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Abstract

We discuss a SU(6) grand Gauge-Higgs unification (gGHU). In this model, the
Standard Model (SM) higgs field is identified with one of the extra spatial compo-
nents of the higher-dimensional gauge fields. To construct the realistic model we
study following three topics.

First, we consider reproducing the Standard Model mass hierarchy. To reproduce
it, the SM fermions are introduced on a fixed point in an orbifold compactification
and some massive bulk fermions are introduced. SM fermion masses can be gen-
erated by integrating out the bulk fermions. However, the top quark mass is not
reproduced in this setup. Therefore, we also introduce the localized gauge kinetic
terms to enhance the SM masses and we obtain the suitable parameter regions to
reproduce the SM fermion mass hierarchy including the top quark mass.

Second, we consider reproducing the flavor mixing angles and a CP phase. To
reproduce them, we modify the interactions between the SM and bulk fermions. We
can reproduce the flavor mixing angles and a CP phase.

Finally, we consider the gauge coupling unification. Since the gauge coupling
runs linearly in the five-dimensional theory, whether the theory is asymptotically
free is nontrivial. We show that one of our models is asymptotically free and obtain
the GUT scale of 10714 GeV.

This thesis is based on a series of our work [1-4].
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1 Introduction

Standard Model (SM) has been completed by the discovery of the Higgs field as a fi-
nal peace. The Higgs field plays an important role for understanding the unification of
the electromagnetic and weak interactions through the spontaneous symmetry breaking.
Unfortunately, the Higgs sector has not been fully understood. Especially, the hierarchy
problem is well known, which requires a fine tuning of parameters in the SM to reproduce
the Higgs mass 125 GeV. This is due to the discrepancy between the weak scale (~ 102
GeV) and the Planck scale (~ 10 GeV). It may imply the existence of new physics
between the weak and the Planck scale.

Gauge-Higgs unification (GHU) [5] is one of the scenarios beyond the Standard Model
(BSM) and proposed as a theory solving the hierarchy problem. In GHU, the SM Higgs
field is identified with one of the extra spatial components of the higher dimensional
gauge fields. As a result, the physical quantities of the Higgs sector can be computed to
be finite. regardless of its non-renormalizability. For instance, it is well known that the
tree-level Higgs potential cannot be allowed and its quantum corrections are finite due to
the higher dimensional gauge symmetry. One-loop and two-loop cases are shown in [6]
and [7], respectively.

Grand unified theory (GUT) is the ultimate theory, which unifies the electromagnetic,
the weak and the strong interactions. GUT also has the hierarchy problem as the dis-
crepancy between the weak and the GUT scale. Therefore, the extension of GHU to
grand unification is a natural direction to explore. As a minimal unified gauge symme-
try, an SU(6) grand Gauge-Higgs unification (gGHU) is discussed [8] . In this theory,
the SM fermions are embedded into the KK zero-mode of the five-dimensional fermions
without the massless exotic fermions. However, the down-type and the charged lepton
Yukawa interactions originated from the gauge interaction cannot be allowed since the
corresponding left-handed SU(2),, doublets and right-handed SU(2), singlets are embed-
ded into different five-dimensional fermions. This fact seems to be generic in gGHU as
long as the SM fermions are embedded into the bulk fermions.

In my doctoral course, I have studied the three topics in SU(6) gGHU with my col-
laborators; reproducing the fermion mass hierarchy [1,2]; reproducing the flavor mixing
angles [3]; the gauge coupling unification [4]. In this theses, these wil be explained in

order.

'For earlier attempts and related works, see [9].



In our first study [1,2], we consider reproducing the SM fermion mass hierarchy in
SU(6) gGHU. Since the down-type and charged lepton Yukawa couplings cannot allowed
in [8], we have to consider other approaches. Fortunately, a different approach to generate
the SM Yukawa couplings in context to GHU has been known [10,11]. In this approach,
the SM fermions are located on the boundaries, which are fixed points in an orbifold
compactification, and the massive bulk fermions and its interaction with the SM fermions
are also introduced per generation. The SM fermion masses are obtained by integrating
out the massive bulk fermions. However, generated masses have the maximum value
around weak boson mass, thus the top quark mass, which is roughly twice as much as the
weak boson mass, is not reproduced. This fact also seems to be generic in GHU. As a
useful approach to solve this problem [10], by introducing the localized gauge kinetic terms
on the boundaries, the generated SM fermion masses can be enhanced. In this thesis, we
followed this approach. Introducing the localized gauge kinetic terms, the wave function
of the gauge fields are modified and become complicated. We computed its solutions in
the periodic and anti-periodic field cases, respectively. As a result, we can reproduce
the fermion mass hierarchy including the top quark and obtain the suitable parameter
regions.

