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Preface

Quantum field theory (QFT) is one of the most successful theoretical frameworks in
Physics, which has been widely used in particle physics, condensed matter and cosmology.
To understand the behavior of QFT, in particular the non-perturbative effect of QFT,
geometry, representation theory etc in Mathematics play a crucial role. Although this fact
is not new at all, the idea in Mathematics are continuosly contributing to the development
of QFT, and the new discovery in QFT could lead to the progress in geometry and
representation theory.

We focus in this international workshop “Quantum Field Theory and Related Mathe-
matical Aspects” on this relation between Physics and Mathematics from the view point
of QFT, so as to strengthen the relationship between Physics and Mathematics communi-
ties, and furthermore to discover new connections. The workshop covers the topics such
as exact results in supersymmetric QFT, nonperturbative methods, generalized symme-
try of QFT, and holography. We invited the experts of these fields to discuss the recent
developments. At the same time, young researchers and graduate students are welcome
to interact them to stimulate their researches.

The workshop was held in the in-person format in Shuzenji Sogo Kaikan, Izu City,
Shizuoka Prefecture. 36 people have participated. We had 10 talks by the invited speak-
ers including young researchers. They gave talks focusing on recent developments, which
promoted the various discussions. The venue is in a remote area, but this makes partici-
pants easy to communicate each other and produce a new project.

In this report, we record the abstracts and the slides of the talks.
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Critical hypersurface of su(n) gauge theory with
flavors from An−1 multi matrix model

Hiroshi Itoyama

Abstract.

(H. Itoyama) NITEP
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1Things to remember & recall

• K. M.

• wksp “duality, integrability & matrix model”

JSPS/RFBR collaboration

2016 3/7-9@Shuzenji

speakers: Mironov, Seki, Sleptsov, Matsumoto, And. Morozov, 

Okuyama, Moriyama, Bajnok, K. Yoshida, Zenkevich, 

K. Ito, A. Morozov

• OCAMI brother of NITEP

Critical hypersurface of su(𝒏) gauge theory 
with flavors from 𝑨𝒏 − 𝟏 multi-matrix model

based on the collaboration with T. Oota & R. Yoshioka, arXiv:2210.16738: IOYoshi7, PLB to appear 
also arXiv: 2212.06590: IOYoshi8. IJMP to appear

also • 0911.4244, PTP,  with Maruyoshi, Oota: IMO

• 1003.2929, NPB, with Oota: IO5

• 1008.1861, PRD,  with Oota, Yonezawa: IOYone; 1805.05057, PLB; 1812.00811, JPA, 
with Oota, Katsuya Yano: IOYanok1,2; 2103.11428, IJM,  with Yano: IYanok

I) Introduction
⚫ matrix models (of eigenvalue type, 𝜷-deformed):

• have played important roles in susy gauge theory 

• have derived the instanton expansion of the partition function

• assure the S. W. = m. m. curve by S-D eq. (or Vir. const.)

• in the case of 𝛽 = 1 (free fermions), the partition fn. is by construction 
a tau fn. of certain integrable hierarchy.

• permit us to probe critical phenomena & phases ⇒ today’s talk 

delivered on 2023.03.15 @Shuzenji

2

H. Itoyama
Nambu Yoichiro Institute of Theoretical and Experimental Physics (NITEP)
Osaka Metropolitan University (formerly Osaka City University), Japan
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⚫ 2d-4d connection & AGT relation

MMS
・・・

2d 4d

0d

folklore in 70’s

AGT conjecture ‘09

Liouville 

＆Toda

Operator (2nd quantized)

description

DF conformal 
block

“Matrices”

β-deformed

curve 

＆ dSSW

abelian, 

two-derivative appx.

loop eq. ＆
perturbed Selberg 

integral

q expansion

IO5

MS・・・

6d

DV

IMO
・・・

MMS

conclusion

3

Irregular version

4
⚫ some remarks in advance:

• in the cases of 𝑊𝑛 block, the series of multi- matrix models of quiver type 
which obey the 𝑊𝑛 constraints by construction is available. 

• irregular limit of this series of models of the multi-log type: 
a place to look at to explore new critical phenomena

• an interplay between symmetry and phase structure  ala Landau

• integral representation 2d Virasoro block is provided by one-matrix model of 
multi-log potential: both for 2d CFT and 

• investigate broken symmetry structure of the model enforced by the automorphism of 
the Dynkin diagram and its possible connection to the critical hypersurface of the system, 
namely the nature of singularities of Argyres-Douglas type

cf. Argyres-Douglas; Argyres-Plesser-Seiberg-Witten; 
Eguchi-Hori-Ito-Yang; Kubota-Yokoi; …

QFT and Related Mathematical Aspects 3



⚫ contents:

II) one matrix model irregular C.B./su(2) 𝑁𝑓 = 2, 3: our past work as review

III) 𝐴𝑛−1 extension 
IV) constraints from maximal sym.
V) 

5
⚫ maximal symmetry    ⇒ a set of flavor mass relations:

⚫ In fact

our conclusion: 

which is our proposed critical hypersurface

• in IOYosh8, we checked that the S-W curve of Hanany-Oz maximally degenerates 
under this rel. no need to set all masses being equal.

⚫ Generating 𝒒-expansion coeff. from Selberg-type m.m.
• the 3-log type m. m. in general

• 𝑞 here is “the cross ratio”, namely, the location of the third V. O.

• has two roots. 

• ⇒∴ two cut distributions of e. v., but at 𝑞 = 0 collapse to one-cut

• still need to keep 𝑁𝐿, 𝑁𝑅 finite for 𝑞-expansion

• factorizes into left & right, each factor being the Selberg integral, 

•
∃
a pair of partitions (𝑌1, 𝑌2)

• formula for 𝑞-expansion ⇒

• to evaluate, finite 𝑁𝐿, 𝑅 S-D eq. & “Kadel formula” have been used. 

• The lowest order gives the mm-4d dictionary 

• Higher orders in 𝑞 computable

filling fraction necessary

the generalization of Euler’s beta fn.  𝑑𝑥𝑖 , 𝑑𝑦𝑗 integrals over [0,1]

6II) IO5

4 OCAMI Reports Vol. 3 (2023)



⚫ “Irregular block” from 𝑵𝒇 = 𝟒 → 𝟑, 𝟐
• possible to obtain from the 𝑁𝑓 = 2𝑁𝑐 case (𝛽 fn = 0) by sending some of the masses to ∞

• can be done 3 log → 2 log → 1 log

• the potential then contains 1/𝑧 and the original path of the real axis 
must be deformed to a complex path for analytic continuation

• best to use

• instanton expansion in 𝑞02,03, using the left part 𝑍𝐿
(2)

and the right part 𝑍𝑅
(2)

of 𝑍(2)

• can be evaluated from finite 𝑁 loop eq.

7IOYone, IOYanok
cf. Eguchi-Maruyoshi; Nishinaka-Rim

⚫Unitary m. m. of GWW type at     

• the cut disappears if 
and the both paths can be deformed to the unit circle.

• In particular, at 𝛽 = 1, is a unitary m. m. with a log potential

• vev dependence disappears

8IOYanok

QFT and Related Mathematical Aspects 5



⚫ AD point and P II
• Again, we hunt for the criticality & the dsl, this time in GWW with log

• the method of orthog. poly. is available here & we developed further 
more involved than the hermitian case

• we do not, however, have a time/space to discuss this fully.

• To quote the result:

• Let 

• In the planar limit, where 

• (*) becomes a quartic eq. for 𝜉, where, from the discriminant 
we see three out of four roots generate to 𝜉 = 0:

• note 

• In the d. s. l. 

kept fixed 

• derived 

9

III) 10

•

where is a potential

•

a finite dimensional Lie algebra of ADE type with rank 𝑟, the Cartan subalgebra of 
and its dual. simple roots of   

inner product on as 

•

• a generic 4 point block of su(n) Toda theory by 𝑛 − 1 independent free scalar fields  
in the screening charge formalism, evaluated by the Wick contractions. 

⚫ the original model with three log potential:

• The 𝑛 − 1 species of screening charges of arbitrary numbers 𝑁1, 𝑁2,…, and 𝑁𝑛−1⇒

•

in accordance with the ``simple" puncture and to be a generic type

ITEP, Kostov

6 OCAMI Reports Vol. 3 (2023)



11

• the 0d-4d dictionary at 𝑛 = 3, 𝑁𝑓 = 6 from Gaiotto vs. m.m. curve

IMO

• the 𝑁𝑓 = 6 → 5 limit: with (up to constant) kept finite.

⚫ irregular limit to 𝑵𝒇 = 5, 4, su(3):

• the potential

• the subsequent limit 𝑁𝑓 = 5 → 4: 
with (up to constant) kept finite.

• the potential

12
⚫ generalization to 𝑨𝒏 − 𝟏: straightforward

• Further limit 𝑁𝑓 = 2𝑛 − 1 → 2𝑛 − 2:

• The potentials 

• the (broken) symmetry based on the “evenness” of the potential and 
the automorphism of the Dynkin diagram still not manifest.

• The 0d-4d dictionary IMO

• the limit 𝑁𝑓 = 2𝑛 → 2𝑛 − 1: the same as 𝑁𝑓 = 2𝑛

⚫ recasting into the unitary form (“unitarization”):

•

• The potentials  
∃
extra contributions

• the evaluation of again the case of su(3)

• Hence, 

QFT and Related Mathematical Aspects 7



13
⚫ dual coefficients:
• observe
• actually valid for arbitrary 𝑛:

• by the ``unitarization" procedure, we have restored the left-right symmetry of
the original irregular 4 point block which became invisible by the SL(2,C) fixing. 

• can proceed further to work out the coefficients 

the inverse of the Cartan matrix

⚫ dual coeff for general 𝒏:

•

•

• checked a dual expression

•

IV) 14
⚫ constraints from maximal symmetry:

• impose the maximal symmetry in the parameter space and derive a set of relations among

• in 𝑛 = 2, demand evenness of the potential  ⇒ ⇒ ⇒ the A-D point

• 𝑛 = 3, demand the combination of evenness and folding of the Dynkin diagram:

which imply 

• 𝑛 = 4, the case of  su(4), demand

• At general 𝑛, the number of net free parameters is 𝑛 − 1. Do the same analysis to conclude

• after imposing the maximal symmetry of the system, we still do not reach the point of all 
masses being equal, which is sometimes assumed in the analysis of the S-W curve in general. 
the same conclusion has been drawn at the level of the S-W curve perse. ⇒ IOYosh8

• 𝑛 = 5,

8 OCAMI Reports Vol. 3 (2023)



15
⚫ Hanany-Oz curve at the proposed critical hypersurface:
•

•

where

the moduli parameter and   the scale parameter  

Set

we obtain

Hence the curve is degenerate with multiplicity four. 

where is the discriminant of

The condition reduces (∗) to      

• can be generalized to arbitrary 𝑛.

• 𝑛 = 3

Put

where   

16V) ⚫ HW set (partial) to myself:

• case:    not possible in the current procedure 

while keeping the size of the matrices finite

• operator analysis: type even potential series

multicritical pts.

generalization

IOYanok2,3

QFT and Related Mathematical Aspects 9



A microscopic description of the Witten effect
with negatively massive fermions

Naoto Kan

Abstract. Inside topological insulators or in the theta=pi vacuum, mag-
netic monopoles gain fractional electric charges, which is known as the Witten
effect. In this work, we try to give a microscopic description for this phe-
nomenon, solving a ”negatively” massive Dirac equation. The ”Wilson term”
plays a key role in 1) identifying the sign of the fermion mass, 2) confirming
evidence for dynamical domain-wall creations, and 3) understanding why the
electric charge is fractional.

(N. Kan) Osaka University

10 OCAMI Reports Vol. 3 (2023)



A microscopic description of the Witten effect

with negatively massive fermions

Naoto Kan (Osaka University)

Based on collaborations with Shoto Aoki, Hidenori Fukaya, Mikito Koshino,

Yoshiyuki Matsuki (Osaka U.) [arXiv:2303.XXXXX].

The Witten effect

In θ ∕= 0 vacuum, the magnetic monopole is dressed by the electric

charge, and, consequently, we observe the dyon and its electric

charge is fractional, in general [Witten (’79)].

In a context of the condensed matter phys,

- in a 3D (T symmetry protected) topological insulator (θ = π

vacuum), a magnetic monopole gains 1/2 electric charge,

- in a 2D topological insulator, a vortex gains 1/2 electric

charge.

1

QFT and Related Mathematical Aspects 11



The Maxwell action with the θ term,

S =

!
d
4
x

"
1

4
FµνF

µν +
θ

32π2
FµνF̃

µν

#
,

and the Maxwell equation in the θ ∕= 0 vacuum is given by

∂µF
µν = − θ

8π2
∂µF̃

µν
.

The Gauss law around the monopole is then

qe =

!
d
3
x∇ ·E = − θ

4π2

!
d
3
x∇ ·B = −θqm

2π
.

In particular, for θ = π and qm = 1, the electric charge becomes

−1/2.

2

In a similar way, the (2 + 1)-dim effective action of the Dirac

fermion in a topological phase is the CS action w/ level k = 1,

which modifies the Maxwell equation to

∂µF
µν = − k

8π2
$νρσFρσ,

and the vertex with flux α gains an electric charge through the

Gauss law

qe =

!
d
2
x∇ ·E = − k

2π

!
d
2
x $νρσFρσ = −kα.

When α = 1/2, the electric charge is fraction with k = 1.

3

12 OCAMI Reports Vol. 3 (2023)



The effective theory description above is quite simple, but can’t

answer to the following questions:

(1) what is the origin of the electric charge? (must be electrons)

(2) if the origin is the electrons, why is it bound to

monopole/vortex?

(3) why is the electric charge fractional?

In this our work, we try to give answers to the questions from in

terms of a microscopic description.

4

In order to give a microscopic description of the Witten effect, we

solve the Dirac equation,

γ5

"
D +m− 1

MPV
DiD

i

#
ψ = Eψ,

which contains the Wilson term .

Here D = γiDi.

5

QFT and Related Mathematical Aspects 13



The Wilson term can be interpreted as a correction from the

Pauli-Villars (PV) field

Deff = MPV
D +m

D +MPV
,

= D +m− 1

MPV
DiD

i +O(1/M2
PV,m/MPV, Fµν/MPV).

Note that the overall factor MPV is multiplied just to keep the

standard normalization.

6

In perturbative theory, the regulator usually appears in loop

computations only.

However, in nonperturbative lattice regularization, the Wilson term

γ5DWilson = γ5

"
γi
∇i −∇i†

2
+

a

2
∇i∇†

i

#
,

is needed even at the tree-level.

7
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Contents

1. Introduction

2. 2D vortex

3. 3D monopole

4. Numerical analysis of monopole

5. Summary

8

2. 2D vortex
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Solving a naive Dirac equation

We first consider the Dirac Hamiltonian with a mass m. We put a

U(1) gauge flux located at the origin describing the vortex:

Ax(x, y) = −α
y

r2
, Ay(x, y) = α

x

r2
, Fxy(x, y) = 2παδ(x)δ(y).

The naive Dirac Hamiltonian is

H = σz

$

%
&

i=x,y

σi (∂i − iAi) +m

'

( ,

= σz

)
m e

−iθ
*

∂
∂r −

i
r

∂
∂θ −

α
r

+

e
iθ
*

∂
∂r +

i
r

∂
∂θ +

α
r

+
m

,
.

9

The general solution for HψE,j = EψE,j is

ψE,j(r, θ) = C

)
(m+ E)Kj−1/2−α(

√
m2 − E2r)ei(j−1/2)θ

√
m2 − E2Kj+1/2−α(

√
m2 − E2r)ei(j+1/2)θ

,
,

where j ∈ Z+ 1/2 is an eigenvalue of the total angular momentum

J . The solution is finite at r = ∞.

We also impose the normalizable condition at r = 0. Then, we find

α = j, and the solution with E = 0 is

ψE=0,n+1/2(r, θ) = C

)
m

|m|e
iθ

,
K1/2(|m|r)einθ,

where n ∈ Z.

10
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It is important to note that the zero mode ψE=0,n+1/2 is a “chiral”

eigenstate:

σrψ
E=0,n+1/2(r, θ) = sign(m)ψE=0,n+1/2(r, θ),

where

σr =
x

r
σx +

y

r
σy =

)
0 e

−iθ

e
iθ 0

,
.

11

The solution explains that the vortex captures an electron w/o

energy loss: “charged” vortex.

However, the solution doesn’t describe

(i) why this happens in topological insulators (m < 0) but

doesn’t in normal insulator (m > 0) (w/o imposing a

boundary condition by hand [Yamagishi (’83)]),

(ii) why the chiral zero mode appears (why the chiral boundary

condition is imposed),

(iii) why the charge becomes fractional.

12
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The regularized Dirac equation

Let’s modify the vector potential to regularize the size of U(1) flux:

Aθ =

-
.

/

αr
r21

(for r ≤ r1),

α
r (for r > r1).

The Hamiltonian with the Wilson term is

H =

$

%
m− 1

MPV
∆−

∂
∂r +

0
j+1/2

r −Aθ

1

− ∂
∂r +

0
j−1/2

r −Aθ

1
−m+ 1

MPV
∆+

'

( ,

with

∆± =
∂2

∂r2
+

1

r

∂

∂r
−
"
j ± 1/2

r
−Aθ

#2

.

13

The solution outside r1:

ψE,j
out (r, θ) = C

)0
m+ E − κ2

−
MPV

1
Kj−1/2−α(κ−r)e

i(j−1/2)θ

κ−Kj+1/2−α(κ−r)e
i(j+1/2)θ

,

+D

)0
m+ E − κ2

+

MPV

1
Kj−1/2−α(κ+r)e

i(j−1/2)θ

κ+Kj+1/2−α(κ+r)e
i(j+1/2)θ

,
,

with

κ± = MPV

!
(1 + 2m/MPV)±

"
(1 + 2m/MPV)2 − 4(m2 − E2)/M2

PV

2
.

Note in the large MPV and 1/r1, the solution converses to the

naive one.

14
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The solution inside r1:

ψE,j
in (r, θ) = A

#$
m+ E +

L−
MPV

− 2α
MPVr21

%
f j
−(r)e

i(j−1/2)θ

gj−(r)e
i(j+1/2)θ

&

+B

#$
m+ E +

L+

MPV
− 2α

MPVr21

%
f j
+(r)e

i(j−1/2)θ

gj+(r)e
i(j+1/2)θ

&
,

with

f±(r) =

!
"""#

"""$

rj−1/2e
−αr2

2r21 1F1(−r21L±/4α, j + 1/2;αr2/r21) (for j > 0),

r−j+1/2e
−αr2

2r21 1F1(−r21L±/4α − j + 1/2,−j + 3/2;αr2/r21) (for j < 0),

g±(r) =

!
"""#

"""$

L±
2j+1

rj+1/2e
−αr2

2r21 1F1(−r21L±/4α + 1, j + 3/2;αr2/r21) (for j > 0),

(2j − 1)r−j−1/2e
−αr2

2r21 1F1(−r21L±/4α − j + 1/2,−j + 1/2;αr2/r21) (for j < 0),

L± = M
2
PV

%

&'−
(
1 +

2m

MPV

)
±

*++,
(
1 +

2m

MPV

)2

− 4

-
m2 −

(
E −

2α

MPVr21

)2.
/M2

PV

/

01 /2.

15

Let’s connect the exact solutions inside and outside at r = r1. One

requires the wavefunction and its first derivative to be continuous:

ψE,j
in (r1, θ) = ψE,j

out (r1, θ), ∂rψ
E,j
in (r1, θ) = ∂rψ

E,j
out (r1, θ),

determines the coefficients and energy.

In the limit |m| ≪ |MPV| ≪ 1/r1, we can obtain E approximately

but analytically:

E ≃

-
222.

222/

−|m| (for j − α ∼ 1/2),

2|m| log
0

|m|
MPV

1
(j − α) (for j − α ∼ 0),

|m| (for j − α ∼ −1/2).

The solution exists only when mMPV < 0.

16
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We note that when j = α, the energy E is zero and unique.

Also, the existence of the E = 0 mode is protected by the reality

of the (effective) Dirac operator. The topological invariance of the

number of zero modes is known as the mod-two Atiyah-Singer

index.

Moreover, since H
∗ = −(σxe

−i(2jθ))−1
H(σxe

−i(2jθ)), any

non-zero mode, Hψλ = λψλ, makes a pair with σxe
−i(2jθ)ψλ,

whose eigenvalue is −λ.

Therefore if the eigenvalue below |m| is unique, E = 0 is the only

possible choice, which keeps the spectrum ± symmetric.

17

Numerically, we find a solution only when mMPV < 0 (or inside of

the topological insulator), j ∼ α, and the obtained energy satisfies

|E| < |m|.

m r1 E

−1 0.1 −0.991669

−1 0.01 −0.647566

−1 0.001 −0.096941

−1 0.0001 −0.00997177

−10 0.001 −0.969028

−10 0.0001 −0.09977173

−10 0.00001 −0.0099972

In this calculation, we set MPV = 10, and j = α = 1/2.

18
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Microscopic interpretation

Since the Laplacian −DiD
i is always positive, the mass shift due

to the Wilson term is always positive when we take MPV positive.

For m < 0 (or inside topological insulators), it is possible to locally

flip the sign of the “effective” mass

m < 0 → meff = m+
−DiD

i

MPV
∼ m+

1

MPVr
2
1

> 0,

in the region r < r1.

It’s implies that the inside region r < r1 becomes a normal

insulator, and the domain-wall is dynamically created and the

chiral edge-mode appears on it!

19

So far, we considered a R2 space, but in order to discuss

topological feature of the fermion zero mode, we also need an IR

regularization, such as the one-point compactification.

Then the topological insulator region with (meff < 0) have

topology of a disk with a small S1 boundary at r = r1.

However, due to the cobordism

invariance of the mod-two AS

index, the disk is not possible.

20
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A resolution is: to create another domain-wall at, say, r = r0,

outside of the topological insulator.

Another zero mode is localized at the outside domain-wall, and the

index is kept trivial (We will see explicitly in the case of 3D

topological insulator).

Then the two zero modes

is mixed by the tunneling effect, (and the

eignevalues may split to ±$), and the 50%

of the state is located at the vortex, while

the other 50% is sit at the domain-wall.

Thus the dressed

electric charge of the vortex becomes 1/2!

21

3. 3D monopole

22 OCAMI Reports Vol. 3 (2023)



The vector potential of the Dirac monopole with the magnetic

charge qm is given by

Ax =
−qmy

r(r + z)
, Ay =

qmx

r(r + z)
, Az = 0,

of which field strength is

Fij = qm$ijk
xk

r3
− 4πqmδ(x)δ(y)θ(−z)$ij3,

where the second term represents the Dirac string. Due to the

Dirac quantization, we assume qm = n/2 with n ∈ Z.

22

Solving a naive Dirac equation

The solution of the Dirac equation Hψ = Eψ for j ∕= |n/2|− 1/2

is

ψj,j3,± =
Cj,j3,±√

r

)
(m+ E)Kν∓1/2(

√
m2 − E2r) χj,j3,±(θ,φ)√

m2 − E2Kν±1/2(
√
m2 − E2r) σrχj,j3,±(θ,φ)

,
,

where σr = x
iσi/r, ν =

3
(j + 1/2)2 − n2/4, and the χj,j3,± is

the eigenstates,

σi
0
Li +

n

2

xi

r

1
χj,j3,± = (−1± ν)χj,j3,±.

However, the solution is not normalizable at r = 0.

23
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The only normalizable solution is the state with j = |n|/2− 1/2

and E = 0:

ψj,j3,0 =
Cj,j3,0

r
exp(−|m|r)

)
1

sign(m)sign(n)

,
⊗ χj,j3,0(θ,φ),

where χj,j3,0(θ,φ) satisfies

σrχj,j3,0 = sign(n)χj,j3,0.

The state is a chiral eigenstate of σx ⊗ σr with the eigenvalue

sign(m).

For example, for a unit magnetic charge n = 1, the possible bound

state is unique (the degeneracy is |n|), but we can’t distinguish the

normal/topological insulator unless we specify the boundary

condition at r = 0.

24

The Dirac equation with the Wilson term

We introduce the Wilson term,

H = γ0

"
γiDi +m−DiD

i

MPV

#
,

The Hamiltonian still anticommutes with γ̄ = σx ⊗ 1, which

indicates that if the bound state around the monopole is unique,

its energy eigenvalue E must be zero and it must be a chiral

eigenstate of γ̄.

25
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Assuming j = |n|/2− 1/2 and r1 → 0, let’s solve the Dirac

equation w/ the Wilson term. The solution of the zero modes is

given by

ψmono
j,j3 =

Be
−MPVr/2

√
r

Iν(κr)

)
1

−s

,
⊗ χj,j3,0(θ,φ),

where ν =
3
2|n|+ 1/2, κ = MPV

3
1 + 4m/MPV/2, and

s = sing(n). The zero modes should have 2j + 1 = |n| degeneracy,

having different values of j3.

The state becomes previous one ψj,j3,0 in the limit MPV → ∞.

26

The solution is also the zero modes of the operator

σi
*
Li +

n
2
xi
r

+
+ 1. In fact, this operator can be identified as the

effective Dirac operator on the two-dim sphere around the

monopole with an infinitesimal radius r1.

With a local Lorentz (or Spinc to be precise) transformation

R(θ,φ) = exp(iθσy/2) exp(iφ(σz + 1)/2), we obtain

D
S2

= R(θ,φ)
4
σi

0
Li +

n

2

xi

r

1
+ 1

5
R(θ,φ)−1

,

= −σz

6
σx

∂

∂θ
+ σy

"
1

sin θ

∂

∂φ
+ iÂφ + iÂ

s
φ

#7
,

where Âφ = n
2

sin θ
1+cos θ is the vector potential (in units of r1)

generated by the monopole.

27
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The second connection,

Â
s
φ =

1

2 sin θ
− cos θ

2 sin θ
σz,

is the induced Spin
c connection on the sphere which is strongly

curved with the small radius r1.

Namely, the zero modes are the chiral zero modes of not only 3D

but also D
S2
.

28

Stability of the chiral zero modes is topologically protected by the

AS index theorem. On the two dim sphere, (noting that the Spinc

connection As does not contributes,) the total flux reproduces the

index:

1

4π

!

S2

d
2
x$µνFµν = n.

Since the AS index is a cobordism invariant, the long-range

discussion in the case of the vortex in two dim works here:

We need a normal insulator region with m > 0 outside the

topological insulator with m < 0 and |n| zero modes with the

opposite chirality must appear on the outer domain-wall.

29

26 OCAMI Reports Vol. 3 (2023)



To see this, let’s solve the regularized Dirac equation around the

outside domain-wall at r = r0.

The edge-localized state is obtained as

ψDW
j,j3 =

'
(((((()

((((((*

exp
2

MPVr
2

3

√
r

(B′Kν(κ−r) + C′Iν(κ−r))

+

,1

s

-

.⊗ χj,j3,0(θ,φ) (r < r0),

D′ exp
2

MPVr
2

3

√
r

Kν(κ+r)

+

,1

s

-

.⊗ χj,j3,0(θ,φ) (r > r0),

,

where κ± = MPV
2

3
1± 4|m|/MPV.

This edge-localized modes have the same |n| = 2j + 1 degeneracy

and the opposite chirality with the zero modes captured by the

monopole.

30

So far we considered only r1 → 0 limit: how about finite r1?

We calculate numerically!

31
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4. Numerical analysis of monopole

Lattice setup

On a three-dimensional hyper-cubic lattice with size L = 31 with

open boundary conditions, we put a monopole at

xm = (L/2, L/2, L/2) with a magnetic charge n/2. We also put

an anti-monopole at xa = (L/2, L/2, 1/2) with the opposite

charge n/2.

The continuum vector potential at x = (x, y, z) is then given by

Ax(x) = qm

/
−(y − ym)

|x− xm|(|x− xm|+ (z − zm))
− −(y − ya)

|x− xa|(|x− xa|+ (z − za))

0
,

Ay(x) = qm

/
x− xm

|x− xm|(|x− xm|+ (z − zm))
− x− xa

|x− xa|(|x− xa|+ (z − za))

0
,

Az(x) = 0,

with qm = n/2. Note that the Dirac string extends from xa to xm.

32
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For the fermion field, we assign a position-dependent mass term to

be m(x) = −m0 with m0 = 14/L for
3
|x− xm| < r0 = 3L/8,

and m(x) = +m0 otherwise.

Namely, the monopole is located at the center of a spherical

topological insulator with radius r0 surrounded by a normal

insulator with the gap m0, while the anti-monopole sits in the

normal insulator region.

We assume that outside of the lattice with open boundary

condition corresponds to a “laboratory” with m(x) = +∞.

33

The Wilson Dirac Hamiltonian is given by

HW = γ0

)
3&

i=1

8
γi
∇f

i +∇b
i

2
− 1

2
∇f

i ∇
b
i

9
+m(x)

,
,

where ∇f
i ψ(x) = Ui(x)ψ(x+ ei)− ψ(x) denotes the forward

covariant difference and ∇b
iψ(x) = ψ(x)− U

†
i (x− ei)ψ(x− ei) is

the backward difference. Also, Ui(x) = exp
0
i
: 1
0 Ai(x+ eil)dl

1
is

the link variables.

Note that HW anti-commutes with γ̄ = γx ⊗ 1 even on a lattice.

34
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Numerical results

We plot the eigenvalue spectrum of HW w/ n = 1 on the L = 31

lattice:

35

We see that:

- the circle symbols are the numerical results,

- the cross symbols are the continuum results,

36

30 OCAMI Reports Vol. 3 (2023)



Let’s focus on the near-zero modes which are apparently not chiral.

The number of these modes is doubled compared to the continuum

prediction of the edge-localized modes around the domain-wall at

r = r0.

We expect that any chiral zero mode localized at the domain-wall

must appear in pair with the mode with the opposite chirality

localized at the domain-wall dynamically created by the monopole.

To see this, we plot the amplitude,

A0(x) = φ0(x)
†φ0(x)r

2
,

for the positive nearest-zero mode.

37

The amplitude of φ0 for n = 1 in z = 0 slice:

38
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We see that:

- for the nearest zeromode, the amplitude has two peaks around

r = |x− xm| = 0 and r = r0,

- the local chirality near each peak is ∼ −1 and +1,

respectively, although the total chiraity is near zero,

- the 50% of the state is located around the monopole, while

the other 50% is located at r = r0: the half electric charge,

- this is only for the nearest zeromode, e.g., for the second

nearest zero mode, we have only the edge-localized modes:

39

The amplitude of the second nearest zero mode:

40
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The same amplitude A0(x) but with n = −2 on x = 0 slice:

41

To directly confirm creation of the domain-wall near the monopole,

we plot distribution of the “effective mass” (normalized by m0),

meff(x) = φk(x)
†

;

<−
&

i=1,2,3

1

2
∇f

i ∇
b
i +m(x)

=

>
?

φk(x)φk(x)
†φi(x),

on the z = 0 slice.

42
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The effective mass for k = 0 with n = 1 on z = 0 slice:

43

We see that:

- the small island of the normal insulator (or a positive mass

region) appears around the monopole: the domain-wall is

dynamically created,

- even for non-zero edge localized modes, (which has almost no

amplitude at the monopole) the measured mass meff(x) is

clearly positive at the monopole.

44
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As discussed above, the distribution of the chirality σx ⊗ σr has no

significant difference between n = 1 and n = −2, i.e., the

wavefunction near the monopole is σx ⊗ σr ∼ −1, while that near

the domain-wall at r = r0 has ∼ +1 chirality.

However, the two-dimensional chirality 1⊗ σr is sensitive to

sign(n).

We plot the distribution of

φ0(x)
† [1⊗ σr]φ0(x)/φ0(x)

†φ0(x).

45

The plot of A0(x) and 1⊗ σr chirality w/ n = 1 on z = 0 slice:

46
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The plot of A0(x) and 1⊗ σr chirality w/ n = −2 on x = 0 slice:

47

We see that:

- the local chirality is ∼ +1 for n = 1, and ∼ −1 for n = −2,

- this is consistent with the cobordism property of the AS index

that the spherical domain-wall at r = r0 and that near the

monopole must share the same value.

48
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Summary

We discussed a microscopic description of the Witten effect with

the Wilson term.

How do we distinguish between the normal insulator (m > 0) and

topological insulator (m < 0)?

- It is the topological insulator if the mass is relatively negative

compared to the PV mass.

Why are electrons bound to monopole/vertex?

- Because of the positive mass correction from the magnetic

field of the monopole/vortex, the domain-wall is dynamically

created (only for the negative mass).

49

Why does the chiral zero mode appear?

- Because the zero modes localized at the domain-wall are

protected by the AS index.

Why is the electric charge fractional?

- Because the 50% of the wavefunction is located around the

monopole/vortex (the other 50% is located at the surface of

the topological insulator).

50
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Blowup Equations for 5d/6d theories

Hee-Cheol Kim

Abstract. I will talk about the blowup equations for 5d/6d supersymmetric
QFTs and little string theories which generalize Nakajima-Yoshioka’s blowup
equations for the instanton partition functions of the 4d/5d gauge theories on
Omega background.

(H. Kim) POSTECH
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S1 Reduction of 4D N = 3 SCFTs and Squashing
Independence of ABJM theories

Tomoki Nakanishi

Abstract. We study the compactification of 4D N = 3 superconformal field
theories (SCFTs) on S1, focusing on the relation between the 4D supercon-
formal index and 3D partition function on the squashed sphere S3

b . Since the
center u(1) of the u(3) R-symmetry of the 4D theory can mix with an N = 6
abelian flavor symmetry in three dimensions, the precise 4D/3D relation for
the global symmetry is not obvious. Focusing on the case in which the 3D the-
ory is the ABJM theory, we demonstrate that the above R-symmetry mixing
can be precisely identified by considering the Schur limit (and/or its N = 3
cousin) of the 4D index. As a result, we generalize to the ABJM theories
recent discussions on the connection between supersymmetry enhancement of
the 4D index and squashing independence of the S3

b partition function.

(T. Nakanishi) Osaka Metropolitan University
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S1 Reduction of 4D N = 3 SCFTs and
Squashing Independence of ABJM theories

Tomoki Nakanishi

Osaka Metropolitan University

Based on arXiv:2211.07421, w/ T. Nishinaka,
and on a work in progress.

QFT and Related Mathematical Aspects
@ Shuzenji Sogo Kaikan, Shizuoka

Introduction

I We have no known Lagrangian description of 4D N= 3.

⇒ 4D genuine N= 3 SCFTs are strongly interacting.
(Known 4D N= 3: S-fold construction).

[Garcia-Etxebarria and Regalado, 1512.06434, 1611.05769 ]

I 4D genuine N= 3 SCFTs have no marginal deformations.
[Aharony-Evtikhiev, 1512.03524]

⇒ 4D N= 3 is isolated at strong coupling fixed point.

Q: How can we analyze that?

� �
4D N= 3 SCFTs� �
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Introduction

I We have no known Lagrangian description of 4D N= 3.

⇒ 4D genuine N= 3 SCFTs are strongly interacting.
(Known 4D N= 3: S-fold construction).

[Garcia-Etxebarria and Regalado, 1512.06434, 1611.05769 ]

I 4D genuine N= 3 SCFTs have no marginal deformations.
[Aharony-Evtikhiev, 1512.03524]

⇒ 4D N= 3 is isolated at strong coupling fixed point.

Q: How can we analyze that?

� �
4D N= 3 SCFTs� �

Introduction
Many works on 4D N= 3 SCFTs :

I Analyzing from field theoretic perspective.
[Aharony-Evtikhiev, 1512.03524],
[Nishinaka-Tachikawa, 1602.01503],
[Aharony-Tachikawa, 1602.08638],
[Argyres-Bourget-Martone, 1904.10969, 1912.04926], etc.

I Calculating the superconformal index (SCI).
[Imamura-Yokoyama, 1603.00851],
[Arai-Fujiwara-Imamura, 1901.00023], [Arai-Imamura, 1904.09776],
[Agarwal et al., 2103.00985], etc.

I will analyze 4D N= 3 SCFTs a bit differently.

QFT and Related Mathematical Aspects 79



Introduction

The key is dimensional reduction.� �
4D N= 3� �

I U(3)R

I 4D N= 3 SCI
I on S1

β × S3
b

dim. reduction−→

� �
3D N= 6 (ABJM)� �
I SO(6)R × U(1)B

I Matrix model
I on S3

b

By using “squashing independence”,
we found a non-trivial relation

between U(3)R in 4D and SO(6)R × U(1)B in 3D.

Outline

1. 4D N = 3 SCI and Squashing indep.

2. Relation to ABJM

3. Application
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4D N = 3 Superconformal Index

I := Tr(−1)F p j2−j1−rqj2+j1−rtr+Raf .

(j1, j2): so(4) spins. (R , r , f ): R-charges.

f : u(1) flavor charge.

I I preserves one pair (Q,Q†)(= (Q̃2−̇, Q̃
†
2−̇)).

I We can consider this as 4D N= 2 SCI.
I For 4D N= 2, f is a flavor charge.

� �
4D N= 3 SCI� �

R = 1
2 (R

11 −R22) ,

r = R11 +R22 ,

f = R11 +R22 + 2R33 .

4D N = 3 Superconformal Index

I := Tr(−1)F p j2−j1−rqj2+j1−rtr+Raf .

(j1, j2): so(4) spins. (R , r): R-charges.
f : u(1) flavor charge.

I I preserves one pair (Q,Q†)(= (Q̃2−̇, Q̃
†
2−̇)).

I We can consider this as 4D N= 2 SCI.
I For 4D N= 2, f is a flavor charge.

� �
4D N= 2 SCI� �

R = 1
2 (R

11 −R22) ,

r = R11 +R22 ,

f = R11 +R22 + 2R33 .
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Schur limit: t → q (N= 2)

The Schur limit is special limits on 4D N= 2 index: t → q,

I = Tr(−1)F p j2−j1−rqj2+j1−r tr+Raf ,

−→ Tr(−1)F p j2−j1−rqj2+j1+Raf = Tr(−1)F qj2+j1+Raf .

( j2 − j1 − r = {Q′,Q′†} − {Q,Q†} , [Q′, qj2+j1+R ] = [Q′, af ] = 0 .)

SUSY enhancement does occur: the index becomes

I preserving one pair (Q′,Q′†) additionally and
I p-independent.

Analogous independence occurs when we take t → pq.

t → pq (N= 2)

Taking t → pq,

I = Tr(−1)F p j2−j1−rqj2+j1−r tr+Raf ,

−→ Tr(−1)F (pq)j2+R
(

q
p

)j1
af = Tr(−1)F

(
q
p

)j1
af .

( j2 + R =
1
2{Q

′′,Q′′†} − 1
2{Q,Q†} , [Q′′, j1] = [Q′′, f ] = 0 .)

SUSY enhancement does occur: the index becomes

I preserving one pair (Q′′,Q′′†) additionally and
I pq-independent.
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Squashing independence
These limits can cause Squashing independence.
To explain this, we use the following parametrization:

p =e−βb , q = e−βb−1
,

t
√pq = e−iβm , a = e−iβM ,

β : radius of S1 , b : squashing parameter of S3
b ,

(m,M) : mass paramters .(
S3

b : ω2
1 |z1|2 + ω2

2 |z2|2 = 1, b2 := ω1
ω2

)
Squashing independence� �
1. Taking the special limits causing an independence,
2. and redefining parameters appropriately,

⇒ b is removed from SCI.� �

Squashing independence (Check)
1. Schur limit t → q ⇒ m → i b−b−1

2 .
Tr(−1)F qj2+j1+Raf .

Def: (β′,M ′) ≡ (βb−1, bM)

⇒ (q, a) = (e−βb−1
, e−iβM) → (e−β′

, e−iβ′M′
). (b−1 ≡ 1)

2. t → pq ⇒ m → −i b+b−1

2 .

Tr(−1)F
(

q
p

)j1
af ,

(
q
p = e−β(b−1−b)

)
.

