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L decay estimate and asymptotic behavior of
solutions to 1D Schrodinger equations with
long range dissipative nonlinearity

Naoyasu Kita and Yoshihisa Nakamura

Abstract

This manuscript presents the decay estimate of the solutions to the
initial value problem of 1D Schrodinger equations including a subcriti-
cal dissipative nonlinearity A|u|P~u with 2.367 ~ pg < p < 3, ImA < 0
and (p—1)|ReA| < 2,/p[ImA|. Our aim is to determine the decay-rate
of the solutions in L, without size restriction on the initial data, for
smaller nonlinear power p than those treated in the former known re-
sults. If the nonlinear power rises up to 2.686 ~ (5 ++/33)/4 < p < 3,
the asymptotic leading term of the solution is also obtained.

1 Introduction

We consider the Cauchy problem of nonlinear Schrodinger equations :

0 = —502u+ X N (u)
{ U(O,x) = Uo((L’), (1.1)

where (t,2) € R x R and u(t, z) is a complex-valued unknown function. For
the gauge-invariant nonlinearity, we assume that

A= )\1 + 7/)\2 with )\1, )\2 € R,
N@) = |uftu.
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If p = 3, the equation (1.1) arises in the nonlinear fiber engineering.
According to Chapter 11 in [1] or physical manuscript [2], there is a complex
Ginzburg-Landau equation:

1 2 i

ig—lg—i(s+z’d)27g+N2|U\2U: §(u—u2\U|2)U, (1.2)
where U stands for the dimension-less amplitude of electric field propagating
through an optical fiber, £ the position along the fiber, 7 the time-variable
expressing the oscillation of the electric field, s, d, N, u and ps denotes
the scale of dispersion, diffusion, nonlinear Kerr effect, amplification and
nonlinear dissipation, respectively. Therefore the equation (1.1) corresponds
to the special and artificial case of (1.2) in which s < 0, d =0 and u =0
together with the power of nonlinearity generalized from 3 to p. We want to
treat (1.2) as an evolution equation and so replace the variables £ and 7 by
t and x respectively following the mathematical convention.

There are large amount of articles concerning with the decay estimate
and asymptotic behavior of solutions to nonlinear Schrodinger equations. In
the case of small data, it is often said that the smaller the nonlinear power
p is, the more difficult the problem seeking for asymptotic behavior of the
solution becomes. In detail, the difficulty depends on whether the improper
integral [ N (u(t))/u(t)dt is finite or not when u(t) is expected to be like a
free solution : u(t) = O(t~*/?) as t — oo in L*®. From this point of view, the
asymptotic behavior of solutions dramatically changes at p = 3. In fact, for
p > 3 (supercritical case), the nonlinearity decays rapidly enough as t — oo,
and so it is easy to show that there exists some function ¢ such that w(t)
asymptotically tends to (it)~Y/2¢*/2t¢(x:/t) as t — oo without depending
on the sign of A\y. On the other hand, for p = 3 (critical case) and Ay = 0,
Hayashi-Naumkin [8] obtained |[u(t)||z~ = O(t~'/?) and

u(t, z) ~ (it) "2 2O G2 /1) as ¢ — oo, (1.3)

where the real-valued phase modification O(¢,x) arises in the asymptotic
leading term of the solution. For p = 3 and the dissipative nonlinear case, i.e.,
Ao < 0, Shimomura [19] proved that ||u(t)| =~ = O(t~/?(logt)~'/?) and (1.3)
with O(t, z) complex-valued. It is noticeable that, in this critical dissipative
case, the nonlinearity explicitly affects the decay rate of u(t). In the similar
situation, but the initial data belongs to the homogeneous weighted L? space
so that the scale-invariance is valid, Hayashi-Li [6] also obtained the same
decay property as in [19]. For 1 < p < 3 (sub-critical case) and Ay = 0,
Hayashi-Kaikina-Naumkin [5] obtained |[u(t)||z~ = O(t~'/?) and specified
the asymptotic leading term like (1.3) by imposing the high regularity and
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non-zero condition on the initial data. Their work also showed that the
expression of real-valued ©(t, z) changes at p = 2 and lower. For Ay < 0 and
3—09 < p < 3with § > 0 sufficiently small, Kita-Shimomura [14] obtained
|w(t)||z = O@=/®=1) and (1.3) with ©(t,z) complex-valued, where the
small initial data satisfies ug € H' and zuy € L? without imposing the
high regularity and non-zero condition. Surveying these known results and
referring to the decay-rate of ||u(t)|r~, we know that, in the dissipative
nonlinear case, the dispersion caused by the Lapracian survives for large
time if p > 3, but the dissipation caused by AN (u) survives if p < 3. We
note here that, in the sub-critical dissipative case, the decay rate of ||u(t)|| L=
is just similar to that of a solution to the corresponding ordinary differential
equation : iQyu = AN (u).