In our second study [3], we consider reproducing the flavor mixing angles and a CP
phase in SU(6) gGHU. Unfortunately, they could not be generated in our model [1,2].
Therefore, we modify the interactions between the SM and bulk fermions to generate the
flavor mixing terms. Thanks to the modification, the number of the bulk fermions can be
reduced and its interactions with SM fermions become intergenerational. As a result, we
can successfully reproduce the fermion mass hierarchy, the flavor mixing angles and a CP
phase with good accuracy.

In our third study [4], we discuss the gauge coupling unification in SU(6) gGHU, which
should be explored in a context of GHU scenario. It is well known that the gauge coupling
runs logarithmically in four-dimensional theory. On the other hand, the gauge coupling
runs linearly in flat five-dimensional theory. Therefore, whether the models in [2,3] are
asymptotically free is nontrivial. In fact, the former model [2] cannot be asymptotically
free and the latter model [3] is asymptotically free. This is due to reducing the number
of the bulk fermion. As a result, the unification scale is found to be 10'* GeV.

This thesis is organized as follows. In the next section, we briefly review the SU(6)

gGHU. In section 3, the fermion mass hierarchy in SU(6) gGHU is discussed. Introducing



the massive bulk fermions and the localized gauge kinetic terms are explained. In section
4, the flavor mixing angle in SU(6) gGHU is discussed. Is section 5, we study the gauge

coupling unification in the two model shown in section 3 and 4. Final section is devoted

to our conclusions.



2 Brief Review of gGHU

In this section, we review a grand Gauge-Higgs unification. First, we explain how to
reproduce the four-dimensional physical quantities from five dimensional theory. Second,
we explain the simplest SU(6) gGHU model.

In this thesis, M and N (p and v) are used as the superscript of five(four)-dimensional

coordinates, and y denotes the extra dimension.
oM = (2t 1), ot = (20 2t 2? 2?), y =2’ (2.1)
The metric is given by
ds? = gyndzMdz?, gun = diag(+1,—1,—-1,—1,—1). (2.2)

When z# appears as an argument of the function, we omit the superscript and simply

write x,

F(z) = F(a"). (2.3)

2.1 Higher dimensional theory

Considering the extension of the standard model to the higher dimensional theory, the
question arises how the four-dimensional physical quantity is reproduced at the low energy
scale. One of the approaches to study is the compactification of extra dimension, where
the periodic boundary conditions are imposed on the extra dimension and the invariance
under the condition must be satisfied. Especially, when the number of the extra dimension

is one, it is called as S' compactification:
y=y+2nR. (2.4)

The periodic boundary conditions of the vector field Ay, and the fermion are as follows.

T[Au(z,y)] = TAT" = Au(z,y + 27R),

A

(2.5)
T (z,y)] =TV = U(z,y + 27R),

where T is the 27 R translational operator whose eigenvalues are +1 and 7' is the unitary
matrix. In S* compactification, the fundamental region of the extra dimensional space is
the circumference with the radius R.

Furthermore, we can also consider an identification of the extra dimensional space by
Zy parity:
= —y. (2.6)
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Figure 1: The upper, middle and lower figures show the S* compactification, the Z, iden-
tification and S'/Z, orbifold, respectively. y denotes the extra-dimensional coordinate.
T and P (p’ ) are denote the operators of the 27 R transformation and the parity trans-
formation at y = 0 (y = mR) boundary, respectively.

Imposing the Z, parity, the fundamental region of the extra dimensional space is the
half-line [0, 00), that is, the theory has a boundary at y = 0. The boundary conditions of
the vector field Ay; and the fermion in the fundamental representation of the symmetry

group at y = 0 are as follows.

P[Au(z,y)] = PA,(x,y)P' = Ay(z, —y),

PA(2,y)] = —PAy(z,y) Pt = Ay (z,—y), (2.7)
P¥(z,y)] = +Py°U(z,y) = U(z, —y),

where P is the parity operator around y = 0, whose eigenvalues are also +1 and P is
the parity matrix. The signs for A, and A, in second line are derived from the parity
invariance of the kinetic term Fy;nyEF™Y. The matrix +° indicates that the left-handed
and the right-handed fermion have the opposite eigenvalue each other. Therefore, the
five-dimensional fermion has no Dirac mass term W because of the odd parity.