Def: (β′,M ′) ≡ (β(b−1 − b), 1
b−1−b · M)

⇒ (q/p, a) = (e−β(b−1−b), e−iβM) → (e−β′
, e−iβ′M′

). (b−1 − b ≡ 1)

One finds these turn out to be on S1
β′ × S3

b=1 and S1
β′ × S3

b=−1±
√

5
2

.

p = e−βb , q = e−βb−1 ,
t√pq = e−iβm , a = e−iβM .
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a →
√

t
p (N= 3)

In 4D N= 3, we get a new limit a →
√

t
p :

I = Tr(−1)F p j2−j1−rqj2+j1−r tr+Raf ,

−→ Tr(−1)F (pt)δ1qj2+j1−r
(p

t

)δ2
= Tr(−1)F qj2+j1−r

(p
t

)δ2
.

δ1 =
1
2{Q,Q†}−1

2{Q
′′′,Q′′′†} , δ2 =

1
2 (j2 − j1 − R − 2r − 3

2 f ) ,

[Q′′′, j2 + j1 − r ] = [Q′′′, δ2] = 0 .

SUSY enhancement does occur: the index becomes

I preserving one pair (Q′′′,Q′′′†) additionally and
I pt-independent.

R = 1
2 (R

11 −R22) ,

r = R11 +R22 ,

f = R11 +R22 + 2R33 .

Squashing independence (Check)

a →
√

t
p ⇒ M → m

2 + i 3b − b−1

4 .

Tr(−1)F qj2+j1−r
(p

t

)δ2
,

(
p
t = e iβ

(
m+i b−b−1

2

))
.

Redefining (β′,m′) ≡
(
βb−1, b(m + i b−b−1

2 )
)

⇒
(
q, p

t
)
= (e−βb−1

, e iβ(m+i b−b−1
2 )) → (e−β′

, e iβ′m′
).

(b−1 ≡ 1 and b − b−1 ≡ 0 → b ≡ 1)

We have reached that the 4D N= 3 SCI must have
three types of Squashing independece associated with� �

t → q , t → pq and a →
√

t
p .� �

p = e−βb , q = e−βb−1 ,
t√pq = e−iβm , a = e−iβM .
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Outline

1. 4D N = 3 SCI and Squashing indep.

2. Relation to ABJM

3. Application

Relation to ABJM

I To observe the squashing independencies from another view, let’s consider
S1-reduction of the 4D N= 3 SCI.

I As the reduced objects we will consider the ABJM matrix model.

I Recently, the squashing independence of mass-deformed ABJM matrix
model was analyzed by [Chester-Kalloor-Sharon, 2102.05643],

I and interpreted as the SUSY enhancement on 4D index
by [Minahan-Naseer-Thull, 2107.07151].

I However, naive dim. reduction of the 4D N= 3 contradicts these results.

I We will resolve this by carefully observing the relation between 4D and 3D.
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Relation to ABJM

I To observe the squashing independencies from another view, let’s consider
S1-reduction of the 4D N= 3 SCI.

I As the reduced objects we will consider the ABJM matrix model.

I Recently, the squashing independence of mass-deformed ABJM matrix
model was analyzed by [Chester-Kalloor-Sharon, 2102.05643],

I and interpreted as the SUSY enhancement on 4D index
by [Minahan-Naseer-Thull, 2107.07151].

I However, naive dim. reduction of the 4D N= 3 contradicts these results.

I We will resolve this by carefully observing the relation between 4D and 3D.

Mass-deformed ABJM matrix model on S3
b

ABJM: 3D N= 6 U(N)k × U(N)−k CS w/ four bi-fund matters.

ZABJM
S3

b ,N,k(m1,m2,m3)

=

∫ dNµ dNν

(N!)2 e−iπk(
∑

i µ
2
i −

∑
j ν

2
j )

×
∏
i<j

2 sinh(πb(µi − µj))2 sinh(πb−1(µi − µj))2 sinh(πb(νi − νj))2 sinh(πb−1(νi − νj))

×
∏
i,j

[
sb

(
−µi + νj + i

Q
4

−
m1 + m2 + m3

2

)
sb

(
−µi + νj + i

Q
4

−
m1 − m2 − m3

2

)

sb

(
µi − νj + i

Q
4

−
−m1 − m2 + m3

2

)
sb

(
µi − νj + i

Q
4

−
−m1 + m2 − m3

2

)]
.

sb(x): double sine function, Q := b + b−1.
(m2,m3): masses associated with so(2)2 ⊂ so(4) ⊂ so(6)R ,

m1: mass associated with u(1)B .

u(1)B is an accidental Baryon number symmetry.
(topological/monopole U(1) in recent terms.)
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Contradiction & Resolution
� �

4D N= 3� �
I U(3)R

I 4D N= 3 SCI
I on S1

β × S3
b

I (m,M)

dim. reduction−→

� �
3D N= 6 (ABJM)� �
I SO(6)R × U(1)B

I Matrix model
I on S3

b
I (m1,m2,m3)

In 4D N= 3 there are two masses while three in ABJM.

This difference contradicts naive dimensional reduction.

Note that the center u(1)⊂ u(3)R can be mixed with u(1)B.
To resolve the contradiction, we can identify the mixing.

R-symmetry mixing
We can identify 4D (Qα, Q̃I α̇) and 3D (Qα) supercharges:

QI
4D ∝ Q2I−1

3D + Q2I
3D , Q̃4D I ∝ Q2I−1

3D − Q2I
3D , (I = 1, 2, 3) .

These allow us to equate three Cartans in U(3)R with the three
in SO(6)R directly, up to R-symmetry mixing with u(1)B :� �

R4D
I = R3D

I + ξJ3D
U(1)B

, ξ: mixing parameter� �
R4D/3D

I : three Cartans in 4D/3D , J3D
U(1)B

: charge of U(1)B ,

where R4D/3D
I are defined by

[R4D/3D
I ,QI

α] = +QI
α , [R4D/3D

I , Q̃I α̇] = −Q̃I α̇ , [R4D/3D
J(6=I) ,QI

α (Q̃I α̇)] = 0 .
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Mass identification
One can find

R4D
1 = R + r + f

2 , R4D
2 = −R + r + f

2 , R4D
3 = f .

Then the 4D N= 3 SCI is written by

I = Tr(−1)F pj2−j1qj2+j1
(

t
√pq

)R4D
1

(
1

√pq

)R4D
2

(
a
√

pq
t

)R4D
3

.

⇓ R4D
I = R3D

I + ξJ3D
U(1)B

Tr(−1)F pj2−j1qj2+j1
(

t
√pq

)R3D
1
(

1
√pq

)R3D
2
(

a
√

pq
t

)R3D
3 (

a
√

t
pq

)ξJ3D
U(1)B

.

We can read fugacities associated with the 3D masses.

R = 1
2 (R

11 −R22) ,

r = R11 +R22 ,

f = R11 +R22 + 2R33 .

Mass identification

Tr(−1)F pj2−j1qj2+j1
(

t
√pq

)R3D
1
(

1
√pq

)R3D
2
(

a
√

pq
t

)R3D
3 (

a
√

t
pq

)ξJ3D
U(1)B

.

I Since this index preserves Q = Q̃2−̇,
R4D/3D

2 can not be associated with mass parameters.
I Remains are associated with so(4) ⊂ so(6)R and u(1)B :

t
√pq = e−iβm2 , a

√
pq
t = e−iβm3 ,

(
a
√

t
pq

)ξ

= e−iβm1 .

We find an identification between (m1,m2,m3) and (m,M),� �
m1 = ξ

(
M + m

2 + i b+b−1

4

)
, m2 = m , m3 = M − m

2 − i b+b−1

4 .� �

p = e−βb , q = e−βb−1 ,
t√pq = e−iβm , a = e−iβM .

88 OCAMI Reports Vol. 3 (2023)



Mass identification
Next, let’s fix ξ by using squashing independence.
Taking the Schur limit m → i b−b−1

2 , (m1,m2,m3) become

m1 = ξ

(
M + i b2

)
, m2 = i b − b−1

2 , m3 = M − i b2 .

Redefining (β′,M ′) ≡ (βb−1, bM) removes b.

In [Chester et al., ’21], they showed the corresponding ABJM
matrix model depends only on b∓(m3 ± m1), which can be
now written as

b
(
(ξ − 1)M + (ξ + 1)i b2

)
, b−1

(
(ξ + 1)M + (ξ − 1)i b2

)
.

To reproduce�b indep.�by the redefinition, we get ξ ≡ −1.

m1 = ξ
(

M + m
2 + i b+b−1

4

)
, m2 = m ,

m3 = M − m
2 − i b+b−1

4 .

Short Summary
We considered the S1 reduction of 4D N= 3 SCI to
3D N= 6, ABJM matrix model.
We found R-symmetry mixing ξ ≡ −1:

R4D
I = R3D

I − J3D
U(1)B

(I = 1, 2, 3) ,

and mass identification between 4D and 3D:

m1 = −M − m
2 − i b + b−1

4 ,

m2 = m ,

m3 = M − m
2 − i b + b−1

4 .
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Outline

1. 4D N = 3 SCI and Squashing indep.

2. Relation to ABJM

3. Application

S1-reduction

I I’d like to demonstrate the S1-reduction from 4D N= 3 SCI
to ABJM matrix model.

I Unfortunately, no one knows the full expression of 4D N= 3 SCI.

I But, ABJM with k = 1, 2 have 3D N= 8,
and its 4D uplifting should have N= 4, which is correct from S-folds.

I We can test the S1-reduction of 4D N= 4 SCI.

90 OCAMI Reports Vol. 3 (2023)



S1-reduction
Let’s consider the Schur index, which is automatically on S3

b=1.

The 4D N= 4 (N= 2*) Schur index

IG
Schur := Tr(−1)F qj2+j1+Raf

can be given in a following form.

IG
Schur =

u
dG
2

|W (G)|

(
(q; q)3

∞
θ(u; q)

)2rG−dG∮
|zi |=1

rG∏
i=1

(
dzi

2πizi

) ∏
α∈∆G

F (u, zαu−1; q) ,

u :=
a
√q , rG , dG : rank and dim. of G , ∆G : set of roots ,

θ(x ; q) :=− x− 1
2 (q; q)∞(x ; q)∞(x−1q; q)∞ ,F (x , y ; q) := θ(xy ; q)(q; q)3

∞
θ(x ; q)θ(y ; q) .

Next, we take S1 reduction of this index with G = U(1),U(2).

G = U(1)

When G = U(1), we have

IU(1)
Schur = u 1

2
(q; q)3

∞
θ(u; q)

∮ dz
2πiz · 1 = u 1

2
(q; q)3

∞
θ(u; q)

=
u 1

2

u 1
2 − u− 1

2

∞∏
n=1

(1− qn)2

(1− uqn)(1− u−1qn)
.

Taking β → 0 and picking up a leading contribution, we obtain

IU(1)
Schur

∣∣∣
β→0

=
π

β cosh πM +O(1) .

q = e−βb−1 , a = e−iβM ,
u = a√q .
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G = U(2)
When G = U(2), we have

IU(2)
Schur =

u2

2

∮ dz1dz2

(2πi)2z1z2
F (u, (z1/z2)u−1; q)F (u, (z1/z2)

−1u−1; q) .

To integrate, we can use an expansion form of F (x , y ; q):

F (x , y ; q) =
∑
m∈Z

y−m

1− x−1qm , for |q| < |y | < 1 < |x | .

Taking β → 0 and picking up a leading contribution, we obtain

IU(2)
Schur

∣∣∣
β→0

=
1
2!

(
π

β cosh πM

)2

+O(1) .

Generalization
Generally, we can calculate the S1 reduction for G = U(N):

IU(N)
Schur

∣∣∣
β→0

=
1

N!

(
π

β cosh πM

)N

+O(1) .

According to our analysis, this must be reproduced by
substituting

m1 = −M − i b2 , m2 = i b − b−1

2 , m3 = M − i b2 ,

in ZABJM
S3,N,k(m1,m2,m3). This is indeed correct for k = 1 and 2.

ZABJM
S3 (M) =

1
kNN!

(
1

2 sinh π0

)N (
1

2 cosh πM

)N

.

One can expect this is also correct for 4D genuine N= 3 cases
corresponding to k = 3, 4, 6. (This is constructed by S-folds.)
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More generalization

We found the exact method for S1 reduction of 4D N= 4 SCI.

The S1 reduction of IG
Schur for g = ABCDEFG become

IG
Schur

∣∣
β→0 =

1
|W (G)|

(
π

β cosh πM

)rG

+O(1) .

In general, the S1 reductions of IG
Schur have this type of

divergent structure.

Summary
Between the 4D N= 3 and the 3D N= 6 (ABJM),
I We identified the R-symmetry mixing with U(1)B

R4D
I = R3D

I − J3D
U(1)B

(I = 1, 2, 3) ,
I and mass parameters

m1 = −M − m
2 − i b + b−1

4 , m2 = m , m3 = M − m
2 − i b + b−1

4 .

Observing the S1 reduction of 4D N= 4 SCI,
I We checked the above result for k = 1, 2 (N= 4) and
I expected the form of divergent structure

for k = 3, 4, 6 (N= 3) and for g = ABCDEFG (N= 4).

IG
Schur

∣∣
β→0 =

1
|W (G)|

(
π

β coshπM

)rG

+O(1) .
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Probing Anomalies of Non-Invertible Symmetries
with Symmetry TFTs

Emily Nardoni

Abstract. ’t Hooft anomalies provide crucial insight into the properties
of quantum field theories, imposing powerful constraints on their low energy
dynamics. For invertible global symmetries, it is known that the ’t Hooft
anomalies can be characterized by an invertible TQFT in one higher dimen-
sion. However, the analogous statement remains to be understood for non-
invertible symmetries. In this talk we will discuss how the linking invariants
in a non-invertible TQFT known as the Symmetry TFT can be used as a
diagnostic for the anomalies of non-invertible symmetries. We will illustrate
this proposal through examples in two and four dimensions, including 4d ad-
joint QCD, and comment on how knowledge of these anomalies can impose
constraints on the dynamics.

(E. Nardoni) IPMU, University of Tokyo
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Probing Anomalies of Non-Invertible 
Symmetries with Symmetry TFTs

QFT and Related Mathematical Aspects  |  Shuzenji  |  3/13/2023

based on [2301.07112] 
with Justin Kaidi, Gabi Zafrir, Yunqin Zheng 

• Example: continuous q-form       , with conserved              .               

(Generalized) Global Symmetries = Topological Defect Operators
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• Also exists in general! For finite symmetries,…
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Non-invertible (categorical) symmetries

• For group-like symmetries the symmetry operators satisfy the 
group multiplication law      fusion of defects.

• Generalization: relax invertibility, and consider defects 
governed by a (higher) fusion category, rather than group.
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<latexit sha1_base64="GpeZS7lY12xtRZo6KrDc5GlmWK0=">AAACLXicbVDLSgMxFE181vpqFdy4CRbBhZQZ8bUpFNy4bME+oB1KJpO2oUlmSDLFMvQL3Op3+DUuBHHrb5i2g9jHgcDhnHvJucePONPGcT7h2vrG5tZ2Zie7u7d/cJjLH9V1GCtCayTkoWr6WFPOJK0ZZjhtRopi4XPa8AcPE78xpEqzUD6ZUUQ9gXuSdRnBxkrVUidXcIrOFGiZuCkpgBSVTh6etIOQxIJKQzjWuuU6kfESrAwjnI6z7VjTCJMB7tGWpRILqr1kmnSMzq0SoG6o7JMGTdX/GwkWWo+EbycFNn296E3EVV4rNt17L2Eyig2VZPZRN+bIhGhyNgqYosTwkSWYKGazItLHChNjy8muDH0ZDFmk0/zP6QFzo4nvi780tkl3sbdlUr8qurfFm+p1oVxKO82AU3AGLoAL7kAZPIIKqAECKHgBr+ANvsMP+AW/Z6NrMN05BnOAP7/bYqcw</latexit>=

<latexit sha1_base64="gj7j2WQTJaqFGk4DFbde1ow8WtU=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8bURCm5cuKhoH9AOJZNJ29AkMySZYhn6CW71O/wacSNu/QvTdhD7OBA4nHMvOff4EWfaOM4nXFpeWV1bz2xkN7e2d3Zz+b2qDmNFaIWEPFR1H2vKmaQVwwyn9UhRLHxOa37vduTX+lRpFsonM4ioJ3BHsjYj2Fjp8b7FWrmCU3TGQPPETUkBpCi38vCgGYQkFlQawrHWDdeJjJdgZRjhdJhtxppGmPRwhzYslVhQ7SXjrEN0bJUAtUNlnzRorP7fSLDQeiB8Oymw6epZbyQu8hqxaV97CZNRbKgkk4/aMUcmRKPDUcAUJYYPLMFEMZsVkS5WmBhbT3Zh6NOgzyKd5n9OD5gaTXxf/KWxTbqzvc2T6lnRvSxePJwXSjdppxlwCI7ACXDBFSiBO1AGFUBAB7yAV/AG3+EH/ILfk9ElmO7sgynAn1+mmqgb</latexit>

Li
<latexit sha1_base64="gkvmS97MRv1GSPVhW4ASCmZROLA=">AAACL3icbVDLSgMxFM3UV62vVsGNm2ARXEiZEV8boeDGhYuK9gHtUDKZTBubZIYkUyxDP8GtfodfI27ErX9h2g5iHwcCh3PuJeceL2JUadv+tDJLyyura9n13Mbm1vZOvrBbU2EsManikIWy4SFFGBWkqqlmpBFJgrjHSN3r3Yz8ep9IRUPxqAcRcTnqCBpQjLSRHu7aT+180S7ZY8B54qSkCFJU2gVrv+WHOOZEaMyQUk3HjrSbIKkpZmSYa8WKRAj3UIc0DRWIE+Um46xDeGQUHwahNE9oOFb/bySIKzXgnpnkSHfVrDcSF3nNWAdXbkJFFGsi8OSjIGZQh3B0OPSpJFizgSEIS2qyQtxFEmFt6sktDH3i92mk0vzP6QFTo4nn8b80pklntrd5UjstORel8/uzYvk67TQLDsAhOAYOuARlcAsqoAow6IAX8ArerHfrw/qyviejGSvd2QNTsH5+AahjqBw=</latexit>

Lj
<latexit sha1_base64="Sp3dfS4nJxZs083jrqk/IMNmi5s=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8bURCm5cuKhoH9AOJZNJ29AkMySZYhn6CW71O/wacSNu/QvTdhD7OBA4nHMvOff4EWfaOM4nXFpeWV1bz2xkN7e2d3Zz+b2qDmNFaIWEPFR1H2vKmaQVwwyn9UhRLHxOa37vduTX+lRpFsonM4ioJ3BHsjYj2Fjp8b7Va+UKTtEZA80TNyUFkKLcysODZhCSWFBpCMdaN1wnMl6ClWGE02G2GWsaYdLDHdqwVGJBtZeMsw7RsVUC1A6VfdKgsfp/I8FC64Hw7aTApqtnvZG4yGvEpn3tJUxGsaGSTD5qxxyZEI0ORwFTlBg+sAQTxWxWRLpYYWJsPdmFoU+DPot0mv85PWBqNPF98ZfGNunO9jZPqmdF97J48XBeKN2knWbAITgCJ8AFV6AE7kAZVAABHfACXsEbfIcf8At+T0aXYLqzD6YAf34BqiyoHQ==</latexit>

Lk

<latexit sha1_base64="R4Ejtnoicz1+LUkpezwpthc+c4Q=">AAACPXicbVDLSsNAFJ34rPXRVsGNm8EiuJCSiK+NUHDjSirYB7QxTCaTdsxMEmYmxRL6JW71O/wOP8CduHXrtA1iHwcGDueeyz1z3JhRqUzzw1haXlldW89t5De3tncKxdJuQ0aJwKSOIxaJloskYTQkdUUVI61YEMRdRppucDOaN/tESBqFD2oQE5ujbkh9ipHSklMsdGTCnQDeOSl9Gj4GTrFsVswx4DyxMlIGGWpOydjveBFOOAkVZkjKtmXGyk6RUBQzMsx3EklihAPUJW1NQ8SJtNNx8iE80ooH/UjoFyo4Vv9vpIhLOeCudnKkenJ2NhIXzdqJ8q/slIZxokiIJ4f8hEEVwVEN0KOCYMUGmiAsqM4KcQ8JhJUuK78w9InXp7HM8j9nH5iypq7L/9LoJq3Z3uZJ47RiXVTO78/K1eus0xw4AIfgGFjgElTBLaiBOsAgAS/gFbwZ78an8WV8T6xLRrazB6Zg/PwCloCtjA==</latexit>X

k

Nk
ij

<latexit sha1_base64="/L4R3R1A/FbAZ3YGyPd+fVoD6B4=">AAACNHicbVDLSgMxFM3UV62vVsGNm2ARXEiZEV8boeDGlVSwD2jHkslk2tgkMySZYhn6E271O/wXwZ249RtM20Hs40DgcM695NzjRYwqbdsfVmZpeWV1Lbue29jc2t7JF3ZrKowlJlUcslA2PKQIo4JUNdWMNCJJEPcYqXu9m5Ff7xOpaCge9CAiLkcdQQOKkTZS466d0KfhY6+dL9oleww4T5yUFEGKSrtg7bf8EMecCI0ZUqrp2JF2EyQ1xYwMc61YkQjhHuqQpqECcaLcZBx4CI+M4sMglOYJDcfq/40EcaUG3DOTHOmumvVG4iKvGevgyk2oiGJNBJ58FMQM6hCOroc+lQRrNjAEYUlNVoi7SCKsTUe5haFP/D6NVJr/OT1gajTxPP6XxjTpzPY2T2qnJeeidH5/Vixfp51mwQE4BMfAAZegDG5BBVQBBgy8gFfwZr1bn9aX9T0ZzVjpzh6YgvXzC001qno=</latexit>

Nk
ij

<latexit sha1_base64="gj7j2WQTJaqFGk4DFbde1ow8WtU=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8bURCm5cuKhoH9AOJZNJ29AkMySZYhn6CW71O/wacSNu/QvTdhD7OBA4nHMvOff4EWfaOM4nXFpeWV1bz2xkN7e2d3Zz+b2qDmNFaIWEPFR1H2vKmaQVwwyn9UhRLHxOa37vduTX+lRpFsonM4ioJ3BHsjYj2Fjp8b7FWrmCU3TGQPPETUkBpCi38vCgGYQkFlQawrHWDdeJjJdgZRjhdJhtxppGmPRwhzYslVhQ7SXjrEN0bJUAtUNlnzRorP7fSLDQeiB8Oymw6epZbyQu8hqxaV97CZNRbKgkk4/aMUcmRKPDUcAUJYYPLMFEMZsVkS5WmBhbT3Zh6NOgzyKd5n9OD5gaTXxf/KWxTbqzvc2T6lnRvSxePJwXSjdppxlwCI7ACXDBFSiBO1AGFUBAB7yAV/AG3+EH/ILfk9ElmO7sgynAn1+mmqgb</latexit>

Li
<latexit sha1_base64="gkvmS97MRv1GSPVhW4ASCmZROLA=">AAACL3icbVDLSgMxFM3UV62vVsGNm2ARXEiZEV8boeDGhYuK9gHtUDKZTBubZIYkUyxDP8GtfodfI27ErX9h2g5iHwcCh3PuJeceL2JUadv+tDJLyyura9n13Mbm1vZOvrBbU2EsManikIWy4SFFGBWkqqlmpBFJgrjHSN3r3Yz8ep9IRUPxqAcRcTnqCBpQjLSRHu7aT+180S7ZY8B54qSkCFJU2gVrv+WHOOZEaMyQUk3HjrSbIKkpZmSYa8WKRAj3UIc0DRWIE+Um46xDeGQUHwahNE9oOFb/bySIKzXgnpnkSHfVrDcSF3nNWAdXbkJFFGsi8OSjIGZQh3B0OPSpJFizgSEIS2qyQtxFEmFt6sktDH3i92mk0vzP6QFTo4nn8b80pklntrd5UjstORel8/uzYvk67TQLDsAhOAYOuARlcAsqoAow6IAX8ArerHfrw/qyviejGSvd2QNTsH5+AahjqBw=</latexit>

Lj

<latexit sha1_base64="Sp3dfS4nJxZs083jrqk/IMNmi5s=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8bURCm5cuKhoH9AOJZNJ29AkMySZYhn6CW71O/wacSNu/QvTdhD7OBA4nHMvOff4EWfaOM4nXFpeWV1bz2xkN7e2d3Zz+b2qDmNFaIWEPFR1H2vKmaQVwwyn9UhRLHxOa37vduTX+lRpFsonM4ioJ3BHsjYj2Fjp8b7Va+UKTtEZA80TNyUFkKLcysODZhCSWFBpCMdaN1wnMl6ClWGE02G2GWsaYdLDHdqwVGJBtZeMsw7RsVUC1A6VfdKgsfp/I8FC64Hw7aTApqtnvZG4yGvEpn3tJUxGsaGSTD5qxxyZEI0ORwFTlBg+sAQTxWxWRLpYYWJsPdmFoU+DPot0mv85PWBqNPF98ZfGNunO9jZPqmdF97J48XBeKN2knWbAITgCJ8AFV6AE7kAZVAABHfACXsEbfIcf8At+T0aXYLqzD6YAf34BqiyoHQ==</latexit>

Lk

<latexit sha1_base64="FV3ozU5RqLLTdAKfe3QjQquF9e0="></latexit>$

<latexit sha1_base64="tY1aNSU2QNFslw6rzloMl99pRIc="></latexit>⇥ <latexit sha1_base64="tY1aNSU2QNFslw6rzloMl99pRIc="></latexit>⇥

<latexit sha1_base64="tY1aNSU2QNFslw6rzloMl99pRIc="></latexit>⇥

e.g. in 2d, [Frölich, Fuchs, Runkel, Schweigert ’09][Bhardwaj, Tachikawa ’17][Chang, Lin, Shan, Wang, Yin ’18]
[Komargodski, Ohmori, Roumpedakis, Seifnashri ’20]…; in d>2, [Nguyen, Tanizaki, Unsal ’21][Koide, Nagoya, Yamaguchi 

’21][Choi, Cordova, Hsin, Lam, Shao ’21][Kaidi, Ohmori, Zheng ’21][Bhardwaj, Bottini, Schafer-Nameki, Tiwari ’22]…

<latexit sha1_base64="7ZXDXfD5vnmKdqSFzhJUAzFZLiQ="></latexit>

UgUg0 = Ug·g0

,

I) Anomalies for invertible symmetries


II) Anomalies for non-invertible symmetries, and the Symmetry TFT


III) Examples in 4d gauge theories

Goal today: Discuss a set of easy-to-compute observables that 
constitute a sufficient condition for a ’t Hooft anomaly of a non-
invertible symmetry in d-dimensions. 
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I. ’t Hooft anomalies for invertible symmetries

an inflow perspective

’t Hooft anomalies are obstructions to gauging

• Let            a QFT with an (invertible) global symmetry G.

<latexit sha1_base64="FDKd4Ous7udcX7IzGYAnBoPYqFo="></latexit>

ZT [A]
g2G�! ZT [A]e

2⇡i
R
Md

↵(A,g)

<latexit sha1_base64="bSib4mjV249WuVFCZ8V38QLBJco=">AAACP3icbVDLSsNAFJ3xWeMr1YULN8EiuJCSiK+NUHDjRqjQF6QhTCaTdujkwcykWEL/xK3+h5/hF7gTt+6ctEHs48DA4dxzuWeOlzAqpGl+wJXVtfWNzdKWtr2zu7evlw9aIk45Jk0cs5h3PCQIoxFpSioZ6SScoNBjpO0N7vN5e0i4oHHUkKOEOCHqRTSgGEklubreDZHsY8Syxth+dH3H1Stm1ZzAWCRWQSqgQN0tw6OuH+M0JJHEDAlhW2YinQxxSTEjY62bCpIgPEA9YisaoZAIJ5tEHxunSvGNIObqRdKYqP83MhQKMQo95cyDivlZLi6b2akMbp2MRkkqSYSnh4KUGTI28h4Mn3KCJRspgjCnKquB+4gjLFVb2tLQ5/6QJqLI/1x8YMaaeV74l0ZTVVrzxS2S1kXVuq5ePV1WandFqSVwDE7AGbDADaiBB1AHTYDBELyAV/AG3+En/ILfU+sKLHYOwQzgzy8qKK4U</latexit>

T [Md]

• The anomaly is an obstruction to gauging G (promoting A → dynamical).

• Anomaly matching provides powerful constraints on RG flows, since 
anomalies are preserved under G-preserving continuous deformations.

✴ e.g. a QFT with a nontrivial anomaly cannot flow to a unique, trivially 
gapped vacuum.

• There is a ’t Hooft anomaly if     cannot be coupled to a background 
gauge field     (                for continuous G) in a G-invariant way:

<latexit sha1_base64="mGxqchTYAyE6UXtzUtalPfsAv34=">AAACL3icbVC7SgNBFJ2Nrxhfq5ZpBoNgIWFXfDVCxMbCIoJ5QDaE2dmbZMzsg5nZaFhS+DW25mvERmz9CMFJsoUmOTBwOOde5tzjRpxJZVkfRmZpeWV1Lbue29jc2t4xd/eqMowFhQoNeSjqLpHAWQAVxRSHeiSA+C6Hmtu7Gfu1PgjJwuBBDSJo+qQTsDajRGmpZeYdn6guJTy5G2JHMh9fY+cJvA7gx5ZZsIrWBHie2CkpoBTllvnjeCGNfQgU5UTKhm1FqpkQoRjlMMw5sYSI0B7pQEPTgPggm8nkiCE+1IqH26HQL1B4ov7dSIgv5cB39eQ4spz1xuIirxGr9mUzYUEUKwjo9KN2zLEK8bgR7DEBVPGBJoQKprNi2iWCUKV7yy0Mfez1WSTT/M/pATndlz3bzjypnhTt8+LZ/WmhdJU2l0V5dICOkI0uUAndojKqIIpe0Ct6QyNjZLwbn8bXdDRjpDv76B+M718T2qkp</latexit>

L ⇠ A ^ j
<latexit sha1_base64="iwl65QJI+IpKzu8Q2tGnXMX4Ui8=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4kDIjvjZCxY3LFuwD2qFkMnfa0ExmSDLFMvQL3NqvcSdu/QA/RjBtZ6FtDwQO59xLzj1ezJnStv1t5dbWNza38tuFnd29/YPi4VFDRYmkUKcRj2TLIwo4E1DXTHNoxRJI6HFoeoPHqd8cglQsEs96FIMbkp5gAaNEG6n20C2W7LI9A14mTkZKKEO1W/zp+BFNQhCacqJU27Fj7aZEakY5jAudREFM6ID0oG2oICEoN50FHeMzo/g4iKR5QuOZ+ncjJaFSo9AzkyHRfbXoTcVVXjvRwZ2bMhEnGgSdfxQkHOsIT6/GPpNANR8ZQqhkJiumfSIJ1aabwsrQF/6QxSrL/5IdUDB9OYvtLJPGZdm5KV/XrkqV+6y5PDpBp+gcOegWVdATqqI6ogjQK3pDE2tivVsf1ud8NGdlO8foH6yvX2VvnoM=</latexit>

A

<latexit sha1_base64="jmmQhcsFw0PCOh36JikDhzLfayo="></latexit>

ZT /G[B] =
X

a

ZT [a] e
2⇡i

R
Md

a[B

quantum
<latexit sha1_base64="AYmAgKoRn8g+sGq/CCyM0jf9No4="></latexit>

bG(d�2�p)

<latexit sha1_base64="5ocxsMBp6hfo7D/D+hnYvlyBTC0=">AAACHXicbVDLSgMxFM34rOOr6tJNsAgupMyIr41QcOOyQl8wHUomk2lDM8mQZIpl6Ge4tV/jTtyKHyOYaWehbQ8EDufcS849QcKo0o7zba2tb2xubZd27N29/YPD8tFxS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsYPuZ+e0SkooI39Dghfoz6nEYUI20krxsjPcCIZY1Jr1xxqs4McJm4BamAAvVe+acbCpzGhGvMkFKe6yTaz5DUFDMysbupIgnCQ9QnnqEcxUT52SzyBJ4bJYSRkOZxDWfq340MxUqN48BM5hHVopeLqzwv1dG9n1GepJpwPP8oShnUAub3w5BKgjUbG4KwpCYrxAMkEdamJXtl6MtwRBNV5H8pDrBNX+5iO8ukdVV1b6s3z9eV2kPRXAmcgjNwAVxwB2rgCdRBE2AgwCt4A1Nrar1bH9bnfHTNKnZOwD9YX78YZ6Mo</latexit>

T

QFT and Related Mathematical Aspects 97



’t Hooft anomalies are obstructions to gauging

• Let            a QFT with an (invertible) global symmetry G.

<latexit sha1_base64="FDKd4Ous7udcX7IzGYAnBoPYqFo="></latexit>

ZT [A]
g2G�! ZT [A]e

2⇡i
R
Md

↵(A,g)

<latexit sha1_base64="bSib4mjV249WuVFCZ8V38QLBJco=">AAACP3icbVDLSsNAFJ3xWeMr1YULN8EiuJCSiK+NUHDjRqjQF6QhTCaTdujkwcykWEL/xK3+h5/hF7gTt+6ctEHs48DA4dxzuWeOlzAqpGl+wJXVtfWNzdKWtr2zu7evlw9aIk45Jk0cs5h3PCQIoxFpSioZ6SScoNBjpO0N7vN5e0i4oHHUkKOEOCHqRTSgGEklubreDZHsY8Syxth+dH3H1Stm1ZzAWCRWQSqgQN0tw6OuH+M0JJHEDAlhW2YinQxxSTEjY62bCpIgPEA9YisaoZAIJ5tEHxunSvGNIObqRdKYqP83MhQKMQo95cyDivlZLi6b2akMbp2MRkkqSYSnh4KUGTI28h4Mn3KCJRspgjCnKquB+4gjLFVb2tLQ5/6QJqLI/1x8YMaaeV74l0ZTVVrzxS2S1kXVuq5ePV1WandFqSVwDE7AGbDADaiBB1AHTYDBELyAV/AG3+En/ILfU+sKLHYOwQzgzy8qKK4U</latexit>

T [Md]

• The anomaly is an obstruction to gauging G (promoting A → dynamical).

• Anomaly matching provides powerful constraints on RG flows, since 
anomalies are preserved under G-preserving continuous deformations.

✴ e.g. a QFT with a nontrivial anomaly cannot flow to a unique, trivially 
gapped vacuum.

• There is a ’t Hooft anomaly if     cannot be coupled to a background 
gauge field     (                for continuous G) in a G-invariant way:

<latexit sha1_base64="mGxqchTYAyE6UXtzUtalPfsAv34=">AAACL3icbVC7SgNBFJ2Nrxhfq5ZpBoNgIWFXfDVCxMbCIoJ5QDaE2dmbZMzsg5nZaFhS+DW25mvERmz9CMFJsoUmOTBwOOde5tzjRpxJZVkfRmZpeWV1Lbue29jc2t4xd/eqMowFhQoNeSjqLpHAWQAVxRSHeiSA+C6Hmtu7Gfu1PgjJwuBBDSJo+qQTsDajRGmpZeYdn6guJTy5G2JHMh9fY+cJvA7gx5ZZsIrWBHie2CkpoBTllvnjeCGNfQgU5UTKhm1FqpkQoRjlMMw5sYSI0B7pQEPTgPggm8nkiCE+1IqH26HQL1B4ov7dSIgv5cB39eQ4spz1xuIirxGr9mUzYUEUKwjo9KN2zLEK8bgR7DEBVPGBJoQKprNi2iWCUKV7yy0Mfez1WSTT/M/pATndlz3bzjypnhTt8+LZ/WmhdJU2l0V5dICOkI0uUAndojKqIIpe0Ct6QyNjZLwbn8bXdDRjpDv76B+M718T2qkp</latexit>

L ⇠ A ^ j
<latexit sha1_base64="iwl65QJI+IpKzu8Q2tGnXMX4Ui8=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4kDIjvjZCxY3LFuwD2qFkMnfa0ExmSDLFMvQL3NqvcSdu/QA/RjBtZ6FtDwQO59xLzj1ezJnStv1t5dbWNza38tuFnd29/YPi4VFDRYmkUKcRj2TLIwo4E1DXTHNoxRJI6HFoeoPHqd8cglQsEs96FIMbkp5gAaNEG6n20C2W7LI9A14mTkZKKEO1W/zp+BFNQhCacqJU27Fj7aZEakY5jAudREFM6ID0oG2oICEoN50FHeMzo/g4iKR5QuOZ+ncjJaFSo9AzkyHRfbXoTcVVXjvRwZ2bMhEnGgSdfxQkHOsIT6/GPpNANR8ZQqhkJiumfSIJ1aabwsrQF/6QxSrL/5IdUDB9OYvtLJPGZdm5KV/XrkqV+6y5PDpBp+gcOegWVdATqqI6ogjQK3pDE2tivVsf1ud8NGdlO8foH6yvX2VvnoM=</latexit>

A

<latexit sha1_base64="jmmQhcsFw0PCOh36JikDhzLfayo="></latexit>

ZT /G[B] =
X

a

ZT [a] e
2⇡i

R
Md

a[B

quantum
<latexit sha1_base64="AYmAgKoRn8g+sGq/CCyM0jf9No4="></latexit>

bG(d�2�p)

<latexit sha1_base64="5ocxsMBp6hfo7D/D+hnYvlyBTC0=">AAACHXicbVDLSgMxFM34rOOr6tJNsAgupMyIr41QcOOyQl8wHUomk2lDM8mQZIpl6Ge4tV/jTtyKHyOYaWehbQ8EDufcS849QcKo0o7zba2tb2xubZd27N29/YPD8tFxS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsYPuZ+e0SkooI39Dghfoz6nEYUI20krxsjPcCIZY1Jr1xxqs4McJm4BamAAvVe+acbCpzGhGvMkFKe6yTaz5DUFDMysbupIgnCQ9QnnqEcxUT52SzyBJ4bJYSRkOZxDWfq340MxUqN48BM5hHVopeLqzwv1dG9n1GepJpwPP8oShnUAub3w5BKgjUbG4KwpCYrxAMkEdamJXtl6MtwRBNV5H8pDrBNX+5iO8ukdVV1b6s3z9eV2kPRXAmcgjNwAVxwB2rgCdRBE2AgwCt4A1Nrar1bH9bnfHTNKnZOwD9YX78YZ6Mo</latexit>

T

Anomaly inflow: a modern perspective

<latexit sha1_base64="OFbZpPB6tBYnzr9uJDG6rhc0oi4="></latexit>

ZAnom[A] = e
2⇡i

R
Md+1

!(A)

Anomaly Field Theory

<latexit sha1_base64="re8dhwvsA4GLJsimrx3dugXEfbY=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwISURXwsXBTduhAp9QRrCZDJph04mYWZSLKF/4tZ+jTtx4cY/EZy0WWjbAwOHc+7lnjl+wqhUlvVllNbWNza3ytuVnd29/QPz8Kgt41Rg0sIxi0XXR5IwyklLUcVINxEERT4jHX/4kPudERGSxrypxglxI9TnNKQYKS15ptmLkBpgxLLmxHnyAtczq1bNmgEuE7sgVVCg4Zk/vSDGaUS4wgxJ6dhWotwMCUUxI5NKL5UkQXiI+sTRlKOISDebJZ/AM60EMIyFflzBmfp3I0ORlOPI15N5Trno5eIqz0lVeOdmlCepIhzPD4UpgyqGeQ0woIJgxcaaICyozgrxAAmElS6rsjL0RTCiiSzyvxQfqOi+7MV2lkn7smbf1K6fr6r1+6K5MjgBp+Ac2OAW1MEjaIAWwGAEXsEbmBpT4934MD7noyWj2DkG/2B8/wJo2aVS</latexit>

T [Md]

<latexit sha1_base64="04I9psuyySlH92c9fMg9Adcyelk=">AAACRnicbVBbSwJBGP3WbmY3LYiglyEJjEJ2o9uLIPTSS2CQF1CR2dlRB2cvzMxKstiv6bV+R3+hP9Fb9NqsLpHagYHD+S5zvmMHnEllmh9Gaml5ZXUtvZ7Z2Nza3snmdmvSDwWhVeJzXzRsLClnHq0qpjhtBIJi1+a0bg9u43p9SIVkvveoRgFtu7jnsS4jWGmpkz0otAIsFMMc3Xci59Qao5JmzkknmzeL5gRokVgJyUOCSidn7Lccn4Qu9RThWMqmZQaqHcXbCafjTCuUNMBkgHu0qamHXSrb0eSEMTrWioO6vtDPU2ii/p2IsCvlyLV1p4tVX87XYvG/WjNU3Zt2xLwgVNQj04+6IUfKR3EeyGGCEsVHmmAimPaKSB8LTJROLfOv6TNnyAKZ+H9KDphpjWzb/XWjk7Tmc1sktfOidVW8fLjIl0tJpmk4hCMogAXXUIY7qEAVCDzDC7zCm/FufBpfxve0NWUkM3swgxT8AFcdrrY=</latexit>

(@Md+1 = Md)

<latexit sha1_base64="1UOpLHYAYZTNhRxD4creitp/eCo=">AAACWXicbVDLSsNAFJ3EV62vquDGzWARBKUk4gtXFjcuK1gV21Amk6kOziPM3Igl9CP8Grf6GeLPOKlBbPXAwOGce5lzT5wKbiEIPjx/anpmdq4yX11YXFpeqa2uXVudGcraVAttbmNimeCKtYGDYLepYUTGgt3Ej+eFf/PEjOVaXcEgZZEk94r3OSXgpF5t966XdyWBB0pEfjUcdpoR7tJEAy4MYM+QN5WWI6NXqweNYAT8l4QlqaMSrd6qt9FNNM0kU0AFsbYTBilEOTHAqWDDajezLCX0kdyzjqOKSGajfHTVEG87JcF9bdxTgEfq742cSGsHMnaTxQF20ivE/7xOBv2TKOcqzYAp+v1RPxMYNC4qwgk3jIIYOEKo4S4rpg/EEAquyOq/ofeSJ57aMv9zecDYa B7H8ieNazKc7O0vud5vhEeNw8uD+tlp2WkFbaIttINCdIzO0AVqoTai6AW9ojf07n36nl/xq9+jvlfurKMx+Otf7z21iQ==</latexit>

ZT [A] · ZAnom[A] is invariant

+ see [Freed ’14, Monnier ‘19]
[Callan, Harvey ’85]

• The anomaly is naturally described by inflow from           -d, whereby 
the anomalous phase is canceled by an invertible TQFT.