We have so far summarized the progress for small solutions to (1.1) in
particular. One may then ask how about a large initial data. As far as the au-
thors know, it is possible to obtain the decay estimate and asymptotic behav-
ior of u(t) without size restriction on the initial data, but so-called the strong
dissipative condition : Ay < 0 and (p — 1)|A| < 2,/p|Ag| is required. Under
this strong dissipative condition, it is well-known that the nonlinear operator
F(u) = —30?u+ AN (u) becomes monotone, i.e., Im(F(u1) — F (u2), u1 —us) <
0 holds, where ( -, - ) stands for the L?-inner product (refer to [17] for detail).
Furthermore the monotone property helps ||Ju(t)|| L2 bounded by ||zug||z2 for
all time, where J = exp(itd?/2)x exp(—itd?/2) = x +itd, is the infinitesimal
generator of Galilean transform. The global estimate of ||Ju(t)|| 2 always
lies at the core of our interest because the remainder terms arising in the
proof is more or less bounded by ||Ju(t)||z2. The strong dissipative condition
therefore reduces the complexity of the estimates of remainder terms for large
initial data. Following this idea, Kita-Shimomura [15] obtained the decay-
estimate and asymptotic behavior of u(t), which is similar to those of small
data solutions as mentioned above. In [15], the range of p is assumed to be
2.686 ~ (5 +1/33)/4 < p < 3. Recently Jin-Jin-Li [12] have succeeded in ex-
tending the range of p to 2.586 ~ (194 1/145)/12 < p < 3. Their approach is
based on the estimate : ||J?u(t)|| 2 < Ct37P which is deduced from uy € H!
, ¥’ug € L* and the strong dissipative condition. The asymptotic analysis
for critical nonlinear Schrodinger equations has been extensively studied by
several mathematicians. For example, refer to [5, 7, 10, 11] for derivative
nonlinear case, and [9, 18] for final value problem.

Our aim in this manuscript is to research decay property of the solution
for the sub-critical nonlinearity without size restriction on the initial data,
but under the strong dissipative condition. We note here that the problem
will be solved for the nonlinear power p smaller than those treated in [15, 12].
More concretely speaking, the proof will be performed for pg < p < 3, where
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the lower bound pq is the smallest positive root of the quartic equation:
(7p? + 22p — 93)% — 48(3p — 7)%(p + 3) = 0. (1.4)

The numerical value of pg is 2.367 - - - due to Excel of Microsoft Office 2013.
Our goals are the following.

Theorem 1.1. Let 2.367 = pg < p < 3, where pg is the smallest positive root
of (1.4). Also let \y < 0 and

(p = DM < 2¢/plAo]. (1.5)

If ug € H' and zuy € L?, then there exists a unique global solution u to
(1.1) such that u € C(]0,00); H')NC'([0,00); H™') and zu € C([0, 00); L?).

Furthermore, for some positive constants Ko and K1, the solution satisfies

H’LL(IS)H[po S K0<1—|—t)*1/(p*1)’ (16)
||U(t)||L2 S K1<1 +t)_(2/3)(1/(p_1)_1/2) (17)

Enhancing the constraint of p, we are able to specify the asymptotic
leading term of u(t) in L*°.

Theorem 1.2. Let 2.686 ~ (5 + v/33)/4 < p < 3 and Ay < 0 together with
(1.5). Ifug € H* and Tuy € L?, then, for the solution in Theorem 1.1, there
exists some function ¢ € L N L* such that

u(t, $) _ (Z't)71/26ix2/2t67i®(t,x/t)&(x/t)
+o(t™Y®P=VY a5t — oo in L, (1.8)

where the complez-valued function O(t,x) is described as

2(p — 1)[ Ao

o {1+ (= Dl ).