The S, /Z, orbifold is a compactification operating Z, identification in addition to S*
compactification. This leads to consider the extra dimension only in the range of [0, 7R],
that is, the theory has the two boundaries at y = 0 and wR. Similarly, we can also
consider the parity transformation around y = 7w R, whose operator is similarly to y = 0

case, P’. Since these three operators, T, ]5, P satisfy the relation T = PP’ as shown in
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Fig. 1, the fields are classified by the eigenvalues of P and P

(+1,+41): T =+

5 DN (+17 1) T:

(P, P) = (—1,4+1): T = — (2.8)
(—1,-1): T:+1

By this classification, the wave functions can be expanded by the plane waves, which is

called Kaluza-Klein (KK) expansion. For the scalar field &, KK expansion is carried out

as follows.
700 (2) + 3000 oo cos (3y) ¢ () (+1,+1)
A0 (@) + Y00, A cos (M) 60 (@) ¢ (+1,-1)
y) = 1 4(0) o 1 o (ntl/ (n) ; (2.9)
\/ﬁcé (z) + anl 7=g Sm ( i () :(=1,+1)
> o1 7o sin () ¢ (@) L (=1,-1)

where ¢ (z) are four dimensional fields and called as the n-th KK fields. Once the wave
function in extra dimensional space are found, four-dimensional physical quantities can
be evaluated through the integral of the extra dimensional space. Especially, the mass

term in four dimension is given by.

/d4xdy£5(x,y) S /d‘*xdy (950 ( /d4 Z (”*”) o™ (z)2,  (2.10)

where v = 0 (1/2) for T = 1 (—1), respectively. This equation means that the extra

dimensional momentum is identified with the mass in four-dimensional low energy theory.
R~ is called as the compactification scale, which is a typical energy scale specifying the
physical effects of the extra dimensions. When the energy scale of the theory is smaller
than R™!, the radius R is small and can be regarded as internal degree of freedom, that
is the dimension of the theory is approximately four. In constructing the model, R~ is
larger than TeV scale because no new particle have been discovered in the present collider
experiments. In the low energy theory where the energy scale E is much smaller than
R™', E < R™!, we have only to consider the light state with the mass m < 1/R, thai is,
only KK zero mode with the parities (P, P') = (+1,+1) because only these states have

the massless state as shown in Fig. 2.

2.2 Simplest SU(6) gGHU

In this subsection, we review the simplest SU(6) gGHU shown in [8].
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Figure 2: Kaluza-Klein masses with the parities (P, P’).

2.2.1 Parity conditions

We consider an SU(6) grand Gauge-Higgs unification on S'/Z, orbifold. The five-

dimensional lagrangian of the gauge field is given by
1
cagzu—zfﬂmeMN, (a=1,2,...,34,35) (2.11)

where the field strength tensor is given by F,y = Oy A% — OnAS, +ifc A8, AS, and fobe

is the structure constant of SU(6). The parity matrices at each fixed point are

{p::dmgvﬁﬁ—lf—L—i,—1r+U (2.12)

P’ =diag(—1,—1,+1,+1,+1,+1)

According to Eq. (2.7), the eigenvalues for each components of four-dimensional gauge
field are found

+ +

|
— [ — — — [ — —

1|+ +

R g
|
|

(2.13)
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On the boundary y = 0 and 7R, the states imposed by the Neumann boundary condition
survive. Therefore, the gauge symmetry on the boundaries are SU(5) xU(1)x (y = 0) and
SU(2),xSU(4)xU(1) (y = mR). Comparing the gauge symmetry of the standard model,
U(1)x symmetry is extra because the SM gauge symmetries are contained in SU(5) gauge
symmetry: SU(5) D SU(3)¢ x SU(2), x U(1)y. In this thesis, this gauge symmetry is

assumed to be broken by some mechanism, for example, the four dimensional scalar field



and its potential are introduced to y = 0 boundary and this symmetry is broken by the

vacuum expectation value (VEV) of the scalar fields. After the U(1)x gauge symmetry

is spontaneously broken, the remaining gauge symmetries on the boundaries are given by
SU(5) ry =0,

(2.14)
SU(3)CXSU(2)LXU(1)Y Zy:ﬂ'R.

