines the smooth trans-
formation
RY =R xSV, z (r,0)
together with its inverse
Ry x SV 5 RN, (r,0)—ro.
Every vector field u = (uy,us, - ,un) : RY — RY has its radial scalar component
up = upr(x) and spherical vector part ug = ug(x) given by the formulae
u=0our+us, o-us=>0
for all & € RY; the two fields are explicitly given by
ugp=0-u and wug=1u— ocug.
oxq’ ) Ox N

into the radial derivative 0, and the spherical gradient V, as

In a similar way, the gradient operator V = ( ) can be decomposed

1
v :0'6T+ ;Vc,,
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in order that 9, f = (Vf)g =0 -Vfand 1V, f = (Vf)g for all f € C>®(RN). The
notation

=10 =x-V (13)
denotes an alternative radial derivative, in order that the above decomposition
formula of V can be rewritten as

rV =00+ V,.

The Laplace operator A = Z,ivzl 9?/0x% is known to be expressed in terms of (r, o)
by the formula

A:

- 1 1
w10 (rV19,) + 500 =5 (P + (N =20+ 2,),

where A, denotes the Laplace-Beltrami operator on SV ~!. We understand that
the action of the operator 0, or d on a vector field u is associated with the function
r+— u(ro) for o € SV7! fixed, whereas V, or A, is associated with the function
o — u(ro) for r = |z| fixed. As a simple example, the operation of V and A on
the scalar field 7 = |x| or its powers gives Vr = o and Ar® = a,r*~2 for all s € R,
where a; is the same as in ({@).

2.2. Radial-spherical-scalar representation of curl-free fields. Every vector
field u € C°(RY)Y is said to be curl-free if

aUk 8uj N )
— = R Vi ke{l,--- N
axj 8xk on ;77 6 { ) K }’
or equivalently if there exists a scalar field ¢ € C°(RY) satisfying
u=V¢ onRY, (14)

In view of this equation, we say that u has a scalar potential ¢. As another
representation of curl-free fields, let us recall the following fact:

Proposition 6 ([[7]). Let A € R. Then a vector field u € C* (RN s curl-free if
and only if there exist two scalar fields f,p € C®(RN) satisfying
{ f 1s radially symmetric and fSNfl p(re)dec =0 Vr>0,

r'Pu=oa(f+ A+ 9)¢) + Vop on R\ {0}.

Moreover, such [ and @ are uniquely determined, and they are explicitly given by
the equations

f=r5 and =1 (6-7),
where we set ¢(x) = |SN1771|fSN—1 o(|xz|o)do as the spherical mean of the scalar

potential ¢ given by (). In particular, if w has a compact support on RY | then
so do f and p.

Later, we will use Proposition B by choosing A =2 — £ — . (See (£10)).

3. PROOF OF THEOREM [

In this section, we prove Theorem 0. Roughly speaking, the proof consists of
theoretical part (§80 and §84) and computational part (from §83 to §874). Since
the theoretical part is already well established in our previous work, we will only
state its minimum required content: we exploit some L? formulae of curl-free fields
given in [[@]. Instead, emphasis is placed on the computational part.



RELLICH-HARDY INEQUALITY FOR CURL-FREE FIELDS 7

3.1. Reduction to the case of compact support on RV. Let ¢ be the scalar
potential of the curl-free field u satisfying ¢(0) = 0. The integrability condition
u € Dy_1(RY) (namely [y |u|?|z[**~*dz < c0) together with the smoothness of
u on RY implies that there exists an integer m > % — v satisfying

o(z) = O(|z[™*),
u(x) = Voé(x) = O(Jz|™), and hence Vu(x) = |m=1),

as © — 0. Then it additionally follows that the integrals

? || Sdx, / |Vu|?|x|>"%dz and / |Aul?|z| dx (15)
RN RN RN

are all finite.

For the purpose of deriving the best constant Cy - in inequality (), it is enough
to consider the case where the curl-free field u = V¢ is compactly supported on
RYN. Here let us verify this fact. First of all let us define {u,} ¢ C°(RV)N as a
sequence of curl-free fields by

uy(x) =V (C (:L log |a:|> ¢(az)) for every n € N,

0 for t<—1 .
where ¢ € C*°(R) such that ((t) = . We use the abbreviations
1 for 1<¢
such as ¢, = ¢ (% log |:c|), ¢ = (% log |alr:\)7 and ¢/ = (" (% log |:c|) Noticing the

asymptotic formulae

0 = L =0 ), V6= T =T, Ve = 2¢ = Zom™)

nr r nr r



8 N. HAMAMOTO AND F. TAKAHASHI

as n — oo, we have the following calculations:

<b

Vu, =V (%m G = ;W@W " ﬁv%‘b T (VG)u+ GV
¢ Cn _
_ "; O(n~?) + 2= (%vm (v%) 0) + (%u) O(n™Y) + ¢,V
oo

—1 u —1

the tensor product of two vector fields
Dy = AV ((nd) = V((AGn)d + 2(8:6n)0r ¢ + CaND)
=V ((8% + (N —2)0¢,) r%¢ + ac" r¢>> + V (¢, A0)

2¢,, O,
)%+ ff r¢>+V(<nA¢>)

( where we abbreviate as vw := v Q@ w = (’U»L‘wj),b-’je{ly... N} >
b

v(( 2+ (N -2)n" ¢

( “2y¢7 4 ( )n*lvg;)% + (m%ﬁ[ (N =2, )v%
20(n-1) O(n=1)
+ %%ﬁb + %V@ + (V¢ Do+ G AV
- %O(nfl)% +0(n )V 5 i "M O(n~?) +0(n*1)v@
+o’O(n*1)¥ + LAV
Or -
= Z20() + %o + Teom ) + P o)
odivu

O(n 1) + (i

hold as n — oo. Therefore, taking the L?(|z|*Ydx) integration yields

|un‘2 |Cnu| -
[ el o= [ a0 o [ e

2 V v 2
/ [Veen| ||V do = / [Sn u7| ||?7 da + O(nfl) — [Vl || %7 de,
RN Ry |x]? Ry |z]?

/ |Aun\2|m\2’ydaj:/ |<nAu|2|m|27dx—|—O(n71)—>/ |Au|?|x|?dx
RN RN RN

with the aid of the integrability conditions (I[H). This fact shows that the two
integrals in () can be approximated by curl-free fields with compact support on
RY | as desired.