(P = 1)|Ae]

In Theorem 1.2 (1.8), the function ¢ is not always equal to 0 if ug #0
and ||ugl| g1 + ||zug| 2 is sufficiently small. The detail of this statement will
be given as a remark on the final stage of this manuscript. Therefore the
decay rate of ||u(t)||z~ in (1.6) is sharp. In Theorem 1.1 (1.7), one might
think whether the decay rate of ||u(t)||.2 is sharp or not. The authors believe

PN

that it depends on the feature of ¢(x) as || — oo. Roughly speaking, if we



Schrodinger equation with subcritical dissipative nonlinearity )

assume that the top term on the right hand side of (1.8) is dominant as
t — oo in L? as well, we see that

lu@®)llz ~ lle®De]|2

B /(1)
) |{”—2(p3_1w<t<“ e B

p

as t — oo. If gg is compactly supported on R (this is not so general
case), then [Ju(t)||2 = O(t~Y/®"D¥1/2) as ¢ — co. On the other hand, if
d(z) = |z|7/277 for |z| >> 1 with o > 0, then we can deduce ||[u(t)||,2 =
O(ti=1/(p=)+1/2px{20/(1+20)}) a5 + — oo. This example suggests that the
smaller o > 0 one takes, the worse decay rate the ||u(t)||r2 comes to hold.

Throughout this manuscript, we employ the following notation. For g €
[1,00), L9 denotes the set of the measurable function f satisfying || f||L« =

(Jx |f(a:)\qdas)1/q < o0o. L™ denotes the set of the measurable function f
satisfying || f|lr~ = ess.sup,cg |f(z)| < oco. The Sobolev space H' stands
for the set of the integrable function f such that f € L? and 0, f € L% The
norm of H' is given by ||fllz = || fllz2 + [|0xf||z2- The dual space of H! is
denoted by H~'. Let U(t) = exp(itd?/2) be the Schrodinger group. It is also
expressed by the integral kernel, i.e.,

L2

z|33 y|? /2t

Tm [(y)dy.

By expanding |z — y|?, we see that U(t) is factorized like

U(t)f(x) =

Ut)f = MDFM,

where M is the multiplication of e/2 Df(x) = (it)"V2f(x/t), F the
Fourier transform given by Ff(¢) = (2m)~Y/? [e % f(x)dz. We will of-
ten use the operator J = U(t)zU(—t) = = + itd,, which is the infinitesimal
generator of Galilean transform. The operator J is convenient to obtain the
weighted estimate of the solution since it commutes with i9; + $02.

In section 2, the transformed function v(t) = U(—t)u(t) will be induced,
which plays an important role to estimate ||u(t)| 1, since

u(t) =U(t)v(t) = MDFMuv(t) = MDFuv(t) + (a remainder term).

In section 3, we will present the proof of Theorem 1.1 and 1.2 after providing
Proposition 3.2. Our idea of the proof is based on the iteration technique
by which the decay estimate of || Fuv(t)||fwm+1 is obtained successively from
that of || Fv(t)||za. The detail of such iteration argument will be stated in
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Proposition 3.2. It also helps the relaxation of the range of the nonlinear
power, since the former known results employed a rough estimate where
|| Fv(t)|| L~ arising in the nonlinear estimate was simply bounded by ||u(t)]| 2
and ||Ju(t)| 2. The delicate treatment of ||Fv(t)|| = through the Gagliardo-
Nirenberg inequality : L9 N H' C L* brings us the refinement. In the final
part of section 3, we will discuss the property that (% # 0 for small uy.

2 Basic Estimate and Deformation

In this section, some deformations of (1.1) are heuristically described. These
deformations will play an important role to prove Theorem 1.1 in the subse-
quent sections. The argument for the deformations looks somewhat formal
because the derivatives of several quantities with respect to t are going to be
performed without rigorous justification like the cut-off and regularization
technique.

By the contraction mapping principle applied to the integral equation
associated with (1.1), the local existence of the solution such that u €
C([0,Ty]; HY) N CY([0, Ty]; HY) and zu € C([0,Ty]; L?) follows for some
To > 0 (refer to [3, 4, 13]). It is easy to see the decreasing property of
|u(t)]| 2 since

d
Iz = Aallu®) 755 < 0.