Since only the KK zero mode with (4, +) are massless, the gauge symmetry in this theory
is broken by S!/Z, orbifold

SU(6) = SU@3)e x SUQ2), x U(L)y x U(l)x — SUB)e x SUQ2), x U(L)y.  (2.15)

Similarly, according to Eq. (2.7) the eigenvalues for each components of an extra

dimensional gauge field are

(==) (=) [ (=+) (=+) (=) (++)
I I
D D/ _ _a+ _7+ R R Ty +7_
B 1) 0|0 ) = [y [ B9
(_7_'_) (_>+) (_7_) (_7_) (_7_) (+7_)
(+7+> (+7+) (_'_7_) <+7_) (+7_) (_7_)
The massless fields are found
0 0 0 0 0]AP® _ ;420
0 0 00 0[AFO ;420
0 _ 1 0 0 0 0 0 0
Aé)_ﬁ 0 0 000 0 (2.17)
0 0 0 0O 0
AP0 A0 A2T0) A0 g g 0

where Ag(jo) is the KK zero mode of A,. They behave like the SM Higgs fields under the

gauge symmetries shown in Eq. (2.15), so that we can identify them with the components

of the Higgs field
1 A A
H = \/— ( 27(0 A ) (2.18)

In this setup, the doublet-triplet splitting problem is solved by the orbifolding since the
colored Higgs has the parities (4, —) and become massive [13].
In this thesis, the VEV of the Higgs field is parametrized as

200

(As) = . R(sg& (2.19)
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where « is a dimensionless parameter. Note that the KK fields have the masses originated

from the Higgs VEV and the extra dimensional momentum, their masses are found to be

(n+v+qa)?
m = (2.20)

where ¢ an the integer defined by the SU(2) representation of the fields. In particular,

the W boson mass is given by,
(2.21)

S

2.2.2 Effective potential

The electroweak symmetry breaking occur by the Higgs field with the nontrivial VEV. In
GHU, since the Higgs fields is originated from the gauge fields, the Higgs potential at tree
level is protected by five-dimensional gauge symmetry. Therefore, the Higgs potential
arises from quantum corrections. The potential is generated at one-loop by Coleman-
Weinberg mechanism,

4

V(ga) = Y () / é%f loglp, + m2] = gF*(qa), (2.22)

n

with

qa iZ/

where the overall sign +(—) stands for fermion (boson) contribution, respectively. g means

log Py +m2], (2.23)

the spin degree of freedom of the field running in the loop. The loop momentum pg is
taken to be Euclidean. The potential F depends on the mass spectrum of KK-fields m,,,

which is classified depending on the mass spectra as follows.

3 i cos(2mqak) o, (n+w)?

=+ _ _
F(ge) = :|2647T6R4

/{,‘5 -my, —R2 5
(2.24)

N kcos 27rq04k) o, (n+1/2+a)
]—"1/2((_104 64 6R4 Z T R? ‘

When a VEV is obtained from the Higgs potential, whether the symmetry breaking
occurs can be determined by the product of the Wilson line W and the unitary matrix

corresponding to the transformational operator T'= PP’,

2R
W =W xT =Pexp {ig5/ dy <A5>} x PP, (2.25)
0

11



which is discussed in appendix B. This product and the generator for remaining symmetry

after getting a VEV, T are commutative:
W, T = [T*,W] = 0. (2:26)

In this model at @ = 0 case, remaining gauge symmetries in the low energy scale are

SU3)e x SU(2)r x U(1)y shown in Eq. (2.15), which correspond to the generators of

13,14,152021,22.23 7123 g T4

SU(6) gauge group, T° , respectively. At o = 1/2 case,

T813:14,15,20.21,22.23 713 and T? are commutative with the product shown in Eq. (2.25),
thus the remaining symmetries are SU(3)c x U(1) x U(1)y. Furthermore, at a # 0,1/2
case, T% and T?* cannot be commutative with the product, but the linear combination
T3 + /5/3T% is commutative, so that the remaining symmetry is SU(3)o x U(1) g

Therefore, the condition that the electroweak symmetry breaking occurs is
0<a<1/2 (2.27)

The Weinberg angle is the same as the Georgi-Glashow SU(5) GUT,

5/3 3
5/3+41 8 (2.28)

sin2 HW =

2.2.3 Simplest model

We discussed mainly the boson part of gGHU. We now discuss the fermion part and
introduce the simplest embedding of the quarks and leptons into five-dimensional fields.