3.2. Radial- and spherical-scalar expression of the integrals. In the rest of
the present section, we use the notation

t =log|x| =logr
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for an alternative radial coordinate obeying the differential rules
=10, =0=x-V and dt=dr/r, (16)
which reproduces the same notation 0 given in ([3). For any parameter A € R,

let f and ¢ be the scalar fields determined by the curl-free field u, as given in
Proposition B, and we set

v(x) = [z|' u(z) (17)
as a new vector field in C2°(R™)N. Then the equation

=o(f+(A+0)¢) + Voo (18)

holds on RY. Here we keep in mind that the equations () and (IX) are invariant
under the following replacement of the quadruple:

(f,o,v,u) — (Bf, 8@,81)77“’\_18(7“1_’\11)) . (19)
Now, we choose
r=2- 2 (20)

and let us recall from [[@, §3.2] that the integral on the right-hand side of the Hardy-
Leray inequality (2) can be expressed in terms of (v, f,¢) as follows:

/|Vu| | dz = // 2ol + [v]® + [Vool?) dtdo,  (21)
RxSN-1
// |V,v|?dtdo = // (AUW +((A—2)*—2N) |Vg<p|2)dtda
RxSN—1 RxSN—1
+ // (|0Vae|* + (N — 1)|v|?) dtdo, (22)
RxSN-1
// lv|2dtdo = // (f2 + (09)% + A2¢% + |Va<p|2) dtdo
RGN -1 RxSN-1
= // (fP+9 (N =0°—A,) ) dtdo. (23)
RxSN-1

Here the last equality follows from integration by parts together with the support
compactness of v or f, . Applying (23) to (I¥), we also obtain

// [Ov[*dtdo // <(3f)2 +(0%9)? + X2 (99)? + |av,,<p|2)dtda

RxSN-1 RxSN—-1

_ // (0% f + 9 (V= 0% — 8) (%) dedo (24)

RxSN—-1
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by integration by parts. After plugging (E2) into (EI), substitute (23) and (£4) into
the L? terms of v and dv; then we get

/|vu| lz|*Vde = (A —1)> + N — 1) // |v|?dtdo + // |ov|?dtdo

RxSN-1 RxSN—-1
I (o0 + (-2 = 28) [agf? + 0ol dtdo
RxSN-1
=((A-1)*+N-1) / (fP+e (N =0"=A,) ) dtdo
RxSN-1

+ //}RXSN?1 (f(—aQ)f + @ ()\2 —9% - Ao’) (—82<p))dtda
* // S0<A‘27 N (()\ - 2)2 - 2N) Ay + 82Ag>g0dtdo
RxSN—1

- / / (OP1(—8%, — Do, N + fPo(—0%, N f) dido
RxSN-1

by integration by parts, where we have defined two polynomials P; and Py by

Pi(r,a,A) = (A=1)>+ N —1) (A + 7 +aq)
+ (W H+r4+a)T+a?+ (A-2)2-2N)a+ar
=’ + 2V —6A+4-N+2r)a
L2 (A PN 1),
Po(r, ) =(A—12+N—-1+.

Now let us replace v by v — 1; in view of (20), this manipulation is equivalent to
replacing A by A + 1. Then the result of the above integral computation changes
into

|VU|2 2 2
| E |x|"dx = (ePi(— 2 —No)p + fPy(—0 )[f) dtdo,
RxSN—1
where and hereafter we abbreviate as
Pi(r,a) :=Pi(r,a, A+ 1) (25)

:a2+(2(/\27)\+7)7N)a
+ (A +1)*+7) (N +N-1+71),
Py(1) :=Po(r,A\+1) =N+ N -1+,

as the expression in terms of f, ¢ for the integral on the right-hand side of the
Rellich-Hardy inequality (). To express the left-hand side, we exploit the result
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7, Eq.(30),(31) with X replaced by A + 1]: it holds that
/ BuPlefrde = [[ (0Qu(-0%~B0)p + FQu(-0)f)dtdo,

RxSN—1
where Q1 and Qg are the polynomials given by

(r+at(W+1)?) (T+a+ A+ N=1%) \ L26)
7,0)=(T+a+(A—=1)2
=(r+a+(A- 1)2)(72+ (2(a+ax+1)—I—(N—2)2)7'+(a—ak+1)2>,
Qo(7) = (T+ (A= 1)2) (’T +(A+N - 1)2) .
To proceed further, let us apply to ¢ and f the one-dimensional Fourier transfor-
mation with respect to t: we set

,-\

o(r,o) = \/%/Re*”tgo(eta)dt, f() \/ﬂ/ e f(elo)dt

for (1,0) € R x S¥=1, where i = v/—1. Also we apply to @ the spherical harmonics
decomposition:

@:Z;ﬁ\w

{ _AO'@V = Oé,,@,,,
veN

a, =v(iv+N—-2) WweN
Now, we are in a position to evaluate the quantity

fRN |Aul?|x|> dx
Jav VulP|@|®r—2dx’

which we simply call the R-H quotient. To this end, by using (E3), (28) and the
L?(R) isometry of the Fourier transformation, we have

Q1(7%, )50 + Qu(7)|fI? | drdo
Jen 1Du?x*Vdx //RXsN ! (Z

(27)

rveN
|V'u,|2|m|27_2dac N
e // N P )@ P + Po(r?)|f1? ) drdo
RxSN=1 \ ey
2
> min{ inf Qo( ), inf inf ’
rer\{0} Py(72)" veNreRr\{0} P1

= min{lnf Q) it i Ql(”‘”)} (28)

>0 Py(1)’ venT>0 Pi(T, 1)

Hence, our goal is reduced to evaluate the fractions Qo/Py and @Q1/P;. In the
following subsections, we will show that the infimum values of these fractions are
achieved at 7 = 0.