To observe the decay property of u, the global estimate of || Ju(t)]|z2 is re-
quired where J = exp(itd?/2)x exp(—itd?/2) = x + itd,, since it will often
arise in the estimates of reminder terms. Note that [J,i0; + 192] = 0, where
[A, Bl = AB — BA. Then we have

(10, + %0§)Ju = AN (u)

p+1

= A—
2

1 _
lulP~t Ju — AL 5 |ulP~?u Ju

and hence it follows that
%HJUH; — 9Mm (A / EJN(umx)
= (p+ 1D / P | Juldz
—(p—1)Im ()\/ |u|p_3u2(ﬁ)2daz)

< Cpallullz (1 TullZ, (2.1)
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where Cp\ = (p+ 1)Aa + (p — 1)|A] < 0 due to (1.5) in Theorem 1.1. This
implies that ||Ju(t)||z2 < ||xuol|zz for any ¢ > 0. The analogy holds for
|0zu(t)||z2, and the local solution can be continued to the global one. We
have the following basic estimates of the solution.

Lemma 2.1. Let \y < 0 and (1.5) hold. Then it follows that there ezists a
unique global solution u to (1.1) such that u € C(0,00; H) N C*(0,00; H™')
and xu € C(0,00; L?). Furthermore, the solution satisfies

lu@)ll2 < uollz2, (2.2)
1w < [[0uollz, (2.3)
[Ju@)lz < flzuol|a- (2.4)

To obtain both Theorem 1.1 and 1.2, we write u(t) = U(t)v(t), where
v(t) = U(—t)u(t). Note that U(t) = M DF M. Making use of v(t), we have
lu@llz= = [[U@)o(t)]
= |[|[MDFMuv(t)| L
< P Fu@) |l + PIFM = Do)l (25)

The remainder term of (2.5) is estimated by the Sobolev inequality and
Plancherel identity, i.e.,
IFM = Do)l < CIFM = Do) 10eF(M = Do(t)]|
Ct=Y4 | Ju(t)]| 1. (2.6)
Note here that, to obtain the last inequality of (2.6), we used |M —1| < |z|/v/t
and ||zv|| 2 = |[Ut)zU(—t)ul|2 = ||[Jul|z2. Plugging (2.6) into (2.5) and

applying (2.4), we have

[[u(t)]| o

<
<

2| Fut)] e + CE [ Ju ()] 2

<
< V2| Fo(t)| g + Ct34|zug)| 12 (2.7)

Our interest now turns into the estimate of || Fv(t)||z~. Via the same deriva-
tion as Duhamel’s principle from the nonlinear Schrodinger equation (1.1),
it follows that
h(Fv) = —iIAFU(—=t)N(U(t)v).
Note that U(—t) = M *F 1D 1M~! and N (eu) = e N'(u) for § € R (the
gauge invariance of N'(u)). Then we have
O(Fv) = —ixt= P VR2EMTFIN(FMo)
= —iXTPTVEN(Fu) 4+ R(1), (2.8)
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R(t) = —i\~ V2 (FM™ FN(FMuv) — N(Fv))
_ _Z')\t—(P—l)/z(]:<M_1 — 1)fN(fMU))
—i\ V(N (F Mu) — N (Fv)). (29)

To control the first term on the right hand side of (2.8) which looks slowly
decaying, we transform Fuv like w(t, &) = e?*t8) Fy(t, ), where

0(1.6)= [ TR P

1

By (2.8), we know that the new function w satisfies
ow = e R(t). (2.10)
In addition, the phase function ® satisfies

db = V2| Fp
1= (p=1)/2 |w |P—1e(p—1)>\2‘1>7

which is equivalent to
t
eP=D2l® — g 4 () 1)|/\2|/ 7= D2 (1) [P dr (2.11)
1

For the estimate of||u(t)||L~ and in particular | Fuv(t)||r~, the inequalities
and identities (2.7), (2.8), (2.10) and (2.11) will be often taken into account.

3 Proof of Theorems

We are going to prove Theorem 1.1 and 1.2 in this section. The refinement
of the estimate of the remainder term (2.9) significantly contributes to the
extension of the range of p.