<latexit sha1_base64="tUQ+HvGv/YNXlZjyh/MDzGkd/wI=">AAACF3icbVDLSsNAFL2prxpfVZduBotQUUoivjZCwY3LCqYttKFMJpN26OTBzKRYQr/Brf0ad+LWpR8jOG2z0NoDA4dz7mXOPV7CmVSW9WUUVlbX1jeKm+bW9s7uXmn/oCHjVBDqkJjHouVhSTmLqKOY4rSVCIpDj9OmN7if+s0hFZLF0ZMaJdQNcS9iASNYacmp+Gf2abdUtqrWDOg/sXNShhz1bum748ckDWmkCMdStm0rUW6GhWKE07HZSSVNMBngHm1rGuGQSjebhR2jE634KIiFfpFCM/X3RoZDKUehpydDrPpy0ZuKy7x2qoJbN2NRkioakflHQcqRitH0cuQzQYniI00wEUxnRaSPBSZK92MuDX3uD1ki8/zP+QGm7stebOc/aVxU7evq1eNluXaXN1eEIziGCthwAzV4gDo4QIDBC7zCxJgYb8a78TEfLRj5ziH8gfH5A1pYn3s=</latexit>

(d+ 1)

such that

• Special case: chiral fermion anomalies in even-d are encoded in the 
anomaly polynomial                                 ; but inflow holds in general!

e.g. for U(1) in 4d, 
<latexit sha1_base64="rQi514oV3BebW8RFxOx1g4vEgOI="></latexit>

!5(A) ⇠ A ^ dA ^ dA

<latexit sha1_base64="lNdjqpdSKzKcXW+Y+Tr7Zj8ZNgM=">AAACMXicbVDLSsNAFJ34rPEVdSnCYBEqSkmKr02h4kZ3FewD2hAmk2k7dPJgZlIsoSu/xq39mu7Erd8gOGmz0LYHBg7n3Muce9yIUSFNc6KtrK6tb2zmtvTtnd29fePgsC7CmGNSwyELedNFgjAakJqkkpFmxAnyXUYabv8h9RsDwgUNgxc5jIjto25AOxQjqSTHOHlyEu+iNCrcn8My9NqhT7oolaxUcoy8WTSngIvEykgeZKg6xk/bC3Hsk0BihoRoWWYk7QRxSTEjI70dCxIh3Edd0lI0QD4RdjI9YwTPlOLBTsjVCyScqn83EuQLMfRdNekj2RPzXiou81qx7NzZCQ2iWJIAzz7qxAzKEKadQI9ygiUbKoIwpyorxD3EEZaqOX1p6EtvQCOR5X/NDtBVX9Z8O4ukXipaN8Xr56t8pZw1lwPH4BQUgAVuQQU8giqoAQzewDv4AGNtrE20T+1rNrqiZTtH4B+071/5w6ht</latexit>

Id+2(A) = d!d+1(A)

98 OCAMI Reports Vol. 3 (2023)



’t Hooft anomalies for finite G

<latexit sha1_base64="CP0GgTLWELvfJ1oUSZqjIonQpGE=">AAACL3icbVDLSgMxFM34rPXVKrhxEyyCCykz4gtXBTcuXFS0D2iHkslkpqFJZkgyxTL0E9zqd/g14kbc+hem7SD2cSBwOOdecu7xYkaVtu1Pa2l5ZXVtPbeR39za3tktFPfqKkokJjUcsUg2PaQIo4LUNNWMNGNJEPcYaXi925Hf6BOpaCSe9CAmLkehoAHFSBvp8b4Tdgolu2yPAeeJk5ESyFDtFK2Dth/hhBOhMUNKtRw71m6KpKaYkWG+nSgSI9xDIWkZKhAnyk3HWYfw2Cg+DCJpntBwrP7fSBFXasA9M8mR7qpZbyQu8lqJDq7dlIo40UTgyUdBwqCO4Ohw6FNJsGYDQxCW1GSFuIskwtrUk18Y+tTv01hl+Z+zA6ZGU8/jf2lMk85sb/OkflZ2LssXD+elyk3WaQ4cgiNwAhxwBSrgDlRBDWAQghfwCt6sd+vD+rK+J6NLVrazD6Zg/fwCoiGoFg==</latexit>

Lg
<latexit sha1_base64="dCTcGVOO+7W71x3RvZBHBW8qpm0=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8YWrghsXLiraB7RDyWTSNjTJDEmmWIZ+glv9Dr9G3Ihb/8K0HcQ+DgQO59xLzj1+xJk2jvMJl5ZXVtfWMxvZza3tnd1cfq+qw1gRWiEhD1Xdx5pyJmnFMMNpPVIUC5/Tmt+7Hfm1PlWahfLJDCLqCdyRrM0INlZ6vG91W7mCU3TGQPPETUkBpCi38vCgGYQkFlQawrHWDdeJjJdgZRjhdJhtxppGmPRwhzYslVhQ7SXjrEN0bJUAtUNlnzRorP7fSLDQeiB8Oymw6epZbyQu8hqxaV97CZNRbKgkk4/aMUcmRKPDUcAUJYYPLMFEMZsVkS5WmBhbT3Zh6NOgzyKd5n9OD5gaTXxf/KWxTbqzvc2T6lnRvSxePJwXSjdppxlwCI7ACXDBFSiBO1AGFUBAB7yAV/AG3+EH/ILfk9ElmO7sgynAn1+j6qgX</latexit>

Lh

<latexit sha1_base64="nefcG7Q+pO0+h0G2Lx+GXjnc9Sw=">AAACNHicbVDLSgMxFE3qq9ZXq+DGTbAILqTMiC9cFdy4cFHBPqAdSiaTtqFJZkgyxTL0J9zqd/gvgjtx6zeYtoPYx4HA4Zx7ybnHjzjTxnE+YGZldW19I7uZ29re2d3LF/ZrOowVoVUS8lA1fKwpZ5JWDTOcNiJFsfA5rfv9u7FfH1ClWSifzDCinsBdyTqMYGOlxkM7aVHOR+180Sk5E6BF4qakCFJU2gV42ApCEgsqDeFY66brRMZLsDKMcDrKtWJNI0z6uEublkosqPaSSeAROrFKgDqhsk8aNFH/byRYaD0Uvp0U2PT0vDcWl3nN2HRuvITJKDZUkulHnZgjE6Lx9ShgihLDh5ZgopjNikgPK0yM7Si3NPRZMGCRTvM/pwfMjCa+L/7S2Cbd+d4WSe285F6VLh8viuXbtNMsOALH4BS44BqUwT2ogCoggIMX8Are4Dv8hF/wezqagenOAZgB/PkFQvyqcg==</latexit>

L`

<latexit sha1_base64="XMhZtQXR6zB48NueSfsHGtxsD5E=">AAACMXicbVDLSgMxFE3qq9ZXq+DGTbAILqTMiC9cFdy4cFHBaQvtUDKZTBuazAxJpliGfoNb/Q6/pjtx60+YtoPYx4HA4Zx7ybnHizlT2rLGMLe2vrG5ld8u7Ozu7R8US4d1FSWSUIdEPJJNDyvKWUgdzTSnzVhSLDxOG17/YeI3BlQqFoUvehhTV+BuyAJGsDaS89RJ+6NOsWxVrCnQMrEzUgYZap0SPG77EUkEDTXhWKmWbcXaTbHUjHA6KrQTRWNM+rhLW4aGWFDlptO0I3RmFB8FkTQv1Giq/t9IsVBqKDwzKbDuqUVvIq7yWokO7tyUhXGiaUhmHwUJRzpCk9ORzyQlmg8NwUQykxWRHpaYaFNQYWXoC3/AYpXlf80OmBtNPU/8pTFN2ou9LZP6ZcW+qVw/X5Wr91mneXACTsE5sMEtqIJHUAMOIICBN/AOPuAnHMMv+D0bzcFs5wjMAf78ArEuqSY=</latexit>

Lk

<latexit sha1_base64="ea0SZzBcFhL/jXVVESoobEg1pb4=">AAACRXicbVDJSgNBFOyJW4xboqAHL4NB8CBhRtzwFPDiwUMEs0ASQk/nJWnSs9D9JiQM8zVe9Tv8Bj/Cm3jVTjKIWQoainpbdTmB4Aot68NIrayurW+kNzNb2zu7e9ncfkX5oWRQZr7wZc2hCgT3oIwcBdQCCdR1BFSd/v24Xh2AVNz3nnEUQNOlXY93OKOopVb26LEVNRCGOFkVIVARR8M4bmXzVsGawFwkdkLyJEGplTMOG22fhS54yARVqm5bATYjKpEzAXGmESoIKOvTLtQ19agLqhlNzsbmqVbaZseX+nloTtT/ExF1lRq5ju50KfbUfG0sLqvVQ+zcNiPuBSGCx6aHOqEw0TfHcZhtLoGhGGlCmeTaq8l6VFKGOrTMUtPn7QEPVOJ/mHxgpjVyHPfPjU7Sns9tkVQuCvZ14erpMl+8SzJNk2NyQs6ITW5IkTyQEikTRmLyQl7Jm/FufBpfxve0NWUkMwdkBsbPL0uhse4=</latexit>

Lx

<latexit sha1_base64="CP0GgTLWELvfJ1oUSZqjIonQpGE=">AAACL3icbVDLSgMxFM34rPXVKrhxEyyCCykz4gtXBTcuXFS0D2iHkslkpqFJZkgyxTL0E9zqd/g14kbc+hem7SD2cSBwOOdecu7xYkaVtu1Pa2l5ZXVtPbeR39za3tktFPfqKkokJjUcsUg2PaQIo4LUNNWMNGNJEPcYaXi925Hf6BOpaCSe9CAmLkehoAHFSBvp8b4Tdgolu2yPAeeJk5ESyFDtFK2Dth/hhBOhMUNKtRw71m6KpKaYkWG+nSgSI9xDIWkZKhAnyk3HWYfw2Cg+DCJpntBwrP7fSBFXasA9M8mR7qpZbyQu8lqJDq7dlIo40UTgyUdBwqCO4Ohw6FNJsGYDQxCW1GSFuIskwtrUk18Y+tTv01hl+Z+zA6ZGU8/jf2lMk85sb/OkflZ2LssXD+elyk3WaQ4cgiNwAhxwBSrgDlRBDWAQghfwCt6sd+vD+rK+J6NLVrazD6Zg/fwCoiGoFg==</latexit>

Lg
<latexit sha1_base64="dCTcGVOO+7W71x3RvZBHBW8qpm0=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8YWrghsXLiraB7RDyWTSNjTJDEmmWIZ+glv9Dr9G3Ihb/8K0HcQ+DgQO59xLzj1+xJk2jvMJl5ZXVtfWMxvZza3tnd1cfq+qw1gRWiEhD1Xdx5pyJmnFMMNpPVIUC5/Tmt+7Hfm1PlWahfLJDCLqCdyRrM0INlZ6vG91W7mCU3TGQPPETUkBpCi38vCgGYQkFlQawrHWDdeJjJdgZRjhdJhtxppGmPRwhzYslVhQ7SXjrEN0bJUAtUNlnzRorP7fSLDQeiB8Oymw6epZbyQu8hqxaV97CZNRbKgkk4/aMUcmRKPDUcAUJYYPLMFEMZsVkS5WmBhbT3Zh6NOgzyKd5n9OD5gaTXxf/KWxTbqzvc2T6lnRvSxePJwXSjdppxlwCI7ACXDBFSiBO1AGFUBAB7yAV/AG3+EH/ILfk9ElmO7sgynAn1+j6qgX</latexit>

Lh

<latexit sha1_base64="nefcG7Q+pO0+h0G2Lx+GXjnc9Sw=">AAACNHicbVDLSgMxFE3qq9ZXq+DGTbAILqTMiC9cFdy4cFHBPqAdSiaTtqFJZkgyxTL0J9zqd/gvgjtx6zeYtoPYx4HA4Zx7ybnHjzjTxnE+YGZldW19I7uZ29re2d3LF/ZrOowVoVUS8lA1fKwpZ5JWDTOcNiJFsfA5rfv9u7FfH1ClWSifzDCinsBdyTqMYGOlxkM7aVHOR+180Sk5E6BF4qakCFJU2gV42ApCEgsqDeFY66brRMZLsDKMcDrKtWJNI0z6uEublkosqPaSSeAROrFKgDqhsk8aNFH/byRYaD0Uvp0U2PT0vDcWl3nN2HRuvITJKDZUkulHnZgjE6Lx9ShgihLDh5ZgopjNikgPK0yM7Si3NPRZMGCRTvM/pwfMjCa+L/7S2Cbd+d4WSe285F6VLh8viuXbtNMsOALH4BS44BqUwT2ogCoggIMX8Are4Dv8hF/wezqagenOAZgB/PkFQvyqcg==</latexit>

L`

<latexit sha1_base64="XMhZtQXR6zB48NueSfsHGtxsD5E=">AAACMXicbVDLSgMxFE3qq9ZXq+DGTbAILqTMiC9cFdy4cFHBaQvtUDKZTBuazAxJpliGfoNb/Q6/pjtx60+YtoPYx4HA4Zx7ybnHizlT2rLGMLe2vrG5ld8u7Ozu7R8US4d1FSWSUIdEPJJNDyvKWUgdzTSnzVhSLDxOG17/YeI3BlQqFoUvehhTV+BuyAJGsDaS89RJ+6NOsWxVrCnQMrEzUgYZap0SPG77EUkEDTXhWKmWbcXaTbHUjHA6KrQTRWNM+rhLW4aGWFDlptO0I3RmFB8FkTQv1Giq/t9IsVBqKDwzKbDuqUVvIq7yWokO7tyUhXGiaUhmHwUJRzpCk9ORzyQlmg8NwUQykxWRHpaYaFNQYWXoC3/AYpXlf80OmBtNPU/8pTFN2ou9LZP6ZcW+qVw/X5Wr91mneXACTsE5sMEtqIJHUAMOIICBN/AOPuAnHMMv+D0bzcFs5wjMAf78ArEuqSY=</latexit>

Lk

<latexit sha1_base64="JwrR+Hsb3VdmM8O6rq1iIyC3pCM=">AAACRXicbVDJSgNBFOyJW4xboqAHL4NB8CBhRtzwFPDiwUMEs0ASQk/nJWnSs9D9JiQM8zVe9Tv8Bj/Cm3jVTjKIWQoainpbdTmB4Aot68NIrayurW+kNzNb2zu7e9ncfkX5oWRQZr7wZc2hCgT3oIwcBdQCCdR1BFSd/v24Xh2AVNz3nnEUQNOlXY93OKOopVb26LEVNRCGOFkVIVARR6M4bmXzVsGawFwkdkLyJEGplTMOG22fhS54yARVqm5bATYjKpEzAXGmESoIKOvTLtQ19agLqhlNzsbmqVbaZseX+nloTtT/ExF1lRq5ju50KfbUfG0sLqvVQ+zcNiPuBSGCx6aHOqEw0TfHcZhtLoGhGGlCmeTaq8l6VFKGOrTMUtPn7QEPVOJ/mHxgpjVyHPfPjU7Sns9tkVQuCvZ14erpMl+8SzJNk2NyQs6ITW5IkTyQEikTRmLyQl7Jm/FufBpfxve0NWUkMwdkBsbPL01sse8=</latexit>

Ly

<latexit sha1_base64="kf4wG/Ky7nVVHsJFjhWsgqvUXwE="></latexit>

=
X

Ly2Lh⇥Lk

(F `
ghk)

x
y

• Turning on A       inserting a network of G-defects

• Anomaly    phase from change of topology of the junctions<latexit sha1_base64="FV3ozU5RqLLTdAKfe3QjQquF9e0="></latexit>$
<latexit sha1_base64="EWjpAFj+8kkURGAGaRevpo4JQeI=">AAACMHicbVDLSgMxFM34rOOr1YULN8EiuJAyI742QsGNG6GifUA7lEwm04YmmSHJFMvQT3Cr/+HX6Erc+hWm7SD2cSBwOOdecu7xY0aVdpxPa2l5ZXVtPbdhb25t7+zmC3s1FSUSkyqOWCQbPlKEUUGqmmpGGrEkiPuM1P3e7civ94lUNBJPehATj6OOoCHFSBvp8b4dtPNFp+SMAeeJm5EiyFBpF6yDVhDhhBOhMUNKNV0n1l6KpKaYkaHdShSJEe6hDmkaKhAnykvHWYfw2CgBDCNpntBwrP7fSBFXasB9M8mR7qpZbyQu8pqJDq+9lIo40UTgyUdhwqCO4OhwGFBJsGYDQxCW1GSFuIskwtrUYy8MfRr0aayy/M/ZAVOjqe/zvzS2qdKdLW6e1M5K7mXp4uG8WL7JSs2BQ3AEToALrkAZ3IEKqAIMOuAFvII36936sL6s78nokpXt7IMpWD+/PFioJw==</latexit>

Md

capture gauge transformations  
(change of basis of network)

<latexit sha1_base64="FV3ozU5RqLLTdAKfe3QjQquF9e0="></latexit>$

• Gauging       fixing a triangulation and summing over configurations<latexit sha1_base64="FV3ozU5RqLLTdAKfe3QjQquF9e0="></latexit>$

see [Kapustin, Thorngren ’14,’14][Gaiotto, Kapustin, Seiberg, Willett ’14][Tachikawa ’17]

Extension to non-invertible symmetries

• What is the background field that couples to   ?

• Is there a picture of anomaly inflow by coupling to a bulk TQFT?

• How do I characterize the anomaly?  

In 2d, equivalent to lack of a fiber functor                                 ; 

Suppose           has a (finite) non-invertible symmetry associated to a 
fusion category   .<latexit sha1_base64="SMi5Q5ibJ79jFfvV1BtOMqPzSsg=">AAACN3icbVDLSgMxFE3qq9ZXq+DGzWARXEiZEV8bodCNywr2AdOhZDJpG5pMhiRTLEM/w61+h5/iyp249Q/MtIPYx4HA4dxzuSfHjxhV2rY/YG5tfWNzK79d2Nnd2z8olg6bSsQSkwYWTMi2jxRhNCQNTTUj7UgSxH1GWv6wls5bIyIVFeGTHkfE46gf0h7FSBvJ7XCkBxixpDbpFst2xZ7CWiZORsogQ71bgsedQOCYk1BjhpRyHTvSXoKkppiRSaETKxIhPER94hoaIk6Ul0wzT6wzowRWT0jzQm1N1f8bCeJKjblvnGlGtThLxVUzN9a9Oy+hYRRrEuLZoV7MLC2stAAroJJgzcaGICypyWrhAZIIa1NTYWXoi2BEI5Xlf84+MGdNfJ//pTFNOou9LZPmZcW5qVw/XpWr91mneXACTsE5cMAtqIIHUAcNgIEAL+AVvMF3+Am/4PfMmoPZzhGYA/z5Beayq8g=</latexit>

C

It can still have a ’t Hooft anomaly (obstruction to gauging),  
where gauging = fixing a triangulation of       and summing  
over defect configurations. But questions remain!

<latexit sha1_base64="DsIXQvs98P620wWDYKuc0u09tF8=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8bURCm7cCBXtA9qhZDJpG5pkhiRTLEM/wa1+h18jbsStf2HaDmIfBwKHc+4l5x4/4kwbx/mES8srq2vrmY3s5tb2zm4uv1fVYawIrZCQh6ruY005k7RimOG0HimKhc9pze/djvxanyrNQvlkBhH1BO5I1mYEGys93reCVq7gFJ0x0DxxU1IAKcqtPDxoBiGJBZWGcKx1w3Ui4yVYGUY4HWabsaYRJj3coQ1LJRZUe8k46xAdWyVA7VDZJw0aq/83Eiy0HgjfTgpsunrWG4mLvEZs2tdewmQUGyrJ5KN2zJEJ0ehwFDBFieEDSzBRzGZFpIsVJsbWk10Y+jTos0in+Z/TA6ZGE98Xf2lsk+5sb/OkelZ0L4sXD+eF0k3aaQYcgiNwAlxwBUrgDpRBBRDQAS/gFbzBd/gBv+D3ZHQJpjv7YArw5xefeKgX</latexit>

Md

<latexit sha1_base64="SMi5Q5ibJ79jFfvV1BtOMqPzSsg=">AAACN3icbVDLSgMxFE3qq9ZXq+DGzWARXEiZEV8bodCNywr2AdOhZDJpG5pMhiRTLEM/w61+h5/iyp249Q/MtIPYx4HA4dxzuSfHjxhV2rY/YG5tfWNzK79d2Nnd2z8olg6bSsQSkwYWTMi2jxRhNCQNTTUj7UgSxH1GWv6wls5bIyIVFeGTHkfE46gf0h7FSBvJ7XCkBxixpDbpFst2xZ7CWiZORsogQ71bgsedQOCYk1BjhpRyHTvSXoKkppiRSaETKxIhPER94hoaIk6Ul0wzT6wzowRWT0jzQm1N1f8bCeJKjblvnGlGtThLxVUzN9a9Oy+hYRRrEuLZoV7MLC2stAAroJJgzcaGICypyWrhAZIIa1NTYWXoi2BEI5Xlf84+MGdNfJ//pTFNOou9LZPmZcW5qVw/XpWr91mneXACTsE5cMAtqIIHUAcNgIEAL+AVvMF3+Am/4PfMmoPZzhGYA/z5Beayq8g=</latexit>

C

<latexit sha1_base64="ch50hbAUfippPnsidiw/bSi6PJI="></latexit>

T [Md]

[Thorngren, Wang ’19,’21]

also see                         for the higher-categorical perspective.[Décoppet, Yu ’22]
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Extension to non-invertible symmetries

• What is the background field that couples to   ? 

• Is there a picture of anomaly inflow by coupling to a bulk TQFT?

• How do I characterize the anomaly?  

In 2d, equivalent to lack of a fiber functor                                 ; 

Suppose           has a (finite) non-invertible symmetry associated to a 
fusion category   .<latexit sha1_base64="SMi5Q5ibJ79jFfvV1BtOMqPzSsg=">AAACN3icbVDLSgMxFE3qq9ZXq+DGzWARXEiZEV8bodCNywr2AdOhZDJpG5pMhiRTLEM/w61+h5/iyp249Q/MtIPYx4HA4dxzuSfHjxhV2rY/YG5tfWNzK79d2Nnd2z8olg6bSsQSkwYWTMi2jxRhNCQNTTUj7UgSxH1GWv6wls5bIyIVFeGTHkfE46gf0h7FSBvJ7XCkBxixpDbpFst2xZ7CWiZORsogQ71bgsedQOCYk1BjhpRyHTvSXoKkppiRSaETKxIhPER94hoaIk6Ul0wzT6wzowRWT0jzQm1N1f8bCeJKjblvnGlGtThLxVUzN9a9Oy+hYRRrEuLZoV7MLC2stAAroJJgzcaGICypyWrhAZIIa1NTYWXoi2BEI5Xlf84+MGdNfJ//pTFNOou9LZPmZcW5qVw/XpWr91mneXACTsE5cMAtqIIHUAcNgIEAL+AVvMF3+Am/4PfMmoPZzhGYA/z5Beayq8g=</latexit>

C

It can still have a ’t Hooft anomaly (obstruction to gauging),  
where gauging = fixing a triangulation of       and summing  
over defect configurations. But questions remain!

<latexit sha1_base64="DsIXQvs98P620wWDYKuc0u09tF8=">AAACL3icbVDLSgMxFE181vpqFdy4CRbBhZQZ8bURCm7cCBXtA9qhZDJpG5pkhiRTLEM/wa1+h18jbsStf2HaDmIfBwKHc+4l5x4/4kwbx/mES8srq2vrmY3s5tb2zm4uv1fVYawIrZCQh6ruY005k7RimOG0HimKhc9pze/djvxanyrNQvlkBhH1BO5I1mYEGys93reCVq7gFJ0x0DxxU1IAKcqtPDxoBiGJBZWGcKx1w3Ui4yVYGUY4HWabsaYRJj3coQ1LJRZUe8k46xAdWyVA7VDZJw0aq/83Eiy0HgjfTgpsunrWG4mLvEZs2tdewmQUGyrJ5KN2zJEJ0ehwFDBFieEDSzBRzGZFpIsVJsbWk10Y+jTos0in+Z/TA6ZGE98Xf2lsk+5sb/OkelZ0L4sXD+eF0k3aaQYcgiNwAlxwBUrgDpRBBRDQAS/gFbzBd/gBv+D3ZHQJpjv7YArw5xefeKgX</latexit>

Md

<latexit sha1_base64="SMi5Q5ibJ79jFfvV1BtOMqPzSsg=">AAACN3icbVDLSgMxFE3qq9ZXq+DGzWARXEiZEV8bodCNywr2AdOhZDJpG5pMhiRTLEM/w61+h5/iyp249Q/MtIPYx4HA4dxzuSfHjxhV2rY/YG5tfWNzK79d2Nnd2z8olg6bSsQSkwYWTMi2jxRhNCQNTTUj7UgSxH1GWv6wls5bIyIVFeGTHkfE46gf0h7FSBvJ7XCkBxixpDbpFst2xZ7CWiZORsogQ71bgsedQOCYk1BjhpRyHTvSXoKkppiRSaETKxIhPER94hoaIk6Ul0wzT6wzowRWT0jzQm1N1f8bCeJKjblvnGlGtThLxVUzN9a9Oy+hYRRrEuLZoV7MLC2stAAroJJgzcaGICypyWrhAZIIa1NTYWXoi2BEI5Xlf84+MGdNfJ//pTFNOou9LZPmZcW5qVw/XpWr91mneXACTsE5cMAtqIIHUAcNgIEAL+AVvMF3+Am/4PfMmoPZzhGYA/z5Beayq8g=</latexit>

C

<latexit sha1_base64="ch50hbAUfippPnsidiw/bSi6PJI="></latexit>

T [Md]

[Thorngren, Wang ’19,’21]

also see                         for the higher-categorical perspective.[Décoppet, Yu ’22]

Our main result: a sufficient diagnostic for the existence of a ’t Hooft 
anomaly, from computing correlation functions in the Symmetry TFT.

II. ’t Hooft anomalies for non-invertible symmetries

from the Symmetry TFT
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*Picture drawn with AnomTFT for invertible G, but the SymTFT  
 can be defined for general categorical   .

Symmetry TFT 

The Symmetry TFT is a TQFT which yields            when 
compactified on an interval with appropriate boundary conditions. 

AnomTFT
<latexit sha1_base64="Yy+5YWOrDcYEL1jZ6HL/kzchwB4=">AAACG3icbVDLSgMxFM34rOOr6tJNsAiCUmbE18JFwY0boYJ9yHQomUymDU0yQ5IplqFf4dZ+jTtx68KPEUzbWWjbA4HDOfeSc0+QMKq043xbS8srq2vrhQ17c2t7Z7e4t19XcSoxqeGYxbIZIEUYFaSmqWakmUiCeMBII+jdjf1Gn0hFY/GkBwnxOeoIGlGMtJGevYd2Fp66Q79dLDllZwI4T9yclECOarv40wpjnHIiNGZIKc91Eu1nSGqKGRnarVSRBOEe6hDPUIE4UX42CTyEx0YJYRRL84SGE/XvRoa4UgMemEmOdFfNemNxkeelOrrxMyqSVBOBpx9FKYM6huPrYUglwZoNDEFYUpMV4i6SCGvTkb0w9FnYp4nK87/kB9imL3e2nXlSPy+7V+XLx4tS5TZvrgAOwRE4AS64BhVwD6qgBjDg4BW8gZE1st6tD+tzOrpk5TsH4B+sr19pZaGt</latexit>

[Md+1]

<latexit sha1_base64="ho96x1NfDbZBjrX4Ik9N/x+YTgM=">AAACLHicbVDLSgMxFM3Ud32NuhHcBIvgQoYZ8bVwIbhxWcGq0JaSSW9raCYzJHdKy1i/xq39Gjcibv0LwbTOQm0PBA7n3EvOPWEihUHff3MKM7Nz8wuLS8XlldW1dXdj89bEqeZQ4bGM9X3IDEihoIICJdwnGlgUSrgLO5cj/64L2ohY3WA/gXrE2kq0BGdopYa7XZNMtSXQGkIPM4wTGnrcGzw23JLv+WPQSRLkpERylBvuV60Z8zQChVwyY6qBn2A9YxoFlzAo1lIDCeMd1oaqpYpFYOrZ+IIB3bNKk7ZibZ9COlZ/b2QsMqYfhXYyYvhg/nsjcZpXTbF1Vs+ESlIExX8+aqWSYkxHddCm0MBR9i1hXAublfIHphlHW1pxauiDZlckJs/fyw8o2r6C/+1MkttDLzjxjq+PShfneXOLZIfskn0SkFNyQa5ImVQIJ0/kmbyQoTN0Xp135+NntODkO1vkD5zPb4beqHA=</latexit>

htop b.c.|

SymTFT
<latexit sha1_base64="Yy+5YWOrDcYEL1jZ6HL/kzchwB4=">AAACG3icbVDLSgMxFM34rOOr6tJNsAiCUmbE18JFwY0boYJ9yHQomUymDU0yQ5IplqFf4dZ+jTtx68KPEUzbWWjbA4HDOfeSc0+QMKq043xbS8srq2vrhQ17c2t7Z7e4t19XcSoxqeGYxbIZIEUYFaSmqWakmUiCeMBII+jdjf1Gn0hFY/GkBwnxOeoIGlGMtJGevYd2Fp66Q79dLDllZwI4T9yclECOarv40wpjnHIiNGZIKc91Eu1nSGqKGRnarVSRBOEe6hDPUIE4UX42CTyEx0YJYRRL84SGE/XvRoa4UgMemEmOdFfNemNxkeelOrrxMyqSVBOBpx9FKYM6huPrYUglwZoNDEFYUpMV4i6SCGvTkb0w9FnYp4nK87/kB9imL3e2nXlSPy+7V+XLx4tS5TZvrgAOwRE4AS64BhVwD6qgBjDg4BW8gZE1st6tD+tzOrpk5TsH4B+sr19pZaGt</latexit>

[Md+1]

<latexit sha1_base64="YyksyFICuLYVXZlpGJ8TTQxG9Ds=">AAACQHicbVDLSsNAFJ3UV62vtoIbN8EiuJCSiK+NUHDjRqjQF6YhTCaTduhkEmYmpSX0V9zqd/gX/oE7cevKSRvEPg4MHM49l3vmuBElQhrGh5ZbW9/Y3MpvF3Z29/YPiqVyS4QxR7iJQhryjgsFpoThpiSS4k7EMQxcitvu4D6dt4eYCxKyhhxH2A5gjxGfICiV5BTLz043gLKPIE0aE+vR8WynWDGqxhT6MjEzUgEZ6k5JO+p6IYoDzCSiUAjLNCJpJ5BLgiieFLqxwBFEA9jDlqIMBljYyTT8RD9Viqf7IVePSX2q/t9IYCDEOHCVMw0qFmepuGpmxdK/tRPColhihmaH/JjqMtTTJnSPcIwkHSsCEScqq476kEMkVV+FlaHPvSGJRJZ/lH1gzpq4bvCXRjVpLva2TFoXVfO6evV0WandZZ3mwTE4AWfABDegBh5AHTQBAiPwAl7Bm/aufWpf2vfMmtOynUMwB+3nFyj5rtE=</latexit>

ZT [Md]

• SymTFT + top b.c. capture the full symmetry structure    of           .

• SymTFT is invariant under topological manipulations of           .           

<latexit sha1_base64="JgOOVbPFZwwDzRvmNL5RTruQjRU=">AAACOHicbVDLSsNAFJ2prxpfrS5cuAkWwYWURHxthEI3LivYB6ShTCaTduhkEmYmxRL6GW71P/wTd+7ErV/gpA1iHwcGDueeyz1zvJhRqSzrAxbW1jc2t4rbxs7u3v5BqXzYklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3rGfz9ogISSP+pMYxcUPU5zSgGCktOd0QqQFGLK1PeqWKVbWmMJeJnZMKyNHoleFx149wEhKuMENSOrYVKzdFQlHMyMToJpLECA9RnziachQS6abTzBPzTCu+GURCP67Mqfp/I0WhlOPQ084so1ycZeKqmZOo4M5NKY8TRTieHQoSZqrIzAowfSoIVmysCcKC6qwmHiCBsNI1GStDX/gjGss8/3P+gTlr6nnhXxpDV2kvFrdMWpdV+6Z6/XhVqd3npRbBCTgF58AGt6AGHkADNAEGEXgBr+ANvsNP+AW/Z9YCzHeOwBzgzy+G+6vY</latexit>

C
<latexit sha1_base64="bSib4mjV249WuVFCZ8V38QLBJco=">AAACP3icbVDLSsNAFJ3xWeMr1YULN8EiuJCSiK+NUHDjRqjQF6QhTCaTdujkwcykWEL/xK3+h5/hF7gTt+6ctEHs48DA4dxzuWeOlzAqpGl+wJXVtfWNzdKWtr2zu7evlw9aIk45Jk0cs5h3PCQIoxFpSioZ6SScoNBjpO0N7vN5e0i4oHHUkKOEOCHqRTSgGEklubreDZHsY8Syxth+dH3H1Stm1ZzAWCRWQSqgQN0tw6OuH+M0JJHEDAlhW2YinQxxSTEjY62bCpIgPEA9YisaoZAIJ5tEHxunSvGNIObqRdKYqP83MhQKMQo95cyDivlZLi6b2akMbp2MRkkqSYSnh4KUGTI28h4Mn3KCJRspgjCnKquB+4gjLFVb2tLQ5/6QJqLI/1x8YMaaeV74l0ZTVVrzxS2S1kXVuq5ePV1WandFqSVwDE7AGbDADaiBB1AHTYDBELyAV/AG3+En/ILfU+sKLHYOwQzgzy8qKK4U</latexit>

T [Md]
<latexit sha1_base64="bSib4mjV249WuVFCZ8V38QLBJco=">AAACP3icbVDLSsNAFJ3xWeMr1YULN8EiuJCSiK+NUHDjRqjQF6QhTCaTdujkwcykWEL/xK3+h5/hF7gTt+6ctEHs48DA4dxzuWeOlzAqpGl+wJXVtfWNzdKWtr2zu7evlw9aIk45Jk0cs5h3PCQIoxFpSioZ6SScoNBjpO0N7vN5e0i4oHHUkKOEOCHqRTSgGEklubreDZHsY8Syxth+dH3H1Stm1ZzAWCRWQSqgQN0tw6OuH+M0JJHEDAlhW2YinQxxSTEjY62bCpIgPEA9YisaoZAIJ5tEHxunSvGNIObqRdKYqP83MhQKMQo95cyDivlZLi6b2akMbp2MRkkqSYSnh4KUGTI28h4Mn3KCJRspgjCnKquB+4gjLFVb2tLQ5/6QJqLI/1x8YMaaeV74l0ZTVVrzxS2S1kXVuq5ePV1WandFqSVwDE7AGbDADaiBB1AHTYDBELyAV/AG3+En/ILfU+sKLHYOwQzgzy8qKK4U</latexit>

T [Md]

[Kong, Wen, Zheng ’15][Freed, Teleman ’18][Gaiotto, Kulp ’20][Burbano, Kulp, Neuser ’21] 
[Apruzzi, Bonetti, Garcia-Etxebarria, Hosseini, Schafer-Nameki ’21][Freed, Moore, Teleman ’22]…

[Kaidi, Ohmori, Zheng ’22]
<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="wxyultXRjNiRXpBpWsi6FE1xoVk="></latexit>

|dynamical b.c.i

<latexit sha1_base64="ch50hbAUfippPnsidiw/bSi6PJI="></latexit>

T [Md]

shrink slab

Symmetry TFT, in detail 

<latexit sha1_base64="LVqVykIbw2TkpbTRq5SdgDJo3FI=">AAACKXicbVDLSgMxFM3UV62vqrhyEyyCCykz4muh0OLGZQX7wHYomTRtQzOZIblTWoZ+jFv7Ne7Urd8hmLaz0LYHAodz7uWeHC8UXINtf1qpldW19Y30ZmZre2d3L7t/UNFBpCgr00AEquYRzQSXrAwcBKuFihHfE6zq9R4mfrXPlOaBfIZhyFyfdCRvc0rASM3s0UszbgAbQFyUgT8a1YsuvsfNbM7O21PgReIkJIcSlJrZn0YroJHPJFBBtK47dghuTBRwKtgo04g0CwntkQ6rGyqJz7QbT+OP8KlRWrgdKPMk4Kn6dyMmvtZD3zOTPoGunvcm4jKvHkH71o25DCNgks4OtSOBIcCTLnCLK0ZBDA0hVHGTFdMuUYSCaSyzNPR5q89DneQfJB/ImL6c+XYWSeUi71znr54uc4W7pLk0OkYn6Aw56AYV0CMqoTKiKEav6A2NrbH1bn1YX7PRlJXsHKJ/sL5/AdEMpwU=</latexit>

ZAnom[A] =
<latexit sha1_base64="ZkBVol+K6UDDm9AYn7PIQIKgDyM="></latexit>

e
2⇡i

R
Md+1

!(A)

<latexit sha1_base64="pzTD7xO7mB1f3+ndxpPmSl6VusQ="></latexit>

ZSym ⇠
X

ba,a

e
i
R

Md+1
ba[�a

<latexit sha1_base64="nbI2dfa5wAt3nGniBiBUr6GEXHY=">AAACLHicbVDLSgMxFM34dnxV3QhugkVwIWVGfC1cVNy4rGBVnA4lk0k1NJMMyZ3SMtSvcatf40bErX8hmLaz0NoDgcM595JzT5QKbsDz3p2p6ZnZufmFRXdpeWV1rbS+cWNUpimrUyWUvouIYYJLVgcOgt2lmpEkEuw2al8M/NsO04YreQ29lIUJeZC8xSkBKzVLWw0aK8D3zbwBrAv5uVRJvx+QsFkqexVvCPyf+AUpowK1Zum7ESuaJUwCFcSYwPdSCHOigVPB+m4jMywltE0eWGCpJAkzYT68oI93rRLjltL2ScBD9fdGThJjeklkJxMCj2bcG4iTvCCD1mmYc5lmwCQdfdTKBAaFB3XgmGtGQfQsIVRzmxXTR6IJBVuaOzH0ftzhqSnyd4sDXNuXP97Of3JzUPGPK0dXh+XqWdHcAtpGO2gP+egEVdElqqE6ougJPaMX9Oq8Om/Oh/M5Gp1yip1N9AfO1w9Y8qjs</latexit>