3.3. Evaluation of Qy/P,. A direct calculation yields

Qo(r)  (T+A=12)(r+ A+ N-1)?)
PO(T)_ N4+N-—-1+71

(2A + N —2)°
TH+A4+N-1

+(A+N=-22+(N-1) (1—
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for all 7 > 0. The last expression is of the form g(7) = 7+ a — =2

constants a,b > 0 and ¢ > 0, which leads to g(7) — g(0) = 7+ C(Tbic) > 7. Thus we
have

1 /Qo(r)  Qo(0) -
T<P0(T) PO(O)) =t el ®9)

. . L Qo(T) Qo) (A—=1)2(A+N-1)7
h 1 f = = )
whence in particular we obtain ir;() Po(7) Po(0) L N1

for some

3.4. The case when P; has zeros. Here we specify when P; (7, «, ) = 0 happens.
Notice from (23) that Pi(7,a) is strictly monotone increasing in 7 > 0 for any
a > 0, and hence it holds that

Pi(,a) > P1(0,a)
=a’+ (2A-1/2° -1 -N)a+(A+1)*(\>+N-1)

for all 7 > 0, as well as that
Pi(1,a1) > P1(0,a1) = Py (0,N — 1) = A* (A +1)? + 3(N — 1))

for all 7 > 0. Notice on the right-hand side of the (three lines) above inequality
that the center of the graph of the quadratic function a — P;(0,a) is located at

a:—(/\—%)2+%+%]\7§2]\7:a2. Then we see that for all 7 > 0 and v > 2,

Pi(r,a,) > Pi(0,00)
> Pi(0,a2)
= A+ 20 £ 5NN = 2(N + DA+ (N + 1)(2N — 1)
=NA+1)24+2@2N - DA+ (N +1)(A = 1) +2(N? - 1)
>2(N?-1)>0.
In view of the above discussion, we see that
Py(1,0,) =0  holds if and only if (7,v,\) = (0,1,0)

Hence, every time we treat the rational polynomial @1/P;, we have to deal with
the case A =0 (or equivalently v = 2 — %) as a special one. For this reason, in
the rest of this paper we always assume A\ # 0 ((i) v #E2— %) unless others are
specified.

3.5. Evaluation of )1/P;. Let us check that

. Q1(T, a) _ Q1(07a>
M e ~ Pi0.a)

in order to evaluate (E8) from below. This equation is equivalent to the in-

Qi(m.a) Q1(0,a)
Pll('r,a) 2 Pll((),a)

Q1(1,a)P1(0,a) — Pi(1,a)Q1(0,a) to be nonnegative. However, we further show
the following stronger fact, which serves as a key tool for the proof of Theorem B:

Va € {aV}U€N

equality

(V7 > 0), which can be verified by directly evaluating

Lemma 7. There exists a constant number co > 0 such that the inequality

1 (Qi(r,a)  Q1(0,a)
p <P1(T,a) - Pl(O,a)> 2 €

holds for all T > 0 and a € {ay, },en-
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Here we give the proof of the lemma only for the case v < 1. Since the proof for
~ > 1 follows by a similar technique, we postpone it in later section (see §B8). The
proof of Lemma [@ consists of tedious computations, and we used Mazima in the
course of the proof. However, we need many computational techniques to simplify
the calculations and ideas to make the proof understandable, even with the use of
Maxima.

Proof of Lemma [] for v < 1 (or equivalently A > 1 — %) It suffices to check the
inequality for ¢y = 1:

1 <Q1(77a> ~ Q1(0,q)
T Pl(Ta a) P1(07a)

To this end, we directly compute the left-hand side minus right-hand side: by using
(28) and (EB) we get

1 (Ql(ﬂa) B Ql((g,a)) 1

) >1 V7 >0, Vae{a},cy-

7\ Pi(r,a) P1(0,a)

1 (7‘+a+()\*1)2)(T2+(2(a+01)\+1)+(Nf2)2)7'+(afoz)\+1)2)
T a2+ 2N =A+7)=N)a+(A+1)2+7)(N2+N—-1+7)
- (a+ (A —1)?)(a—ary1)? .

a?+ (202 =X) = N)a+(A+1)2(A2+ N -1)

Go(a) + Gi(a)T

—(2\+N -2 30
A+ N =250 ayPr(ra) (30
[

>0
where we have defined
Gola) i= (2A+ N)a® + ( (202 = N +5) (2A+ N) = 2(N — 1)) ”
205 + (N — 8)A* — 8N A3 — 2(N? 4 2N — 2)\2
—92(6N —T)A—2N? — N +4 “
(31)

+(N=1)2A+ N =2)(A + 1)4,
Gi(a) = (A + N)a? + ((2A+ N) (A= 1)? = N +1) —2(N = 1) )
+ (N =1)(2A+ N = 2)(A + 1)

as cubic and quadratic polynomials in a. Then the necessary and sufficient condition
for the nonnegativity of (80) (V7 > 0) is given by the inequalities

Gi(a) >0 and Go(a)>0 Va € {ay}ven,

whence our goal is reduced to showing them. The first inequality is easier to prove,
by considering the Taylor series of G1(a) at a = ay: a straightforward calculation
yields

Gi(ar +5) = s2(2A+ N) + s((N SN 23— 2)+ (A= 12(2) + N))
+2(N = 1)A2(2A+ N — 1) (32)

for all s € R. Since A > 1 — %, notice here that the coefficients of the powers of
s are all nonnegative, which tells us that G1(«; +s) > 0 for all s > 0. This fact
directly implies G1(a) > 0 for all a € {a, },en, as desired.
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Now, all we have to do is to show Gy(a) > 0 for a € {a, },en. To do so, let us
consider the Taylor series of Gp(a) at a = a3, and we get

Go(ag +8) = s2(2A + N) 4+ 52Go(\) +5G1(\) +2(N — DM (2A+ N —1)  (33)
by a straightforward calculation, where
Go(N) = (2A + N — 2)(()\ F1)24+ A2+ N+ 3) SN —1)2 49, (34)
Gi1(A) == A (2A + N —8) +2)% (2 — 4X — 4N + N?) + N?(2A + N). (35)
Noticing that Go(A) > 0 and Go(ay) > 0, we aim to prove the following fact:

if 1-Y <A<1 then Gi(\) >0, (36)
or if 1<A then Go(az+s)>0 Vs >0, (37)

which implies the desired inequality Go(a) > 0 Va € {a, }oen.
For the proof of (BB), let A be parameterized as

/\:17%, 0<s<l.