Lemma 3.1. Let 2 < ¢ < r < 0o and v(t) = U(—t)u(t). Then, for some
positive constant C', it follows that

HR(t)HLr < Ct p 1/2 1/27‘ 1/4
X(IFo 2 gl G0 oD ) (3.0)



Schrodinger equation with subcritical dissipative nonlinearity 9

Proof. Let R(t) = Ry(t) + Ry(t), where

Ri(t) = —ixt P V2(F(M~' - 1)FN(FMv)), (3.2)
Ry(t) = —iM~ P D2(N(FMu) — N(Fv)). (3.3)

By the Gagliardo-Nirenberg inequality : || ||z~ < C|l f|%2/2" [|0e £1| %5 2%,

||R1<t>||Lr < Ct—(p—l)/2||]_—(M—1 _ 1)./'TN(.7:M )” (r+2)/2r
x| 0eF (M~ — 1) FN (FMu)|| 152"

Also making use of [M ™' — 1| < |z[/V/t and the Plancherel identity, we have

[B(®)][r < Ct‘(”‘”/2‘1/2’"‘1/4!!3N(va)HLz
< Ot D22 A Eap |2 0|0 F M| 2
< Ot D= ELy P2 Tl e (3.4)

To estimate || FMwvl||r~ in (3.4), we apply the simple trigonometric inequal-
ity || FMv| e < [|[Follpe + [|F(M — 1)v||1~ and the Gagliardo-Nirenberg
inequality LI N H' C L™, i.e.,

[FMuv|re < ||Fvllpee + [[F(M = D)o
< CH.'F ||f1/(q+2 Ha Fu ”2/ q+2) +Ct—1/4||JuHL2.
< CIFoll N TulE TP + el (3.5)

Plugging (3.5) into (3.4), we see that

[ By (2)| -
< O~ (p=1)/2-1/2r—1/4

< (|F0l| L T 2 4 CH YA T g2 )P | 2
< Ct—(p—l)/Z 1/2r—1/4

x (|| Fol| § DD || GO/ gm0/ gy (3.6)
As for Ry(t), we see that
1R (t)]| e < CEOV2(| F Mol oo + || Fol| oo )P | F(M = 1)0]| v

Applying the Sobolev inequality to ||F(M — 1)v||,- and using |[M — 1] <
|z|/V/t, we have

1Ra(t)l]z < Ct=m DA M| oo + (| F 0| )P~ || ] 2.
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According to the analogy of the estimate (3.5),

IR (0)]] e
< Ct—(p—l /2—1/2r—1/4

x (|| F ]| DD || GO/ =m0/ gy (3.7)
Combining (3.6) and (3.7), we have

IRz
< Ct—(p—l)/2—1/2r—1/4

(ol T Ju D A Tuf,).(3.8)

This completes the proof of (3.1). [

In the proof of Lemma 3.1, ||FMv| L~ and ||Fv| L~ appeared. In the
idea of [15], these two quantities were roughly estimated like ||[FMov| e~ <
Cl|FMv|l g < C(|luollzz + ||xuol/z2) ete. due to the Sobolev inequality and
Lemma 2.1. However we are going to take much care of ||FMuv|/L~ and
|| Fvllr~ so that R(t) gains more decay rate. This is the key to succeed in
the extension of the range of p. By the iteration technique together with
Lemma 3.1, we obtain (rough) decay estimate of || Fv(t)| L« for any large
g < 0.

Proposition 3.2. Let u be the solution to (1.1) and v = U(—t)u. For
n=1,2,---, let {g.} and {d,} be the sequences determined by the recurrent
relation :

q =2, Gnt1 = Gn + (p — 1),
di = -——, dpp1 =
3(p - 1) 2(]n+1

Furthermore let py be the smallest positive root of (1.4). Then, for p € [po,3),
there exist some positive constants C,,’s such that

|Fv(t)]|pan < Co(141)~". (3.10)

Remark here that ¢, and d,, satisfying the recurrent relation (3.9) are
able to be explicitly described. In fact, we have

D(n—1
G=2+(p—1)(n—1), d,= 1” S5 (310
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Then it is easy to see that {d,} is monotone increasing and lim, . d, =
1/(p—1)—1/2, but C, in (3.10) possibly diverges as n — 0.