·ZAnom[a]

<latexit sha1_base64="e6eNm+QlCZ3AFE0zBskCGPhdu8g="></latexit>

|T i =
X

a

ZT [a]|ai
<latexit sha1_base64="GH62+W8kbJLwILAQWFzF29NrKeE="></latexit>

hDirichlet(A)| =
X

a

ha|�(a�A)e.g.

gauged version of Anomaly field theory

= Dijkgraaf-Witten theory with action matching 
      ’s anomalies (for non-intrinsically non-invertible)

<latexit sha1_base64="6x3BFOEWAHZTmnRGUecK7xR0UnE="></latexit>

T
[Kaidi, Zafrir, Zheng ’22]

labels the symmetry defects

*Picture drawn with AnomTFT for invertible G, but the SymTFT  
 can be defined for general categorical   . [Kaidi, Ohmori, Zheng ’22]

<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="ho96x1NfDbZBjrX4Ik9N/x+YTgM=">AAACLHicbVDLSgMxFM3Ud32NuhHcBIvgQoYZ8bVwIbhxWcGq0JaSSW9raCYzJHdKy1i/xq39Gjcibv0LwbTOQm0PBA7n3EvOPWEihUHff3MKM7Nz8wuLS8XlldW1dXdj89bEqeZQ4bGM9X3IDEihoIICJdwnGlgUSrgLO5cj/64L2ohY3WA/gXrE2kq0BGdopYa7XZNMtSXQGkIPM4wTGnrcGzw23JLv+WPQSRLkpERylBvuV60Z8zQChVwyY6qBn2A9YxoFlzAo1lIDCeMd1oaqpYpFYOrZ+IIB3bNKk7ZibZ9COlZ/b2QsMqYfhXYyYvhg/nsjcZpXTbF1Vs+ESlIExX8+aqWSYkxHddCm0MBR9i1hXAublfIHphlHW1pxauiDZlckJs/fyw8o2r6C/+1MkttDLzjxjq+PShfneXOLZIfskn0SkFNyQa5ImVQIJ0/kmbyQoTN0Xp135+NntODkO1vkD5zPb4beqHA=</latexit>

htop b.c.|
<latexit sha1_base64="wxyultXRjNiRXpBpWsi6FE1xoVk="></latexit>

|dynamical b.c.i

shrink slab

<latexit sha1_base64="YyksyFICuLYVXZlpGJ8TTQxG9Ds=">AAACQHicbVDLSsNAFJ3UV62vtoIbN8EiuJCSiK+NUHDjRqjQF6YhTCaTduhkEmYmpSX0V9zqd/gX/oE7cevKSRvEPg4MHM49l3vmuBElQhrGh5ZbW9/Y3MpvF3Z29/YPiqVyS4QxR7iJQhryjgsFpoThpiSS4k7EMQxcitvu4D6dt4eYCxKyhhxH2A5gjxGfICiV5BTLz043gLKPIE0aE+vR8WynWDGqxhT6MjEzUgEZ6k5JO+p6IYoDzCSiUAjLNCJpJ5BLgiieFLqxwBFEA9jDlqIMBljYyTT8RD9Viqf7IVePSX2q/t9IYCDEOHCVMw0qFmepuGpmxdK/tRPColhihmaH/JjqMtTTJnSPcIwkHSsCEScqq476kEMkVV+FlaHPvSGJRJZ/lH1gzpq4bvCXRjVpLva2TFoXVfO6evV0WandZZ3mwTE4AWfABDegBh5AHTQBAiPwAl7Bm/aufWpf2vfMmtOynUMwB+3nFyj5rtE=</latexit>

ZT [Md]
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<latexit sha1_base64="LkxmhAhGBUoA2jQ7vRvvMbd9iGk="></latexit>

Ubdy(⌃
p) 2 Cgive rise to    upon shrinking the slab

associated to the topological b.c.

ending on a boundary operator

Topological defects of the SymTFT → symmetries of 
<latexit sha1_base64="rZNKSLZObEoDOXSQddp5zpDkva0="></latexit>

T

-locus
<latexit sha1_base64="zHUZZGB6F03vTXLBM4BQasnrv7g="></latexit>

(p� 1)

-locus
<latexit sha1_base64="zHUZZGB6F03vTXLBM4BQasnrv7g="></latexit>

(p� 1)

<latexit sha1_base64="hDtmab1s0X2Zy4DTPcYzks9Wb2Q="></latexit>

Ubulk(⌃
p) 2 Bc

<latexit sha1_base64="8tHmgraZM1tCpX8JjMulPor8nFU="></latexit>

Ubulk(⌃
p) 2 A

<latexit sha1_base64="qKX9ie8uP0Wv+4Lc4IWa8UY3sqg="></latexit>

C

<latexit sha1_base64="ho96x1NfDbZBjrX4Ik9N/x+YTgM=">AAACLHicbVDLSgMxFM3Ud32NuhHcBIvgQoYZ8bVwIbhxWcGq0JaSSW9raCYzJHdKy1i/xq39Gjcibv0LwbTOQm0PBA7n3EvOPWEihUHff3MKM7Nz8wuLS8XlldW1dXdj89bEqeZQ4bGM9X3IDEihoIICJdwnGlgUSrgLO5cj/64L2ohY3WA/gXrE2kq0BGdopYa7XZNMtSXQGkIPM4wTGnrcGzw23JLv+WPQSRLkpERylBvuV60Z8zQChVwyY6qBn2A9YxoFlzAo1lIDCeMd1oaqpYpFYOrZ+IIB3bNKk7ZibZ9COlZ/b2QsMqYfhXYyYvhg/nsjcZpXTbF1Vs+ESlIExX8+aqWSYkxHddCm0MBR9i1hXAublfIHphlHW1pxauiDZlckJs/fyw8o2r6C/+1MkttDLzjxjq+PShfneXOLZIfskn0SkFNyQa5ImVQIJ0/kmbyQoTN0Xp135+NntODkO1vkD5zPb4beqHA=</latexit>

htop b.c.|

<latexit sha1_base64="dN0iKC4xNuUF8VFOGBw56w+1zes="></latexit>

Uc(⌃
2)

•                          Yang-Mills,        generated by 

An invertible 4d example

<latexit sha1_base64="YRJZ9E1AIwp+wfK1C717uBIdg/I="></latexit>

ZSym =
X

b,c

e
2⇡i
N

R
M5

b^dc

<latexit sha1_base64="W5z4ctP4rKRCpRoV/K9DRdUh/sc="></latexit>

|T i =
X

b

ZT (b)|bi
<latexit sha1_base64="ntk86UUMIzPmlUC2Wp/AU+I5lr0="></latexit>

hD(B)| =
X

b

hb|�(b�B)

<latexit sha1_base64="9Fu4lLM/SIwQnhyGIZU3Ro57lRk=">AAACQXicbVDLSsNAFJ3UV42vti5cuAkWwYWURHxthKIblxX6wjSEyWTSDp08mJmUlpBfcav/4Vf4Ce7ErRsnbRD7ODBwOPdc7pnjRJRwoesfSmFtfWNzq7it7uzu7R+UypU2D2OGcAuFNGRdB3JMSYBbggiKuxHD0Hco7jjDh2zeGWHGSRg0xSTClg/7AfEIgkJKdqnybCc9H4oBgjRppql5b9mlql7Tp9CWiZGTKsjRsMvKUc8NUezjQCAKOTcNPRJWApkgiOJU7cUcRxANYR+bkgbQx9xKpuFT7VQqruaFTL5AaFP1/0YCfc4nviOdWU6+OMvEVTMzFt6tlZAgigUO0OyQF1NNhFrWhOYShpGgE0kgYkRm1dAAMoiE7EtdGfrcHZGI5/nH+QfmrInj+H9pVFmlsVjcMmlf1Izr2tXTZbV+l5daBMfgBJwBA9yAOngEDdACCIzBC3gFb8q78ql8Kd8za0HJdw7BHJSfXxjLrws=</latexit>

ZT [B]

<latexit sha1_base64="uP8wEZUkJNq2r54WZNfNeMZqheI="></latexit>

Ubulk = { , Ub(⌃
2) = e

2⇡i
N

H
⌃2 b, Uc(⌃

2) = e
2⇡i
N

H
⌃2 c, ...}

<latexit sha1_base64="wMMK89EB6vkK2q9wlo/NalGNy4o="></latexit>

T = 4d SU(N)
<latexit sha1_base64="aCurqkUc4CxUZaOOZ2taRfKV98o=">AAACQXicbVDLSgMxFM3UVx1fbV24cDNYhApSZsTXRii4cSUV7APbWpI0bUMzmSHJlJZhfsWt/odf4Se4E7duzLSD2MeBwOHcc7knB/mMSmXbH0ZqZXVtfSO9aW5t7+zuZbK5qvQCgUkFe8wTdQQlYZSTiqKKkbovCHQRIzU0uI3ntSERknr8UY190nJhj9MuxVBpqZ3JNV2o+giFT1H7/jksOCdRO5O3i/YE1iJxEpIHCcrtrHHQ7Hg4cAlXmEEpG47tq1YIhaKYkchsBpL4EA9gjzQ05dAlshVOwkfWsVY6VtcT+nFlTdT/GyF0pRy7SDvjqHJ+FovLZo1Ada9bIeV+oAjH00PdgFnKs+ImrA4VBCs21gRiQXVWC/ehgFjpvsyloU87Q+rLJP8o+cCMNUTI/Utj6iqd+eIWSfWs6FwWLx7O86WbpNQ0OARHoAAccAVK4A6UQQVgMAIv4BW8Ge/Gp/FlfE+tKSPZ2QczMH5+ARy3rn8=</latexit>

Z(1)
N

<latexit sha1_base64="M8/2NtBIqkuecaVAHYk2v74wmhY="></latexit>

U(⌃2) = e
2⇡i
N

H
⌃2 B

<latexit sha1_base64="iAHFn0PZegaoRTHE9klehPNXcas=">AAACOHicbVDLSsNAFJ34rPHV6sKFm2ARXEhJxNdGKLhxWcU+IA1lMpm2Q+cRZibVEvoZbvU//BN37sStX+C0DWIfBwYO557LPXPCmBKlXffDWlpeWV1bz23Ym1vbO7v5wl5NiUQiXEWCCtkIocKUcFzVRFPciCWGLKS4HvZuR/N6H0tFBH/UgxgHDHY4aRMEtZH85gPpdDWUUjy18kW35I7hzBMvI0WQodIqWAfNSKCEYa4RhUr5nhvrIIVSE0Tx0G4mCscQ9WAH+4ZyyLAK0nHmoXNslMhpC2ke185Y/b+RQqbUgIXGyaDuqtnZSFw08xPdvg5SwuNEY44mh9oJdbRwRgU4EZEYaTowBCJJTFYHdaGESJua7IWhT6M+iVWW/zn7wJQ1DUP2l8Y2VXqzxc2T2lnJuyxd3J8XyzdZqTlwCI7ACfDAFSiDO1ABVYCAAC/gFbxZ79an9WV9T6xLVrazD6Zg/fwCqjar7A==</latexit>) boundary        symmetry defect
<latexit sha1_base64="aCurqkUc4CxUZaOOZ2taRfKV98o=">AAACQXicbVDLSgMxFM3UVx1fbV24cDNYhApSZsTXRii4cSUV7APbWpI0bUMzmSHJlJZhfsWt/odf4Se4E7duzLSD2MeBwOHcc7knB/mMSmXbH0ZqZXVtfSO9aW5t7+zuZbK5qvQCgUkFe8wTdQQlYZSTiqKKkbovCHQRIzU0uI3ntSERknr8UY190nJhj9MuxVBpqZ3JNV2o+giFT1H7/jksOCdRO5O3i/YE1iJxEpIHCcrtrHHQ7Hg4cAlXmEEpG47tq1YIhaKYkchsBpL4EA9gjzQ05dAlshVOwkfWsVY6VtcT+nFlTdT/GyF0pRy7SDvjqHJ+FovLZo1Ada9bIeV+oAjH00PdgFnKs+ImrA4VBCs21gRiQXVWC/ehgFjpvsyloU87Q+rLJP8o+cCMNUTI/Utj6iqd+eIWSfWs6FwWLx7O86WbpNQ0OARHoAAccAVK4A6UQQVgMAIv4BW8Ge/Gp/FlfE+tKSPZ2QczMH5+ARy3rn8=</latexit>

Z(1)
N

<latexit sha1_base64="rVBtlK8dVAGX9XHvsb4EiCXWfw4="></latexit>

U(⌃2)

e.g. see discussion in [Gaiotto, Kapustin, Seiberg, Willett ’14]

(5d 2-form gauge theory)

• Bulk surface defects:

shrink slab
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<latexit sha1_base64="dN0iKC4xNuUF8VFOGBw56w+1zes="></latexit>

Uc(⌃
2)

•                          Yang-Mills,        generated by 

An invertible 4d example

<latexit sha1_base64="YRJZ9E1AIwp+wfK1C717uBIdg/I="></latexit>

ZSym =
X

b,c

e
2⇡i
N

R
M5

b^dc

<latexit sha1_base64="W5z4ctP4rKRCpRoV/K9DRdUh/sc="></latexit>

|T i =
X

b

ZT (b)|bi
<latexit sha1_base64="ntk86UUMIzPmlUC2Wp/AU+I5lr0="></latexit>

hD(B)| =
X

b

hb|�(b�B)

<latexit sha1_base64="9Fu4lLM/SIwQnhyGIZU3Ro57lRk=">AAACQXicbVDLSsNAFJ3UV42vti5cuAkWwYWURHxthKIblxX6wjSEyWTSDp08mJmUlpBfcav/4Vf4Ce7ErRsnbRD7ODBwOPdc7pnjRJRwoesfSmFtfWNzq7it7uzu7R+UypU2D2OGcAuFNGRdB3JMSYBbggiKuxHD0Hco7jjDh2zeGWHGSRg0xSTClg/7AfEIgkJKdqnybCc9H4oBgjRppql5b9mlql7Tp9CWiZGTKsjRsMvKUc8NUezjQCAKOTcNPRJWApkgiOJU7cUcRxANYR+bkgbQx9xKpuFT7VQqruaFTL5AaFP1/0YCfc4nviOdWU6+OMvEVTMzFt6tlZAgigUO0OyQF1NNhFrWhOYShpGgE0kgYkRm1dAAMoiE7EtdGfrcHZGI5/nH+QfmrInj+H9pVFmlsVjcMmlf1Izr2tXTZbV+l5daBMfgBJwBA9yAOngEDdACCIzBC3gFb8q78ql8Kd8za0HJdw7BHJSfXxjLrws=</latexit>

ZT [B]

<latexit sha1_base64="uP8wEZUkJNq2r54WZNfNeMZqheI="></latexit>

Ubulk = { , Ub(⌃
2) = e

2⇡i
N

H
⌃2 b, Uc(⌃

2) = e
2⇡i
N

H
⌃2 c, ...}

<latexit sha1_base64="wMMK89EB6vkK2q9wlo/NalGNy4o="></latexit>

T = 4d SU(N)
<latexit sha1_base64="aCurqkUc4CxUZaOOZ2taRfKV98o=">AAACQXicbVDLSgMxFM3UVx1fbV24cDNYhApSZsTXRii4cSUV7APbWpI0bUMzmSHJlJZhfsWt/odf4Se4E7duzLSD2MeBwOHcc7knB/mMSmXbH0ZqZXVtfSO9aW5t7+zuZbK5qvQCgUkFe8wTdQQlYZSTiqKKkbovCHQRIzU0uI3ntSERknr8UY190nJhj9MuxVBpqZ3JNV2o+giFT1H7/jksOCdRO5O3i/YE1iJxEpIHCcrtrHHQ7Hg4cAlXmEEpG47tq1YIhaKYkchsBpL4EA9gjzQ05dAlshVOwkfWsVY6VtcT+nFlTdT/GyF0pRy7SDvjqHJ+FovLZo1Ada9bIeV+oAjH00PdgFnKs+ImrA4VBCs21gRiQXVWC/ehgFjpvsyloU87Q+rLJP8o+cCMNUTI/Utj6iqd+eIWSfWs6FwWLx7O86WbpNQ0OARHoAAccAVK4A6UQQVgMAIv4BW8Ge/Gp/FlfE+tKSPZ2QczMH5+ARy3rn8=</latexit>

Z(1)
N

<latexit sha1_base64="M8/2NtBIqkuecaVAHYk2v74wmhY="></latexit>

U(⌃2) = e
2⇡i
N

H
⌃2 B

<latexit sha1_base64="iAHFn0PZegaoRTHE9klehPNXcas=">AAACOHicbVDLSsNAFJ34rPHV6sKFm2ARXEhJxNdGKLhxWcU+IA1lMpm2Q+cRZibVEvoZbvU//BN37sStX+C0DWIfBwYO557LPXPCmBKlXffDWlpeWV1bz23Ym1vbO7v5wl5NiUQiXEWCCtkIocKUcFzVRFPciCWGLKS4HvZuR/N6H0tFBH/UgxgHDHY4aRMEtZH85gPpdDWUUjy18kW35I7hzBMvI0WQodIqWAfNSKCEYa4RhUr5nhvrIIVSE0Tx0G4mCscQ9WAH+4ZyyLAK0nHmoXNslMhpC2ke185Y/b+RQqbUgIXGyaDuqtnZSFw08xPdvg5SwuNEY44mh9oJdbRwRgU4EZEYaTowBCJJTFYHdaGESJua7IWhT6M+iVWW/zn7wJQ1DUP2l8Y2VXqzxc2T2lnJuyxd3J8XyzdZqTlwCI7ACfDAFSiDO1ABVYCAAC/gFbxZ79an9WV9T6xLVrazD6Zg/fwCqjar7A==</latexit>) boundary        symmetry defect
<latexit sha1_base64="aCurqkUc4CxUZaOOZ2taRfKV98o=">AAACQXicbVDLSgMxFM3UVx1fbV24cDNYhApSZsTXRii4cSUV7APbWpI0bUMzmSHJlJZhfsWt/odf4Se4E7duzLSD2MeBwOHcc7knB/mMSmXbH0ZqZXVtfSO9aW5t7+zuZbK5qvQCgUkFe8wTdQQlYZSTiqKKkbovCHQRIzU0uI3ntSERknr8UY190nJhj9MuxVBpqZ3JNV2o+giFT1H7/jksOCdRO5O3i/YE1iJxEpIHCcrtrHHQ7Hg4cAlXmEEpG47tq1YIhaKYkchsBpL4EA9gjzQ05dAlshVOwkfWsVY6VtcT+nFlTdT/GyF0pRy7SDvjqHJ+FovLZo1Ada9bIeV+oAjH00PdgFnKs+ImrA4VBCs21gRiQXVWC/ehgFjpvsyloU87Q+rLJP8o+cCMNUTI/Utj6iqd+eIWSfWs6FwWLx7O86WbpNQ0OARHoAAccAVK4A6UQQVgMAIv4BW8Ge/Gp/FlfE+tKSPZ2QczMH5+ARy3rn8=</latexit>

Z(1)
N

<latexit sha1_base64="rVBtlK8dVAGX9XHvsb4EiCXWfw4="></latexit>

U(⌃2)

e.g. see discussion in [Gaiotto, Kapustin, Seiberg, Willett ’14]

(5d 2-form gauge theory)

• Bulk surface defects:

shrink slab

 
Main observation: If    is anomaly-free, then for each                there 
must be bulk topological operators                  with trivial link invariants.

<latexit sha1_base64="u++aSoNuk297YJgbNFjIqB8iDmQ="></latexit>

Ubdy 2 C
<latexit sha1_base64="YWKL1ciLEdsWoQidkwIVaNpYfTU="></latexit>

Ubulk 2 Bc

<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

• Suppose we can gauge    (it is anomaly free). Gauging    changes 
the topological b.c., but the SymTFT is unchanged.

Probing ’t Hooft anomalies with link invariants

*up to equivalence relations

• The left boundary is now a condensate of operators in   . For 
each               , a corresponding                   should move to    .

<latexit sha1_base64="bSz1mL22m1i6ShoU3+fHI6/dsqs="></latexit>

hU(⌃)U 0(⌃0)ibulk ⇠ 1<latexit sha1_base64="TsU0OKNknvo6VYlFwtWdfqAUyuY="></latexit>

U

<latexit sha1_base64="ojVtdi5JyMTnMNPsPnMUWEz1LEA="></latexit>

U 0

<latexit sha1_base64="TsU0OKNknvo6VYlFwtWdfqAUyuY="></latexit>

U

<latexit sha1_base64="ojVtdi5JyMTnMNPsPnMUWEz1LEA="></latexit>

U 0

<latexit sha1_base64="u++aSoNuk297YJgbNFjIqB8iDmQ="></latexit>

Ubdy 2 C
<latexit sha1_base64="YWKL1ciLEdsWoQidkwIVaNpYfTU="></latexit>

Ubulk 2 Bc
<latexit sha1_base64="rnh9jLjqQapKTcciAIuBmTRd6bU="></latexit>

A

• Topological operators in     have trivial link invariant in the bulk:
<latexit sha1_base64="rnh9jLjqQapKTcciAIuBmTRd6bU="></latexit>

A

If one cannot find a representative                  with trivial link invariants, 
then    is anomalous. 

<latexit sha1_base64="YWKL1ciLEdsWoQidkwIVaNpYfTU="></latexit>

Ubulk 2 Bc
<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C
<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="RI0pF7VRpO2zjbAIk7HZJBiKaHo=">AAACI3icbVDLSsNAFJ34rPHRqEs3wSK4kJKIr41QcOPCRQX7gDaUyWTSDp1kwsxNtYR+iVv7Ne7EjQs/RXDaZqFtDwwczrmXe+b4CWcKHOfLWFldW9/YLGyZ2zu7e0Vr/6CuRCoJrRHBhWz6WFHOYloDBpw2E0lx5HPa8Pt3E78xoFIxET/BMKFehLsxCxnBoKWOVWw/0BAk6/YASymeO1bJKTtT2IvEzUkJ5ah2rJ92IEga0RgIx0q1XCcBL8MSGOF0ZLZTRRNM+rhLW5rGOKLKy6bBR/aJVgI7FFK/GOyp+ncjw5FSw8jXkxGGnpr3JuIyr5VCeONlLE5SoDGZHQpTboOwJy3YAZOUAB9qgolkOqtNelhiArorc2nos2DAEpXnf8k/YOq+3Pl2Fkn9vOxelS8fL0qV27y5AjpCx+gUuegaVdA9qqIaIihFr+gNjY2x8W58GJ+z0RUj3zlE/2B8/wIRi6Uv</latexit>,

QFT and Related Mathematical Aspects 103



• This is a sufficient (not necessary) condition for a nontrivial anomaly. 

Comments

• It is strictly weaker than the fiber functor condition.

• This is especially useful when the non-invertible symmetry arises by 
topological manipulations from a QFT with only invertible symmetry. 
Then the SymTFT is a DW theory, and the link invariants are easy to 
compute.

• Can go beyond links involving 2 lines. 

[Thorngren, Wang ’19,’21][Décoppet, Yu ’22]

Computing link invariants

• 3-components: closed                           can link in   -dim if 
<latexit sha1_base64="cUG+gRkC/0SQeUT4oI1TRAeBV6I="></latexit>

Mp1 ,M 0p2 ,M 00p3

<latexit sha1_base64="4iYTflPpiAeVvFRrh9Lq71POrqw="></latexit>

M1
<latexit sha1_base64="11GUA2rQgV73CrIPnckyInFN0OY="></latexit>

M 01

Seifert surfaces 

e.g. lines in 3d:

<latexit sha1_base64="KU/SX3QAN8E9PWpmXgCcD6kDPSk="></latexit>

Link(Mp1 ,M 0p2) =

Z

Sq

PD(Np1+1) dPD(N 0p2+1) = Int(Np1+1,M 0p2)

<latexit sha1_base64="SSQPWhfMbPXuCBu1NhRakQMZDAk="></latexit>

Link(Mp1 ,M 0p2 ,M 00p3)n=0 = Int(Np1+1, N 0p2+1, N 00p3+1)

<latexit sha1_base64="btEbQa/q5Z6k4E7V2K604KOwQ80="></latexit>

p1 + p2 + p3 + (3� n) = 2q

e.g. lines in 3d, n=0:

<latexit sha1_base64="jRQVYT/5IuS9ygl9B0hzhEXlygs="></latexit>

N1

Link(Hopf link)=1 Link( )=2

Link(Borromean ring)=1

• 2-components: closed                 can link in   -dim if <latexit sha1_base64="KkSQnFJhs4R5wtw78UJTc4TfAQg="></latexit>

p1 + p2 + 1 = q
<latexit sha1_base64="0grXuiIk/85oJGpIqKRMyQyAF8g="></latexit>

Mp1 ,M 0p2 <latexit sha1_base64="tsUdgWCe+KohgixOExNCxTeMPrs="></latexit>q

<latexit sha1_base64="tsUdgWCe+KohgixOExNCxTeMPrs="></latexit>q
<latexit sha1_base64="nTqw7x8roeLM+OKAURvhI4l46+E=">AAACG3icbVDLagIxFM3Yl52+bLvsJlQKFkRmpK+NIHTTpYX6KDpIJpPRYJIZkoxUxK/otn5Nd6XbLvoxhUadRaseCBzOuZece/yYUaUd59vKbGxube9kd+29/YPDo9zxSUNFicSkjiMWyZaPFGFUkLqmmpFWLAniPiNNf3A/85tDIhWNxJMexcTjqCdoSDHSRnouiIpTdIvly24u75ScOeAqcVOSBylq3dxPJ4hwwonQmCGl2q4Ta2+MpKaYkYndSRSJER6gHmkbKhAnyhvPA0/ghVECGEbSPKHhXP27MUZcqRH3zSRHuq+WvZm4zmsnOrzzxlTEiSYCLz4KEwZ1BGfXw4BKgjUbGYKwpCYrxH0kEdamI3tt6GIwpLFK87+kB9imL3e5nVXSKJfcm9L141W+Wkmby4IzcA4KwAW3oAoeQA3UAQYcvII3MLWm1rv1YX0uRjNWunMK/sH6+gVdQqB5</latexit>

(n = 0, 1, 2)
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Computing link invariants

• 3-components: closed                           can link in   -dim if 
<latexit sha1_base64="cUG+gRkC/0SQeUT4oI1TRAeBV6I="></latexit>

Mp1 ,M 0p2 ,M 00p3

<latexit sha1_base64="4iYTflPpiAeVvFRrh9Lq71POrqw="></latexit>

M1
<latexit sha1_base64="11GUA2rQgV73CrIPnckyInFN0OY="></latexit>

M 01

Seifert surfaces 

e.g. lines in 3d:

<latexit sha1_base64="KU/SX3QAN8E9PWpmXgCcD6kDPSk="></latexit>

Link(Mp1 ,M 0p2) =

Z

Sq

PD(Np1+1) dPD(N 0p2+1) = Int(Np1+1,M 0p2)

<latexit sha1_base64="SSQPWhfMbPXuCBu1NhRakQMZDAk="></latexit>

Link(Mp1 ,M 0p2 ,M 00p3)n=0 = Int(Np1+1, N 0p2+1, N 00p3+1)

<latexit sha1_base64="btEbQa/q5Z6k4E7V2K604KOwQ80="></latexit>

p1 + p2 + p3 + (3� n) = 2q

e.g. lines in 3d, n=0:

<latexit sha1_base64="jRQVYT/5IuS9ygl9B0hzhEXlygs="></latexit>

N1

Link(Hopf link)=1 Link( )=2

Link(Borromean ring)=1

• 2-components: closed                 can link in   -dim if <latexit sha1_base64="KkSQnFJhs4R5wtw78UJTc4TfAQg="></latexit>

p1 + p2 + 1 = q
<latexit sha1_base64="0grXuiIk/85oJGpIqKRMyQyAF8g="></latexit>

Mp1 ,M 0p2 <latexit sha1_base64="tsUdgWCe+KohgixOExNCxTeMPrs="></latexit>q

<latexit sha1_base64="tsUdgWCe+KohgixOExNCxTeMPrs="></latexit>q
<latexit sha1_base64="nTqw7x8roeLM+OKAURvhI4l46+E=">AAACG3icbVDLagIxFM3Yl52+bLvsJlQKFkRmpK+NIHTTpYX6KDpIJpPRYJIZkoxUxK/otn5Nd6XbLvoxhUadRaseCBzOuZece/yYUaUd59vKbGxube9kd+29/YPDo9zxSUNFicSkjiMWyZaPFGFUkLqmmpFWLAniPiNNf3A/85tDIhWNxJMexcTjqCdoSDHSRnouiIpTdIvly24u75ScOeAqcVOSBylq3dxPJ4hwwonQmCGl2q4Ta2+MpKaYkYndSRSJER6gHmkbKhAnyhvPA0/ghVECGEbSPKHhXP27MUZcqRH3zSRHuq+WvZm4zmsnOrzzxlTEiSYCLz4KEwZ1BGfXw4BKgjUbGYKwpCYrxH0kEdamI3tt6GIwpLFK87+kB9imL3e5nVXSKJfcm9L141W+Wkmby4IzcA4KwAW3oAoeQA3UAQYcvII3MLWm1rv1YX0uRjNWunMK/sH6+gVdQqB5</latexit>

(n = 0, 1, 2)

III. Examples in 4d gauge theory
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An invertible 4d example with anomaly

•                         Yang-Mills + gauge a normal subgroup     
<latexit sha1_base64="MvRTwkW+NVHp2HN1wdbMhISljGI="></latexit>

T = 4d SU(4)
<latexit sha1_base64="mpI3DFA/hnna3mGLP/OEXSx/OOk="></latexit>

Z(1)
2 ⇢ Z(1)

4

<latexit sha1_base64="zZ1LN4Ie3drlu2q02kpPmEbcg9Q=">AAACOHicbVDLSgMxFM34rOOr1YULN8EiuJAyI742QtGNywr2AdNSMplMG5pkhiRTLUM/w63+h3/izp249QtM20Hs40DgcO653JPjx4wq7Tgf1tLyyuraem7D3tza3tnNF/ZqKkokJlUcsUg2fKQIo4JUNdWMNGJJEPcZqfu9u9G83idS0Ug86kFMWhx1BA0pRtpIXvOJBqSLdHo7bOeLTskZA84TNyNFkKHSLlgHzSDCCSdCY4aU8lwn1q0USU0xI0O7mSgSI9xDHeIZKhAnqpWOMw/hsVECGEbSPKHhWP2/kSKu1ID7xsmR7qrZ2UhcNPMSHV63UiriRBOBJ4fChEEdwVEBMKCSYM0GhiAsqckKcRdJhLWpyV4Y+jTo01hl+Z+zD0xZU9/nf2lsU6U7W9w8qZ2V3MvSxcN5sXyTlZoDh+AInAAXXIEyuAcVUAUYROAFvII36936tL6s74l1ycp29sEUrJ9fmvGr4w==</latexit>

bB
<latexit sha1_base64="IzB+/XFcVz5Mo1zukKlozY+d66Y=">AAACOnicbVDJSgNBFOyJWxy3RA8evDQGwYOEGXG7CEEvHiOYBZIh9PS8JE16Frt7omHId3jV//BHvHoTr36AnWQQsxQ0FPXq8arLjTiTyrI+jMzS8srqWnbd3Njc2t7J5XerMowFhQoNeSjqLpHAWQAVxRSHeiSA+C6Hmtu7Hc1rfRCShcGDGkTg+KQTsDajRGnJaT4xDxTjHiQ3w1auYBWtMfA8sVNSQCnKrbyx3/RCGvsQKMqJlA3bipSTEKEY5TA0m7GEiNAe6UBD04D4IJ1knHqIj7Ti4XYo9AsUHqv/NxLiSznwXe30ierK2dlIXDRrxKp95SQsiGIFAZ0casccqxCPKsAeE0AVH2hCqGA6K6ZdIghVuihzYegTr88imeZ/Tj8wZU1c1/9LY+oq7dni5kn1tGhfFM/vzwql67TULDpAh+gY2egSldAdKqMKougRvaBX9Ga8G5/Gl/E9sWaMdGcPTcH4+QVsPqzM</latexit>

eB

<latexit sha1_base64="3pAi8SYteUvgpUXVjri2Y1blpo0="></latexit>

G = bZ(1)
2 ⇥

⇣
eZ(1)
2 ' Z(1)

4 /Z(1)
2

⌘
<latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> ! <latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> !

<latexit sha1_base64="gx6oG/hpXtbcYWebbYlhsUvWiEw="></latexit> X

a2Z2,b2Z4

hb, a|�(b� 2a� eB)e⇡i
R
a[ bB

<latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> !

<latexit sha1_base64="eIJ1GfxgZiUtUjZRztsylaZ6I5k="></latexit>

B

<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="v2aqpn8xObf3Tu+FnTzIL25Xf/k="></latexit>

ZT /Z(1)
2
[ bB, eB]

<latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> !
with mixed anomaly

5d 2-form gauge 
theory

shrink slab

quantum

<latexit sha1_base64="DiB9IA+yJ3wcbtkzZyvhPruiGi4="></latexit> X

a2Z(1)
2 , b2Z(1)

4

<latexit sha1_base64="lyZJQC/Bmw38JA0twEpeGK1U1No="></latexit>

e⇡i
R
M5

(� eB) bB

cancels anomaly

An invertible 4d example with anomaly

•                         Yang-Mills + gauge a normal subgroup     
<latexit sha1_base64="MvRTwkW+NVHp2HN1wdbMhISljGI="></latexit>

T = 4d SU(4)
<latexit sha1_base64="mpI3DFA/hnna3mGLP/OEXSx/OOk="></latexit>

Z(1)
2 ⇢ Z(1)

4

<latexit sha1_base64="zZ1LN4Ie3drlu2q02kpPmEbcg9Q=">AAACOHicbVDLSgMxFM34rOOr1YULN8EiuJAyI742QtGNywr2AdNSMplMG5pkhiRTLUM/w63+h3/izp249QtM20Hs40DgcO653JPjx4wq7Tgf1tLyyuraem7D3tza3tnNF/ZqKkokJlUcsUg2fKQIo4JUNdWMNGJJEPcZqfu9u9G83idS0Ug86kFMWhx1BA0pRtpIXvOJBqSLdHo7bOeLTskZA84TNyNFkKHSLlgHzSDCCSdCY4aU8lwn1q0USU0xI0O7mSgSI9xDHeIZKhAnqpWOMw/hsVECGEbSPKHhWP2/kSKu1ID7xsmR7qrZ2UhcNPMSHV63UiriRBOBJ4fChEEdwVEBMKCSYM0GhiAsqckKcRdJhLWpyV4Y+jTo01hl+Z+zD0xZU9/nf2lsU6U7W9w8qZ2V3MvSxcN5sXyTlZoDh+AInAAXXIEyuAcVUAUYROAFvII36936tL6s74l1ycp29sEUrJ9fmvGr4w==</latexit>

bB
<latexit sha1_base64="IzB+/XFcVz5Mo1zukKlozY+d66Y=">AAACOnicbVDJSgNBFOyJWxy3RA8evDQGwYOEGXG7CEEvHiOYBZIh9PS8JE16Frt7omHId3jV//BHvHoTr36AnWQQsxQ0FPXq8arLjTiTyrI+jMzS8srqWnbd3Njc2t7J5XerMowFhQoNeSjqLpHAWQAVxRSHeiSA+C6Hmtu7Hc1rfRCShcGDGkTg+KQTsDajRGnJaT4xDxTjHiQ3w1auYBWtMfA8sVNSQCnKrbyx3/RCGvsQKMqJlA3bipSTEKEY5TA0m7GEiNAe6UBD04D4IJ1knHqIj7Ti4XYo9AsUHqv/NxLiSznwXe30ierK2dlIXDRrxKp95SQsiGIFAZ0casccqxCPKsAeE0AVH2hCqGA6K6ZdIghVuihzYegTr88imeZ/Tj8wZU1c1/9LY+oq7dni5kn1tGhfFM/vzwql67TULDpAh+gY2egSldAdKqMKougRvaBX9Ga8G5/Gl/E9sWaMdGcPTcH4+QVsPqzM</latexit>

eB

<latexit sha1_base64="3pAi8SYteUvgpUXVjri2Y1blpo0="></latexit>

G = bZ(1)
2 ⇥

⇣
eZ(1)
2 ' Z(1)

4 /Z(1)
2

⌘

<latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> ! <latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> !

<latexit sha1_base64="gx6oG/hpXtbcYWebbYlhsUvWiEw="></latexit> X

a2Z2,b2Z4

hb, a|�(b� 2a� eB)e⇡i
R
a[ bB

<latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> !

<latexit sha1_base64="eIJ1GfxgZiUtUjZRztsylaZ6I5k="></latexit>

B

<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="v2aqpn8xObf3Tu+FnTzIL25Xf/k="></latexit>

ZT /Z(1)
2
[ bB, eB]

<latexit sha1_base64="dE/16PCQC+RDx3acBb3fNw8UlmM="></latexit> !

with mixed anomaly

5d 2-form gauge 
theory

shrink slab

quantum

<latexit sha1_base64="DiB9IA+yJ3wcbtkzZyvhPruiGi4="></latexit> X

a2Z(1)
2 , b2Z(1)

4

<latexit sha1_base64="lyZJQC/Bmw38JA0twEpeGK1U1No="></latexit>

e⇡i
R
M5

(� eB) bB

cancels anomaly

• Gauging changes the Dirichlet b.c. to mixed b.c.
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reduces to            generating        (quantum)

reduces to            generating 
<latexit sha1_base64="wseytlaFK8+wcgljInW/JM+RBt0="></latexit>

eU(⌃2)
<latexit sha1_base64="BAdKs3P88ff2jZD59kQSzBY33XI="></latexit>

bZ(1)
2

<latexit sha1_base64="HYLoPSNyuWt0hxApS+cLNGf5u5g="></latexit>

eZ(1)
2

<latexit sha1_base64="hegexenzI4am/zTkCSrKaR+E6eo="></latexit>

bU(⌃2)

The mixed anomaly is probed by a 2-link invariant

(Meanwhile          moves to    , as it reduces to the gauged        defect.)
<latexit sha1_base64="GY4rH0CkP/cSMC8uYSor+ncZ3N4="></latexit>

(Uc)
2

<latexit sha1_base64="aUMOAHefFjuK5UW8MJ9hDBpRsZM="></latexit>

Z(1)
2

<latexit sha1_base64="rnh9jLjqQapKTcciAIuBmTRd6bU="></latexit>

A

due to the mixed anomaly

<latexit sha1_base64="1jd0jvaFkRyP6QMwNvm6Hlz4aU4="></latexit>

Ub(⌃
2) = e

⇡i
2

H
b

<latexit sha1_base64="PrFH5IQJyLCB5xf87B1UG4squac="></latexit>

Uc(⌃
2) = e

⇡i
2

H
c

<latexit sha1_base64="g8BJfrZpQwUnlLkx0hfU/8lAyNg="></latexit>

hUb(⌃)Uc(⌃
0))i = �i eLink(⌃,⌃0)

<latexit sha1_base64="YbEZWZG3jwOFwghF7RXd2Q80ni4="></latexit>

(�i)Link(⌃,⌃0)

Consider            with                              , where     and       have a 
mixed anomaly, and       has a self anomaly.

A class of anomalous non-invertible examples
<latexit sha1_base64="OzQf8rSTyAYFsvh9c5K/PLtWfwc="></latexit>

G = · · ·⇥H ⇥ ZA
m

<latexit sha1_base64="ch50hbAUfippPnsidiw/bSi6PJI="></latexit>

T [Md]

(1) Gauge     to promote       to a non-invertible symmetry, 
implemented by non-invertible defect 

<latexit sha1_base64="k5AdBF91wRjvU2rKN7nTZK/BmzA="></latexit>

NA

(2) The non-invertible symmetry is anomalous (as expected!), as can 
be probed by link invariants in the SymTFT. 