Then we directly compute

Gi(\) = (1—]\;S>4(N—Ns—6)+2(1—?)2(2]\73—2—4N+N2)

+ N?(N — Ns+2)
= =N (1—s)s" + N (s —2)%s° + IN?(1 — 5) (2 — 4s — 55°)
+2N?(2 + 3s — 65%) + N (195 — 7) — 10

L(N —2)°(1 = s)s* + L(V = 2)%s (s +(1—5) (552 +4))

%(N 2)3 ((1 —8)s? (1 —s)?+4s%) +2(1 73s+352))
2( 4s+2(1—s)+5(1—83))—|—3—28)
(N )((1 5)2 (17—5—5s)+21—103—332>

+ 25((1 —5)(3+5) (5—4s+52) +4)
as a Taylor series of the function N — G1(\) = Gy ( — —5) at N = 2. Notice here
that the coefficients of the powers of N — 2 are all nonnegative since 0 < s < 1.
Therefore, we get G1(A) > 0, as desired.
Now, all that is left is to show (B7). To this end, notice from (83) that
1
3 Go(ag +5) > sGa(N) +G1 (V)
> 5(2)\+N—2)<()\+ 1)2 +/\2)
+ A 2A+ N —8) +2)% (2 -4\ — 4N + N?)
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holds for all s > 0. Replacing s by N 4+ 1 + s on both sides, we then get
Go(az + s) _ 1
N+1l+s N+1+s
> (N4+1+8)2A+ N =2) (A +1)2+1?)
+ A (2A+ N —8) +2X% (24X — 4N + N?)
=20 =1+ (A= DHN +2) +4(A —1)3(s + 2N — 4)
+2(A=1)? ((N +6)s+2N? + 6N — 18)
+2(A=1) ((3N +5)s +5N? + 2N — 14)
+5Ns+7N? —2N — 10

for all s > 0. Notice here that the coefficients of the powers of A — 1 are all
nonnegative since N > 2. Therefore, from the assumption A > 1 we have obtained
Go(ag + s) > 0, as desired. O

Since the polynomial function P;(7,a) is quadratic in 7, it is clear from (B8) that

i 2 (g - Res) =

T—00 T
for each a > ;3. Therefore, the constant number ¢y of Lemma [@ is optimal when
cop = 1, in the sense that

Golar + N+1+5s)

Pl(Ta Oé,,) Pl(oaal/)

inf inf —
T>0veN T

1 (Ql(r,au) Q1(0704u)) -1

holds as far as v < 1.

3.6. A lower bound for the R-H quotient. In view of the estimate (28) for the
R-H quotient (1), it follows from §833, §84 and §83 that the inequality

/ \Au|2|w|2vdmzcm/ V22| 2de
RN RN

holds for curl-free fields w with the constant number

e Qi(Tan) L Qo(T)
=m f inf f
Oy n {;relN 720 Pi(1,0,)’ 720 Py(7)

= min {min @1(0.00) = Qo(0) }
veN Pl(OaO‘u)7 PO(O) -

Notice from (PH) and (28) that the last two fractions are explicitly written as
Ql(oa au) _ (Oé,, + ()‘ - 1)2) (aA+1 - au)2
Pi0,00) (e —aw)® + 2N+ N —2) (A + Da, — (N — 1)(A + 1)2)
(e eseay)
((7—2)2—(u+%—1)2)2+2('y—1)((2'y+N—5)a,,+(N—1)(’y+%—3)2)
2
Qo)) _ M- 1POHN 12 ((v- 12— 1N?)
Py(0) N+ N-1 v+ ¥ -9+ N-1
by recalling the notation (P0) together with the aid of the identity
ag—a=(s+ ¥ 1) —(t+X-1)"  vsteR, (38)

)
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in other words, we have

Q1(07al/) — CN QO(O) — N 0
Pi(0,00) T Ry (0) &
in terms of the same notation in Theorem M. Therefore, we have obtained
CN;y = l/erlillé,{{lo} CN,A/,V

as a lower bound for the R-H quotient (22), which coincides with the same constant
number Cy , given in Theorem .

3.7. Sharpness of C . We show here the optimality for the constant Cy - in the
inequality (). To this end, we construct a sequence of curl-free fields minimizing
the value of the R-H quotient (22). First of all, choose vy € NU{0} to be such that

min  COn .y = Oy,
veNuU{0}

If v = 2— & by the same computation as (22) below (§8) we have Cy 4,1 > Ch 4,0
for all N > 2, which implies that vy # 1. Hence it follows from §84 that we can
always assume that P;(0, a,,) > 0.

Define a sequence of curl-free fields {u, }nen € C°(RV)N by the formula

() x|z 1h (Lloglx|) if vy =0
n(x) =
V (|l on(x)) otherwise

together with

(@) = h(} loglz|) Y (z/||)
for any h € C°(R)\{0} such that [,(h(t))?dt = 1. Here Y € C>(SN~1)\ {0}
denotes a spherical harmonic function satisfying the eigenequation

-NsY =a,,Y on SV
Also define {v,,} € C(RN)N as a sequence of vector fields by the formula
un(@) = 2] vn()
in the same way as (I7). Then we have
o fn if vp=0
on = { o0+ A+ 1), + Vo, otherwise

where f,, is given by f,(x) = h(%log |z]). In this setting, let us now apply the
formulae (£3) and (BB) to the case (u, f,p) = (Un, fn,0) or (u, f, ) = (un, 0, py).
Then we have

Ji h(£) Qo(—07)h(L)dt o
Jon [Dw, Pl de Jo h(L) Po(—02)h(L)dt 0=
o [VuaPTa72 ) [, () @1 (3%, 0, H(L) |
Jo h(L) Pr(—0F, cwy ) (L) otherwise.
S h(t) Qo (—n—282) h(t)dt Lo
) Jp h(t) Py (—n=207) h(t)dt 0=0,
- Jo h(t) Q1(—n"282, vy ) (t) dt N
Jo B(t) Py (—n 202, cug )b (1) dt otherwise.
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Notice on the right-hand side that the denominator always exceeds a fixed positive
number, since Py(0) > N—1 > 0 and P;(0, o) > 0 as mentioned above. Therefore,
passing to n — co, we get,

OU/m) +Qu(0)
Jon |Dun@*de ] O(1/n?) + F(0)
Jon [Vun22|2=2dz ) O(1/n2) + Q1(0, a, ) ,

otherwise

O(1/n?) + P1(0,ay,)

— CN,'y,ug = CN,’y»
which gives the desired sharpness of Cy .
Now, the proof of Theorem 0 has been completed. O

4. PROOF OF THEOREM B

Let 11 denote the positive integer such that

CONpypn = min O o, .
veN

In order to estimate the difference between both sides of the inequality (M), recall
from the same calculation in the first line of (ER) the expression of the integrals:

/ |Aul |m|2vdx—// . < P+ Qi ay)m?) drdo,

veN

|Vu|2 2+ // 2\ 712 2 —2
dx Py(r + Py (%, a)|0, drdo.
| el [ RN D A

veN
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Then we have the following estimate:

Vul?
/RN|Au|2|w|27dx — Cny /RN " |2| |z |*Y dx

[ 1Al uin {Qlw o) QO / Vul’

Pl(O ay ’ Pl(O)

)
Qo(0) o
> [ st [ SR

Ql O aljl
Py( 72, a.)| oy |2drdo
o B0y TR0

N //]RXSN*1 (QO(Tz) a QO( )P0(72)> |fPdrdo

|27 dx

vzl

Fo(0)
@1(0, ) 2 —~2
+ // (Q 2 0,) — =P (72 o) ) @y |2drde
% RxSN-1 ! ) P(0, ) 1 )) @]
// Po(1?) 2\f|2d7da+coz // Py(72, a,)7%| @y | ?drdo
RxSN-1 VENRXSN 1
> min {1,co} // <P0(7'2)72ﬂ2+ZP1(72,04,,)72|@|2> drdo
RxSN-1 veN
— min {1, o} // ((8f)P0(—82)6f+(6¢)P1(—82,—Ag)8<p)dtda
RxSN—1
|V (|20 (jz]*u))[*
=min {1, ¢ }/ mE || ?7 dz,

where the last equation follows by applying the replacement ([9) to the integral
equation in (B3), and where we the fourth inequality follows by using the inequalities
(Z9) and

112, 1(0, ay, 1 172, 0 1(0,
2 (gl((TQaaV)) - ?Dlgovam))) = ﬁ (C;l((TzvaV)) - g1((070‘1/)))
zc  VY(r,v) € (R\{0}) x N,

as verified by using the same constant ¢y given in Lemma [@. Finally, by restoring
the notations (E0) and (I@), we obtain

2
/ \Au|2|m|2w—cm/ Vel 2y
RN

of
M G CR T ) [Nt

for some absolute constant ¢ > 0. The proof of Theorem B is now complete, although
the optimal value of ¢ is not known

([l
5. AN OBSERVATION OF THE BEST CONSTANT Cl ~ IN THEOREM [

Concerning the constants in the inequalities (B) and (IT), it holds that
CNKY > ANﬁ (39)
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as a matter of course. Here we wish to evaluate whether the strict inequality
Cn,~ > AN, holds or not. However, since the expression for Cy , is complicated
and its full picture seems difficult to reveal, we describe it for only some specific
values of ~.

5.1. Preliminary: a review of Ay, ,. In view of the original best constant (H)
in Rellich-Hardy inequality, let us observe the increase or decrease of the function
v+ An,. In terms of the notation (E0), the expression of Ay, in (4) can be
rewritten as

A+ N —2)2 forv=0,

AN~y = _ 2 40
7% 7(0@ ) for v € N. 40)
o, + N2

with the aid of (BR). Then a direct calculation from this expression yields

AN,*y,l —AN’%() _3)\2+4(N—2)>\+N2 — 5N +5

N -1 - X4+ N—1 (1)
and
ANy v+1 — ANy
2+ N —1
g + A2 (21/(1/ +N -1+ (1+ 7522) (AN — AN,7,0)> (2)

(aw +22) (@1 + 22)

for all v € N. Notice that the numerator of the right-hand side is monotone
increasing in v > 0, as well as that the denominator is always positive. Therefore,
for every k € NU {0} the two inequalities

ANk S ANyt and Any, < Anqy+ (Y0 2> k) (43)

are equivalent.

5.2. The casey = 2—% (or equivalently A = 0). Let us deal with this “singular”
case, in the sense of §84. Following from the definitions of Ay ~ and C ~, we have

AN,z—% = min{AN,z—g,Oa {/neilgAN,Z—g,u}
= min{(2 — N)?, mina,,} = min{(N —-2)2, N-1 }
veN

——
o (N =2)
S IN-1 (N>3)]

=1

CN,%% = min {CN,zg,Ov CN,%%,D Verlrwl{%} CN,QJ,;’,V} (44)
—min {N =1, &%, Cyay o}
. N®  (N4+1)(2N+1)
= min {N -1 sv= IN-1 }

=N-1
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Here the third equality from the last in () follows with the aid of computing

Crg-tp =l +1) (1= 222)

which is monotone increasing in v > 2. Summarizing the results above, we have
obtained

Con1=0C210=1>0=A4210=A21,
Cszg = CN,Qfg,O =N-1= AN,27%,1 = AN,%% (N > 3)-
In particular, we see that the best constant in the two-dimensional Rellich-Hardy

inequality (with v = 1) can be really improved by the curl-free condition on the
test vector fields.

5.3. The case v # 2 — 4 (or equivalently A # 0 ). Recall from §88 and §84
that

o (A =1)2) (argr —ay)?
Yo Py (0,a,) ’

Pi(0,0,) = (art1 — @)’ + (2A+ N = 2) (2 + D, — (N = 1)(A+1)?) >0

for v € N. By using this expression together with (E0), a direct computation yields
2(v = A= 1)2W(a,)(v+ N —2)
(ay—1 +A?)P1(0,0,) ’
20W () (1 — v — N — \)?
(w1 +A?)P1(0, )

CNyw = ANpp—1=—

CNpyw = AN+l =

for all v € N, where
2 2 2 2
W(a,) = N2A+N—4)2A+N)+ (N —2)* — (a, + A* = 1)".
Then we have
(CN,'y,V - AN,'y,ufl) (CN,'y,U - AN,'y,V+1) S 0
or equivalently
min{AN,'y,uflvAN,'y,qul} S CN,'y,V S maX{AN,'y,uflvAN,'y,ijl} (45)

for all v € N. Based on this fact, let us consider the following two simplest cases:

The case An . = AN 1. It holds from (IT) that
Anv~y=AN~1=Cnqo0 > CnNpy,

and hence that Cy = Ay 4 from (89). This fact says that the curl-free restriction
causes no effect on the improvement of the best constant. Now, we seek for when
the equation Ay, = Ay, will happen. In view of the inequalities (B3) with
k =1, this equation is equivalent to that both the inequalities

AN~A1 S ANnqo  and  Any1 < Ang2
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hold true; in other words, Ay, = Ay ,1 holds if and only if both the numerators
of the right-hand sides of (E1) and (£2),-; evaluate to