Proof. We are going to apply the mathematical induction.
(The case n = 1) Taking account of (2.8), we see that

d —
auﬂ;uig < 2Re / Fud, Fudé
— ol D2 Ful7tL, 4+ 2Re / FoR(M)de. (3.12)
By Holder’s inequality and Placherel’s identity, we have

|Fo|| 7 < || Fol B Fol 2

1 2 1 2
< C||Fo| BV eFu)| BV FolpEL
1 2 1 2
< C||Fv)| % V20, B | FolBtl,
which turns out to be
|Fo|| S22 < O 0,ul| V2 Fol L. (3.13)

Note that ||0,ul|z2 < ||0zupl|r2 due to Lemma 2.1. Then, plugging (3.13)
into (3.12) and applying Lemma 3.1 with r = ¢ = 2 and || Jul|z2 < ||zugl| L2,
we have

CNFola < —CPalt= D2 Fol| 672 4 O =22
which is equivalent to
CNFolie < ~Clale P F V2 4 Cr DR (31a)
We are going to solve this ordinary differential inequality by following the
idea of Li-Sunagawa [16]. For readers’ convenience, we introduce how to solve

it here. Let 7 > 0 be sufficiently large. Then, by the simple computation
and (3.14),

d
SO Fol2)

= 7t 1||7’v||L2+t” IF e

IN

|| Fol| 2 — C|/\2|t7 =072 Fy|| =02 L opr2 (3.15)
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Applying Young’s inequality to the first term on the RHS of (3.15), we see
that

V| Follpz < Ct?=2/Gr=3) 4 cp==D/2) | BP7D2 0 (3.16)

where the positive constant C. diverges as € | 0. Plugging (3.16) into (3.15)
and taking € > 0 so small that ¢ < C|\y| holds, we see that

d
E(WH]:UHLZ) < A17/Br=8) 4 opre/2,

Since 7/3 < p as in the assumption of Proposition 3.2, t7727/(3p=3) > ¢7=p/2
for t > 1. Then it follows that

d
Z (1 Fvllz) < Ct7=2/B3p=3), (3.17)

Integrating (3.17) from 1 to ¢ and dividing with ¢7, we have
|1Fot)|lrz < t7||Fo(l)| + Ct=BP/GP=3) _ =), (3.18)
Taking v > —(3 — p)/(3p — 3), we obtain the case n = 1 of Proposition 3.2.

(The case n = k + 1) Assume that
[Fo(t)|| o < Cyt™% (3.19)

holds. By (2.

1F w7

8),
1 d
Qi1 dt

= Re/]]:v]q“l_Qﬁat}"vdf

— ol Fol| T I Ful B R o (3.20)

LIk+11P 1

Apply Hélder’s inequality : || Fol| 7%+ < || Fo|[ %, [ Fol| %27 to the first

LIk4+1tp—1

term of (3.20) and Lemma 3.1 with r = g1, ¢ = g to the second. Then we
have

d “]_- ||qu+1+1
— | Fvll;q < —|A t*(pfl)/2¢
dt” HL k+1 ’ 2’ va‘ z

O P=1)/2-1/2qk41 - 1/4H}—UH(p Dar/(ar+2)
+ Ot P=1/2-1/2qk1-p/4
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Plugging the assumption (3.19) into the above inequality, we see that

d A
I Fvlpmn < —%talllﬂlli’%ﬂl
+oCpIm/ @2 m0e 4 Opos, (3.21)

where

o1 =(p—1)/2 — qudy,
o= —1)/2+1/2qe1 +1/4+ (p — Dardr/(qx + 2), (3.22)
o3 =(p—1)/2+1/2qe11 + p/4.

Analogously in the argument (3.15)—(3.18), we have
| Fot)| parsr < Ct=0mo0/akn  Oy=(02=1) 4 Op=(oa=l), (3.23)

Firstly it is immediately shown that oo < o3 if 7/3 < p < 3, due to dj <
1/(p—1)—1/2 and 2 < g. Secondly it can be shown that (1 — o7)/qr+1 <
o9 — 1 for 2.367 ~ py < p < 3. This is because (1 — 01)/qrr1 < 09 — 1 is
equivalent to

3 — 2 d 2p — 5 1 — 1Dagrd
(3-p)/ +Qkk:<p " +(p )@y

, 3.24
Qr+1 - 4 2q141 qr + 2 (3:24)

and, substituting (3.11) into (3.24) together with the tough computation, we
have the quadratic inequality of k:

0 < 3(p—12Bp—"7k+(p—1)(Tp* +22p — 93)k
+4(3p = T7)(p + 3). (3.25)

In order to verify (3.25) for all £ = 1,2,---, we require 3p — 7 > 0 and
alternative conditions below :

(i) Tp* +22p—93 >0,
(i) 7p? 4+ 22p — 93 < 0 and the discriminant is non-positive, i.e.,

(Tp* +22p — 93)* — 48(3p — 7)*(p + 3) < 0. (3.26)

Let py =~ 2.367 be the smallest positive real root of the LHS of (3.26). Also
note that we are considering the proof under the original constraint p < 3.
Then (1 — 01)/qrs1 < 02 — 1 holds for py < p < 3, which implies, due to
(3.23), that

| Fo(t)|| Lo < C't~ 000/ a1, (3.27)
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By putting Cyy1 = C" and dyy1 = (1 — 01) /g1, the proof is complete. O
Now we are ready for the proof of our main theorems.

Proof of Theorem 1.1. The global existence and uniqueness of the solution
directly follows from Lemma 2.1. The L?-decay estimate (1.7) is obtained by
Proposition 3.2 with n = 1. It remains to prove the L*>-decay estimate of u.
Differentiating ¢”|Fv|? with respect to t and applying (2.8), we have

O (t7| Fol)
= 7 HFv| + 1 Re Fu O Fu
| Fu|
< AT Fu| = At PTY2 | FulP 4+ 7| R(t)|| poe. (3.28)

According to Young’s inequality, the first term of (3.28) is bounded by
C Y=Y =D=1/2 4 p7=(=1/2| Fy|P where ¢ > 0 is taken so small that & < |\y|.
Then we have

O, (| Fu|) < Cr=V=D=12 L | R(1) || oo (3.29)

Applying Lemma 3.1 and Proposition 3.2 with ¢ = ¢, for sufficiently large n
to ||[R(t)|| L= in (3.29), we see that

O, (| Ful|) < Cty=Y=D=1/2 o Or=5/4+40n (3.30)

where 9, > 0 is sufficiently small and we have used ¢, — oo and d,, —
1/(p—1)—1/2 as n — oo. Integrating (3.30) from 1 to t and dividing both
hand sides with 7, we have

| Fol|pe < Ct~YE-DHL/2 (3.31)

Recall (2.7). Then [Ju(t)||z~ < Ct~Y/®=1 follows. O

Proof of Theorem 1.2. By (2.10) and (2.11),

w(t) = w(T)-f-/Tqu)R(T)dT, (3.32)

, ¢ 1/(p—1)
e < {1+(p—1)|)\2|/T_(p_l)/2|w(7)|p_1d7} . (3.33)
1

Let Cr = max{1, supg<;<p [|w(t)| g~} for T > 1, and let

T* =sup{T"; sup |w(t)]r~ <2Cr}. (3.34)
T<t<T
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We first show that T* = oo by the contradiction argument. Note that, for
t e [T, T%), (3.33) yield

e7?| < OtB-P/20-D (3.35)

where the positive constant C' does not depend on T — we will employ this con-
vention for the positive constant C' in what follows. Then, applying Lemma
3.1 and (3.31) to (3.32), we have

o)

|lwt)||pe < Cr+ C’CT/ F(3=p)/2(p=1) | —=5/4 4
T

< (14 CTCPR2e-L=UH 0 (3.36)

Note that (3 — p)/2(p — 1) —1/4 < 0. Then, taking T sufficiently large in
(3.36), we see that

3
Jw(t)[[pe= < §CT- (3.37)

If T* > 0 was finite, it would follow that 2Cr < (3/2)Cr by taking ¢ T T*
in (3.37). This is the contradiction. Therefore [lw(t)|[z~ is bounded from
above. So is ||w(t)]|z2 due to the similar argument. Let ¢ € L> N L? be

~

Y =w(l)+ / e R(1)dr, (3.38)
1
where the improper integral is taken in L> N L? and

B(r) = mlog (1 T+ (p— 1)l /1 Ts(pl)/2’w(s>’p1ds> - (3.39)