<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="UbRRJ/NaE7+NlNRDvCtBhV8iyZ8="></latexit>

htop b.c.|
<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="KuutEmMC1W3XBdMitvY6gzh41Ik="></latexit>

htop b.c.0|<latexit sha1_base64="6x3BFOEWAHZTmnRGUecK7xR0UnE="></latexit>

T
<latexit sha1_base64="Lk7EcgX2Vg2LXpmX6jCsQpDaRd8="></latexit>

Gwith
<latexit sha1_base64="g3kRa4GkmLL7APEk76B3bIKu2CU="></latexit>

T /H
<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="HNU1yQGv9nDBdO/0oAx1lO2fVBw="></latexit>

?

with

<latexit sha1_base64="NrludvAcFp3QiI9vuwCegQtBX3s="></latexit>

Ubulk

<latexit sha1_base64="yK+y2HeZnHZZ9D7r/qruNbjImnE="></latexit>

NA <latexit sha1_base64="4q6WHIiqSshymXs43znvaRVEtQo="></latexit>

hUbulk(⌃) . . . Ubulk(⌃
0)i ⇠ e

2⇡i
m Link(⌃,··· ,⌃0)

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="ef3Ql/JApvAqMPVk3Q5eCCyXqFM="></latexit>

H

• e.g. applies for 4d              adjoint QCD, 4d             SYM, …
<latexit sha1_base64="g91FEhWpeai+cYzA4mfTAwbPEMA="></latexit>

N = 4
<latexit sha1_base64="mBNI1HdUPbTvhm+HI+TyahJbsKw="></latexit>

SU(N)

<latexit sha1_base64="ef3Ql/JApvAqMPVk3Q5eCCyXqFM="></latexit>

H

(1)
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Consider            with                              , where     and       have a 
mixed anomaly, and       has a self anomaly.

A class of anomalous non-invertible examples
<latexit sha1_base64="OzQf8rSTyAYFsvh9c5K/PLtWfwc="></latexit>

G = · · ·⇥H ⇥ ZA
m

<latexit sha1_base64="ch50hbAUfippPnsidiw/bSi6PJI="></latexit>

T [Md]

(1) Gauge     to promote       to a non-invertible symmetry, 
implemented by non-invertible defect 

<latexit sha1_base64="k5AdBF91wRjvU2rKN7nTZK/BmzA="></latexit>

NA

(2) The non-invertible symmetry is anomalous (as expected!), as can 
be probed by link invariants in the SymTFT. 

<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="UbRRJ/NaE7+NlNRDvCtBhV8iyZ8="></latexit>

htop b.c.|
<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="KuutEmMC1W3XBdMitvY6gzh41Ik="></latexit>

htop b.c.0|<latexit sha1_base64="6x3BFOEWAHZTmnRGUecK7xR0UnE="></latexit>

T
<latexit sha1_base64="Lk7EcgX2Vg2LXpmX6jCsQpDaRd8="></latexit>

Gwith
<latexit sha1_base64="g3kRa4GkmLL7APEk76B3bIKu2CU="></latexit>

T /H
<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="HNU1yQGv9nDBdO/0oAx1lO2fVBw="></latexit>

?

with

<latexit sha1_base64="NrludvAcFp3QiI9vuwCegQtBX3s="></latexit>

Ubulk

<latexit sha1_base64="yK+y2HeZnHZZ9D7r/qruNbjImnE="></latexit>

NA <latexit sha1_base64="4q6WHIiqSshymXs43znvaRVEtQo="></latexit>

hUbulk(⌃) . . . Ubulk(⌃
0)i ⇠ e

2⇡i
m Link(⌃,··· ,⌃0)

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="ef3Ql/JApvAqMPVk3Q5eCCyXqFM="></latexit>

H

• e.g. applies for 4d              adjoint QCD, 4d             SYM, …
<latexit sha1_base64="g91FEhWpeai+cYzA4mfTAwbPEMA="></latexit>

N = 4
<latexit sha1_base64="mBNI1HdUPbTvhm+HI+TyahJbsKw="></latexit>

SU(N)

<latexit sha1_base64="ef3Ql/JApvAqMPVk3Q5eCCyXqFM="></latexit>

H

(1)

Consider            with                              , where     and       have a 
mixed anomaly, and       has a self anomaly.

A class of anomalous non-invertible examples
<latexit sha1_base64="OzQf8rSTyAYFsvh9c5K/PLtWfwc="></latexit>

G = · · ·⇥H ⇥ ZA
m

<latexit sha1_base64="ch50hbAUfippPnsidiw/bSi6PJI="></latexit>

T [Md]

(1) Gauge     to promote       to a non-invertible symmetry, 
implemented by non-invertible defect 

<latexit sha1_base64="k5AdBF91wRjvU2rKN7nTZK/BmzA="></latexit>

NA

(2) The non-invertible symmetry is anomalous (as expected!), as can 
be probed by link invariants in the SymTFT. 

<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="UbRRJ/NaE7+NlNRDvCtBhV8iyZ8="></latexit>

htop b.c.|
<latexit sha1_base64="SpZFMmCxhmSKx/FBIPG6CKP6N14="></latexit>

|T i
<latexit sha1_base64="KuutEmMC1W3XBdMitvY6gzh41Ik="></latexit>

htop b.c.0|<latexit sha1_base64="6x3BFOEWAHZTmnRGUecK7xR0UnE="></latexit>

T
<latexit sha1_base64="Lk7EcgX2Vg2LXpmX6jCsQpDaRd8="></latexit>

Gwith
<latexit sha1_base64="g3kRa4GkmLL7APEk76B3bIKu2CU="></latexit>

T /H
<latexit sha1_base64="BvZ5N9tSQpRUgGet4mnFrXTZCjg="></latexit>

C

<latexit sha1_base64="HNU1yQGv9nDBdO/0oAx1lO2fVBw="></latexit>

?

with

<latexit sha1_base64="NrludvAcFp3QiI9vuwCegQtBX3s="></latexit>

Ubulk

<latexit sha1_base64="yK+y2HeZnHZZ9D7r/qruNbjImnE="></latexit>

NA <latexit sha1_base64="4q6WHIiqSshymXs43znvaRVEtQo="></latexit>

hUbulk(⌃) . . . Ubulk(⌃
0)i ⇠ e

2⇡i
m Link(⌃,··· ,⌃0)

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="Y7FE0Zv3Qb59YKVePfZaSryVrBU="></latexit>

ZA
m

<latexit sha1_base64="ef3Ql/JApvAqMPVk3Q5eCCyXqFM="></latexit>

H

• e.g. applies for 4d              adjoint QCD, 4d             SYM, …
<latexit sha1_base64="g91FEhWpeai+cYzA4mfTAwbPEMA="></latexit>

N = 4
<latexit sha1_base64="mBNI1HdUPbTvhm+HI+TyahJbsKw="></latexit>

SU(N)

<latexit sha1_base64="ef3Ql/JApvAqMPVk3Q5eCCyXqFM="></latexit>

H

(1)
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Example: 4d adjoint QCD

<latexit sha1_base64="A4vaE0LX1GiXtpVouFUMXeOk8u4="></latexit>

G = · · ·⇥ Z(1)
Nc

⇥ ZA
2NfNc

(even     )

• Bulk defect operators in the SymTFT include:

<latexit sha1_base64="c03b0urvGI7PQ+ytLf9B0GXzHDk="></latexit>

Ua(M
1) = e

2⇡i
2NfNc

H
M1 a

✴ electric line/surface operators 

✴ magnetic non-invertible surface/volume operators

<latexit sha1_base64="VSqlyl9MuGCkzq+gTteJVkBF1N0="></latexit>

Ub(M
2) = e

2⇡i
Nc

H
M2 b

<latexit sha1_base64="tXEhRrL9hUnXXZogQO+yiRcJmfQ="></latexit>

Uba(M
3) = e

2⇡i
2NfNc

H
M3 ba · TQFT[b]

<latexit sha1_base64="YhyLq8C7r6OLq7Ao37EbrNIQhmo="></latexit>

Ubb(M
2) = e

2⇡i
Nc

H
M2

bb · TQFT[a, b]

<latexit sha1_base64="13IvVjhQamM27jUzXB41RRPZgGk="></latexit>

2 A

<latexit sha1_base64="uOiVC0qAwkD7A4qLxLTq2Q1n6B4="></latexit>

2 B

bdy             defect
<latexit sha1_base64="MkEeocWN1zkQQPAuT3hRCtFldBM="></latexit>

ZA
2NfNc

bdy         defect
<latexit sha1_base64="QA9SLhgcqMw/wqTzulVlzRStaoI="></latexit>

Z(1)
Nc

• Consider                   gauge theory with      adjoint Weyl fermions<latexit sha1_base64="sRldCRxcL+gHJTUGT+lQy27mutM="></latexit>

Nf

<latexit sha1_base64="WtFvkLNu1I+wqxxOtoAuB+7UPTs="></latexit>

4d SU(Nc)

<latexit sha1_base64="EvOy6AECYRPWRwPbp4mCL5kq+80="></latexit>

!(A,B) =
1

2Nc
AP(B) +

N2
c � 1

6Nc
A�A�A

<latexit sha1_base64="PWYdgWxllgoIRxJqRqR4T4C2R9I="></latexit>

Nc

[Cordova, Dumitrescu ’18], also see [Delmastro, Gomis, Hsin, Komargodski ’22] 

Example: 4d adjoint QCD

(1) Gauging        →                adjoint QCD with        symmetry, and 
noninvertible defect       ,  

<latexit sha1_base64="QA9SLhgcqMw/wqTzulVlzRStaoI="></latexit>

Z(1)
Nc

<latexit sha1_base64="RcRC0pUbPgJzsFDTzFaPcM1hnlE="></latexit>

PSU(Nc)
<latexit sha1_base64="A8qPyXqnzC1H9+y3LHq7HU7BzZ4="></latexit>

bZ(1)
Nc

<latexit sha1_base64="yK+y2HeZnHZZ9D7r/qruNbjImnE="></latexit>

NA

The magnetic              moves to    , and electric              moves to   , with:        
<latexit sha1_base64="bsJn8JehEXJL1lqYoEiGHVit+0o="></latexit>

Ub(M
2)

<latexit sha1_base64="kFGQ66xrt8TMPWOe5Br1E7Max5Q="></latexit>

Ubb(M
2)

<latexit sha1_base64="rnh9jLjqQapKTcciAIuBmTRd6bU="></latexit>
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4d                adjoint QCD has an anomalous non-invertible  
symmetry for all                        . 
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(2)

(rules out special Nc, Nf with non-anomalous invertible symmetries)

see [Choi, Cordova, Hsin, Lam, Shao ‘21][Kaidi, Ohmori, 
Zheng ’21,’22][Bhardwaj, Bottini, Schafer-Nameki, Tiwari ’22]
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Example: 4d adjoint QCD

(1) Gauging        →                adjoint QCD with        symmetry, and 
noninvertible defect       ,  
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4d                adjoint QCD has an anomalous non-invertible  
symmetry for all                        . 

<latexit sha1_base64="4IM22jgGA6SQD1+sw2oXSq7GYsc="></latexit>)
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Nc > 1, Nf � 1
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NA ⇥NA ⇠
X

M22H2(M3,ZNc )

(�1)Q(M2) bUbdy(M
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NA ⇥ bUbdy ⇠ NA,
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NA(M
3)

<latexit sha1_base64="2Q3BLqG0tkEBfcPJUNXgbow3i58="></latexit>

bUbdy(M
2)

(2)

(rules out special Nc, Nf with non-anomalous invertible symmetries)

see [Choi, Cordova, Hsin, Lam, Shao ‘21][Kaidi, Ohmori, 
Zheng ’21,’22][Bhardwaj, Bottini, Schafer-Nameki, Tiwari ’22]

Matching the anomaly in the IR

• e.g. consider            SYM (            adjoint QCD).
<latexit sha1_base64="8af+hktIk6ctbI33RixzdfJ0oOI="></latexit>

N = 1
<latexit sha1_base64="G4bhNi+j9DxB18RWtya7wF/fmM4="></latexit>

Nf = 1

     gapped vacua.<latexit sha1_base64="4IM22jgGA6SQD1+sw2oXSq7GYsc="></latexit>)

domain walls supporting 3d  
match the                   anomaly 
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[Acharya, Vafa ’01][Gaiotto, Kapustin, Komargodski, Seiberg ’17]
[Hsin, Lam, Seiberg ‘18][Apruzzi, van Beest, Gould, Schafer-

Nameki ’21][Apruzzi, Bah, Bonetti, Schafer-Nameki ‘22]
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How is the self-anomaly matched?
[Delmastro, Gomis, Hsin, Komargodski ’22]
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SU(Nc)
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N = 1

Anomaly matching via the SymTFT (schematically) 

<latexit sha1_base64="4Ah804cwmjpXAtyT5DTmrAh6bBs="></latexit>

|D(A = 0)i
<latexit sha1_base64="BG3Z8hqiSj7diG9qRppDxk0+wU4="></latexit>

|N(B = 0)i

see [Apruzzi, Bah, Bonetti, Schafer-Nameki ’22] for the holographic perspective!
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IR

shrink slab
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Nc vacua

• The fact that the domain walls + junctions saturate the         self-
anomaly is related to the nontrivial              triple link invariants.
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N = 1

Anomaly matching via the SymTFT (schematically) 

It would be interesting to see this in detail!
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see [Apruzzi, Bah, Bonetti, Schafer-Nameki ’22] for the holographic perspective!

• .
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• Much like for ordinary symmetries, ’t Hooft anomalies of non-
invertible (categorical) symmetries are a useful tool for 
constraining the dynamics of QFT.


• Linking invariants in the Symmetry TFT provide a diagnostic of ’t 
Hooft anomalies for generalized symmetries, which are simple to 
compute in many examples.


• Examples of theories with anomalous non-invertible symmetries 
include 4d adjoint QCD, and            super Yang-Mills.


• Tracking the defect operators in the SymTFT across RG flow can 
lead to insights into anomaly matching.

Summary

<latexit sha1_base64="g91FEhWpeai+cYzA4mfTAwbPEMA="></latexit>

N = 4

• Notion of anomaly field theory for the non-invertible case?


• Complete characterization of ’t Hooft anomalies for non-invertible 
symmetries?


• General framework for intrinsically non-invertible symmetries?


• More dynamical consequences for non-invertible symmetries?

Future directions

112 OCAMI Reports Vol. 3 (2023)



Thank you!
ありがとうございます
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Fusion Surface Models: 2+1d Lattice Models
from Higher Categories

Kantaro Ohmori

Abstract.

(K. Ohmori) University of Tokyo
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Fusion Surface Models:
2+1d Lattice Models From Higher Categories

Kantaro Ohmori,
University of Tokyo

@Shuzenji Mar. 2023

based on work with Kansei Inamura (Institute for solid state physics, UTokyo)

1

People has been Generalizing symmetry for a decade,
which has been sucessful.
There are a lot of new symmetires.

Are all of them relevant to physics?

A necessary condition for the relevance:
Is there a physical system having a given gen'ed sym?

2
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Is there a physical system having a given gen'ed sym?

Yes, at least a theoretical lattice model exists,
for a broad class of finite generalized symmetry.

Today we discuss systematic constructions
for gen'ed sym.s in 1+1 (review) and 2+1d.

3

Fusion Surface Models
2+1d quantum model on a honeycomb lattice

Variables on plaquette, edges, and vertices:

Contraints on variables + Hamiltonians,

the model has a fusion 2-cateogry symmetry,
given as an input.

Generalizing spin systems in a symmetry-based way.

Microscopically realize the symmetry of anyons.

4
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Outline
Generalized Symmetry and Topological Order.

1+1d Anyon Chain [Feiguin, Trebst, Ludwig, Troyer, Kitaev, Wang, Freedman '06]

[Aasen,Fendley,Mong '20]

2+1d Fusion Surface Model

5

Generalized Symmetry and Topological Order

6
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Symmetry and Topological Operator

A conventional symmetry 
Codimension-one topological operator 

e.g. : .

Conservation law:
topological-ness.

7

Symmetry and Topological Operator (2)

Spacelike  : symmetry action,  timelike  : twisted boundary

 acts on the local operators:

8
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Grouplike Fusion
Group-like fusion rule: 

In particular, it is invertible: 

9

Generalized Symmetry
A conventional symmetry operation 
codim. one, invertible topological operator.

Topological-ness  conservation law.

Relax the first two:
codim. : higher-form ( -form) symmetry.

non-invertible symmetry.

(Relaxing the last one leads to "subsystem symmetry".)

10
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Higher-form Symmetry [Gaiotto, Kapustin, Seiberg, Willett '14]

-form symmetry  codim  invertible topological operator.

Acts on a -dimensional operator.

e.g. Electric  one-form sym.
         in 4d free Maxwell theory:

,  (EOM)

Charged object: Wilson line

SSB:  creates photons  Photon is a NG particle!

11

Non-invertible Symmetry
A general fusion of topological surface: ( )

In particular, a general top. op. does not have its inverse.

E.g. KW duality in 1+1d critical Ising model [Aasen Mong Fendley '16]:

12
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Topological Order as SSB of Gen'ed Sym.
Combine the two relaxations: higher-form non-invertibe symmetry.

2+1d TQFT has such symmetry.

A TQFT can be thought as the IR limit of a topological order.
A 2+1d topological order contains a quasi particle called anyons.

The worldline of an anyon  top. line operator in the TQFT

Emergent one-form symmetry.

Non-trivial symmetry operator in the deep IR: SSB!

Anyon  domain wall in 0-form SSB phase.

13

Topological Order as SSB of Gen'ed Sym. (2)

The fusion rule of anyons/top. lines can be either

grouplike (abelian anyon)
 invertible one-form sym. , or

general (non-abelian anyon)
non-invertible one-form sym.

SSB of gen'ed symmetry characterizes top. order:
Generalized Landau paradigm.

14
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Towards UV Models of topological order
UV lattice construction for a general top. order is unclear.

Top. order is the SSB phase of a gen'ed sym.

UV lattice model with the same gen'ed symmetry
might flow to the phase! Fusion surface model!

In general the models are (probably) unsolvable and strongly-interacting
 we need numerical study.

15

1+1d Anyon Chain

[Feiguin, Trebst, Ludwig, Troyer, Kitaev, Wang, Freedman '06]...[Aasen,Fendley,Mong '20]...

16
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1+1d Anyon Chain
1+1d lattice system, generalizing spin chain.

Acted naturally by a fusion (1-)category .

An object  instead of spin, i.e.  instead of ,  acted by .

17

Fusion Category
A generalization of a finite group.

Fusion category  consists of
 : set of topological lines, called simple objects,

𝟙  : the trivial line operator.

, : objects.

 for  : line-changing op.s.
-vector space.

 of .

And other data:
18

QFT and Related Mathematical Aspects 123



Fusion
Fusion product  , .

When , there are junctions by fusion upper half:

.
19

F-symbol
, but not trivially:

20
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Pentagon Identity
F-symbol should satisfy the consistency condition:

This makes a fusion category not arbitrary.
21

[Feiguin, et. al. '06]Anyon Chain (State Space)
Input for state space: Fusion cat , .
(Assume  for simplicity.)

Coloring on edge 

Constraint on coloring: 

22
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Anyon Chain (Hamiltonian)
Hamiltonian depends on ,

explicit next-next-nearest neighbor interactoin:

23

Fusion Category Symmetry
The anyon chain based on fusion category  has -symmetry.

The action is by "hitting from above":

24
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Fusion Category Symmetry(2)
The  action commute with :

The pentagon identity justifies the pictorial intuition.

25

Examples
,  spin chain.

,  critical Ising chain.
[Aasen,Mong, Fendly '16], [Yamaguchi-san's talk]

 ( 𝟙 ), : original Golden chain.
[Feiguin, et. al. '06]

This model numerically flows to the tricritical Ising CFT,
which has the  symmetry.
RG flow constraint from non-invertible symmetry!

26
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2+1d Fusion Surface Models

27

Fusion Surface Models
Generalization of anyon chain to 2+1d.

Now the gen'ed symmetry is described by a fusion 2-category.
[Douglas, Reutter '18]

28
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Fusion 2-Category
Fusion 2-category now contains the information about topological
surface, line, and point operators.

 topological surfaces (objects),

 for : interfaces (1-morphisms)

: interfaces of interfaces (2-morphisms).

29

Fusion
Fusion of surfaces :

: junction among surfaces.

30
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10-j symbol
2+1d generalization of -move:

Should satisfy (rather complicated) consistency condition.
31

Invertible Fusion 2-cat.s
Fusion 2-cat.  is invertible
when all of  (fusion of surfaces) and  (fusion of lines) are invertible.

Invertible fusion 2-categories are equivalent to "2-group"s.

0-form symmetry  surfaces 

1-form symmetry  lines 𝟙 𝟙 .

10-j symbol contains both the information about
"Postnikov class" (nontrivial mixture between 0- and 1-form)

't Hooft anomaly.

32
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Symmetry of Anyons as Fusion 2-cat
Usually, the data about anyons in a topological order is organized as
a modular tensor category (MTC) .

 (MTC)  : fusion 2-cat

𝟙 𝟙

33

State Space of Fusion Surface Model (1)
Depends on fusion 2-cat ,  and 1-morphisms .

 : colorings on top.
(  :obj., : 1-morph., : 2-morph.)

Constraints on  determined by .

34
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Hamiltonian
 + data at intersections

 a term in local plaguette Hamiltonian.: 

Explicit formula in terms of the 10-j symbol.

35

Symmetry
"Action from above".

Commutation with , which is acted "from below"

36
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String-net operator

It turns out that the above action of line  is not topological.

A contractible loop of  is not a c-number.

We can force this via projecting down to the image of
string-net projector. [Levin,Wen]

37

Examples
Using invertible fusion 2-categories, we can obtain the models with
(anomalous) one-form symmetries

2-group symmetries.

 for anyon statistics :
microsopic model with the symmetry of anyons!

Reproduce Levin-Wen solvable models for non-chiral  as special cases.

38
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Summary

Higher and non-invertible sym.s are described by fusion d-category.

For [AFM] and :
explicit lattice models with any given
fusion-d category!

This includes non-invertible one-form
symmetry of anyons!

Numerical study is desired.

Thank you!
39

Backup

40
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Dual :  : orientation reversal of .
Evaluation 𝟙 ,
coevaluation 𝟙 .

Relaxation of inverse.

41
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Graph Zeta Functions and Kazakov-Migdal Model

Kazutoshi Ohta

Abstract. We consider a generalized Kazakov-Migdal model defined on
an arbitrary graph. The partition function of the model can be represented
by the unitary matrix integral of the weighted graph zeta functions, which
have series expansions by possible Wilson loops (graph cycles). The partition
function of the model is expressed in two different ways according to the order
of integration. A specific unitary matrix integral can be performed even at
finite N, thanks to this duality. In addition, we evaluate exactly the partition
function of the Kazakov-Migdal model on the graph in the large N limit and
show that it is expressed by the infinite product of the graph zeta functions.
We also discuss an extension including the bumps, the random matrix model
approach, and the Gross-Witten-Wadia phase transition.

(K. Ohta) Meiji Gakuin University
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Graph Zeta Functions

and


Kazakov-Migdal Model

Kazutoshi Ohta

Meiji Gakuin University


Collaboration with So Matsuura at Keio University


JHEP 2022, 178 [arXiv: 2204.06424]

PTEP 2022, 123B03 [arXiv:2208.14032]


arXiv:2303.03692

“QFT and Related Mathematical Aspects”, Shuzenji Sogo Kaikan, Shizuoka (2023/3/15)

• Cycles on the graph play an important role in gauge and string 
theory


‣ Wilson loops in lattice gauge theory: 
 
 
 
 
 

‣ Gauge invariant operators in quiver gauge theory:

Introduction (phys)

U1

U2

U3

U4

U5

U6

WC = TrU1U2U3U†
4 U†

5 U†
6 WC = TrU1U†

2 U3U†
4 U5U†

6

X

Y

Z 𝒪 = Tr XYZ
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• Cycles on the graph can be counted by a kind of zeta function


‣ Ihara introduced a Selberg zeta function of p-adic fields (1966)


‣ Serre pointed out a relation to graph theory (1980)


‣ Sunada gave a definition of Ihara zeta function for the regular graph and a 
graph theoretical proof for Ihara’s theorem (1986)


‣ Hashimoto gave a determinant expression by the edge matrix (1990)


‣ Bass proved Ihara’s theorem via the determinant expression for generic 
graphs (1992)


‣ Bartholdi introduced two parameter extension of Ihara zeta function 
(1999)


• Question: Can we utilize the zeta function on the graph (Ihara zeta function) 
for problems on gauge or string theory?

Introduction (math)

1. Introduction


2. Ihara Zeta Function


3. Kazakov-Migdal Model on the graph


4. Partition Function


5. Large N Limit


6. Duality


7. Bartholdi Zeta Function and Matrix Model


8. GWW Phase Transition


9. Conclusion and Discussions

Plan of talk
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• Kazakov-Migdal model is defined by unitary matrices  on links 
(edges) and hermite matrices  on sites (vertices) as D-
dimensional lattice gauge theory [Kazakov and Migdal (1992)]: 
 
 

• After eliminating , we get 
 
 
 
where  is a induced action given by 
 
 

Uμ(x)
Φ(x)

Φ(x)

Sind

Kazakov-Migdal Model

S = ∑
x

NTr m2
0Φ(x)2 − ∑

μ=1,2,⋯D

Φ(x)Uμ(x)Φ(x + μ)U†
μ(x)

∫ DUDΦ e−S[U,Φ] ∝ ∫ DU e−Sind[U]

Sind[U] =
1
2

Tr log δx,y − m−2
0 ∑

μ

Uμ(x) ⊗ U†
μ(x)δx+μ,y

• The induced action has the following expansion: 
 
 
 
where 
             : lattice loops 
       : length of the loops 
     : ordered loop product of  (Wilson loop) along 


• It had been expected that the induced action reduces to the Yang-Mills 
action (induced QCD) in the continuum limit, but


‣  contains “bad” (collapsed) Wilson loops


‣  does not count the net length of the loop 
e.g.  for 

C
ℓ(C)

WC[U] U C

C

ℓ[C]
TrU1U2U5U†

5 U3U4 = TrU1U2U3U4 ℓ(C) = 6

Generating Function of the Wilson loops

Sind[U] = −
1
2 ∑

C

|Tr WC[U] |2

ℓ(C)m2ℓ(C)
0
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• A graph  consists of the vertices  and the edges ; 


• Each edge connects two vertices between  and , 
where ,  

• Graph theory gives a mapping from the graph structure to matrices; 
e.g. double triangle 
 
 
 
 
 
 
 
 
 
 

G V E G = (V, E)

s(e) t(e)
e ∈ E s(e), t(e) ∈ V

Graph Theory

es(e) t(e)

adjacency matrix: 
 
 
 
 
 
incidence matrix: 
 
 
 
 

A =

0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0

1 2 3 4
1
2
3
4

1

2

3

4

B =

1 0 0 −1 −1
−1 1 0 0 0
0 −1 1 0 1
0 0 −1 1 0

1

2 3

4

1 2 3 4 5
1
2
3
4

5

Avv′￼= { ♯ of edges
connecting v and v′￼}

 charge matrix of 
     quiver gauge theory,

     Dirac operator on the graph, 
     index theorem on the graph 
     [S. Matsuura and KO (2021)]

⇒

• The Ihara zeta function of the graph  is defined 
as follows [Ihara (1966)]: 
 
 
 
 
where the product is taken over the prime cycles, 
which are


✓  Neither backtracking nor tail (reduced cycle)


✓  Not written by a power of the reduced cycle (primitive cycle)  


✓  Defined by a equivalence classes (a fixed cyclic ordering)   


• By definition, the Ihara zeta function counts non-collapsing cycles only 
  A coefficient of  are the number of the reduced cycles with the total 
length of  

G

C′￼≠ Cr

C ∼ C′￼

⇒ qk

k

Graph Zeta Function

ζG(q) ≡ ∏
[C]: prime cycles

1
1 − qℓ(C)

×
×

e1e2e5 ∼ e2e5e1 ∼ e5e1e2
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• Recall that the Riemann zeta function (Euler product) is 
defined by a infinite product of all prime numbers 
 
 
 
 
The graph zeta function is an analogy to this (or Selberg zeta 
function)

Cf.) Riemann Zeta Function

ζ(s) ≡ ∏
p: prime numbers

1
1 − p−s

=
∞

∑
n=1

1
ns

• A triangle graph is known as a cycle graph  or  quiver diagram (Dynkin 
diagram)


• We have two prime cycles: 
 
     
     
 
then 
 
     
 
 
 
 
 
 
Easy?  For more general graph, the prime cycles are rather complicated (infinite)

C3
̂A2

[C] = {e1e2e3, e2e3e1, e3e1e2}
[C̄] = {ē3ē2ē1, ē1ē3ē2, ē2ē1ē3}

⇒

Example1: triangle graph

ζC3
(q) =

1
(1 − q3)2

= 1 + 2q3 + 3q6 + 4q9 + 5q12 + ⋯

U1

U2

U3 U1

U2

U3

WC[U] = U1U2U3 WC̄[U] = U†
3 U†

2 U†
1

e1
e2

e3
e1

e2

e3
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• For the double triangle (DT) graph, there are infinitely many prime loops 
 
 
 
 
 
 
 
 
 

• Then, the Euler product expression of the graph zeta function becomes the 
infinite product in general 
 

• But we have another determinant (a reciprocal of a polynomial) expression 
of the graph zeta function

Example2: double triangle graph

….

ζDT(q) =
1

(1 − q3)4

1
(1 − q4)2

1
(1 − q6)2

1
(1 − q7)4

⋯

• For a given graph , the Ihara zeta function is given by the 
following determinant formula 
 
 
 
 
where 
     : the number of the vertices 
     : the number of the edges 
       :  identity matrix 
      : the degree matrix (  of the edges attached with the vertex) 
      : the adjacency matrix 
 

G

nV
nE
I nV × nV
D ♯
A

Ihara’s theorem

ζG(q) =
1

(1 − q2)nE−nV det (I − qA + q2 (D − I))

Avv′￼ = {♯ of edges connecting v and v′￼}
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• Using an identity for the determinant between vertex and 
edge adjacency matrices, we can show that 
 
 
 
where 
     : the edge adjacency matrix without bumps 
 

• Then, we obtain 

W

A Brief Proof

(1 − q2)nV+nE det (I2nE
− qW) = (1 − q2)2nE det (InV

− qA + q2(D − InV
))

ζG(q) =
1

det (I2nE
− qW)

= exp {
∞

∑
k=1

qk

k
TrWk} =

1

(1 − q2)nE−nV det (InV
− qA + q2(D − InV

))

 forWee′￼ = 1 e e′￼ But,  forWeē = 0
e

ē

Hashimoto expression Ihara expression

• For the triangle graph,  and 
 
 
 
then we have 
 
 

• This agrees with the previous simple observation from the 
graph

nV = nE = 3

Example1: triangle graph

D = (
2 0 0
0 2 0
0 0 2), A = (

0 1 1
1 0 1
1 1 0)

ζC3
(q) =

1
det (I − qA − q2 (D − I))

=
1

(1 − q3)2

1

2 3

QFT and Related Mathematical Aspects 143



• For the double triangle (DT) graph, ,  and 
 
 
 
 
 
 
 

• For first few terms, the counting is as follows: 

nV = 4 nE = 5

Example2: double triangle graph

D =

3 0 0 0
0 2 0 0
0 0 3 0
0 0 0 2

, A =

0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0

ζDT(q) =
1

(1 − q2) det (I − qA − q2 (D − I ))
=

1
(1 − q4)(1 + q2 − 2q3)(1 − q2 − 2q3)

= 1 + 4q3 + 2q4 + 12q6 + 12q7 + 3q8 + ⋯

• We consider the generalized Kazakov-Migdal model defined on the graph 
 
 
 
where 
         : a set of vertices (sites) of the graph 
         : a set of edges (links) of the graph 
     : a source of the edge  
     : a target of the edge 


• We can also integrate out the scalar field  , then get 
 
 
 
where  is the weighted adjacency matrix


• For the general couplings, the induced action still generates the “bad” (collapsed) 
Wilson loops, but we will show that they can be removed by a coupling tuning

V
E

s(e) e
t(e) e

Φv

A[U]

Kazakov-Migdal model on the graph

ZgKM = ∫ ∏
v∈V

dΦv∏
e∈E

dUe exp {−βTr ( 1
2 ∑

v∈V

m2
v Φ2

v − q∑
e∈E

Φs(e)UeΦt(e)U†
e )}

ZgKM ∝ ∫ ∏
e∈E

dUe exp {−
1
2

Tr log (m2
v δvv′￼⊗ 1N2 − qA[U])}
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• At least, the flat plane can be discretized by using the graphs 
 
 
 
 
 
 
 
 
 

• The continuum limit and emergence of the dimensionality are 
difficult problem

Discretization as the graph

Triangle lattice Square lattice

(Original KM model) Hexagon lattice

• The partition function of the graph Kazakov-Migdal model becomes 
 
 
 
 
 
 
 
where  is a unitary matrix weighted adjacency matrix


• The determinant looks like the determinant formula of the Ihara 
zeta function. In fact, by setting , we get 
 
 

A[U]

m2
v = 1 + (deg v − 1)q2

Coupling tuning

ZgKM = ∫ ∏
v∈V

dΦv∏
e∈E

dUe exp −βTr ( 1
2 ∑

v∈V

m2
v Φ2

v − q∑
e∈E

Φs(e)UeΦt(e)U†
e )

∝
1

(1 − q2) N2
2 (nE−nV) ∫ ∏

e∈E

dUe exp {−
1
2

Tr log (m2
v δvv′￼⊗ 1N2 − qA[U ])}

= ∫ ∏
e∈E

dUe
1

(1 − q2) N2
2 (nE−nV) det (m2

v I − qA[U ])
1
2

ZgKM ∝ ∫ ∏
e∈E

dUe ζG(q; U)1
2  : the unitary matrix weighted 

   Ihara zeta function
ζG(q; U)
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• The unitary matrix weighted adjacency matrix for : 
 
 

• Recalling that the Ihara zeta is a generating function of the multi-
trace Wilson loops, then we obtain 
 
    
    
 
 
 
 
 
where 

U(N)

W ≡ U1U2U3

Example1: triangle graph

ZgKM ∝ ∫ dU1dU2dU3
1

det (I − qA[U ] + q2 (D − I ))
1
2

= ∫ dU1dU2dU3 exp {
∞

∑
k=1

q3k

k
|Tr(U1U2U3)k |2 }

= ∫ dW {1 + |TrW |2 q3 +
1
2 ( |TrW |4 + |TrW2 |2 ) q6 +

1
6 ( |TrW |6 + 3 |TrW |2 |TrW2 |2 + 2 |TrW3 |2 ) q9 + ⋯}

=
N

∏
i=1

1
1 − q3i

A[U ] =
0 U1 ⊗ U†

1 U†
3 ⊗ U3

U†
1 ⊗ U1 0 U2 ⊗ U†

2

U3 ⊗ U†
3 U†

2 ⊗ U2 0

W = U1U2U3

• We can generalize the previous results to cycle graphs (polygons,  quiver diagram) 
 
 
 
 
 
 
 
 
 
 
 

• After integrating over the unitary groups, we obtain 
 
   
 
 

̂An−1

Cycle graph Cn

ZCn
(q) = ZC1

(qn)

=
N

∏
i=1

1
1 − qni

 graphC1

 graphCn
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• It is difficult to perform the integral over the unitary matrices in general, but 
the situation becomes simple in the large  limit, thanks to the decomposition 
(clustering) of the vev of the Wilson loops 
 
 
 
 
 
 
 
 
 
 
where  is a set of chiral prime loops (choose a one direction of the loops)


• The partition function of the graph Kazakov-Migdal model can be written by a 
infinite product of (square roots of) the Ihara zeta functions 

N

Π+

Large  limitN

ZgKM ∝ ∫ ∏
e∈E

dUe exp { ∑
C∈Π+

∞

∑
k=1

qℓ(C)k

k
|TrWC[U ]k |2 }

≡ ⟨ ∏
C∈Π+

exp {
∞

∑
k=1

qℓ(C)k

k
|TrWC[U ]k |2 }⟩

N→∞ ∏
C∈Π+ ⟨exp {

∞

∑
k=1

qℓ(C)k

k
|TrWC[U ]k |2 }⟩

= ∏
C∈Π+

∞

∏
i=1

1
1 − qiℓ(C)

=
∞

∏
i=1

ζG(qi)1
2

• We can perform the  integral by using the Harish-Chandra-Itzykson-Zuber 
integral: 
 
 
 
where  are the eigenvalues and  are the Vandermonde 
determinants of 


• Then we obtain the multi matrix model for  as the partition function of 
the graph Kazakov-Migdal model 
 
 

• We can perform this integral exactly for simpler cases like the cycle graph 
and agrees with the results from the graph zeta function, but it is difficult to 
evaluate for the generic graphs

Ue

ai, bj Δ(a), Δ(b)
A, B

Φv

Duality

∫ dU etTrAUBU† ∝
deti,j etaibj

Δ(a)Δ(b)

ZgKM ∝ ∫ ∏
v∈V

N

∏
i=1

dϕv,i e− 1
2 m2

v ϕ2
v,iΔ(ϕv)2−deg v∏

e∈E

det
i,j

eqϕs(e),iϕt(e), j
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• It is known that there is a generalization of the Ihara zeta function, which 
contains one more parameter and counts the number of the bumps too 

 Bartholdi’s zeta function 
 
 
 
 
 
 
where  is cyclic bump count (# of bumps) and 


• A proof is similar to the Ihara zeta function 
 
 
 
where 
 
 

⇒

cbc(C) lim
u→0

ζ′￼G(q, u) = ζG(q)

Extension to Bartholdi’s zeta function

ζ′￼G(q, u) ≡ ∏
C:primitive (not reduced)

1
1 − ucbc(C)qℓ(C)

=
1

(1 − (1 − u)2q2)nE−nV det (I − qA + (1 − u)q2 (D − (1 − u)I))

ζ′￼G(q, u) =
1

det (I − q(W + uJ))
=

1
(1 − (1 − u2)q2)nE−nV det (I − qA + (1 − u)q2(D − (1 − u)I ))

 forWee′￼ = 1 e e′￼  forJeē = 1
e

ē

• The mass and coupling of the Kazakov-Migdal model is tuned to be 
 

• Then, the partition function becomes 
 
 
 
 
 
 
 
 
 
 
 
 
where  fC(q, u) = ∑

C̃: reducible to C
ucbc(C̃)q|C̃|

Graph Kazakov-Migdal model with bumps

ZgKM = ∫ ∏
v∈V

dΦv∏
e∈E

dUee−βSgKM

= ( 2π
β )

1
2 nV N2

∫e∈E
dUe

1
det (I − qAU + q2(1 − u)(D − (1 − u)I ))

= ( 2π
β )

1
2 nV N2

(1 − (1 − u)2q2)
1
2 (nE−nV)N2

𝒱G(q, u)N2
2

× ∫e∈E
dUe ∏

C∈Π+

exp {
∞

∑
k=1

1
k

fC(q, u)k TrWC[U]k
2

}

SgKM = Tr { 1
2 ∑

v∈V
(1 − q2(1 − u)2 + q2(1 − u)deg v) Φ2

v − q∑
e∈E

Φs(e)UeΦt(e)U†
e }
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•  is the contribution from the collapsed cycles (zero-area 
Wilson loops)


• For  , 
 
 
 
 
 
 
e.g. 
 