3N+ 4(N—-2)A+N*-5N+5>0, and
agay + A2 (2N + (14 7552%) (Ayqya — AN,%O))
= 3\ —4(N —2)X°> = (N2 — TN +5)X 2 +2N(N — 1)
> 0.
For example, if v =0 (or equivalently A = 2 — %), then the two inequalities become
N2 —4N —-4<0, and
N* —4N3 +12N? + 64N — 64 > 0 (which is always true).
This is the case when N < 4, and hence we have

Cop=Ca0,0=A201=A20=0,

_ _ _ _ 25
Cs0 = C30,0= 4301 = A30 = 35,
Cu0=Ca0,0=A101=A40=3,

which says that no curl-free improvement occurs when N € {2,3,4} and v = 0.
We may understand the above result in the following way: we can choose a
sequence {u, tnen of vector fields by the formula

wp(@) =xfu(le]) (n=1,2,--)
in order that
Jan | Duy |2 |z*7 de
Jon [Vwy ?x|>—2dx
where {f,(7)}nen are a smooth functions vanishing near r = 0. We may see
this fact by noticing that each coordinate function z (k = 1,--- , N) satisfies the

eigenequation —A,xy = . On the other hand, it is easy to check that {wy, }nen
are always curl-free, whence Cy ., < Ay . Therefore, we get Cn = An from

— AN,'y,l (n — OO),

AN,’Y = AN,'y,l-
The case An~ = AN,,0. Since Ay 1 > An~0 = ANy, we see from (E3) and (E3)
that
AN,fy,y—l < CN,’y,l/ < AN,’y,u+1
holds for all v € N. This fact implies

min CN”Y’QIC = CN7770 and min CN,;Y’Qkfl = CN,’y,l;
keNu{0} keN

whence
Cny =min{Cny,0, Cnpqalt-
On the other hand, a direct computation yields

N2-1) (5A+2N—4)24+ N2+ N—1
A =1)? (AN — Anqo) + ( 5 ) (B2t >\2—3N+—1 -

A+ 1)2+3(N 1)

CNAy1—CNpyo =
>0
from An 1 > An,y0. Therefore, it holds from (I) that

CNKY = CN,%O = Alev
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or equivalently that
Cny = ANy = Anpya — AN

This fact together with (ET) shows that the inequality Cn ., > An, (namely the
effect of the curl-free-improvement) holds as far as the right-hand side of (1) is
strictly negative, or equivalently

|y - ¥ < 1V/N2 - N +1.

For example, this is the case if v =0 and N > 5, whence we have

(ME-1)* N2
Cno=Cnoo=ANo1 = 32— 5 > T = Avoo = Ano
4

for all N > 5.
We may understand the above phenomenon in the following way: we can choose
a sequence {wy, }nen of vector fields by the formula

wn(w) = (fn’1(|il?|), T 7fn,N(|w|)) (n =1,2,-- )

in order that
Jan [Dw, |2 |2 *Y da
fRN |[Vw,|?|x|?Y—2dzx

— An0 (n — o00). (46)

In order for w,, to be curl-free, it must hold that

Ofng  Ofar _ Or or

/ Tk o Tj 4 .
= —f - — =—=f -2 =0, Vj,ke{l,---,N},
oy, Oz Oz "™ Oxj P r f"’j r F J { }

where the notation (- - - )" denotes the derivative of a one-dimensional function. This
fact implies that f, , = (z/x;)f;, ; for all j # k, and hence that

fn,j = const vje{l,---,N}

from the radial symmetry of the function « — f, ;(|&|). Consequently, we have
|Aw,| = |Vw,| = 0. This phenomenon indicates that there may be no curl-free
sequence {wy, }nen satisfying (E8), which we can naturally interpret as a result of
the inequality Cy,y > AN 5.

Incidentally, let us further consider the case

1_%+./N+1§7§%+% N2-N+1 for 3<N<L11
|7—¥|§% N2 —-N+1 for N >12

which ensures both Cy , = Cn 4,0 and
HN1771 = (’Y+%—2)2+N—1

from (B). (For - = 0, this is the case for all N > 8.) Then a successive application
of Rellich-Hardy inequality and Hardy-Leray inequality reproduces Rellich-Leray
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inequality: for all curl-free fields w € D.,_;(RY), it holds that

/]RN |Aul?|z|*dx > Oy, /]RN |Vu|? x| 2 dx (from (M)
[u? oy o from (2)
> v
2 ONy Ny /RN |:13|2 [l dz with v replaced by v —1
2 [ul® oo
:CNWO((’Y+%72) JrN*l)/ 72|:13|77 dx
o BN [T
23\ 2 |'LI/|2
_ 12— Ni) / 1224
(=02 =2) || pplal e
[ul*
>B —|x|*7d
= NW/RN ‘:c|4|w| €z

with By, given by (B). Therefore, even under the curl-free constraint, Rellich-
Hardy inequality bridges between Hardy-Leray and Rellich-Leray inequalities, and
so serves as a stronger version of the Rellich-Leray inequality.

6. COMPLETION OF THE PROOF OF LEMMA [@

In this section, we prove Lemma [ for the case v > 1 (or equivalently A < 1— %)
with the aid of Maxima, by a similar technique to the former case. More precisely,
our goal is to show the two inequalities:

1 Ql(’ﬁ a) Ql(O,a) 1
T(ll(Tva’) _]1(07a)> 25 henN237
1 (Qi(1,a)  Q1(0,a) 1
7—( o) — 1(0,a)) Zg when N =2

for all @ € {a, },en, which clearly satisfies the conclusion of the lemma.

6.1. The case N > 3. By adding 1/2 to both sides of (BO), we have

1 (Ql(ﬂa) B Ql(O,a)> 1

7 \ Pi(r,a) Pi(0,a)) 2
B Gola) + Gi(a) 1
= AN ) G P (ra) |2

_ (2A 4+ N — 2) (Go(a) + G1(a)7) 1
P1(07G)<P1(O,a)+7'2+(2(a+)\2+>\)+N)T) 2
where
Ei(a) :=2(2A+ N — 2)G1(a) + (2(a+ X> + X) + N) P1(0, a), (48)
Eo(a) :==2 2\ + N — 2) Go(a) + (P1(0,a))? (49)

Then it suffices to check that
Ei(a) >0 and Ey(a)>0 Vae{ay}ven
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or that

El(Oél + S) Z 0 and Eo(Oél + 3) Z 0 Vs Z 0. (50)

In the following, let us check the two inequalities in (B0).