In embedding the quarks and leptons into the fermions in the bulk, they must be
zero-mode of KK fields since the quarks and leptons should be massless before the Higgs
field has the VEV. Noting their chiralities, the quarks and leptons in one generation can
be embedded into two 6 and one 20 representations without exotic states in zero mode

sector: B . 9 )
6, =(3,1); 1@91L(1 2)* V1 @ (1, 1)g 5
3,1) 157 @ (1,2)5) @1, 1)65"
s 8 =G el ey
6r = di(3, 1)5/3 )1 @ (1, 2>( 1/2) 1 D (1, 1)(()5+) ’
20, = ¢:(3.2);" 03,1 0@ty
8(3.2) e 6,15 1,15y
20p = (3, 2)5/6 )3@ (3 1>(2/3) 3D (1, 1>( 5
@(37 2)(7—~_1/6?3 b UR<37 1)5/373) D eR(la 1)(—?,?3_)

(2.29)

Y
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where, in (ql,qg)y(«ff;‘;z), q1, G2, ™1 and 7o are the representation under SU(3)q, SU(2)L,
U(l)y and U(1)x, respectively, and (sy,s2) is the sets of the parities on the y = 0 and
TR.

Unfortunately, the down-type and the charged lepton Yukawa couplings which is gen-
erated from the gauge interaction in GHU, are not allowed in this embedding since the
left-handed SU(2),, doublets (q;, and I;) and the right-handed SU(2),, singlets (dg and
er) are embedded into different SU(6) multiplet. This problem seems to be persistent as
long as the quarks and leptons are embedded into five-dimensional fields. Therefore, we

must consider other embeddings of the SM fermions allowing all of the Yukawa couplings.

13



3 Fermion mass hierarchy in gGHU

In this section, SU(6) grand Gauge-Higgs unification with the bulk fermions and the
localized kinetic terms is discussed. At the end of section 2, we saw that the standard
model fermions embedded into five-dimensional field can not allow the down-type and
the charged lepton Yukawa couplings. Therefore, we have to propose a different way
of embedding reproducing all of Yukawa couplings. In the first half of this section, we
introduce the bulk and mirror fermions to reproduce the Yukawa couplings. The quarks
and leptons are introduced at y = 0 boundary. Yukawa couplings except for top quark can
be reproduced through the propagation of the bulk fermions which couple to the quarks
and leptons [1]. In the second half of this section, we introduce the localized gauge kinetic
terms, which can enhance the SM fermion masses and help to obtain top quark mass. We

obtain the suitable parameter region reproducing the masses of the SM fermions [2].

3.1 Fermion sector

3.1.1 Bulk and mirror fermion

We introduce the bulk fermions ¥ and the mirror ¥ fermions. They are five-dimensional
fields and have an opposite Z; parity each other. The reason of introducing mirror fermion
as follows. In general, massless KK zero modes absent in the SM (referred to as exotic
fermions) are generated from the bulk fields. Since the Dirac mass terms cannot be
allowed in S'/Z,, we introduce the mirror fermion and the mass term with the bulk and

the mirror fermions to give masses to massless exotic fermions.

Loutepmireor = ViDs T + TiPs¥ + %@if + %3\1/, (3.1)
where the bulk mass parameter A is dimensionless. Denoting the mass eigenstates of n-th
KK fields for the bulk and the mirror fermions 1™ and ¢ respectively, the kinetic
term of n-th KK fields in the basis (™, 12(")) can be expressed in the momentum space

Ky = (75 VAR ;ﬂfm ) , (3.2)

Where m,, is KK mass in Eq. (2.10). The mass eigenstate can be obtained by diagonalizing

of this matrix, and the corresponding eigenvalues are £1/m2 + (\/mR)2. Therefore, the
massless exotic states can be avoided by the non-zero bulk mass A. The propagator of

the bulk and mirror fermions is given by

Aw(n) = iK—(lTL) = ’ ( ]b"i_mn _)\/WR ) ) (33)

¥ p2—m2 — (\/7R)2 \ —A/TR p—m,

14



or in FEuclidean form

| 1 iy —mn AR
E _ _ E n

where p and pj are the momentum contracted by the gamma matrices v* in Minkowski

and Euclid frame, respectively.