By Lemma 2.1, we have
lw() = Blle < / |6 R(s)|| = ds
< Cor’ (3.40)

with 5 =1/4— (3 —p)/2(p — 1) > 0. From (3.40), it follows that

No@P = 1P e < Cllw@IEE + IDIT) Jw(r) = &l

<
< or* (3.41)

Hence, for large T > 0, there exists some real-valued function nr € L* such
that ||nr| L~ < 1/2 and furthermore

t
(- Dl / O (o ()P P dr
T
= np + Ot FHE-D/2) (3.42)
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ast — oo in L. We here note that —5+(3—p)/2 < 0if (5+v/33)/4 < p, and
this is the main reason why the constraint of p is required in the assumption
of Theorem 1.2. Applying (3.42) to (3.39), we see that

o) = log (A(t, &) + p(t,£)) (3.43)

1
(p = DA
as t — oo in L*°, where

2(p — 1)| s

el U A 3

A(t,f) = 14+nr+

and p(t,-) belongs to L>® with [|p(t,")||z~ = Ot #+B3P/2) as t — oo. Ap-
plying (3.40) and (3.43) to Fv = e~ *®w, we have
Fo(t)

= ¢ {exp <(p__—i;w log A(t, .)) } (1+ Ot P+3=P/2))  (3.44)

as t — oo in L*™°. Furthermore let ¢E = zﬁexp <(p__1i))|‘)\2‘ log(1 + 77T)>. Then
(3.44) yields

Fo(t) = e W (1 4 Ot~ #6-p)/2)) (3.45)
as t — oo in L*°, where

A 2(17 - 1)|>‘2| 3—p)/2 —p)/2\| Lp—1
— log (1 4 el tB3=p)/2 _ pB-p)/ o7 )
T Ty o

Noting that u(t) = M DFv + O(t=3/4+%) in L™ by (2.7), we obtain (1.8). O

o) =

Remark. In Theorem 1.2, the final state & is not equal to 0 if uy # 0
and ||uol| g1 + ||zuo|| L2 is sufficiently small. We want to prove this statement
here. Let ug = efy with || fol|z: + ||z follr2 < 1 and € > 0 sufficiently small.
We denote, by u.(t), the solution to (1.1) with f, as the initial data. We
also write v.(t) = U(—t)uc(t) and w.(t) = e**O Fo.(t) where ®.(t) =
[[ 7= @02\ Fu(7)|P~'dr. By (3.38), we have

~

e = Lz—tlim we(t)

= we(l)+ /100 e® R(1)dr. (3.46)
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We note that, by the integral equation, the first term of (3.46) is written as
we(1) = Fu(l)
1
= eFfo— i)\/ FU(=38)N (ue(s))ds. (3.47)
0
Since supg<;<; [|ue(t)|[z1 < Ce by the contraction mapping principle, (3.47)
yields
w.(1) =eFfo+ O(P) in L2 (3.48)
We next note that the second term of (3.46) is estimated as

t 00
‘ / M prar| < / 1629 |o | B(7) | 2
L2 1

1
Applying (3.35) to ||e*®¢ ||~ and Lemma 3.2 (3.14) to | R(7)| 2, we see that

t
‘ / ei)‘q)sR(T)dT

1

: 1-6 0 1—6 0/2 0/2
Write [[Foe|[poe = [[Fvelpoe - 1Fve ||z < CllFve]| o - luellf2 | Tuell 72 by the
Sobolev inequality with 6 > 0 sufficiently small. Then, applying || Fv.| =~ <

Kt=1/(e=D+1/2 and Proposition 3.1, we have

t
‘ / e R(7)dr

1

L2

< 05/ F3=p)/2(p=1) o T‘(p‘l)/2‘1/2+°‘(||}“v5(7)||Loo +5t‘1/4+°‘)p‘1d7-.
1

L2

< Celto / T B-p)/20-1) 5 ~(p-1)/2-1/2+a
1
s (10 (~L+(p=1)/2)+0a(p=1) /2y

< Celtte-l), (3.49)
Combining (3.46), (3.48) and (3.49), we see that

V. = eFfo + O(P) + 0@~y in L2,
Hence, taking € > 0 sufficiently small , we have ||7,@€||L2 # 0 if fo # 0. Recall
that ¢ = @Z;exp{(pjl—mlog(l —1—7])} and |||/~ < CeP~2. Then ¢ # 0 if

ug # 0 and the size of g is sufficiently small.
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