Proof of E1(aq + s) > 0. A direct computation from (P3) yields
Pi(0,a1 +5) = (a1 +5)2+ (2(A> = X) = N) (a1 + 5)
+A+1)2(N+N-1)
=s2+s(2\ =20+ N —2) + N> (A +1)>+3N -3). (51

Substitute (82) and (B1) into (EX) with a = ay + s; then a straightforward compu-
tation yields

Ei(an +8) =220+ N —=2)Gi(a1+5) + (2(c1 + s+ A+ A) + N) Pi(0, a1 + s)
s2(2A+ N)
=22A+N-2)| +s((N=1)2X+N-2)+(A—1)?(2X+N))
+2(N = 1)X2(2A+ N — 1)
s2 45 (202 —2A + N — 2) )
+ A% ((A+1)? + 3N - 3)
=25+ 52 F12(\) + sF11(\) + M2Ejp(\) Vs >0

+(23+2()\2+)\)+3N—2><

as a Taylor series of F1(a) at a = a1, where we set
E1p(A) =220+ N —2)2A+ N) +2 (A + ) + 3N — 2
+2(20° —2X+ N —2)
=14\2 + 2(4N — 5)A + (N +2)(2N — 3)
=220+ N~ 3)? 460 +6(N —2) + 2,
Eii(\) =202\ + N — 2)((N “1)@EA+N—2)+ (A — 122+ N))
+2>\2(()\+1)2+3N—3)+(2(/\2+)\)+3N72> (202 =20+ N — 2)
= 14X\* + 4(2N = 5)A3 + 2N (N +1))\?
+4(N —1)(N —2)A+ (2N? = N +2) (N — 2)
= 6M + 102((4\+2N = 5)* + 16N - 9)
+(N—2)((2)\+N—1)2+N2+N+1>7
Eip(A) :==4(N = 1)(2A+ N —2)(2A+ N — 1)
+ (2N + X)) +3N =2) (A+1)>+ 3N —3)
=A+D*+ A+ 12N+ (N 1) ((5/\ 4 BN6)2 36N2+2251N+89> .

Notice that Ei2()A), E11(A) and Ey9(\) are all nonnegative; then Fy(a; +s) > 0
holds from s > 0, which proves the desired inequality.
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Proof of Eg(a1 + s) > 0. Substitute (83) and (B1) into (B9) with a = a1 + s; then
a straightforward computation yields
Eo(ar +5) =22\ + N — 2) Go(ar + 5) + (P1(0, 1 + 5))°

32X+ N) + 52Ga(N\) + sG1 () )

:2(2/\+N—2)( +2(N =DM (2X+ N - 1)

(5245 (20— 204 N —2) 4+ 22 ((>\+1)2+3N—3))2
= s+ 3Eo3(\) + 5°Eoa(\) + 25FE01(A) + M Eg(\) Vs >0
(52)
as a Taylor series of Ey(a) at a = a1, where we set
Eo3(A) :=2(2A+ N —2)(2A+ N) +2 (2\> = 2A + N - 2)
=L1UXN+2N =3 +4N +4(N - 3) + L,
Ep(A) = 220 + N = 2)Go(A) + (22 =20 + N — 2)°
+2X* (A+ 1)+ 3N = 3), (53)
En(A) =2 A+ N =2)Gi(A) + A* (A+ 1)+ 3N —3) (2A* —=2A + N — 2), (54)
Eoo(A) == 4(N = 1)(2A+ N —2)2A+ N = 1) + (A + 1)> + 3N — 3)*
=(A+1)*+ (N - 1)((4/\+2N73)2 F6(A+1)2+ 9N — 10).
Hence, in order to show Eg(a; +s) > 0 (Vs > 0), it suffices to check the nonneg-

ativity of {Eok(A)}k=0,1,2,3- Since it is clear that Eyg(A) > 0 and Ego(A) > 0, all
that is left is to show the two inequalities

EOQ()\) Z 0 and EOI()\) Z 0. (55)
To this end, substitute (B4) into (B3), then we get

Eog(/\):2(2)\+N—2)((2)\+N—2)((/\+1)2+)\2+N+3)+(N—1)2+9)

+ (222 =20+ N —2)” +2)2 (A + 1) + 3N - 3)
=22\ + 4(AN — 5)N® + 2(N +4)(2N + 1)A* + 4N (4N — 3) A
+ (4N? + N 4+2) (N —2)
— 2N 507 (20 + 48 1) 4 N (5A + 88=6)°
+ AN (2N’ + N +3) + £(N —3) (36N + 29N +51) + 2.
Since N > 3, this result implies Ep2(A) > 0, whence we have proved the first
inequality of (BH). In the same way, the proof of the second could also be carried
out by the method of completing the square (see Appendix); however, we work

here in a different way. From the assumption A < 1 — %, we see that A can be
parameterized as

N
)\zl—?—s, s> 0.

Then we have
Gi(A\) =G4 (1 - % —S)

—(—6-25) (1= —5)" +2(1 =¥ — )" (4s —2 — 2N + N?) + 2N?(1 — 5)
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from (B3). Substituting this expression into (54), we compute

E01(>\) = E01 (1 — % — S)

y < (—6—25) (1— ¥ —s)" +2N%(1 - s)
+2(1— X —5)” (45 —2— 2N + N?)
(1= 3 =) (S (V=5 + LN +2?) (22 42N = D)+ § (N2 - 4))
=65% +2(TN — 9)s® + 2 ((N — 3)(27N + 25) + 55)s*
+ (N =3) (TN + 2 — 14) + 34) °

N %((N — 3)% (17N? + 46N +107) + T40(N — 3) + 601)32

+ (V= 4) (3N2(N? 4 N +4) + 1IN +14) + 86 )5 + g5 (N — 4)°

as a Taylor series of Egi(A) at A = 1 — L. When N > 4, the coefficients of the
powers of s are all positive, and hence Ep1(A) > 0 holds true. Moreover, even when

N = 3, we directly see that
Epi(A\) = En (1 — % — 8) =655 4+ 2455 + %54 + 345 + %52 — 155+ %

>0
> 0.

Therefore, we have obtained the second inequality of (B5) for all N > 3, as desired.