 
 
 
 

𝒱G(q, u)

G = Cn

Contribution from the zero-area Wilson loops 
(collapsed cycles)

𝒱Cn
(q, u) =

1 + (1 − u2)q2 − 1 − 2(1 + u2)q2 + (1 − u2)2q4

2q2

n

Generalized Catalan number

𝒱C1
(q, u) = 1 + u2q2 + (u2 + u4)q4 + (u2 + 3u4 + u6)q6 + ⋯

↔ N + u2TrUU†q2 + (u2TrUUU†U† + u4TrUU†UU†)q4

+(u2TrUUUU†U†U†

+u4(TrUU†UUU†U† + TrUUU†UU†U† + TrUUU†U†UU†)
+u6TrUU†UU†UU†)q6 + ⋯

• In the large  limit,  contributes to the free energy at order  
 

• On the other hand, after eliminating  , we obtain the matrix model 
for 


• The exact semi-circle solution for this matrix model [Gross 1992] 
corresponds to the  order contribution to the free energy


• Thus, we expect that the semi-circle solution of the matrix model at 
large  comes from the zero-area (collapsed) Wilson loops only 

 infinite tension strings [Boulatov 1992]


• The Wilson loops with the bumps are important to understand the 
relation to the string theory (zigzag symmetry)

N 𝒱G(q, u) N2

Ue
Φv

N2

N
⇒

Comparison with matrix model

ℱgKM ∼ N2 (−
1
nV

log 𝒱G(q, u)) + 𝒪(N )
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• In the original KM model, the Gross-Witten-Wadia (GWW) phase transition seems 
not to occur


• We replace the scalar fields in the adjoint representation with   fundamental 
fields (FKM model) 
 

• Then we get the effective action: 
 

• For the cycle graph  , we can show that there two different phases with 
respect to the eigenvalue distribution of  
 
 
 
 

Nf

Cn
U

KM model with the fields 
in the fundamental representation

S = ∑
v∈V

m2
v Φ†I

v ΦvI − q∑
e∈E

(Φ† I
s(e)UeΦt(e)I + Φ† I

t(e)U
†
e Φs(e)I) (I = 1,2,…, Nf )

Seff(U) = ∑
C∈[Π+]

Nf

∞

∑
n=1

1
n

fC(q, u)n(Tr WC[U]n + Tr W†
C[U]n)

GWW PT

• For the general graph, it is difficult to see the GWW phase transition


• However, if we take the scaling limit: 
 
 
 
we can see the GWW phase transition in the symmetric graph, since the action 
reduces to the Wilsonian one


• For example, the (derivative of) free energy on the double triangle graph behaves 
as: 
 
 
 
 
 
 
 
 
 

GWW Phase Transition

q → 0, γ ≡
Nf

Nc
→ ∞, λ ≡

1
γql

 : fixed

1.0 1.5 2.0 2.5 3.0 3.5

-0.2

0.2

0.4

3rd order PT occurs at 
 in the  limitλ = 2 γ → ∞

U

U′￼1
1

1
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• For the triangle-square graph, the action does not reduce to 
the Wilsonian one and seems not to occur the 3rd order PT 
 
 
 
 
 
 

GWW Phase Transition

1.0 1.5 2.0 2.5 3.0 3.5

0.2

0.4

0.6

0.8

U

U′￼

1

1

1

1

• We proposed a generalization of the Kazakov-Migdal model on the 
graph, which reproduces the weighted Ihara zeta function


• The graph Kazakov-Migdal model generates the countable Wilson 
loops (excluding/including the bumps)


• We can perform the unitary matrix integral exactly in the large  
limit and the partition function of the graph Kazakov-Migdal 
model is given by the infinite product of the Ihara zeta function


• We can see the interesting “physics” like GWW PT in the graph 
zeta function models


• We expect much more applications of the graph zeta function to 
the counting (index) of the gauge invariant operators (chiral rings) 
in quiver gauge theory

N

Conclusion and Discussions
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Monica Kang (Caltech), Craig Lawrie (Desy), Ki-Hong Lee (KAIST)

Quantum Field Theory and Related Mathematical Aspects  
@Shuzenji

Jaewon Song 
Mar. 14th, 2023

Based on  
collaborations with:

Introduction

QFT and Related Mathematical Aspects 153



Quantum Field Theory and Symmetry

• Symmetry is one of the most fundamental principle in physics. 


• Symmetry constrain the system: consequences in the 
observables. 


• Totalitarian Principle: “Everything not forbidden is compulsory”


• In this sense, symmetry defines a quantum system. 


• Symmetry can change along the renormalization group flow. 


• It can be spontaneously broken. 


• Symmetry can be emergent. Accidental symmetry, symmetry 
enhancement. 

Supersymmetry is good
• Supersymmetry is a spacetime symmetry that exchanges bosons and fermions, that may 

explain or solve: gauge hierarchy problem, grand unification, dark matter… 


• Supersymmetric field theories provide an ideal theoretical laboratory to study non-
trivial aspects of quantum field theory. 


• Supersymmetric quantum field theories are highly constraining:


• Non-renormalization theorems 


• Certain protected quantities are exactly computable. 


• Rich mathematical structures. 


• Learned lot about RG using SUSY: IR duality, conformal manifolds, symmetry 
enhancement, dangerously irrelevant operators, non-commuting flows, …
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Enhancement of supersymmetry via RG flow

• One can sometimes find an N=1 theory flows to N=2 
SCFT in the IR. 


• [Gadde-Razamat-Willet ’15]: rank 1 E6 SCFT    
(“singular” Lagrangian ~ merging punctures)


• [Maruyoshi-JS ’16]: (infinitely) many Argyres-Douglas 
theories (nilpotent Higgsing of the ‘filpped’ flavor 
current)


• [Razamat-Zafrir ’19][Zafrir ’20]: T4, R0,4, R2,5, rank 2n E6 
MN theory, N=3 SCFTs (bottom up search)


• This provides “N=1 Lagrangian” theories for the “N=2  
non-Lagrangian” theories. 

N=1 Lagrangian theory 
in the UV

N=2 non-Lagrangian theory 

In the IR

RG flow

SUSY enhancement is an IR duality 
• Supersymmetry enhancement can be thought of as another example of IR duality. 


• For example: Argyres-Douglas theory


• IR limit at the special locus in the Coulomb branch of N=2 gauge theory. 


• IR fixed point of the N=1 gauge theory with a superpotential

N=2 SQCD at UV 
at a point of CB

N=1 Gauge Theory 
with a superpotential

N=2 Argyres-Douglas SCFT

RG flow
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Summary:
We find a new duality between N=1 non-Lagrangian theory 

and the N=4 Super Yang-Mills theory!

N=1 preserving 
conformal manifold

N=4 preserving 
conformal manifold

N=1 non-Lagrangian 
theory

[Kang, Lawrie, KH Lee, JS ’23]

The Dual Theory 
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The N=1 Dual of N=4 SYM
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Emergent N = 4 supersymmetry from N = 1
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We discover a four-dimensional N = 1 supersymmetric field theory that is dual to the N = 4
super Yang–Mills theory with gauge group SU(2n + 1) for each n. The dual theory is constructed
through the diagonal gauging of the SU(2n+1) flavor symmetry of three copies of a strongly-coupled
superconformal field theory (SCFT) of Argyres–Douglas type. We find that this theory flows in the
infrared to a strongly-coupled N = 1 SCFT that lies on the same conformal manifold as N = 4
super Yang–Mills with gauge group SU(2n + 1). Our construction provides a hint on why certain
N = 1, 2 SCFTs have identical central charges (a = c).

INTRODUCTION

Symmetry is the fundamental organizing principle used
to characterize physical systems. Symmetry can be
spontaneously broken or emergent along renormaliza-
tion group (RG) flows. In particular, supersymmetry
is a powerful symmetry, which exchanges bosons and
fermions in spacetime, that is traditionally regarded as
a high-energy symmetry in the ultraviolet (UV). Super-
symmetry can also arise as an emergent symmetry in the
infrared (IR), or one can begin with minimal supersym-
metry and flow to an enhanced supersymmetry.

Dualities between field theories are insightful for ana-
lyzing and understanding non-perturbative physics and
can be categorized into at least two classes, namely, self-
duality and IR duality. One of the most well-known ex-
amples of self-duality exists in the N = 4 super Yang–
Mills (SYM) theory, where the weakly-coupled regime is
mapped to the strongly-coupled regime and vice versa.
In contrast, IR duality refers to the case where there are
two distinct UV theories that become identical in the IR
after the RG flow. A well-known example is Seiberg du-
ality [1], under which the fundamental fields in a gauge
theory are mapped to composite fields of a di↵erent gauge
theory, and vice versa.

In this Letter, we find a novel dual description to
N = 4 SYM that exhibits emergent maximal supersym-
metry. The dual theory involves non-Lagrangian N = 2
superconformal theories (SCFTs) coupled to an N = 1
gauge multiplet. This theory then flows in the IR to
an SCFT, and we argue that the fixed point lies on the
N = 1 preserving conformal manifold [2] of N = 4 SYM.
This is depicted in Figure 1.

The dual description we present is interesting in many
ways. First, we find that the N = 1 supersymmetry in
the UV gets enhanced to N = 4 in the IR, which is a
larger enhancement compared to the N = 2 enhance-
ment discussed in [3–8]. Second, the N = 1 dual theory
is given in terms of non-Lagrangian SCFTs of Argyres–
Douglas type [9–12], however it flows to a theory with a

Lagrangian description; this provides a hint on the ear-
lier observations that the relevant Argyres–Douglas the-
ory in this construction (D2(G)) behaves similarly to free
fields [13–15]. This generalizes the previous N = 1 du-
als to N = 4 SYM with gauge group SU(2), where the
N = 1 theory is Lagrangian [16]. Finally, the N = 4
enhancement of supersymmetry provides an explanation
of recently explored a = c theories with N = 1, 2 super-
symmetry [17–21].

D2(SU(2n+ 1))

D2(SU(2n+ 1))

SU(2n+ 1)

D2(SU(2n+ 1))IR

Conformal manifold of
N = 4 SYMSU(2n+1)

FIG. 1. The N = 1 gauge theory flows to a point in the
N = 1 preserving conformal manifold of N = 4 SYM.

THE DUAL THEORY

To construct the non-Lagrangian N = 1 duals to
N = 4 SYM, we introduce some 4d N = 2 SCFTs as
“building blocks.” We consider the theories known as
Dp(G), where p � 2 is an integer and G is an ADE Lie al-
gebra [10–12]. This theory contains (at least) G as its fla-
vor symmetry. Such SCFTs can be constructed from the
class S [10, 22, 23] perspective, that is by compactifying
the 6d N = (2, 0) theory of type G on a sphere with cer-
tain punctures, one labelled by p. These N = 2 SCFTs
are generically inherently strongly-coupled as they pos-
sess Coulomb branch operators with fractional conformal
dimensions; such SCFTs are known as Argyres–Douglas
theories following the seminal example in [9].
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The dual theory is built out of 3 copies of  theory, 
gauging the diagonal flavor symmetry group via N=1 gauge multiplet. 

𝒟2(SU(2n + 1))

This gives an asymptotic free gauge theory that flows to a point on 
the conformal manifold of N=4 SYM theory with G=SU(2n+1)

 theory𝒟p[G]

• It is a 4d N=2 SCFT (Argyres-Douglas type) with flavor 
symmetry  (or larger). 


• It can be realized as the 6d N=(2, 0) theory of type  
compactified on a sphere with one irregular puncture (p) and 
one full regular puncture (flavor ). 


• The flavor symmetry is exactly  (without any U(1)’s) for some 
choice of p, when the irregular puncture does not possess extra 
flavor symmetry. Let’s restrict to this case from now on. 

G

G

G

G

[Cecotti, Del Zotto] 
[Cecotti, Del Zotto, Giacomelli] 

[Xie][Wang, Xie]

Irregular puncture (p)

Full regular puncture ( )G

2 Constructing b�(G) SCFTs

We construct the superconformal theories b�(G) by gluing (multiple) copies of the Dp(G)

theories, which we introduce and explain in Section 2.1 and further explore its properties

and physical significance in Section 2.2.

2.1 Gauging Dp(G)s

In this section, we perform the construction of the superconformal theories that we call
b�(G). The b�(G) theory is built out of gluing copies of the Dp(G) SCFTs; these theories were

introduced in [40] and explored further in [41].7 The Dp(G) theory is labeled by a simply-

laced Lie group G 2 ADE and a positive integer p. This theory has a flavor symmetry

that is at least G. In the class S framework, the theory Dp(G) can also be constructed as a

compactification of a 6d (2, 0) SCFT on a sphere with one regular and one irregular puncture.

In that construction, they are written as (Gb[p� h_
G
], F ) [113], where b = h_

G
and F denotes

a full puncture. From this perspective, the flavor symmetry G arises from the full puncture

and any extra or enhanced symmetry is due to the irregular puncture that is labeled by p.

See Table 2 for the condition for Dp(G) not to have any enhanced symmetry besides G.

G SU(N) SO(2N) E6 E7 E8

No additional symmetry (p,N) = 1 p /2 2Z>0 p /2 3Z>0 p /2 2Z>0 p /2 30Z>0

Table 2: The condition for Dp(G) to have no extra symmetry besides G. Equivalently, the

condition for the irregular puncture not to carry any flavor symmetry.

Let us explore the ways in which a collection of theories Dpi(G) can be gauged together

by their common flavor symmetry G. In order to obtain N = 2 superconformal theory upon

gauging, we require the beta function for the gauge coupling to vanish, which turns out to

be highly constraining.

To show that the conformal gauging of the common G flavor symmetry is restrictive, we

begin by gauging together the G of Dpi(G) for i = 1, · · · , n. The conformal gauging condition

is given by
nX

i=1

ki = 4h_
G
. (2.1)

7
We denote this theory using the calligraphic D instead of D to avoid any possible confusion with the Lie

group of D-type.

6
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 theory (cont’d)𝒟p[G]

• The flavor central charge (“amount of matter”) for :   

It is defined as  . 


• Once coupled to (N=1) G-gauge field, it behaves as a fractional amount of an 
adjoint matter.  For the case of p=2,   which is like a half of an adjoint matter. 


• As an N=2 SCFT, it possess  R-symmetry in addition to the flavor 
symmetry G. 


• As an N=1 SCFT, it contains U(1)R symmetry and a U(1)F flavor symmetry generated by 

                                             

G kG =
2(p − 1)

p
h∨

G

−2Tr(R𝒩=2TaTb) = kGδab

kG = h∨
G

SU(2)R × U(1)R𝒩=2

The N = 1 gauging breaks the N = 2 R-symmetry of the Dp(G) theory to the U(1)

R-symmetry and a flavor U(1) symmetry, with generators

R0 =
1

3
RN=2 +

4

3
I3 , F = �RN=2 + 2I3 , (2.1)

where RN=2 and I3 respectively denote the U(1)R charge and the SU(2)R Cartan of the

N = 2 R-symmetry. Upon gauging, only the anomaly-free combinations are preserved. At

the IR fixed point, the flavor Fi of each Dpi(G) can mix with the R-symmetry before gauging

R = R0 +
X

i

✏iFi , (2.2)

and thus the R-charge gets modified in the infrared. Now we have to require that the

superconformal R-symmetry at the fixed point satisfies the anomaly cancellation condition5

0 = TrRGG = h
_
G +

X

i

✓✓
1

3
� ✏i

◆
TriRN=2GG+

✓
4

3
+ 2✏i

◆
TriI3GG

◆
, (2.3)

where i runs through all the pi of Dpi(G), which is equivalent to the vanishing condition of

the Novikov–Shifman–Vainshtein–Zakharov (NSVZ) exact �-function for the gauge coupling.

The first h
_
G term in equation (2.3) is the contribution from the gauginos and for the next

terms in equation (2.3) we utilize the flavor central charge kG of the Dp(G) theories [33]:

TrRN=2GG = �
1

2
kG = �

p� 1

p
h
_
G . (2.4)

Then we are left with the relation involving the mixing coe�cients ✏i,

h
_
G +

X

i

✓
1

3
� ✏i

◆✓
�
pi � 1

pi
h
_
G

◆
= 0 , (2.5)

where the exact values of the ✏i are fixed by a-maximization [68]. There are situations

where there are more U(1) flavor symmetries than the ones we considered above (namely the

unbroken U(1) symmetries inside the N = 2 R-symmetry). For example, when G = SU(N)

and Dp(G) has extra flavor symmetry beyond G, the Dp(G) theory is a Lagrangian quiver

gauge theory and the additional flavor symmetries are the U(1)s rotating the bifundamental

hypermultiplets. As these U(1)s are baryonic, they do not mix with the R-symmetry [68].

5When considering anomalies in 4d theories, each trace term of GGG, FGG, FFG, and FFF respectively
corresponds to the gauge anomaly, the ABJ anomaly of the flavor F , a mixed gauge-global anomaly that
naturally cancels if G is non-Abelian, and the ’t Hooft anomaly. The gauge anomaly trivially vanishes since
the theory has chiral symmetry. Here, we are considering the ABJ anomaly of the R-symmetry after gauging,
which must vanish if it flows in the IR limit to an interacting SCFT. The mixed anomaly for an Abelian
gauge theory can be non-vanishing and is responsible for a 2-group global symmetry [36].

7

N=1 Gauging of  theories𝒟p[G]
• Now, consider diagonal gauging of 3-copies of D2[SU(2n+1)] theories. 


• The 1-loop beta-function coefficient for the gauge coupling is given as 
                          :    Asymptotically free


• D2[G] theory behaves like a half of an adjoint chiral multiplet in terms of the 
beta-function contribution. (Nf = 3/2 Nc)


• There are 3 U(1)F symmetries for each D2[SU(2n+1)] and one of them is broken 
by ABJ anomaly.


• What is the IR fixed point upon RG flow? On general ground, we expect it to 
be an N=1 SCFT.  

βg ∼ − TrRGG ∼ −
3
2

(2n + 1) < 0

[Kang, Lawrie, KH Lee, JS ’21]
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Superconformal fixed point
• Necessary condition: Non-anomalous U(1) R-symmetry 

 
                                  


• Due to the superconformal symmetry, the conformal anomalies are fixed by the trace 
anomalies of R-symmetry.  
  

                           


• The R-symmetry is not always determined via anomaly constraint. There can be a family of 
candidate R-symmetries. 


• The superconformal R-symmetry is fixed by ‘a-maximization’:     

                                               

TrRTaTb = 0 ↔ T(adj)+ ∑i T(Ri)(ri − 1) = 0

a =
3
32 (3TrR3 − TrR) , c =

1
32 (9TrR3 − 5TrR)

∂atrial

∂R
= 0 ,

∂2atrial

∂R2
< 0 [Intriligator, Wecht]

[Anselmi, Freedman, Grisaru, Johansen]

Decoupling of operators along the RG flow

• Important caveat in a-maximization: accidental symmetry


• Some of the gauge invariant operators may seem to violate 
the unitarity bound: . 


• Plausible scenario: such an operator gets decoupled along 
the RG flow and becomes free with . 


• One can remove the decoupled free field by introducing a 
‘flip field’ X and a superpotential coupling . 


• Redo the a-maximization until no operator gets decoupled. 

Δ ≥ 1

Δ𝒪 = 1

W = X𝒪

[Kutasov, Parnavhev, Sahakyan]

[Barnes, Intriligator, Wecht, Wright] 
[Benvenuti, Giacomelli] 
[Maruyoshi, Nardoni, JS]

UV theory

Interacting 
SCFT

RG flow

Free chiral

Δ𝒪 > 1

Δ𝒪 = 1
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IR fixed point of the gauged 𝒟2[G]⊗3

• The superconformal R-symmetry in the IR is given as  
 
                                          


• The mixing parameter is constrained by the anomaly free condition ,   
 
 
 

• The mixing parameter is fixed by a-maximization: 
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where the exact values of the ✏i are fixed by a-maximization [68]. There are situations

where there are more U(1) flavor symmetries than the ones we considered above (namely the

unbroken U(1) symmetries inside the N = 2 R-symmetry). For example, when G = SU(N)

and Dp(G) has extra flavor symmetry beyond G, the Dp(G) theory is a Lagrangian quiver

gauge theory and the additional flavor symmetries are the U(1)s rotating the bifundamental

hypermultiplets. As these U(1)s are baryonic, they do not mix with the R-symmetry [68].

5When considering anomalies in 4d theories, each trace term of GGG, FGG, FFG, and FFF respectively
corresponds to the gauge anomaly, the ABJ anomaly of the flavor F , a mixed gauge-global anomaly that
naturally cancels if G is non-Abelian, and the ’t Hooft anomaly. The gauge anomaly trivially vanishes since
the theory has chiral symmetry. Here, we are considering the ABJ anomaly of the R-symmetry after gauging,
which must vanish if it flows in the IR limit to an interacting SCFT. The mixed anomaly for an Abelian
gauge theory can be non-vanishing and is responsible for a 2-group global symmetry [36].

7

2

In this Letter, we consider the diagonal gauging of
three copies of D2(SU(2n+1)) via an N = 1 gauge mul-
tiplet, as depicted at the top of Figure 1. The one-loop
�-function of the gauge coupling at the central node is
given by the anomaly between the R-symmetry and the
gauge current �g ⇠ �TrRGG

��
UV

⇠ � 3
2 (2n+1), which is

negative and thus the theory is asymptotically-free [18].
In the infrared, we claim that we obtain an interacting
4d N = 1 SCFT that is on the conformal manifold of
N = 4 super Yang–Mills, as we now explain.

Under the N = 1 gauging the SU(2)N=2
R ⇥ U(1)N=2

R
R-symmetry of each of the D2(SU(2n + 1)) factors de-
composes into a U(1)R and a U(1)F , with generators

R0 =
1

3
r +

4

3
I3 , F = �r + 2I3 , (1)

where r is the generator of U(1)N=2
R and I3 is the gener-

ator of the Cartan of the SU(2)N=2
R . In the infrared, the

putative U(1)3F flavor symmetry has an ABJ anomaly,
and it is broken to the anomaly-free U(1)2 generated by
F1 ⌘ F2�F1 and F2 ⌘ F3�F2, where F1,2,3 denotes the
U(1)F flavor symmetry of each copy of D2(SU(2n+ 1)).
At the IR fixed point, the superconformal R-symmetry
is a linear combination of the U(1) symmetries:

R = R0 +
X

i

"iFi , (2)

where the "i are fixed by the anomaly-free condition
of the R-charge and a-maximization [24]. The a-
maximization procedure is carried out in [18] and we re-
peat this in the following section.

Furthermore in [18, 20], the authors confirm that all
the low-lying operators satisfy the unitarity constraint.
Thus the non-Lagrangian N = 1 theory depicted in Fig-
ure 1 flows in the IR to an interacting SCFT. We provide
evidence that this theory is conformally dual to N = 4
SYM in the following sections.

MATCHING ANOMALIES

The anomaly polynomial of the putative dual four-
dimensional N = 1 SCFT takes the form

I6 =
1

6
kRRRc1(R)3 +

2X

↵=1

1

6
kRRF↵c1(R)2c1(F↵)

+
2X

↵,�=1

1

6
kRF↵F�c1(R)c1(F↵)c1(F�)

+
2X

↵,�,�=1

1

6
kF↵F�F� c1(F↵)c1(F�)c1(F�)

� 1

24
kRc1(R)p1(T )�

2X

↵=1

1

24
kF↵c1(F↵)p1(T ) ,

(3)

where c1(R) is the first Chern class of the superconformal
R-symmetry bundle, p1(T ) is the first Pontryagin class
of the tangent bundle to the 4d spacetime, and c1(F↵)
is the first Chern class of the bundles associated to each
U(1) flavor symmetry factor.
In a supersymmetric theory, the conformal anomalies

or central charges are related to the anomaly coe�cients
of the R-symmetry [25]

a =
3

32
(3kRRR � kR) , c =

1

32
(9kRRR � 5kR) . (4)

Utilizing equation (2), the anomaly coe�cients can be
written in terms of the anomaly coe�cients of R0 and Fi.
Since Fi acts only on the i

th D2(SU(2n+ 1)), the mixed
anomaly coe�cients kR0FiFj , kF 2

i Fj
, and kFiFjFk vanish

and each anomaly coe�cient is a linear combination of
those of each D2(SU(2n+ 1)):

krrr = kr = 48(a� c) , krI3I3 = 4a� 2c ,

a =
7

96
d , c =

1

12
d ,

(5)

together with the contribution of the vector multiplet.
Here, d = 4n(n+1) denotes the dimension of SU(2n+1).
Then we can compute the trial a-function for the trial

R-symmetry in equation (2) using equations (4) and (5),
which is given as

a("1, "2, "3) =
d

32

 
13� 9

3X

i=1

"
2
i ("i + 2)

!
. (6)

Combined with the anomaly-free condition for the R-
symmetry 6 �

P3
i=1 (1� 3"i) = 0, a-maximization fixes

the mixing coe�cients:

" := "1 = "2 = "3 = �1

3
. (7)

Then, it is straightforward to determine the ’t Hooft
anomaly coe�cients in equation (3),

kRRR =
8d

9
, kRF2

↵
= �2d

3
, kRF1F2 =

d

3
,

kF2
1F2

= �kF1F2
2
= d , a = c =

1

4
d ,

(8)

while the others are zero. These match exactly with the
anomaly coe�cients of the N = 4 SU(2n+1) gauge the-
ory, where each F↵ corresponds to the Cartan of SU(3)
flavor symmetry rotating the adjoint chirals. Since the ’t
Hooft anomalies are invariant on a conformal manifold,
it supports the claim that the theory in Figure 1 flows in
the infrared to the same conformal manifold as that of
the N = 4 SYM theory.

MATCHING CHIRAL OPERATORS

Let us now compare the gauge invariant operator
spectrum of the dual theories. The single-trace chi-
ral operators of N = 4 SYM are given in the form of
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U(1)F flavor symmetry of each copy of D2(SU(2n+ 1)).
At the IR fixed point, the superconformal R-symmetry
is a linear combination of the U(1) symmetries:

R = R0 +
X

i

"iFi , (2)

where the "i are fixed by the anomaly-free condition
of the R-charge and a-maximization [24]. The a-
maximization procedure is carried out in [18] and we re-
peat this in the following section.

Furthermore in [18, 20], the authors confirm that all
the low-lying operators satisfy the unitarity constraint.
Thus the non-Lagrangian N = 1 theory depicted in Fig-
ure 1 flows in the IR to an interacting SCFT. We provide
evidence that this theory is conformally dual to N = 4
SYM in the following sections.

MATCHING ANOMALIES

The anomaly polynomial of the putative dual four-
dimensional N = 1 SCFT takes the form
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where c1(R) is the first Chern class of the superconformal
R-symmetry bundle, p1(T ) is the first Pontryagin class
of the tangent bundle to the 4d spacetime, and c1(F↵)
is the first Chern class of the bundles associated to each
U(1) flavor symmetry factor.
In a supersymmetric theory, the conformal anomalies

or central charges are related to the anomaly coe�cients
of the R-symmetry [25]

a =
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Utilizing equation (2), the anomaly coe�cients can be
written in terms of the anomaly coe�cients of R0 and Fi.
Since Fi acts only on the i

th D2(SU(2n+ 1)), the mixed
anomaly coe�cients kR0FiFj , kF 2

i Fj
, and kFiFjFk vanish

and each anomaly coe�cient is a linear combination of
those of each D2(SU(2n+ 1)):

krrr = kr = 48(a� c) , krI3I3 = 4a� 2c ,
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together with the contribution of the vector multiplet.
Here, d = 4n(n+1) denotes the dimension of SU(2n+1).
Then we can compute the trial a-function for the trial

R-symmetry in equation (2) using equations (4) and (5),
which is given as
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while the others are zero. These match exactly with the
anomaly coe�cients of the N = 4 SU(2n+1) gauge the-
ory, where each F↵ corresponds to the Cartan of SU(3)
flavor symmetry rotating the adjoint chirals. Since the ’t
Hooft anomalies are invariant on a conformal manifold,
it supports the claim that the theory in Figure 1 flows in
the infrared to the same conformal manifold as that of
the N = 4 SYM theory.

MATCHING CHIRAL OPERATORS

Let us now compare the gauge invariant operator
spectrum of the dual theories. The single-trace chi-
ral operators of N = 4 SYM are given in the form of

R = R0 + ∑
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ϵiFi
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while the others are zero. These match exactly with the
anomaly coe�cients of the N = 4 SU(2n+1) gauge the-
ory, where each F↵ corresponds to the Cartan of SU(3)
flavor symmetry rotating the adjoint chirals. Since the ’t
Hooft anomalies are invariant on a conformal manifold,
it supports the claim that the theory in Figure 1 flows in
the infrared to the same conformal manifold as that of
the N = 4 SYM theory.

MATCHING CHIRAL OPERATORS

Let us now compare the gauge invariant operator
spectrum of the dual theories. The single-trace chi-
ral operators of N = 4 SYM are given in the form of

The anomaly polynomial for the IR theory is given as

It agrees with that of the N=4 SYM theory with G=SU(2n+1)!

ℱα ≡ Fα+1 − Fα

d = dim(SU(2n + 1)) = 4n(n + 1)
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Matching operator spectrum

Matching of chiral operators
• Each D2[SU(2n+1)] has Coulomb branch operators of scaling dimensions 

 
 
 
and also their superpartners having . 


• Each D2[SU(2n+1)] has the moment map operator  in the adjoint of G with 
dimension 2 and .


• Upon flowing to the IR, the scaling dimension of the moment map operator becomes 

• The scaling dimension of the Coulomb branch operators and their superpartners in 
the IR become

(Δ, I3, R𝒩=2) = (ΔCB + 1, 1, r − 2)

μ
I3 = 1, R𝒩=2 = 0

ΔCB =
1
2

R𝒩=2 = { 3
2

,
5
2

, ⋯,
2n + 1

2 }

3

Tr�i1�i2 · · ·�ik with i1, . . . , ik 2 {1, 2, 3}, where �1,2,3

are adjoint chiral multiplets. We find that these opera-
tors are mapped to

Tr�i1�i2 · · ·�ik ! Trµi1µi2 · · ·µik , (9)

where µ1,2,3 is the moment map operator in each
D2(SU(2n + 1)) theory that we gauge. This map fol-
lows since the scaling dimension of the moment map
operators (carrying R-charges I3 = 1, r = 0) becomes
�IR(µ) =

3
2R = 3

2

�
4
3 + 2"

�
= 1 in the IR under the RG

flow, which can be computed using equations (2) and (7).
Among the gauge invariant chiral operators, Tr(�i)k

(Casimir operators) are mapped to the Coulomb branch
operators of the D2(SU(2n + 1)) theory as we explain
below. Each D2(SU(2n + 1)) theory contains Coulomb
branch operators, whose conformal dimensions are

�CB =

⇢
3

2
,
5

2
, · · · , 2n+ 1

2

�
. (10)

Each N = 2 multiplet containing a Coulomb branch op-
erator u has two N = 1 chiral multiplets (with scalar
primaries), whose scalar components are u and its N = 2
descendant that we call as Q2

u, generated by the N = 2
supercharge Q (that is broken after N = 1 gauging).
Upon flowing the gauge theory in Figure 1 into the IR,

the conformal dimensions of u are shifted as

�IR(u) = (1� 3")�UV(u) , (11)

and the conformal dimensions of the Q
2
u operators be-

come

�IR(Q
2
u) = 1 + 6"+ (1� 3")�UV(u) . (12)

Upon plugging in " = �1/3, the Coulomb branch opera-
tors (u,Q2

u) belonging to each one of the three Argyres–
Douglas theories become chiral operators of conformal
dimensions � = {2, 3, · · · , 2n+ 1}. They are mapped to
the operators Tr(�i)k in the N = 4 SYM theory.
An important property of the D2(SU(2n+ 1)) theory

is that the operator µ enjoys chiral ring relations

µ
2
��
adj

= 0 , Trµk = 0 , (13)

for each k. The first relation says that the adjoint part of
the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
second relation arises because the Higgs branch of this
theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
ators in the spectrum that would be superfluous.
Our dual theory has five marginal operators: three

of them come from each of the Coulomb branch oper-
ators of dimension 3/2 (in the UV), and two of the form
Trµ1µ2µ3 and Trµ1µ3µ2. Other candidate marginal
combinations of the µi are removed via the chiral ring

relation in equation (13). Two of these operators are
marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4

SYM. In N = 4 SYM, there are eleven marginal oper-
ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
[28]. Hence, the conformal manifold is three-dimensional,
matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
the dual theory.

SUPERCONFORMAL INDEX

In this section, we compute the superconformal index
to test the duality beyond the chiral ring. The supercon-
formal index [29, 30] is defined as

I = Tr(�1)F t3(R+2j2)y
2j1

Y

i

v
fi
i , (14)

where the trace is taken over the states satisfying the
condition on the conformal dimension: � = 3

2R + 2j2,
and where j1,2 are the Lorentz spins, R is the R-charge,
and the flavor charges are denoted by fi. The index is
invariant under the RG flow, enabling us to compute the
BPS spectrum in the IR from the UV description.
From the N = 1 gauge theory description of the

D2(SU(3)) theory [4, 31, 32], the (reduced) supercon-
formal index of the IR SCFT is computed [20] as
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tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
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R of the representation R of the enhanced flavor.
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tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
N = 4 SYM with gauge group SU(3): the SU(3) flavor
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Tr�i1�i2 · · ·�ik with i1, . . . , ik 2 {1, 2, 3}, where �1,2,3

are adjoint chiral multiplets. We find that these opera-
tors are mapped to

Tr�i1�i2 · · ·�ik ! Trµi1µi2 · · ·µik , (9)

where µ1,2,3 is the moment map operator in each
D2(SU(2n + 1)) theory that we gauge. This map fol-
lows since the scaling dimension of the moment map
operators (carrying R-charges I3 = 1, r = 0) becomes
�IR(µ) =
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= 1 in the IR under the RG

flow, which can be computed using equations (2) and (7).
Among the gauge invariant chiral operators, Tr(�i)k

(Casimir operators) are mapped to the Coulomb branch
operators of the D2(SU(2n + 1)) theory as we explain
below. Each D2(SU(2n + 1)) theory contains Coulomb
branch operators, whose conformal dimensions are
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Each N = 2 multiplet containing a Coulomb branch op-
erator u has two N = 1 chiral multiplets (with scalar
primaries), whose scalar components are u and its N = 2
descendant that we call as Q2

u, generated by the N = 2
supercharge Q (that is broken after N = 1 gauging).

Upon flowing the gauge theory in Figure 1 into the IR,
the conformal dimensions of u are shifted as

�IR(u) = (1� 3")�UV(u) , (11)

and the conformal dimensions of the Q
2
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come
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Upon plugging in " = �1/3, the Coulomb branch opera-
tors (u,Q2

u) belonging to each one of the three Argyres–
Douglas theories become chiral operators of conformal
dimensions � = {2, 3, · · · , 2n+ 1}. They are mapped to
the operators Tr(�i)k in the N = 4 SYM theory.

An important property of the D2(SU(2n+ 1)) theory
is that the operator µ enjoys chiral ring relations
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= 0 , Trµk = 0 , (13)

for each k. The first relation says that the adjoint part of
the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
second relation arises because the Higgs branch of this
theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
ators in the spectrum that would be superfluous.

Our dual theory has five marginal operators: three
of them come from each of the Coulomb branch oper-
ators of dimension 3/2 (in the UV), and two of the form
Trµ1µ2µ3 and Trµ1µ3µ2. Other candidate marginal
combinations of the µi are removed via the chiral ring

relation in equation (13). Two of these operators are
marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4

SYM. In N = 4 SYM, there are eleven marginal oper-
ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
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matching that of the N = 1 dual. When we move to
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the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
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invariant under the RG flow, enabling us to compute the
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tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
N = 4 SYM with gauge group SU(3): the SU(3) flavor
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Matching of chiral operators (cont’d)
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Tr�i1�i2 · · ·�ik with i1, . . . , ik 2 {1, 2, 3}, where �1,2,3

are adjoint chiral multiplets. We find that these opera-
tors are mapped to

Tr�i1�i2 · · ·�ik ! Trµi1µi2 · · ·µik , (9)

where µ1,2,3 is the moment map operator in each
D2(SU(2n + 1)) theory that we gauge. This map fol-
lows since the scaling dimension of the moment map
operators (carrying R-charges I3 = 1, r = 0) becomes
�IR(µ) =
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flow, which can be computed using equations (2) and (7).
Among the gauge invariant chiral operators, Tr(�i)k
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Each N = 2 multiplet containing a Coulomb branch op-
erator u has two N = 1 chiral multiplets (with scalar
primaries), whose scalar components are u and its N = 2
descendant that we call as Q2

u, generated by the N = 2
supercharge Q (that is broken after N = 1 gauging).

Upon flowing the gauge theory in Figure 1 into the IR,
the conformal dimensions of u are shifted as

�IR(u) = (1� 3")�UV(u) , (11)
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u) belonging to each one of the three Argyres–
Douglas theories become chiral operators of conformal
dimensions � = {2, 3, · · · , 2n+ 1}. They are mapped to
the operators Tr(�i)k in the N = 4 SYM theory.

An important property of the D2(SU(2n+ 1)) theory
is that the operator µ enjoys chiral ring relations
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for each k. The first relation says that the adjoint part of
the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
second relation arises because the Higgs branch of this
theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
ators in the spectrum that would be superfluous.
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of them come from each of the Coulomb branch oper-
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Trµ1µ2µ3 and Trµ1µ3µ2. Other candidate marginal
combinations of the µi are removed via the chiral ring
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marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4

SYM. In N = 4 SYM, there are eleven marginal oper-
ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
[28]. Hence, the conformal manifold is three-dimensional,
matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
the dual theory.
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formal index [29, 30] is defined as
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where the trace is taken over the states satisfying the
condition on the conformal dimension: � = 3

2R + 2j2,
and where j1,2 are the Lorentz spins, R is the R-charge,
and the flavor charges are denoted by fi. The index is
invariant under the RG flow, enabling us to compute the
BPS spectrum in the IR from the UV description.
From the N = 1 gauge theory description of the
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bIsu3 ⌘ (1� t
3
y)(1� t

3
/y)(Isu3 � 1)

= t
4
�
su3
6 � t

5
�
su2
2 �

su3
3 + t

6(�su3
10 � �

su3
8 + 1)

� t
7
�
su2
2 (�su3

6 � �
su3

3
) + t

8(�su3
150 � �

su3
15 + �

su3

6

+2�su3
3 )� t

9
�
su2
2 (�su3

10 + 1) + t
10
�
su2
3 �

su3

3

+ t
10(�su3

21
� �

su3

15
+ 2�su3

6 � 2�su3

3
) + · · · ,

(15)

where �
su2
R = �

su2
R (y) is the character of the represen-

tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
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where µ1,2,3 is the moment map operator in each
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operators (carrying R-charges I3 = 1, r = 0) becomes
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below. Each D2(SU(2n + 1)) theory contains Coulomb
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Each N = 2 multiplet containing a Coulomb branch op-
erator u has two N = 1 chiral multiplets (with scalar
primaries), whose scalar components are u and its N = 2
descendant that we call as Q2

u, generated by the N = 2
supercharge Q (that is broken after N = 1 gauging).
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the operators Tr(�i)k in the N = 4 SYM theory.

An important property of the D2(SU(2n+ 1)) theory
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= 0 , Trµk = 0 , (13)

for each k. The first relation says that the adjoint part of
the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
second relation arises because the Higgs branch of this
theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
ators in the spectrum that would be superfluous.

Our dual theory has five marginal operators: three
of them come from each of the Coulomb branch oper-
ators of dimension 3/2 (in the UV), and two of the form
Trµ1µ2µ3 and Trµ1µ3µ2. Other candidate marginal
combinations of the µi are removed via the chiral ring

relation in equation (13). Two of these operators are
marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
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of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
[28]. Hence, the conformal manifold is three-dimensional,
matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
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and become irrelevant. This removes six out of eleven
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Each N = 2 multiplet containing a Coulomb branch op-
erator u has two N = 1 chiral multiplets (with scalar
primaries), whose scalar components are u and its N = 2
descendant that we call as Q2

u, generated by the N = 2
supercharge Q (that is broken after N = 1 gauging).
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for each k. The first relation says that the adjoint part of
the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
second relation arises because the Higgs branch of this
theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
ators in the spectrum that would be superfluous.

Our dual theory has five marginal operators: three
of them come from each of the Coulomb branch oper-
ators of dimension 3/2 (in the UV), and two of the form
Trµ1µ2µ3 and Trµ1µ3µ2. Other candidate marginal
combinations of the µi are removed via the chiral ring

relation in equation (13). Two of these operators are
marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4

SYM. In N = 4 SYM, there are eleven marginal oper-
ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
[28]. Hence, the conformal manifold is three-dimensional,
matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
the dual theory.
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to test the duality beyond the chiral ring. The supercon-
formal index [29, 30] is defined as
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where the trace is taken over the states satisfying the
condition on the conformal dimension: � = 3

2R + 2j2,
and where j1,2 are the Lorentz spins, R is the R-charge,
and the flavor charges are denoted by fi. The index is
invariant under the RG flow, enabling us to compute the
BPS spectrum in the IR from the UV description.
From the N = 1 gauge theory description of the
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where �
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R (y) is the character of the represen-

tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
N = 4 SYM with gauge group SU(3): the SU(3) flavor
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primaries), whose scalar components are u and its N = 2
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the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
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theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
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ators of dimension 3/2 (in the UV), and two of the form
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combinations of the µi are removed via the chiral ring

relation in equation (13). Two of these operators are
marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4
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ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
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matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
the dual theory.
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and the flavor charges are denoted by fi. The index is
invariant under the RG flow, enabling us to compute the
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where �
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R (y) is the character of the represen-

tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
N = 4 SYM with gauge group SU(3): the SU(3) flavor

Matching conformal manifolds
• The marginal operators of the N=1 dual theory:


• 3 from the Coulomb branch operators having  and 2 formed out of the 
moment maps 


• Two of them are marginally irrelevant since it breaks  symmetry. They combine with 
the broken flavor symmetry currents to form a long multiplet and becomes non-BPS. 


• The marginal operators of the N=4 SYM


• 11 of the form 


• 8 of them are marginally irrelevant as they break SU(3) flavor symmetry. 


• We have 3-dimensional conformal manifold on both sides. 

ΔUV = 3/2
Trμ1μ2μ3, Trμ1μ3μ2

U(1)2

Trϕiϕjϕj

[Green, Komargodski, Seiberg, Tachikawa, Wecht]
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Matching of the superconformal index
• As a more refined check, we compute the superconformal index. 


• For G=SU(3), the full index is available using the SUSY enhancing RG flow from an 
SU(2) gauge theory with and adjoint and 2 fund/anti-fundamental matters with 
                                         
 to the  theory. 


• Using above description, we can compute the index for our N=1 dual theory. 


• The index perfectly agrees with that of N=4 SYM with G=SU(3)

W = Xϕ2 + q1ϕq̃1 + Mq2q̃2

(A1, D4) = D2(SU(3))
[Agarwal, Maruyoshi, JS ’16]
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are adjoint chiral multiplets. We find that these opera-
tors are mapped to

Tr�i1�i2 · · ·�ik ! Trµi1µi2 · · ·µik , (9)

where µ1,2,3 is the moment map operator in each
D2(SU(2n + 1)) theory that we gauge. This map fol-
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operators (carrying R-charges I3 = 1, r = 0) becomes
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flow, which can be computed using equations (2) and (7).
Among the gauge invariant chiral operators, Tr(�i)k

(Casimir operators) are mapped to the Coulomb branch
operators of the D2(SU(2n + 1)) theory as we explain
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Each N = 2 multiplet containing a Coulomb branch op-
erator u has two N = 1 chiral multiplets (with scalar
primaries), whose scalar components are u and its N = 2
descendant that we call as Q2

u, generated by the N = 2
supercharge Q (that is broken after N = 1 gauging).

Upon flowing the gauge theory in Figure 1 into the IR,
the conformal dimensions of u are shifted as

�IR(u) = (1� 3")�UV(u) , (11)

and the conformal dimensions of the Q
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u operators be-
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Upon plugging in " = �1/3, the Coulomb branch opera-
tors (u,Q2

u) belonging to each one of the three Argyres–
Douglas theories become chiral operators of conformal
dimensions � = {2, 3, · · · , 2n+ 1}. They are mapped to
the operators Tr(�i)k in the N = 4 SYM theory.

An important property of the D2(SU(2n+ 1)) theory
is that the operator µ enjoys chiral ring relations
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= 0 , Trµk = 0 , (13)

for each k. The first relation says that the adjoint part of
the square of moment map operator is vanishing, which
can be obtained from the Schur index [13, 14, 26]. The
second relation arises because the Higgs branch of this
theory is given by a nilpotent orbit. The second chiral
ring relation in equation (13) removes the Casimir oper-
ators in the spectrum that would be superfluous.

Our dual theory has five marginal operators: three
of them come from each of the Coulomb branch oper-
ators of dimension 3/2 (in the UV), and two of the form
Trµ1µ2µ3 and Trµ1µ3µ2. Other candidate marginal
combinations of the µi are removed via the chiral ring

relation in equation (13). Two of these operators are
marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4

SYM. In N = 4 SYM, there are eleven marginal oper-
ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
[28]. Hence, the conformal manifold is three-dimensional,
matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
the dual theory.

SUPERCONFORMAL INDEX

In this section, we compute the superconformal index
to test the duality beyond the chiral ring. The supercon-
formal index [29, 30] is defined as
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where the trace is taken over the states satisfying the
condition on the conformal dimension: � = 3

2R + 2j2,
and where j1,2 are the Lorentz spins, R is the R-charge,
and the flavor charges are denoted by fi. The index is
invariant under the RG flow, enabling us to compute the
BPS spectrum in the IR from the UV description.
From the N = 1 gauge theory description of the

D2(SU(3)) theory [4, 31, 32], the (reduced) supercon-
formal index of the IR SCFT is computed [20] as
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where �
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R (y) is the character of the represen-

tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
N = 4 SYM with gauge group SU(3): the SU(3) flavor
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marginally irrelevant as they break the U(1)2 flavor sym-
metry. Each broken flavor symmetry generator combines
with a marginal operator, forms a long (non-BPS) mul-
tiplet, and becomes irrelevant [27]. The other three are
exactly marginal and generate a three-dimensional con-
formal manifold.
Now we compare with the conformal manifold ofN = 4

SYM. In N = 4 SYM, there are eleven marginal oper-
ators of the form Tr�i�j�k. Among the eleven, eight
of them recombine with the generators of the SU(3) fla-
vor symmetry that is broken at the generic point of the
conformal manifold, and thus are marginally irrelevant
[28]. Hence, the conformal manifold is three-dimensional,
matching that of the N = 1 dual. When we move to
the U(1)2 preserving sublocus in the conformal manifold,
the o↵-diagonal generators of the SU(3) current com-
bine with marginal operators to become long multiplets
and become irrelevant. This removes six out of eleven
marginal operators, leaving only five, matching that of
the dual theory.
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where the trace is taken over the states satisfying the
condition on the conformal dimension: � = 3

2R + 2j2,
and where j1,2 are the Lorentz spins, R is the R-charge,
and the flavor charges are denoted by fi. The index is
invariant under the RG flow, enabling us to compute the
BPS spectrum in the IR from the UV description.
From the N = 1 gauge theory description of the
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where �
su2
R = �

su2
R (y) is the character of the represen-

tation R in Lorentz spin j1. The U(1)2 flavor symme-
try enhances to SU(3) at certain points of the conformal
manifold, thus each term is written in terms of the char-
acter �su3

R of the representation R of the enhanced flavor.
This exactly matches with the superconformal index of
N = 4 SYM with gauge group SU(3): the SU(3) flavor

[Kang, Lawrie, KH Lee, JS ’22]

Matching of the superconformal index (cont’d)
- Schur index

• The full index is not available for n>1, but the Schur limit of the index is 
available. 


• In the  limit, the p-dependence drops out. 


• The Schur index for the D2(SU(2n+1)) theory is written in a succinct form 
 
 
which is the same as that of the free hypermultiplet upon .


• Had we known the full index for the D2(SU(2n+1) theory, we can compute the 
index schematically as

q = 𝔱

q → q2

4

is a part of SO(6) R-symmetry rotating the three adjoint
chiral multiplets.

The full index for the D2(SU(2n + 1)) theory is not
available for n > 1. However, a certain limit of the index
is available to test the duality. The superconformal index
for an N = 2 SCFT can be written as

IN=2(p, q, t) = Tr(�1)F pj1+j2+r
q
j2�j1+rtI3�

1
2 r , (16)

where we take the trace over the states with � � 2j2 �
2I3 � r/2 = 0. The Schur limit of this index is obtained
by taking q = t. In this limit, the p-dependence drops
out [33]. The Schur limit of the index for D2(SU(2n+1))
is available and given by a very succinct formula [13, 14]

I
D2(SU(2n+1))
S (q; z) = PE


q

1� q2
�adj(z)

�
, (17)

where PE denotes the plethystic exponential. It was
found in [34] that one can take a special limit of the
superconformal index for an N = 1 deformed N = 2
SCFT, such that it agrees with the Schur index.

In our case, when we glue the D2(SU(2n + 1)) theo-
ries via an N = 1 vector multiplet, the index for the IR
SCFT can be computed once we know the N = 2 ex-
pression of the index. If the superconformal R-symmetry
is given as in equation (2), the superconformal index is
schematically given as

I(p, q) =

Z
[dz]Ivec(z)

3Y

i=1

I
D2(z)

���
t!(pq)

2
3
+"i

, (18)

where p and q are t
3
y and t

3
/y in equation (14), Ivec(z)

and I
D2(z) denote the index for an N = 1 vector mul-

tiplet and the D2(SU(2n + 1)) theory respectively, and
"i = �1/3 from equation (7).

We would like to compare this against the index of the
N = 4 SYM theory, which is

I
N=4(p, q) =

Z
[dz]Ivec(z)Ichi(z)

3
, (19)

where Ichi(z) denotes the index for the adjoint chiral:

Ichi(z) = PE


(pq)1/3 � (pq)2/3

(1� p)(1� q)
�adj(z)

�
. (20)

Now, we take the limit q = t = (pq)
1
3 so that p ! q

2. In
this limit, the index I

D2(z) reduces to the Schur index
in equation (17) and the free chiral multiplet index in
equation (20) becomes identical to the Schur index of the
D2(SU(2n+1)) theory as in equation (17). Therefore in
this limit, the index of our gauge theory, for any n � 1,
agrees with that of N = 4 SYM.

COMMENTS ON THE G 6= SU(2N + 1) CASE

We have thus far proposed a dual theory to the N = 4
SYM with gauge group G = SU(2n+1). It is natural to

ask if there exist similar dualities for other gauge groups.
While we were not able to find a direct analog of such a
dual description, we find that there indeed exist RG flows
that connect the N = 1, 2 SCFTs with a = c in [17, 18]
to N = 4 SYM upon a series of relevant deformations.
A family of N = 1 SCFTs with a = c can be con-

structed out of a diagonal gauging of Dpi�2(G) theories
whose flavor symmetry is precisely G 2 ADE. Then, for
a choice of G, a positive integer pi can be chosen accord-
ingly. The Dp(G) theory has a Coulomb branch operator
u of scaling dimension �(u) = p+1

p . By taking a lin-

ear deformation W = u, the Dp(G) theory flows to a
theory of |G| free chiral multiplets [35, 36]. Hence, start-
ing with a theory of three Dpi(G) diagonally gauged, we
can perform a series of such linear deformations on each
block to land on a gauge theory with three adjoint chiral
multiplets, which is N = 4 SYM (modulo marginal de-
formations). When considering more than three Dpi(G),
we can simply integrate out the adjoint chiral multiplet
after the linear deformation. In this way, we can connect
(not all but) many of the a = c theories constructed via
gluing Dp(G) theories to N = 4 SYM via RG flow [37].
It is found in [18, 21] that a = c is preserved under

any N = 1 preserving superpotential deformation, via
a relevant operator, of the a = c SCFTs constructed
by diagonal gaugings of Dpi�2(G) theories in [17, 18].
This works as long as there is no accidental symmetry.
When a (gauged) Dp(G) theory gets deformed and flows
to free chiral multiplets, the original U(1)F symmetry is
broken but a new symmetry that acts on the free fields
emerge. Since the R-symmetry can potentially mix with
this new symmetry, it is not guaranteed to preserve a = c

along the flow. Surprisingly, we nevertheless find in our
constructions of a = c theories that a = c is preserved
under this flow to N = 4 SYM.

DISCUSSION

In this Letter, we have constructed a non-Lagrangian
N = 1 gauge theory (via diagonally gauging three
D2(SU(2n + 1))) that flows to a point on the confor-
mal manifold of the N = 4 SYM with gauge group
SU(2n+1), and thereby exhibits maximal supersymme-
try enhancement. We verified this by matching anoma-
lies, operators, and superconformal indices. We gener-
alize this to find that many of the a = c theories con-
structed in [17, 18] are connected to N = 4 SYM under
RG flows; this sheds light on the origin of a = c without
any obvious protection from symmetry.
Relatedly, a host of class S theories with a = c has re-

cently appeared in [19]; it would be interesting to explore
if this orthogonal construction also gives rise to theories
that possess deformations to N = 4 SYM.

We expect that the N = 1 dual theories can be investi-
gated further utilizing the N = 1 class S framework [38].

[Gadde, Rastelli, Razamat, Yan ’11]

4

is a part of SO(6) R-symmetry rotating the three adjoint
chiral multiplets.

The full index for the D2(SU(2n + 1)) theory is not
available for n > 1. However, a certain limit of the index
is available to test the duality. The superconformal index
for an N = 2 SCFT can be written as

IN=2(p, q, t) = Tr(�1)F pj1+j2+r
q
j2�j1+rtI3�

1
2 r , (16)

where we take the trace over the states with � � 2j2 �
2I3 � r/2 = 0. The Schur limit of this index is obtained
by taking q = t. In this limit, the p-dependence drops
out [33]. The Schur limit of the index for D2(SU(2n+1))
is available and given by a very succinct formula [13, 14]

I
D2(SU(2n+1))
S (q; z) = PE


q

1� q2
�adj(z)

�
, (17)

where PE denotes the plethystic exponential. It was
found in [34] that one can take a special limit of the
superconformal index for an N = 1 deformed N = 2
SCFT, such that it agrees with the Schur index.

In our case, when we glue the D2(SU(2n + 1)) theo-
ries via an N = 1 vector multiplet, the index for the IR
SCFT can be computed once we know the N = 2 ex-
pression of the index. If the superconformal R-symmetry
is given as in equation (2), the superconformal index is
schematically given as

I(p, q) =

Z
[dz]Ivec(z)

3Y

i=1

I
D2(z)

���
t!(pq)

2
3
+"i

, (18)

where p and q are t
3
y and t

3
/y in equation (14), Ivec(z)

and I
D2(z) denote the index for an N = 1 vector mul-

tiplet and the D2(SU(2n + 1)) theory respectively, and
"i = �1/3 from equation (7).

We would like to compare this against the index of the
N = 4 SYM theory, which is

I
N=4(p, q) =

Z
[dz]Ivec(z)Ichi(z)

3
, (19)

where Ichi(z) denotes the index for the adjoint chiral:

Ichi(z) = PE


(pq)1/3 � (pq)2/3

(1� p)(1� q)
�adj(z)

�
. (20)

Now, we take the limit q = t = (pq)
1
3 so that p ! q

2. In
this limit, the index I

D2(z) reduces to the Schur index
in equation (17) and the free chiral multiplet index in
equation (20) becomes identical to the Schur index of the
D2(SU(2n+1)) theory as in equation (17). Therefore in
this limit, the index of our gauge theory, for any n � 1,
agrees with that of N = 4 SYM.

COMMENTS ON THE G 6= SU(2N + 1) CASE

We have thus far proposed a dual theory to the N = 4
SYM with gauge group G = SU(2n+1). It is natural to

ask if there exist similar dualities for other gauge groups.
While we were not able to find a direct analog of such a
dual description, we find that there indeed exist RG flows
that connect the N = 1, 2 SCFTs with a = c in [17, 18]
to N = 4 SYM upon a series of relevant deformations.
A family of N = 1 SCFTs with a = c can be con-

structed out of a diagonal gauging of Dpi�2(G) theories
whose flavor symmetry is precisely G 2 ADE. Then, for
a choice of G, a positive integer pi can be chosen accord-
ingly. The Dp(G) theory has a Coulomb branch operator
u of scaling dimension �(u) = p+1

p . By taking a lin-

ear deformation W = u, the Dp(G) theory flows to a
theory of |G| free chiral multiplets [35, 36]. Hence, start-
ing with a theory of three Dpi(G) diagonally gauged, we
can perform a series of such linear deformations on each
block to land on a gauge theory with three adjoint chiral
multiplets, which is N = 4 SYM (modulo marginal de-
formations). When considering more than three Dpi(G),
we can simply integrate out the adjoint chiral multiplet
after the linear deformation. In this way, we can connect
(not all but) many of the a = c theories constructed via
gluing Dp(G) theories to N = 4 SYM via RG flow [37].
It is found in [18, 21] that a = c is preserved under

any N = 1 preserving superpotential deformation, via
a relevant operator, of the a = c SCFTs constructed
by diagonal gaugings of Dpi�2(G) theories in [17, 18].
This works as long as there is no accidental symmetry.
When a (gauged) Dp(G) theory gets deformed and flows
to free chiral multiplets, the original U(1)F symmetry is
broken but a new symmetry that acts on the free fields
emerge. Since the R-symmetry can potentially mix with
this new symmetry, it is not guaranteed to preserve a = c

along the flow. Surprisingly, we nevertheless find in our
constructions of a = c theories that a = c is preserved
under this flow to N = 4 SYM.

DISCUSSION

In this Letter, we have constructed a non-Lagrangian
N = 1 gauge theory (via diagonally gauging three
D2(SU(2n + 1))) that flows to a point on the confor-
mal manifold of the N = 4 SYM with gauge group
SU(2n+1), and thereby exhibits maximal supersymme-
try enhancement. We verified this by matching anoma-
lies, operators, and superconformal indices. We gener-
alize this to find that many of the a = c theories con-
structed in [17, 18] are connected to N = 4 SYM under
RG flows; this sheds light on the origin of a = c without
any obvious protection from symmetry.
Relatedly, a host of class S theories with a = c has re-

cently appeared in [19]; it would be interesting to explore
if this orthogonal construction also gives rise to theories
that possess deformations to N = 4 SYM.

We expect that the N = 1 dual theories can be investi-
gated further utilizing the N = 1 class S framework [38].

[Xie, Yan, Yau] 
[JS, Xie, Yan]

4

is a part of SO(6) R-symmetry rotating the three adjoint
chiral multiplets.
The full index for the D2(SU(2n + 1)) theory is not

available for n > 1. However, a certain limit of the index
is available to test the duality. The superconformal index
for an N = 2 SCFT can be written as

IN=2(p, q, t) = Tr(�1)F pj1+j2+r
q
j2�j1+rtI3�

1
2 r , (16)

where we take the trace over the states with � � 2j2 �
2I3 � r/2 = 0. The Schur limit of this index is obtained
by taking q = t. In this limit, the p-dependence drops
out [33]. The Schur limit of the index for D2(SU(2n+1))
is available and given by a very succinct formula [13, 14]

I
D2(SU(2n+1))
S (q; z) = PE


q

1� q2
�adj(z)

�
, (17)

where PE denotes the plethystic exponential. It was
found in [34] that one can take a special limit of the
superconformal index for an N = 1 deformed N = 2
SCFT, such that it agrees with the Schur index.
In our case, when we glue the D2(SU(2n + 1)) theo-

ries via an N = 1 vector multiplet, the index for the IR
SCFT can be computed once we know the N = 2 ex-
pression of the index. If the superconformal R-symmetry
is given as in equation (2), the superconformal index is
schematically given as

I(p, q) =

Z
[dz]Ivec(z)

3Y

i=1

I
D2(z)

���
t!(pq)

2
3
+"i

, (18)

where p and q are t
3
y and t

3
/y in equation (14), Ivec(z)

and I
D2(z) denote the index for an N = 1 vector mul-

tiplet and the D2(SU(2n + 1)) theory respectively, and
"i = �1/3 from equation (7).
We would like to compare this against the index of the

N = 4 SYM theory, which is

I
N=4(p, q) =

Z
[dz]Ivec(z)Ichi(z)

3
, (19)

where Ichi(z) denotes the index for the adjoint chiral:

Ichi(z) = PE


(pq)1/3 � (pq)2/3

(1� p)(1� q)
�adj(z)

�
. (20)

Now, we take the limit q = t = (pq)
1
3 so that p ! q

2. In
this limit, the index I

D2(z) reduces to the Schur index
in equation (17) and the free chiral multiplet index in
equation (20) becomes identical to the Schur index of the
D2(SU(2n+1)) theory as in equation (17). Therefore in
this limit, the index of our gauge theory, for any n � 1,
agrees with that of N = 4 SYM.

COMMENTS ON THE G 6= SU(2N + 1) CASE

We have thus far proposed a dual theory to the N = 4
SYM with gauge group G = SU(2n+1). It is natural to

ask if there exist similar dualities for other gauge groups.
While we were not able to find a direct analog of such a
dual description, we find that there indeed exist RG flows
that connect the N = 1, 2 SCFTs with a = c in [17, 18]
to N = 4 SYM upon a series of relevant deformations.
A family of N = 1 SCFTs with a = c can be con-

structed out of a diagonal gauging of Dpi�2(G) theories
whose flavor symmetry is precisely G 2 ADE. Then, for
a choice of G, a positive integer pi can be chosen accord-
ingly. The Dp(G) theory has a Coulomb branch operator
u of scaling dimension �(u) = p+1

p . By taking a lin-

ear deformation W = u, the Dp(G) theory flows to a
theory of |G| free chiral multiplets [35, 36]. Hence, start-
ing with a theory of three Dpi(G) diagonally gauged, we
can perform a series of such linear deformations on each
block to land on a gauge theory with three adjoint chiral
multiplets, which is N = 4 SYM (modulo marginal de-
formations). When considering more than three Dpi(G),
we can simply integrate out the adjoint chiral multiplet
after the linear deformation. In this way, we can connect
(not all but) many of the a = c theories constructed via
gluing Dp(G) theories to N = 4 SYM via RG flow [37].
It is found in [18, 21] that a = c is preserved under

any N = 1 preserving superpotential deformation, via
a relevant operator, of the a = c SCFTs constructed
by diagonal gaugings of Dpi�2(G) theories in [17, 18].
This works as long as there is no accidental symmetry.
When a (gauged) Dp(G) theory gets deformed and flows
to free chiral multiplets, the original U(1)F symmetry is
broken but a new symmetry that acts on the free fields
emerge. Since the R-symmetry can potentially mix with
this new symmetry, it is not guaranteed to preserve a = c

along the flow. Surprisingly, we nevertheless find in our
constructions of a = c theories that a = c is preserved
under this flow to N = 4 SYM.

DISCUSSION

In this Letter, we have constructed a non-Lagrangian
N = 1 gauge theory (via diagonally gauging three
D2(SU(2n + 1))) that flows to a point on the confor-
mal manifold of the N = 4 SYM with gauge group
SU(2n+1), and thereby exhibits maximal supersymme-
try enhancement. We verified this by matching anoma-
lies, operators, and superconformal indices. We gener-
alize this to find that many of the a = c theories con-
structed in [17, 18] are connected to N = 4 SYM under
RG flows; this sheds light on the origin of a = c without
any obvious protection from symmetry.
Relatedly, a host of class S theories with a = c has re-

cently appeared in [19]; it would be interesting to explore
if this orthogonal construction also gives rise to theories
that possess deformations to N = 4 SYM.
We expect that the N = 1 dual theories can be investi-

gated further utilizing the N = 1 class S framework [38].

p = t3y, q = t3/y
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Matching the index (cont’d)

4

is a part of SO(6) R-symmetry rotating the three adjoint
chiral multiplets.
The full index for the D2(SU(2n + 1)) theory is not

available for n > 1. However, a certain limit of the index
is available to test the duality. The superconformal index
for an N = 2 SCFT can be written as

IN=2(p, q, t) = Tr(�1)F pj1+j2+r
q
j2�j1+rtI3�

1
2 r , (16)

where we take the trace over the states with � � 2j2 �
2I3 � r/2 = 0. The Schur limit of this index is obtained
by taking q = t. In this limit, the p-dependence drops
out [33]. The Schur limit of the index for D2(SU(2n+1))
is available and given by a very succinct formula [13, 14]

I
D2(SU(2n+1))
S (q; z) = PE


q

1� q2
�adj(z)

�
, (17)

where PE denotes the plethystic exponential. It was
found in [34] that one can take a special limit of the
superconformal index for an N = 1 deformed N = 2
SCFT, such that it agrees with the Schur index.
In our case, when we glue the D2(SU(2n + 1)) theo-

ries via an N = 1 vector multiplet, the index for the IR
SCFT can be computed once we know the N = 2 ex-
pression of the index. If the superconformal R-symmetry
is given as in equation (2), the superconformal index is
schematically given as

I(p, q) =

Z
[dz]Ivec(z)

3Y

i=1

I
D2(z)

���
t!(pq)

2
3
+"i

, (18)

where p and q are t
3
y and t

3
/y in equation (14), Ivec(z)

and I
D2(z) denote the index for an N = 1 vector mul-

tiplet and the D2(SU(2n + 1)) theory respectively, and
"i = �1/3 from equation (7).
We would like to compare this against the index of the

N = 4 SYM theory, which is

I
N=4(p, q) =

Z
[dz]Ivec(z)Ichi(z)

3
, (19)

where Ichi(z) denotes the index for the adjoint chiral:

Ichi(z) = PE


(pq)1/3 � (pq)2/3

(1� p)(1� q)
�adj(z)

�
. (20)

Now, we take the limit q = t = (pq)
1
3 so that p ! q

2. In
this limit, the index I

D2(z) reduces to the Schur index
in equation (17) and the free chiral multiplet index in
equation (20) becomes identical to the Schur index of the
D2(SU(2n+1)) theory as in equation (17). Therefore in
this limit, the index of our gauge theory, for any n � 1,
agrees with that of N = 4 SYM.

COMMENTS ON THE G 6= SU(2N + 1) CASE

We have thus far proposed a dual theory to the N = 4
SYM with gauge group G = SU(2n+1). It is natural to

ask if there exist similar dualities for other gauge groups.
While we were not able to find a direct analog of such a
dual description, we find that there indeed exist RG flows
that connect the N = 1, 2 SCFTs with a = c in [17, 18]
to N = 4 SYM upon a series of relevant deformations.
A family of N = 1 SCFTs with a = c can be con-

structed out of a diagonal gauging of Dpi�2(G) theories
whose flavor symmetry is precisely G 2 ADE. Then, for
a choice of G, a positive integer pi can be chosen accord-
ingly. The Dp(G) theory has a Coulomb branch operator
u of scaling dimension �(u) = p+1

p . By taking a lin-

ear deformation W = u, the Dp(G) theory flows to a
theory of |G| free chiral multiplets [35, 36]. Hence, start-
ing with a theory of three Dpi(G) diagonally gauged, we
can perform a series of such linear deformations on each
block to land on a gauge theory with three adjoint chiral
multiplets, which is N = 4 SYM (modulo marginal de-
formations). When considering more than three Dpi(G),
we can simply integrate out the adjoint chiral multiplet
after the linear deformation. In this way, we can connect
(not all but) many of the a = c theories constructed via
gluing Dp(G) theories to N = 4 SYM via RG flow [37].
It is found in [18, 21] that a = c is preserved under

any N = 1 preserving superpotential deformation, via
a relevant operator, of the a = c SCFTs constructed
by diagonal gaugings of Dpi�2(G) theories in [17, 18].
This works as long as there is no accidental symmetry.
When a (gauged) Dp(G) theory gets deformed and flows
to free chiral multiplets, the original U(1)F symmetry is
broken but a new symmetry that acts on the free fields
emerge. Since the R-symmetry can potentially mix with
this new symmetry, it is not guaranteed to preserve a = c

along the flow. Surprisingly, we nevertheless find in our
constructions of a = c theories that a = c is preserved
under this flow to N = 4 SYM.

DISCUSSION

In this Letter, we have constructed a non-Lagrangian
N = 1 gauge theory (via diagonally gauging three
D2(SU(2n + 1))) that flows to a point on the confor-
mal manifold of the N = 4 SYM with gauge group
SU(2n+1), and thereby exhibits maximal supersymme-
try enhancement. We verified this by matching anoma-
lies, operators, and superconformal indices. We gener-
alize this to find that many of the a = c theories con-
structed in [17, 18] are connected to N = 4 SYM under
RG flows; this sheds light on the origin of a = c without
any obvious protection from symmetry.
Relatedly, a host of class S theories with a = c has re-

cently appeared in [19]; it would be interesting to explore
if this orthogonal construction also gives rise to theories
that possess deformations to N = 4 SYM.
We expect that the N = 1 dual theories can be investi-

gated further utilizing the N = 1 class S framework [38].

4

is a part of SO(6) R-symmetry rotating the three adjoint
chiral multiplets.

The full index for the D2(SU(2n + 1)) theory is not
available for n > 1. However, a certain limit of the index
is available to test the duality. The superconformal index
for an N = 2 SCFT can be written as

IN=2(p, q, t) = Tr(�1)F pj1+j2+r
q
j2�j1+rtI3�

1
2 r , (16)

where we take the trace over the states with � � 2j2 �
2I3 � r/2 = 0. The Schur limit of this index is obtained
by taking q = t. In this limit, the p-dependence drops
out [33]. The Schur limit of the index for D2(SU(2n+1))
is available and given by a very succinct formula [13, 14]

I
D2(SU(2n+1))
S (q; z) = PE


q

1� q2
�adj(z)

�
, (17)

where PE denotes the plethystic exponential. It was
found in [34] that one can take a special limit of the
superconformal index for an N = 1 deformed N = 2
SCFT, such that it agrees with the Schur index.

In our case, when we glue the D2(SU(2n + 1)) theo-
ries via an N = 1 vector multiplet, the index for the IR
SCFT can be computed once we know the N = 2 ex-
pression of the index. If the superconformal R-symmetry
is given as in equation (2), the superconformal index is
schematically given as

I(p, q) =

Z
[dz]Ivec(z)

3Y

i=1

I
D2(z)

���
t!(pq)

2
3
+"i

, (18)

where p and q are t
3
y and t

3
/y in equation (14), Ivec(z)

and I
D2(z) denote the index for an N = 1 vector mul-

tiplet and the D2(SU(2n + 1)) theory respectively, and
"i = �1/3 from equation (7).

We would like to compare this against the index of the
N = 4 SYM theory, which is

I
N=4(p, q) =

Z
[dz]Ivec(z)Ichi(z)

3
, (19)

where Ichi(z) denotes the index for the adjoint chiral:

Ichi(z) = PE


(pq)1/3 � (pq)2/3

(1� p)(1� q)
�adj(z)

�
. (20)

Now, we take the limit q = t = (pq)
1
3 so that p ! q

2. In
this limit, the index I

D2(z) reduces to the Schur index
in equation (17) and the free chiral multiplet index in
equation (20) becomes identical to the Schur index of the
D2(SU(2n+1)) theory as in equation (17). Therefore in
this limit, the index of our gauge theory, for any n � 1,
agrees with that of N = 4 SYM.

COMMENTS ON THE G 6= SU(2N + 1) CASE

We have thus far proposed a dual theory to the N = 4
SYM with gauge group G = SU(2n+1). It is natural to

ask if there exist similar dualities for other gauge groups.
While we were not able to find a direct analog of such a
dual description, we find that there indeed exist RG flows
that connect the N = 1, 2 SCFTs with a = c in [17, 18]
to N = 4 SYM upon a series of relevant deformations.
A family of N = 1 SCFTs with a = c can be con-

structed out of a diagonal gauging of Dpi�2(G) theories
whose flavor symmetry is precisely G 2 ADE. Then, for
a choice of G, a positive integer pi can be chosen accord-
ingly. The Dp(G) theory has a Coulomb branch operator
u of scaling dimension �(u) = p+1

p . By taking a lin-

ear deformation W = u, the Dp(G) theory flows to a
theory of |G| free chiral multiplets [35, 36]. Hence, start-
ing with a theory of three Dpi(G) diagonally gauged, we
can perform a series of such linear deformations on each
block to land on a gauge theory with three adjoint chiral
multiplets, which is N = 4 SYM (modulo marginal de-
formations). When considering more than three Dpi(G),
we can simply integrate out the adjoint chiral multiplet
after the linear deformation. In this way, we can connect
(not all but) many of the a = c theories constructed via
gluing Dp(G) theories to N = 4 SYM via RG flow [37].
It is found in [18, 21] that a = c is preserved under

any N = 1 preserving superpotential deformation, via
a relevant operator, of the a = c SCFTs constructed
by diagonal gaugings of Dpi�2(G) theories in [17, 18].
This works as long as there is no accidental symmetry.
When a (gauged) Dp(G) theory gets deformed and flows
to free chiral multiplets, the original U(1)F symmetry is
broken but a new symmetry that acts on the free fields
emerge. Since the R-symmetry can potentially mix with
this new symmetry, it is not guaranteed to preserve a = c

along the flow. Surprisingly, we nevertheless find in our
constructions of a = c theories that a = c is preserved
under this flow to N = 4 SYM.

DISCUSSION

In this Letter, we have constructed a non-Lagrangian
N = 1 gauge theory (via diagonally gauging three
D2(SU(2n + 1))) that flows to a point on the confor-
mal manifold of the N = 4 SYM with gauge group
SU(2n+1), and thereby exhibits maximal supersymme-
try enhancement. We verified this by matching anoma-
lies, operators, and superconformal indices. We gener-
alize this to find that many of the a = c theories con-
structed in [17, 18] are connected to N = 4 SYM under
RG flows; this sheds light on the origin of a = c without
any obvious protection from symmetry.
Relatedly, a host of class S theories with a = c has re-

cently appeared in [19]; it would be interesting to explore
if this orthogonal construction also gives rise to theories
that possess deformations to N = 4 SYM.

We expect that the N = 1 dual theories can be investi-
gated further utilizing the N = 1 class S framework [38].

4

is a part of SO(6) R-symmetry rotating the three adjoint
chiral multiplets.

The full index for the D2(SU(2n + 1)) theory is not
available for n > 1. However, a certain limit of the index
is available to test the duality. The superconformal index
for an N = 2 SCFT can be written as

IN=2(p, q, t) = Tr(�1)F pj1+j2+r
q
j2�j1+rtI3�

1
2 r , (16)

where we take the trace over the states with � � 2j2 �
2I3 � r/2 = 0. The Schur limit of this index is obtained
by taking q = t. In this limit, the p-dependence drops
out [33]. The Schur limit of the index for D2(SU(2n+1))
is available and given by a very succinct formula [13, 14]

I
D2(SU(2n+1))
S (q; z) = PE


q

1� q2
�adj(z)

�
, (17)

where PE denotes the plethystic exponential. It was
found in [34] that one can take a special limit of the
superconformal index for an N = 1 deformed N = 2
SCFT, such that it agrees with the Schur index.

In our case, when we glue the D2(SU(2n + 1)) theo-
ries via an N = 1 vector multiplet, the index for the IR
SCFT can be computed once we know the N = 2 ex-
pression of the index. If the superconformal R-symmetry
is given as in equation (2), the superconformal index is
schematically given as

I(p, q) =

Z
[dz]Ivec(z)

3Y

i=1

I
D2(z)

���
t!(pq)

2
3
+"i

, (18)

where p and q are t
3
y and t

3
/y in equation (14), Ivec(z)

and I
D2(z) denote the index for an N = 1 vector mul-

tiplet and the D2(SU(2n + 1)) theory respectively, and
"i = �1/3 from equation (7).

We would like to compare this against the index of the
N = 4 SYM theory, which is

I
N=4(p, q) =

Z
[dz]Ivec(z)Ichi(z)

3
, (19)

where Ichi(z) denotes the index for the adjoint chiral:

Ichi(z) = PE


(pq)1/3 � (pq)2/3

(1� p)(1� q)
�adj(z)

�
. (20)

Now, we take the limit q = t = (pq)
1
3 so that p ! q

2. In
this limit, the index I

D2(z) reduces to the Schur index
in equation (17) and the free chiral multiplet index in
equation (20) becomes identical to the Schur index of the
D2(SU(2n+1)) theory as in equation (17). Therefore in
this limit, the index of our gauge theory, for any n � 1,
agrees with that of N = 4 SYM.

COMMENTS ON THE G 6= SU(2N + 1) CASE

We have thus far proposed a dual theory to the N = 4
SYM with gauge group G = SU(2n+1). It is natural to

ask if there exist similar dualities for other gauge groups.
While we were not able to find a direct analog of such a
dual description, we find that there indeed exist RG flows
that connect the N = 1, 2 SCFTs with a = c in [17, 18]
to N = 4 SYM upon a series of relevant deformations.
A family of N = 1 SCFTs with a = c can be con-

structed out of a diagonal gauging of Dpi�2(G) theories
whose flavor symmetry is precisely G 2 ADE. Then, for
a choice of G, a positive integer pi can be chosen accord-
ingly. The Dp(G) theory has a Coulomb branch operator
u of scaling dimension �(u) = p+1

p . By taking a lin-

ear deformation W = u, the Dp(G) theory flows to a
theory of |G| free chiral multiplets [35, 36]. Hence, start-
ing with a theory of three Dpi(G) diagonally gauged, we
can perform a series of such linear deformations on each
block to land on a gauge theory with three adjoint chiral
multiplets, which is N = 4 SYM (modulo marginal de-
formations). When considering more than three Dpi(G),
we can simply integrate out the adjoint chiral multiplet
after the linear deformation. In this way, we can connect
(not all but) many of the a = c theories constructed via
gluing Dp(G) theories to N = 4 SYM via RG flow [37].
It is found in [18, 21] that a = c is preserved under

any N = 1 preserving superpotential deformation, via
a relevant operator, of the a = c SCFTs constructed
by diagonal gaugings of Dpi�2(G) theories in [17, 18].
This works as long as there is no accidental symmetry.
When a (gauged) Dp(G) theory gets deformed and flows
to free chiral multiplets, the original U(1)F symmetry is
broken but a new symmetry that acts on the free fields
emerge. Since the R-symmetry can potentially mix with
this new symmetry, it is not guaranteed to preserve a = c

along the flow. Surprisingly, we nevertheless find in our
constructions of a = c theories that a = c is preserved
under this flow to N = 4 SYM.

DISCUSSION

In this Letter, we have constructed a non-Lagrangian
N = 1 gauge theory (via diagonally gauging three
D2(SU(2n + 1))) that flows to a point on the confor-
mal manifold of the N = 4 SYM with gauge group
SU(2n+1), and thereby exhibits maximal supersymme-
try enhancement. We verified this by matching anoma-
lies, operators, and superconformal indices. We gener-
alize this to find that many of the a = c theories con-
structed in [17, 18] are connected to N = 4 SYM under
RG flows; this sheds light on the origin of a = c without
any obvious protection from symmetry.
Relatedly, a host of class S theories with a = c has re-

cently appeared in [19]; it would be interesting to explore
if this orthogonal construction also gives rise to theories
that possess deformations to N = 4 SYM.

We expect that the N = 1 dual theories can be investi-
gated further utilizing the N = 1 class S framework [38].

Now, take the limit  or equivalently . 
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Z
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I
D2(z)

���
t!(pq)

2
3
+"i
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3
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3
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Therefore, in this limit, the index matches exactly! 

We would like to compare the following two expressions:

N=1 gauging realizes the analogy between the D2G theory and the free theory.  [Buican, Laczko ’17]

Landscape of 4d SCFTs with a=c
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Central charges of 4d CFT

• Conformal anomalies of a 4d CFT are parametrized by two parameters (central 
charges) a & c: 
                                      


• It is now well-established that a-function is a monotonically decreasing 
function along the RG flow (a-theorem):                     [Cardy][Komargodski, Schwimmer] 
 
                                                   


• One can think of the a-function as a quantity that measures degrees of freedom. 


• The c-function, on the other-hand, does not always decrease along the RG flow. 

⟨Tμ
μ⟩ =

c
16π2

W2 −
a

16π2
E

aIR < aUV

Hofman-Maldacena bound on central charges

• The ratio  of central charges is bounded by unitarity: [Hofman, Maldacena] 
 

                       (lower/upper bound saturated by free scalar/free vector)


• For superconformal theory:


• N=1 SCFT:    (lower/upper bound saturated by free chiral/free vector)


• N=2 SCFT:     (lower/upper bound saturated by free hyper/free vector)


• N=3 or N=4 SCFT:     [Aharony, Evtikhiev]  

a/c

1
3

≤
a
c

≤
31
18

1
2

≤
a
c

≤
3
2

1
2

≤
a
c

≤
5
4

a = c
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The role of a & c
• Any holographic theories have  (for large N). [Henningson, Skenderis]


• When , there is a correction to the celebrated entropy-viscosity ratio bound of 
[Kovtun, Son, Starinet] to [Katz, Petrov][Buchel, Myers, Sinha] 
 

                                               


• Appears in the Cardy-like (high-temperature) limit of superconformal index: 
 

                                             

 
This formula accounts for the entropy of supersymmetric black holes in AdS5.