6.2. The case N = 2. Applying the same calculation in (B0) to the case N = 2,
we have the identity

1 (Ql(T, a) Q1(07a)> | 2(Gol) + Gia)r)
7\ Pi(r,a)  Pi(0,a) P(0,a)P(1,a)

where
Pi(r,a) =72 +2(a+ A+ A+ 1) 7+ (a+ 2% = A= 1)° + 4\ +3)\2

is the same as in (E3) with N = 2, and where Gy(a) and Gy(a) are the same as in
(BI) with N = 2. Adding 2/3 to both sides of the above identity, we then get

1 (Ql(ﬂa) 3 Q1(07a)> 1

7 \ Pi(r,a)  Pi(0,a) 3

3\ (GO (a) + Gl(a)’l')
(72 +2(a+ A2+ A+ 1)T>P1(O, a) + (P (0,a))?

72P1(0,a) + 27Fy(a) + Fy(a)
Pi(0,a)Py(7,a) ’

1+

Wl o

_ 2.
3
where
Fi(a):= (a+ A+ X+ 1) Pi(0,a) + $AG1(a), (56)
Fy(a) := (P1(0,a))* + 3)\Go(a). (57)
Thus, it is enough to show that
Fi(a) >0 and Fy(a) >0 Va € {a, =v(v+1)}en
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under the assumption A < 1 — % =0.

Proof of Fi(a) >0 for a € {a,}oen. It suffices to check that Fy(ag + s) > 0, i.e.,
Fi(1+s)>0 Vs > 0.

In order to compute the left-hand side, apply N = 2 to (EI) and (B2); then we get
Pi(0,14s) =s>+2sA(A—1) + A2 (A + 1)> +3), (58)
1G1(1+8) =AM+ +s(A+ A =1*(A+1)) + A*(2A +1).

Substitute them into (BB) and (E2) with a = 1 + s, then we have

Fi(1+s)=(s+ A+ X+2)P(0,1+5)+ 3XG1(1+5)
= (s+ A2+ A+2) (242500 = )+ X2 (A +1)? +3) )
+ 3A((A +1)s*+s(A+A—=1)2A+1)) + 222X+ 1))
=s"+20BN +A+1) "+ A6 —1) (A*+1)s
+ A% (A +3X% + 1407 + 111 +-8)
=5t (6(0+8) ) 2 = A1 =60 (A +1) s
+ A2 ((A+ D2+ 1)+ 2+ 1)2+ 2\ — 1)2)

In view of the right-hand side, the coefficients of the powers of s are all positive
since A < 0, which implies that Fj(a) > 0 for all a > a1, as desired.

Proof of Fy(a) > 0 for a € {a, },en. First of all, let us compute Fy(1 4+ s). To this
end, apply N = 2 to (B3), (84) and (BH); then we get

3Go(1+s) = (A +1)s> + §5°Ga(A) + $sG1(A) + A*(2A + 1)
= (A+1)s® + 5% (20% + 202 + 6\ + 5)
+s(A=1) (AT =22 + 6)% —8A —4) + A (2A + 1).
Substitute this expression and (B8) into (@) with @ = 1 + s, then we have
Fo(1+ ) = (P1(0,1 4 5))* + 3AGo(1 + s)
2
- (32 20N — 1)+ A2 (A + 1) +3))
+ 3)\(2()\ +1)85 4 52Ga () + sG1(\) + 2042\ + 1))
2
- (32 20— 1)+ A2 (A + 1) +3))

6 ( (A +1)s + 82 (203 + 202 + 6A +5) + A2\ + 1) >
+5(A—1) (A* —2X3 — 612 — 8X — 4)
=51 20BN+ 1)8% 4+ 20(9A3 + 42% + 24\ + 15)s2
+2X(A = 1) (BA* = 2X% — 10A% — 24\ — 12) s
A (A + D+ 9(A+1)% +9X% +6) (59)
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as a Taylor series of Fy(a) at a = 3 = 1. Then it is clear that Fy(ay) = Fo(1) > 0,
and hence our goal is reduced to showing Fy(a) > 0 for a > as. For this purpose,
it suffices to check that

Folag+s) =Fo(4+s) >0 Vs > 0.
To this end, notice from (B9) that

Fo(l —|— 8) S Fo(l + S) — FO(l)

BA+ 1)s% + (903 + 402 + 24X + 15
:s3+2A<( +1)52 + (9A% + 42 + 24X + 15) 5 )

+ (A= 1) (5BA* = 2A% — 10A? — 24X — 12)
holds for all s > 0. Replacing s by 3 + s on both sides, we get

(5A+1)(s + 3)?
> (s+3)%+ 20 | + (9A3 +4X2 + 24X+ 15) (s + 3)
+ (A —1) (5A% — 2X% — 10A2 — 24X — 12)
=5+ (A +1)? + 9\ +8) s°
(14X 4+ 22 (4 + 1)+ 83) + 21(A+1)2 + 65
+ 33X+ AT (T(A = 1)% +27) + A2(2x — 1)?
+ 164N+ 1)+ (A +2)* +7
>0,

F0(4+8)
3+s

and therefore Fy(4 + s) > 0 for all s > 0, as desired.

APPENDIX

Here we give another proof of the second inequality Eoi(A) > 0 of (B3), by the
method of completing the square.
Substitute (BH) into (64), then we have

A(2AN+ N —8)+ N2(2A+ N)
+2X% (2 — 4\ — 4N + N?)

+ A (A+1)2+3N =3) (2A* —=2A+ N — 2)
- 2A6+i((4A+2N—9)2+8N—25)A4

Eor(\) = (2A+ N — 2) (

+ (N(4N 1)+ 2)>\2 + N2(N — 1)(A +2)2 + AN?
+ (N —6) ((2/\ PN 1202+ N3)
by a straightforward computation, whence we get

Eop1(A\) >0 forall N >6.
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Moreover, the same also applies to the case N € {3,4,5}, as can be directly verified
by the following calculation:

when N =3, Epi(\) = 6X5 — 6A° 4 10A* — 2403 4 4107 4 72X + 27

=& (0 +2)" (104 (281 - 142)?)

D) (s + 36107 + 3 (34 )+ 4

when N =4, Eg;(\) = 6X5 —2)\° — 60% — 243 + 92X + 192\ 4 128

= (227 = 102 —8x —8)” +2\0 4 103\
+4X% +16(X + 2)%;

when N =5,  Epi(A) = 6A° +2)\% — 16A% 4+ 181\% 4 400\ + 375

=5 =37 F X2 (A2 A1)
+(2A+16)> 4+ DN 4+ 1L

Therefore, we have obtained Ep;(\) > 0 for all N > 3, as desired.
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