•  appears in the universal part of entanglement entropy. [Perlmutter, Rangamani, Rota]

a = c

a ≠ c

η
s

≥
1

4π (1 −
c − a

c
+ ⋯)

I(p = q = e−β) → exp (#
3c − 2a

β2 )
c − a

[J. Kim, S. Kim, JS] 
[Cabo-Bizet, Cassani, Martelli, Murthy] 

[Cassani, Komargodski]

[Choi, Kim, Kim, Nahmgoong] 
[Benini, Milan]  

[Cabo-Bizet, Cassani, Martelli, Murthy]

N=2 Gauging  theories𝒟p[G]

• In order to gauge the flavor and obtain SCFT, the 1-loop beta 
function for the gauge group should vanish: 
 
                            

flavor central charges  : “matter” contribution to the beta 
function. 


• Consider gluing a number of  theories to form N=2 SCFT: 

               →   


• Only 4 non-trivial solutions: (2, 2, 2, 2), (3, 3, 3), (2, 4, 4), (2, 3, 6) 

βG = 0 ↔ ∑
i

ki = 4h∨
G

ki

𝒟p[G]
n

∑
i=1

2(pi − 1)
pi

h∨
G = 4h∨

G

n

∑
i=1

1
pi

= n − 2

G

𝒟p2
[G]

𝒟p1
[G]

𝒟pn
[G]

[Cecotti, Del Zotto, Giacomelli] 
[Closset, Giacomelli, Schafer-Nameki, Wang] 

[Kang, Lawrie, JS]
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 theory with  Γ̂(G) Γ = D4, E6, E7, E8

(p1, p2, p3, p4)
b�(G) Quivers via gauging Dp(G)s a = c

(2, 2, 2, 2) bD4(G)

D2(G)

D2(G)

D2(G) G D2(G)
1

2
dim(G)

(1, 3, 3, 3) bE6(G)

D3(G)

D3(G) G D3(G)

2

3
dim(G)

(1, 2, 4, 4) bE7(G)

D2(G)

D4(G) G D4(G)

3

4
dim(G)

(1, 2, 3, 6) bE8(G)

D2(G)

D3(G) G D6(G)

5

6
dim(G)

Table 4: All the solutions with finite pi and the corresponding b�(G) theories when a = c.

The theories have a = c when gcd(↵�, h_
g
) = 1, which restricts the G to be those in Table 6.

There are also solutions where some of the pi are infinite:

(p1, p2, p3, p4) = (1, 2, 2,1), (1, 1,1,1) , (2.5)

however, it is presently unclear what the theories D1(G) are in the sense of superconformal

field theories. These would be putative theories with a dense Coulomb branch spectrum and

a flavor symmetry G with level 2h_
G
. It would be intriguing to explore the potential existence

of such theories, which we leave for future work.

The diagonal gauging of the common flavor symmetry G leads to a quiver-like structure

Dp1(G)

Dp4(G)

Dp2(G) G Dp3(G) (2.6)

and for the three cases with pi = 1, the corresponding node is omitted as D1(G) is trivial.

For each case in equation (2.4), the gauging is depicted in Table 4. There are special cases

8

largest comark ↵� associated to the a�ne Dynkin diagram b� are co-prime, we find that the

two central charges a and c for the b�(G) are equal:

gcd(h_
G
,↵�) = 1 =) a = c. (1.2)

The largest comarks for the � in equation (1.1) are given by

↵D4 = 2, ↵E6 = 3, ↵E7 = 4, ↵E8 = 6. (1.3)

For example, for the choices of G = SU(N), we find that bD4(SU(N)) with N odd or
bE6(SU(N)) with N = 2, 4, 5, 7, . . . have equal central charges, a = c.

As far as we know, there has been almost no known genuine N = 2 superconformal field

theories with a = c. With a larger supersymmetry such as N = 3 or N = 4, superconformal

symmetry implies a = c [7], but there is no such restriction for N = 2 theories. Besides

our b�(G) theories, we are only aware of the (A2m, D2m+2) = D2m+2

2m+2
[m+ 1] Argyres–Douglas

theory (in the notation of [42, 113]) that has the same a and c central charges.3 It is well-

known that a holographic theory which has a weakly coupled gravity dual in AdS should

have a = c in the large N limit. But it is rather scarce to find four-dimensional conformal

field theories with a = c even at finite N . Most known holographic theories, including the

familiar N = 2 SCFTs obtained from N D3-branes probing ALE singularities [59, 90], have

their central charges satisfying

a ⇠ c ⇠ O(N2) and a� c ⇠ O(N). (1.4)

Therefore a = c in the large N limit, but the value a�c is of order N and does not vanish for

finite N .4 This particular combination of central charges, (a � c), a↵ects higher-derivative

corrections in the supergravity action and contributes to the correction of the famous entropy

density-viscosity ratio bound [28, 94].5 In fact, we find that the b�(G) theories, when they

are not having a = c, can have either signs of (a� c), depending on the choice of � and G.

Another interesting aspect of these theories with a = c is that their Schur indices [75, 76]

can be written in terms of the Schur index of N = 4 super Yang–Mills theory. In fact, this

relationship holds beyond a = c whenever the b�(G) theories have no flavor symmetry. More

precisely, we find

Ib�(G)
(q) = IN=4

G
(q↵� , q↵�/2�1) , (1.5)

3
This was noticed in [5], for example. We note that the (A2m, D2m+2) and the b�(G) do not overlap,

except for (A2, D4) =
bE6(SU(2)).

4
There exists N = 1 theories where the central charges scale linearly in N : a ⇠ c ⇠ O(N), so that a 6= c

even for large N [2, 6].

5
This combination of central charges appear in other contexts as well [55, 104].
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We get  is when the  
largest comark  of  satisfies

a = c
αΓ Γ

In holography, it prevents  
correction in the effective 
supergravity action. Why???

R2
μνρσ

[Kang, Lawrie, JS]

 without any symmetry  
constraints! Genuinely N=2.
a = c

N=4 SYM and  theoryΓ̂(G)

• The Schur index of  theory is identical to that of the N=4 SYM upon rescaling! 
                                                     


• For the  theory, we find the index can be written in terms of MacMahon’s 
generalized ‘sum-of-divisor’ function which is quasi-modular:  
 
 

• There is an isomorphism between associated VOAs as a graded vector space.  
[Buican, Nishinaka]


• More connections to N=4 SYM: 1 exactly marginal coupling, S-duality, 1-form center 
symmetry Z(G), 2-group symmetry, non-invertible symmetry… 

Γ̂(G)
IΓ̂(G)(q) = I𝒩=4

G (qαΓ; qαΓ/2−1)

D̂4(SU(2ℓ + 1))

identical to that of the N = 4 super Yang–Mills theory with the gauge group G (with flavor

fugacity turned o↵) upon rescaling q ! q2:

IN=4

G
(q) =

Z
[d~z] PE


2q1/2 � 2q

1� q
�G

adj
(~z)

�
. (3.11)

This phenomenon is similar to the relation between the Schur index of D2(G) theory versus

that of a free hypermultiplet, where the former is given by the latter with q ! q2 rescaling.

Let us list a few cases upon evaluating the integral explicitly:

I bD4(SU(3))
= 1 + 3q2 + 4q4 + 7q6 + 6q8 + 12q10 + 8q12 + 15q14 + 13q16 +O(q22) , (3.12a)

I bD4(SU(5))
= 1 + 3q2 + 9q4 + 15q6 + 30q8 + 45q10 + 67q12 + 99q14 +O

�
q16

�
, (3.12b)

I bD4(SU(7))
= 1 + 3q2 + 9q4 + 22q6 + 42q8 + 81q10 + 140q12 + 231q14 +O(q16) . (3.12c)

Remarkably, we find that the leading terms of the Schur indices are given by the generating

function of MacMahon’s generalized ‘sum-of-divisor’ function [95], which is defined as

Ak(q) =
X

0<m1<m2···<mk

qm1+···mk

(1� qm1)2 · · · (1� qmk)2
. (3.13)

For k = 1, this becomes the generating function of the sum-of-divisor function

A1(q) =
1X

n=1

�1(n)q
n =

X

m=1

qm

(1� qm)2
, (3.14)

where � is responsible for the name ‘sum-of-divisor’:

�k(n) =
X

d|n

dk . (3.15)

In terms of Ak(q), which was shown to be quasi-modular in [10], we find that the Schur index

for the bD4(SU(2k + 1)) theory is given as

I bD4(SU(2k+1))
(q) = q�k(k+1)Ak(q

2) . (3.16)

Notice that a = c = 2k(k+ 1) so that the prefactor is qc2d/24 where c2d = �12c is the central

charge for the associated chiral algebra or VOA. Also notice that the Schur index for N = 4

SYM theory with gauge group SU(2k + 1) is simply written in terms of Ak(q), without

rescaling:

IN=4

SU(2k+1)
(q) = q�

k(k+1)
2 Ak(q) . (3.17)

18
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(q) = q�

k(k+1)
2 Ak(q) . (3.17)
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identical to that of the N = 4 super Yang–Mills theory with the gauge group G (with flavor

fugacity turned o↵) upon rescaling q ! q2:

IN=4

G
(q) =

Z
[d~z] PE


2q1/2 � 2q

1� q
�G

adj
(~z)

�
. (3.11)

This phenomenon is similar to the relation between the Schur index of D2(G) theory versus

that of a free hypermultiplet, where the former is given by the latter with q ! q2 rescaling.

Let us list a few cases upon evaluating the integral explicitly:

I bD4(SU(3))
= 1 + 3q2 + 4q4 + 7q6 + 6q8 + 12q10 + 8q12 + 15q14 + 13q16 +O(q22) , (3.12a)

I bD4(SU(5))
= 1 + 3q2 + 9q4 + 15q6 + 30q8 + 45q10 + 67q12 + 99q14 +O

�
q16

�
, (3.12b)

I bD4(SU(7))
= 1 + 3q2 + 9q4 + 22q6 + 42q8 + 81q10 + 140q12 + 231q14 +O(q16) . (3.12c)

Remarkably, we find that the leading terms of the Schur indices are given by the generating

function of MacMahon’s generalized ‘sum-of-divisor’ function [95], which is defined as

Ak(q) =
X

0<m1<m2···<mk

qm1+···mk

(1� qm1)2 · · · (1� qmk)2
. (3.13)

For k = 1, this becomes the generating function of the sum-of-divisor function

A1(q) =
1X

n=1

�1(n)q
n =

X

m=1

qm

(1� qm)2
, (3.14)

where � is responsible for the name ‘sum-of-divisor’:

�k(n) =
X

d|n

dk . (3.15)

In terms of Ak(q), which was shown to be quasi-modular in [10], we find that the Schur index

for the bD4(SU(2k + 1)) theory is given as

I bD4(SU(2k+1))
(q) = q�k(k+1)Ak(q

2) . (3.16)
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N=1 SCFTs with a = c
• One can construct even larger set of  theories 

with minimal supersymmetry. 


• Consider a number of  theories gauged via 
N=1 vector multiplet. 


• It modifies the condition to be a CFT in the IR, since 
the theory now RG flows. From asymptotic 
freedom bound: 
 
 

• The IR SCFT has a number of U(1) flavor symmetry 
originates from broken R-symmetry of each block. 

a = c

𝒟p[G]

[Kang, Lawrie, Lee, JS ’21]

It is straightforward to see that there are only four solutions to the Diophantine equation

(2.8)

(p1, p2, p3, p4) = (2, 2, 2, 2), (1, 3, 3, 3), (1, 2, 4, 4), (1, 2, 3, 6) , (2.10)

where we recall that D1(G) is the trivial theory. These four solutions are associated to the

a�ne ADE Dynkin diagrams bD4, bE6, bE7, and bE8, respectively.

A similar analysis can be performed to determine which N = 1 gaugings of Dpi(G)s are

asymptotically-free, and thus have a chance to flow to an interacting SCFT in the infrared.

In this case, the asymptotic freedom condition is

NX

i=1

2(pi � 1)

pi
h
_
G < 6h_

G , (2.11)

where, again, we have used the expressions for the flavor central charges in equation (2.9).

This equation (2.11) can be rewritten in the following Diophantine-like form

NX

i=1

1

pi
> N � 3 . (2.12)

In order to find all solutions, we need to analyze all possible values of pi satisfying equation

(2.12). Given that D1(G) is the trivial theory, we are interested in solutions where all pi � 2.

It is clear that the maximium value of N for which there exists such solutions is N = 5, and

thus we can consider each solution of equation (2.12) as an unordered five-tuple

(p1, p2, p3, p4, p5) , (2.13)

where some of the pi may be one. All tuples of pi which satisfy the asymptotic freedom

condition in equation (2.12) are listed in Table 1. We can write these N = 1 gaugings via

the quivers

GDp3(G) Dp5(G)

Dp4(G)

Dp2(G) Dp1(G)
.

(2.14)

Here we have used the notation that a dashed-border node represents an N = 1 vector

multiplet and a solid line between a Dp(G) theory and an N = 1 vector node corresponds to

the inclusion of a superpotential term

W ⇠ J
a
V

a + · · · , (2.15)
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where J
a is the flavor supercurrent from the Dp(G) SCFT and V

a is the vector superfield.

We may be further interested in determining the possible tuples of pi such that the

inequality in equation (2.12) is saturated. When this occurs the one-loop �-function of the

gauge coupling for G vanishes directly. This does not generally lead to a conformal field

theory in the infrared due to the non-existence of an exactly marginal operator. When we

consider saturating the inequality there is one solution where one has six pi � 2, and all

other solutions have either four or five pi � 2. All solutions are listed in Table 2.

p1 p2 p3 p4 p5

1 1 1 1 p5

1 1 1 p4 p5

1 1 p3 p4 p5

1 2 2 p4 p5

1 2 3  6 p5

1 2 3 7  41

1 2 3 8  23

1 2 3 9  17

p1 p2 p3 p4 p5

1 2 3 10  14

1 2 3 11  13

1 2 4 4 p5

1 2 4 5  19

1 2 4 6  11

1 2 4 7  9

1 2 5 5  9

1 2 5 6  7

p1 p2 p3 p4 p5

1 3 3 3 p4

1 3 3 4  11

1 3 3 5  7

1 3 4 4  5

2 2 2 2 p5

2 2 2 3 3

2 2 2 3 4

2 2 2 3 5

Table 1: All possible tuples of pi such that N = 1 gauging of the common flavor symmetry

of the associated Dpi(G) leads to an asymptotically free theory. An entry that is left as pi

indicates that the theory will be asymptotically free for any positive integer pi. We write

each tuple in ascending order.

p1 p2 p3 p4 p5 p6

1 1 2 2 7 42

1 1 2 3 8 24

1 1 2 3 9 18

1 1 2 3 10 15

1 1 2 3 12 12

1 1 2 4 5 20

p1 p2 p3 p4 p5 p6

1 1 2 4 6 12

1 1 2 4 8 8

1 1 2 5 5 10

1 1 2 6 6 6

1 1 3 3 4 12

1 1 3 3 6 6

p1 p2 p3 p4 p5 p6

1 1 3 4 4 6

1 1 4 4 4 4

1 2 2 3 3 3

1 2 2 2 4 4

1 2 2 2 3 6

2 2 2 2 2 2

Table 2: We can consider the collections of pi that saturate the inequality written in equation

(2.12). When the theories Dpi(G), with the pi as specified here, are gauged together one

obtains a theory where the one-loop �-function of the gauge coupling vanishes.

8

Tuples of ( )’s satisfying the  
asymptotic freedom bound.

pi

Landscape of N=1 SCFTs with a = c
•  theories with less SUSY not only exists, but rather common!


• One can add 1 or 2 adjoint chiral multiplets on top of the previous setup.


• 1 adjoint: can attach up to 4  theories.  

• 2 adjoints: One can even have zero  theories!


• The simplest Lagrangian model with :  
 N=1 gauge theory with 2 adjoints.


• Can attach up to 2 ’s 


• One can consider superpotential deformations of ADE type  
as in the case of adjoint SQCD. [Intriligator, Wecht] 


• How common are the  theories in the landscape of 4d CFTs?

a = c

𝒟p[G]

𝒟p[G]

a = c

𝒟p[G]

a = c

3.1 N = 1 gluing with one adjoint chiral

In this subsection, we consider several Dp(G) theories glued together by N = 1 gauging,

together with one chiral multiplet, �, in the adjoint representation of G. The matter content

is the same as with the theories formed via N = 2 gauging, and the supersymmetry enhances

to N = 2 if a superpotential term

W =
X

i

µi� , (3.6)

is turned on. The explicit sets of pis that satisfy the condition (3.5) to be asymptotically free

(or have vanishing one-loop �-function) are given by

pi = (p1, p2), (2, 2, p3), (2, 3, 6), (2, 4, 4), (3, 3, 3), (2, 2, 2, 2) , (3.7)

where the pis are given in ascending order as before, and when we write a pi in the tuple

then any positive integer satisfies equation (3.5).

In Figure 3.1, we numerically study the values of ✏1, ✏2, and R�, for the gauging (p1, p2),

and we see that for all values of p1 and p2 the unitarity conditions on the operators are

satisfied and the theory thus flows to an interacting SCFT in the infrared. Similarly, Figure

3.2, show the numerical plots for ✏1 (which is the same as for ✏2), ✏3, and R� for the gauging

(2, 2, p3), and the asymptotic behavior in the large p3 limit demonstrates that the unitarity

bounds will be satisfied for all values of p3. Finally, in Table 3, we write the ✏i and R� for the

gaugings in equation (3.7) that do not have a free parameter. From this numerical analysis

we can observe that all N = 1 gaugings with one additional adjoint-valued chiral multiplet

flow to superconformal field theories with a = c in the infrared.

(a) Contour plot of �✏1 on (p1, p2) plane. (b) Contour plot of R� on (p1, p2) plane.

Figure 3.1: Contour plots of �✏1 and R� of Dp1(G) and Dp2(G) theories glued by N = 1

gauging with one adjoint chiral multiplet. ✏1 lies on the range of
�
�

1
3 , 0

�
, as does ✏2, and R�

is always larger than 1/3; thus any such gauging satisfies the unitarity bound.
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where we omitted the coupling constant. The mother N = 2 SCFT has a marginal gauge

coupling, and upon the mass deformed N = 1 theory also has an exactly marginal coupling

given by this term [5, 9]. This terms is a direct analog of quartic coupling of SU(N) SQCD

with 2N flavors that appears in many contexts.

We also obtain an N = 1 theory with a = c by simply replacing the N = 2 gauge

multiplet in the b�(G) by the N = 1 gauge multiplet. We may expect that this theory is

identical to the mass-deformed theory of the mother N = 2 theory with the famous 27/32

ratio of central charges up on marginal deformation. This is actually incorrect in general!

What we find in general is that there exist W = 0 fixed point (without any superpotential)

where the operator µ2
i is relevant. Upon deforming by this relevant operator, the theory flows

to the mass-deformed theory with the central charge ratio given by 27/32.2

Besides these theories obtained via simple (universal) relevant deformation of b�(G) theo-

ries, we find there exist a wider class of theories with a = c that has no direct N = 2 origin.

These theories can be constructed by gauging several Dpi(G) theories with N = 1 vector

multiplet and possibly with additional matter chiral multiplets in the adjoint representation

of G. For some special choice, we can indeed reproduce the mass deformed b�(G) theory. It

is possible to further deform the theory with the superpotential, some of which still preserve

the feature of identical central charges a = c at the IR fixed point up on RG flow.

Figure of flows.

bO

? bE bD bA

Dk (k = 3, 4, 5) ? Ak (2  k  6)

�W⇠µY �W⇠Y 3 �W⇠XY 2
�W⇠Y 2+MX2

�W⇠Xk�1 �W⇠µX �W⇠Xk+1

Figure 1.1: Deforming the theories with two adjoint chiral multiplets (X, Y ) via ADE type

superpotential. When the bO is deformed by Y
2, the TrX2 become free during the RG-flow

and flipped by the flip-operator M .

2
This is reminiscent to the phenomenon that appears in N = 1 class-S theory [1, 2], where the mass

deformed theory corresponds to the case of equal degrees of normal bundles (p = q) of more general com-

pactification.

3

where we use the symmetry to write R�1 = R�2 = R�. The anomaly cancellation enforces

that the R-charges for the two adjoint chiral multiplets are

R�1 = R�2 =
1

2
. (3.37)

Therefore, we find

16(a� c) = TrR =

✓
1 + 2

✓
1

2
� 1

◆◆
dim(G) = 0 , (3.38)

and thus the theory realizes a = c. The theory has an SU(2) flavor symmetry rotating the

two adjoint chiral multiplets, and the central charges are given by

a = c =
9

32

 
13 + 2

✓
1

2
� 1

◆3
!
dim(G) =

27

128
dim(G) . (3.39)

This theory also belongs to the conformal manifold of the theory obtained starting from

N = 4 super-Yang–Mills with gauge group G and triggering an RG-flow by adding a mass

term for one of the three adjoint chiral multiplets inside the N = 4 vector multiplet. As

expected from equation (1.12), the central charges of the infrared N = 1 theory are 27/32

times the central charges of the N = 4 theory [93].

3.4 N = 1 gluing with two adjoint chirals

The sets of Dp(G) theories that can be gauged together when we include two adjoint chiral

multiplets on the gauge node are highly restricted, as we can see from equation (3.5). In the

simplest case, we consider a single Dp(G) theory for any choice of p. Then we obtain the

asymptotically-free theory given by

GDp(G) . (3.40)

A single Dp(G) theory gauged with two adjoint chiral multiplets attached has its infrared

R-charge given by

R = R0 + ✏F , (3.41)

where ✏ and the R-charge of adjoint chiral multiplets �1 and �2 are

✏ =
�8p3 � 2p2 + p+ 1 + 2p

p
16p4 + 8p3 � 11p2 + 3

3(8p3 � 7p2 � 2p+ 1)
,

R�1 = R�2 =
20p2 � p� 3�

p
16p4 + 8p3 � 11p2 + 3

3(8p2 + p� 1)
.

(3.42)
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It is straightforward to check that the operators satisfy the unitarity conditions for any value

of p, and thus each theory flows in the infrared to an interacting SCFT with a = c, if

gcd(p, h_
G) = 1. The resulting SCFTs have a host of relevant operators

Tr�2
1 , Tr�1�2 , Tr�2

2 , Tr�3
1 , Tr�2

1�2 , Tr�1�
2
2 , Tr�3

2 , Trµ�1 , Trµ�2 . (3.43)

Each of these operators provides a superpotential deformation that triggers a renormalization

group flow to a new infrared SCFT. Let us note that when G = SU(2), the cubic operators in

equation (3.43) are absent. The landscape charted by superpotential deformations involving

these relevant operators is one of the subjects of study in [70].

The only other possibility for gauging together Dp(G) with two adjoint chiral multiplets is

a theory with vanishing one-loop �-function that is obtained by gauging two D2(G) theories.

The resulting theory is of the form

GD2(G) D2(G)
.

(3.44)

As it is discussed in Section 2, the gaugings that saturate the inequality in equation (2.13)

do not necessarily lead to a superconformal field theory in the infrared, as they may not have

any exactly marginal operators.12 However, when two D2(G) theories are glued together

with two adjoint chiral multiplets, we expect a non-trivial SCFT in the infrared as there are

now marginal operators built out of the adjoint chiral multiplets. There are eight marginal

operators

Trµi�1 , Trµi�2 , Tr�3
1 , Tr�2

1�2 , Tr�1�
2
2 , Tr�3

2 . (3.45)

For group-theoretic reasons, a number of these operators may not exist, for example, for

G = SU(2), the four operators that are cubic in �i are not present due to the absence

of a cubic Casimir. Since gcd(2, h_
G) = 1 is required to obtain a theory with identical

central charges a = c, it is necessary to have G = SU(2n + 1) to ensure a = c. Thus,

the cubic marginal operators are present in the theories with a = c. Among the eight

marginal operators, at most five of them may become marginally irrelevant as they combine

with the generators of the SU(2) ⇥ U(1)2 flavor symmetry. The remaining operators are

exactly marginal and contribute to the conformal manifold with dimension at least three.13

12While such conformal gaugings may not necessarily admit any exactly marginal operators, we see in [71]
that each gauging appearing in Table 2 does.

13The marginal operators belong to the Dp(G) theory before gauging will also contribute to the conformal
manifold.
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[Kang, Lawrie, Lee, JS, in progress]
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RG Flow from N=1  theory to N=4 SYM theorya = c
• It turns out many (not all) of the  theories we consider can be 

deformed so that it RG flows to the N=4 SYM theory!


•  theory has a relevant operator of dimension .


• Upon deforming  theory via this operator, it flows to a theory of 
|G| free chiral multiplets. 


• Therefore, by deforming our N=1, 2  SCFT using this operator, 
we can effectively replace the  block via a chiral multiplet in 
the adjoint of G. 


• Once we reach 3 adjoint chirals and nothing else, we get a theory 
that is in the same conformal manifold as N=4 SYM!

a = c

𝒟p[G] Δ = (p + 1)/p

𝒟p[G]

a = c
𝒟p[G]

[Kang, Lawrie, Lee, JS ’23]

[Xie, Yan]

G

𝒟p2
[G]

𝒟p1
[G]

𝒟pn
[G]

G

𝒟p2
[G]

𝒟pn
[G]

W = u(1)
1

Holographic dual of a=c 
theories?
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Lagrangian  theory with Γ̂(G) Γ = D4, E6, E7, E8
• What is the holographic dual of such  theories? It should forbid particular type of 

corrections in SUGRA action without any symmetry constraints. How?


• When , we recover Lagrangian affine quiver gauge theory obtained via  D3-
branes probing ALE singularity .  
 

• The holographic dual for  theories have been known for ages: It is dual to the type IIB 
theory on  with  unit of 5-form flux through .

a = c

G = SU(αΓℓ) ℓ
ℂ2/Γ

Γ̂(G)
AdS5 × S5/Γ ℓ S5/Γ

where Dp(G) is given by a Lagrangian quiver. For instance, by taking G to be

G = SU(N) for N = p`, (2.7)

we can utilize the relation

Dp(SU(p`)) = SU(p`) SU((p� 1)`) · · · SU(`) (2.8)

which is a Lagrangian theory. Then we are left to find which choices of pi and G can make

the quiver in equation (2.6) to be a Lagrangian quiver.

`

`

` 2` `

(a) The bD4 Lagrangian quiver when

(p1, p2, p3, p4) = (2, 2, 2, 2) and G = SU(2`).

`

2`

` 2` 3` 2` `

(b) The bE6 Lagrangian quiver when

(p1, p2, p3, p4) = (1, 3, 3, 3) and G = SU(3`).

2`

` 2` 3` 4` 3` 2` `

(c) The bE7 Lagrangian quiver when (p1, p2, p3, p4) = (1, 2, 4, 4) and G = SU(4`).

3`

` 2` 3` 4` 5` 6` 4` 2`

(d) The bE8 Lagrangian quiver when (p1, p2, p3, p4) = (1, 2, 3, 6) and G = SU(6`).

Figure 2.1: When the gauge group G appearing in the quiver in equation (2.6) is an SU(N)

group such that each pi divides N , then one can use the description in equation (2.8) to

rewrite (2.6) as a Lagrangian quiver. We depict such Lagrangian quivers and observe that

these are the standard a�ne quiver gauge theories that arise on the worldvolume of D3-branes

probing C2/� orbifolds [59]. Here, we introduce the shorthand notation of writing N inside

of a gauge node to represent an SU(N) gauge group.

In fact, we find that for the four solutions in equation (2.4), with a particular choice of

G to yield a Lagrangian theory, give rise to the known a�ne D4, E6, E7, and E8 quivers,

respectively. When (p1, p2, p3, p4) = (2, 2, 2, 2) and G = SU(2`), we get the Lagrangian

quiver corresponding to bD4 as depicted in Figure 2.1a. When (p1, p2, p3, p4) = (1, 3, 3, 3) and
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D̂4(SU(2ℓ)) ̂E6(SU(3ℓ))

̂E7(SU(4ℓ))

̂E8(SU(6ℓ))

Holographic dual of  theory?Γ̂(G)
• For general G, our theory naturally generalizes the affine quiver theory by 

‘fractionalization’:  ,  D3-branes with ‘extra charge’ . 


• Is there a string-theoretic/holographic realization for such configuration? 


• One particular example of holographic dual:  type Class-S with 4 twisted minimal 
punctures realizes the  theory.  
 
 
 

• Holographic dual for the (untwisted) class-S theories are known. 


• Any good reason for  from gravity perspective?

N = αΓℓ + m ℓ m/αΓ

A2N
D̂4(SU(2N + 1))

a = c

[Beem, Peelaers] 
[Kang, Lawrie, Lee, Sacchi, JS]

[Gaiotto, Maldacena][Nishinaka]

feature of having the Hall–Littlewood index di↵erent from the Higgs branch Hilbert series

holds for any sphere with multiple twist lines, independently from the rank. The second

motivation is to provide evidence for Conjecture 1.2, which gives the prescription for the 3d

mirror, in the higher rank case.

The first family of theories that we consider involves class S of type A2n on a sphere with

four twisted null punctures, 4⇥ [2n]t, which we depict in Figure 2.8a. The three-punctured

sphere with punctures [12n+1] + 2 ⇥ [2n]t is a product SCFT, given by two copies of the

D2(SU(2n + 1)) theory [19, 26]. Thus, the theory with four twisted null punctures can be

described as the diagonal SU(2n + 1) gauging of four copies of the D2(SU(2n + 1)) theory;

the resulting theory is nothing other than the bD4(SU(2n+ 1)) studied in [119]. This theory

is interesting for a variety of reasons. First, as pointed out in [119], it has identical central

charges, a point which we discuss further in Section 4. Moreover, such SCFTs seem to be

the only higher rank examples of twisted A2n class S theory for which the 3d reduction is

Lagrangian.

SU(2n+ 1)

(a) A2n with 4⇥ [2n]t.

n n

n n

2n+ 1

(b) 3d reduction.

2n 8

(c) 3d magnetic quiver.

Figure 2.8: In (a), we show the A2n class S theory with four twisted null punctures, the

four gray-filled stars denote the twisted null punctures, while the uncolored circles denote

the untwisted maximal punctures that are glued together. In (b), we depict the Lagrangian

quiver describing the 3d reduction. In (c), we portray the magnetic quiver which, together

with a free hypermultiplet corresponding to the singlet part of the antisymmetric, is a mirror

for the theory in (b) around the most singular point on its Coulomb branch. In (c), the blue

circular node denotes the USp(2n) gauge group, while the arc denotes the antisymmetric

hypermultiplet.

While it is computationally infeasible to determine the Hall–Littlewood index for the
bD4(SU(2n + 1)) theory with arbitrarily large n, we can study the expansion for low values

of n to observe that the index contains terms with negative coe�cients and thus satisfies

Conjecture 1.1. For example, for bD4(SU(5)), we find that the Hall–Littlewood index is given

25

G dG rG h_
G

⇤G Casimir degrees

SU(K) K2 � 1 K � 1 K K 2, 3, · · · , K
SO(2K) K(2K � 1) K 2K � 2 4K � 8 2, 4, · · · , 2K � 2, K

E6 78 6 12 24 2, 5, 6, 8, 9, 12

E7 133 7 18 48 2, 6, 8, 10, 12, 14, 18

E8 248 8 30 120 2, 8, 12, 14, 18, 20, 24, 30

Table 3: The relevant data associated to an ADE Lie group G. We list for each G the

dimension (dG), rank (rG), dual Coxeter number (h_
G
), the order of the finite ADE subgroup

of SU(2) (⇤G), and the degrees of the Casimir invariants.

(p1, p2, p3, p4)
b�(G) Quivers via gauging Dp(G)s a = c

(2, 2, 2, 2) bD4(G)

D2(G)

D2(G)

D2(G) G D2(G)
1

2
dim(G)

(1, 3, 3, 3) bE6(G)

D3(G)

D3(G) G D3(G)

2

3
dim(G)

(1, 2, 4, 4) bE7(G)

D2(G)

D4(G) G D4(G)

3

4
dim(G)

(1, 2, 3, 6) bE8(G)

D2(G)

D3(G) G D6(G)

5

6
dim(G)

Table 4: All the solutions with finite pi and the corresponding b�(G) theories when a = c.

The theories have a = c when gcd(↵�, h_
g
) = 1, which restricts the G to be those in Table 6.

The diagonal gauging of the common flavor symmetry G leads to a quiver-like structure

Dp1(G)

Dp4(G)

Dp2(G) G Dp3(G) (2.6)
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Conclusion

Summary & future direction 

• We have a ‘landscape’ of genuinely N=1, 2 SCFTs with , exact in N.


• The Schur index of N=2 SCFTs  is identical to that of N=4 SYM upon rescaling: 

• Some of the N=1 SCFTs constructed out of gauging multiple Dp[G] theories flow to N=4 SYM 
upon suitable deformation. 


• Holographic interpretation? The term  “forbidden” without any symmetry in SUGRA EFT.


• Any (generalized) symmetry constraint hidden in the landscape of a=c theories?  

a = c

Γ̂(G)

R2
μνρσ

For a circular quiver with N gauge nodes and G = SO(2K), as depicted in Figure 5.1c,

connected by this kind of orthosymplectic matter, we find that the central charges are
8
>>><

>>>:

a =

✓
K(K � 1) +

5

24

◆
N,

c =

✓
K(K � 1) +

1

6

◆
N.

(5.11)

The di↵erence between these central charges is

c� a = �N

24
, (5.12)

which is strictly negative and its absolute value can be arbitrarily large by increasing the

number of SO(2K) gauge nodes in the circular quiver. We note that these theories have

a > c, which implies existence of fermionic generators in the associated VOA [32]. A similar

determination of the central charges can be made for the bD-type quivers, shown in Figure

5.1d, where the links are taken to be the orthosymplectic matter instead of the conformal

matter.

6 Discussion

We have constructed a set of four-dimensional N = 2 superconformal theories b�(G), labeled

by a pair of ADE groups � and G. For a generic choice of � and G, these theories involve

Argyres–Douglas and conformal matter theories, and thereby do not admit weakly-coupled

Lagrangian descriptions.

Among them, theories with � = D4, E6, E7, E8 exhibit particularly interesting aspect.

One of the fascinating features of these (strictly N = 2) SCFTs is their similarity to N = 4

super Yang–Mills. When gcd(↵�, h_
G
) = 1 with ↵� being the largest comark of the a�ne Lie

group �, then this similarity is manifest in the central charges a and c:

a(b�(G)) = c(b�(G)) ⇠ dG . (6.1)

We emphasize that there has been almost no known examples of genuinely N = 2 SCFTs

with equal central charges a = c. For a holographic theory, the di↵erence between two

central charges (a � c) tends to be subleading in the 1/N expansion, but it does give a

non-trivial correction to the bulk action. For instance, this can lead to the violation of the

celebrated entropy-viscosity ratio bound [28, 94]. Moreover, for the theories b�(G) with no

flavor symmetry, the Schur index of such a b�(G) is identical to that of the N = 4 SYM

theory upon rescaling of parameters! More precisely, we find that

Ib�(G)
(q) = IN=4

G
(q↵� , q↵�/2�1) . (6.2)
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Emergent N = 4 supersymmetry from N = 1
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We discover a four-dimensional N = 1 supersymmetric field theory that is dual to the N = 4
super Yang–Mills theory with gauge group SU(2n + 1) for each n. The dual theory is constructed
through the diagonal gauging of the SU(2n+1) flavor symmetry of three copies of a strongly-coupled
superconformal field theory (SCFT) of Argyres–Douglas type. We find that this theory flows in the
infrared to a strongly-coupled N = 1 SCFT that lies on the same conformal manifold as N = 4
super Yang–Mills with gauge group SU(2n + 1). Our construction provides a hint on why certain
N = 1, 2 SCFTs have identical central charges (a = c).

INTRODUCTION

Symmetry is the fundamental organizing principle used
to characterize physical systems. Symmetry can be
spontaneously broken or emergent along renormaliza-
tion group (RG) flows. In particular, supersymmetry
is a powerful symmetry, which exchanges bosons and
fermions in spacetime, that is traditionally regarded as
a high-energy symmetry in the ultraviolet (UV). Super-
symmetry can also arise as an emergent symmetry in the
infrared (IR), or one can begin with minimal supersym-
metry and flow to an enhanced supersymmetry.

Dualities between field theories are insightful for ana-
lyzing and understanding non-perturbative physics and
can be categorized into at least two classes, namely, self-
duality and IR duality. One of the most well-known ex-
amples of self-duality exists in the N = 4 super Yang–
Mills (SYM) theory, where the weakly-coupled regime is
mapped to the strongly-coupled regime and vice versa.
In contrast, IR duality refers to the case where there are
two distinct UV theories that become identical in the IR
after the RG flow. A well-known example is Seiberg du-
ality [1], under which the fundamental fields in a gauge
theory are mapped to composite fields of a di↵erent gauge
theory, and vice versa.

In this Letter, we find a novel dual description to
N = 4 SYM that exhibits emergent maximal supersym-
metry. The dual theory involves non-Lagrangian N = 2
superconformal theories (SCFTs) coupled to an N = 1
gauge multiplet. This theory then flows in the IR to
an SCFT, and we argue that the fixed point lies on the
N = 1 preserving conformal manifold [2] of N = 4 SYM.
This is depicted in Figure 1.

The dual description we present is interesting in many
ways. First, we find that the N = 1 supersymmetry in
the UV gets enhanced to N = 4 in the IR, which is a
larger enhancement compared to the N = 2 enhance-
ment discussed in [3–8]. Second, the N = 1 dual theory
is given in terms of non-Lagrangian SCFTs of Argyres–
Douglas type [9–12], however it flows to a theory with a

Lagrangian description; this provides a hint on the ear-
lier observations that the relevant Argyres–Douglas the-
ory in this construction (D2(G)) behaves similarly to free
fields [13–15]. This generalizes the previous N = 1 du-
als to N = 4 SYM with gauge group SU(2), where the
N = 1 theory is Lagrangian [16]. Finally, the N = 4
enhancement of supersymmetry provides an explanation
of recently explored a = c theories with N = 1, 2 super-
symmetry [17–21].

D2(SU(2n+ 1))

D2(SU(2n+ 1))

SU(2n+ 1)

D2(SU(2n+ 1))IR

Conformal manifold of
N = 4 SYMSU(2n+1)

FIG. 1. The N = 1 gauge theory flows to a point in the
N = 1 preserving conformal manifold of N = 4 SYM.

THE DUAL THEORY

To construct the non-Lagrangian N = 1 duals to
N = 4 SYM, we introduce some 4d N = 2 SCFTs as
“building blocks.” We consider the theories known as
Dp(G), where p � 2 is an integer and G is an ADE Lie al-
gebra [10–12]. This theory contains (at least) G as its fla-
vor symmetry. Such SCFTs can be constructed from the
class S [10, 22, 23] perspective, that is by compactifying
the 6d N = (2, 0) theory of type G on a sphere with cer-
tain punctures, one labelled by p. These N = 2 SCFTs
are generically inherently strongly-coupled as they pos-
sess Coulomb branch operators with fractional conformal
dimensions; such SCFTs are known as Argyres–Douglas
theories following the seminal example in [9].
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• We have found an N=1 non-Lagrangian theory that flows in the IR 
to a point in the same conformal manifolds as N=4 SYM theory of 
G=SU(2n+1). Maximal SUSY enhancement.
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Non-invertible symmetries and disk partition
functions

Satoshi Yamaguchi

Abstract. Recently, the concept of symmetry has been generalized, and
what was not traditionally called symmetry is now being used similarly as
symmetry. In this talk, we discuss a class of such generalized symmetries,
called non-invertible symmetries, from the viewpoint of the lattice field the-
ories. In particular, we construct topological defects in four-dimensional Z2

lattice gauge theory, including the Kramers-Wannier-Wegner (KWW) duality
defect; the KWW duality defect is an example of non-invertible symmetries.
Also, we consider the system with a boundary and discuss the relations be-
tween the disk partition functions derived from the non-invertible symmetry.

(S. Yamaguchi) Osaka University
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Open string Witten indices of 2d N = (2, 2)
GLSMs

Yutaka Yoshida

Abstract. In our previous work, we have derived a supersymmetric lo-
calization formula for indices of 2d N = (2, 2) gauged linear sigma models
(GLSMs) on I × S1. In this talk, we consider the localization formula in
the Landau-Ginzburg(LG) phase and discuss BPS boundary conditions which
reproduce cylinder amplitudes with Recknagel-Schomerus boundary states in
Gepner models.

(Y. Yoshida) Meiji Gakuin University
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