3.1.2 Fermion mass hierarchy

The quarks and leptons are embedded into SU(5) multiplets localized at y = 0 boundary,
which are three sets of decuplet, anti-quintet and singlet x19, x5 and xi, respectively. We
also introduce three types of the bulk and mirror fermions shown in Table 1-4. In order
to realize the quark and lepton masses, the interactions between the bulk fermion and
the boundary localized fermions are necessary. To allow such masses, we have to choose
appropriate SU(6) representations for the bulk fermions carefully. Note that the mirror
fermions have no coupling to quarks and leptons. Table 2-4 shows the representations for
the bulk and mirror fermions introduced in our model in addition to quarks and leptons,
which corresponds to the matter content for one generation. Totally, three copies of them
are present in this model.
Lagrangian of the fermions is given by
Loarer = Y [WaiFMDM\Ifa + 0, iTM Dy T, + (;—;%@\i/a + h.c.ﬂ
a=20,15,6
+0(y) X1t Duxio + X5+ i1 Dyxs+ + X111 Dyxa

+ \/%{620 (X10%10c20 + Xi0 W10 c20) + €15 (X10¥10c15 + X5+ Ysc1s)

+e6 (X5« Vsco + X1 Vices) +h.c.}].
The first line is Lagrangian for the bulk and mirror fermions, and the remaining terms
are Lagrangian localized on y = 0 boundary. Note that the subscript “a” denotes the
SU(6) representations of the bulk and mirror fermions. The last two lines are mixing
mass terms between the bulk fermions and the SM fermions. W,y is a bulk fermion
for M in SU(5) representation and N means SU(6) representation. ¢; are the strength
of the mixing term between the bulk fermion and the SM fermion. Note that all of the
boundary terms respect SU(5) symmetry structure.

After the extra-dimensional integral, the interaction term between one bulk fermion

and one boundary fermion is obtained

1 n _
/dyﬁmatter D) Z ﬁ [ELEL¢§Q) + 6L“R¢é )] : (35)

15



bulk fermion SU(6) — SU(5) | mirror fermion
200+ 20) — 10 @ 10* 20(——F20)
15(+,P15) =105 15(—7—1315)
6P =501 6(+=7%)

Table 1: Representation of bulk fermions and the corresponding mirror fermions. P; are
parity of bulk fermion for i representation in SU(6) (P; = +1). R in R*%) means an
SU(6) representation of the bulk fermion. r; in r; & o are SU(5) representations.

bulk fermion SU(5) — SU(3)c x SU(2), x U(1)y | SM fermion coupling to bulk
10 = Q2o(3 2)7™ @ Uy (35, 1)5 5 ™ @ Ex(1, 1)(+ TP (3, 2)1/6, U5 (37, 1oy, (1, D

= Q30325 ™ ® Un(3, 153" @ Bao(L DT | 4532176, un(3, Dyss er(L 1)
Table 2: 20 bulk fermion and SM fermions per a generation. Psq is parity of bulk fermion

for 20 (Py = +1). R in R+ means an SU(6) representation of the bulk fermion. 7,
in (r1,72), are SU(3), SU(2) representations in the SM, respectively. a is U(1)y charges.

bulk fermion SU(5) — SU(3)c x SU(2), x U(1)y | SM fermion coupling to bulk

10 = Q15(3,2) " @ U (34, )07 @ Br(1, 1)) | q0(3,2)1/6, u5(3%, 1)ay3 €5(1, 1),
5=Di5(3, )5 @ Li;(1,2) ;" dr(3, 1)1/, 15(1,2) 12

Table 3: 15 bulk fermion and SM fermions per a generation. Pj5 is parity of bulk

fermion for 15 (Pi5 = £1). rio in (r1,72), are SU(3), SU(2) representations in the
SM, respectively. a is U(1)y charges.

bulk fermion SU(5) — SU(3)c x SU(2), x U(1)y | SM fermion coupling to bulk
5=De(3,1) 5" @ Lg(1,2)0 ™ dr(3,1)1/3,15(1,2)1 )2
L= Ng(1, 5™ vi(1,1)g

Table 4: 6 bulk fermion and SM fermions per a generation. Fy is parity of bulk fermion
for 6 (Fs = £1). r121in (11, r2), are SU(3), SU(2) representations in the SM, respectively.
a is U(1)y charges.

The quark and lepton masses are generated from this interaction term, and the quadratic

term of the SM fermions from this interaction at tree-level is given by
—iﬂLﬁEZLUL — Z'ER]éEZRUR -+ (ﬂLMUR -+ hC) s (36)

with .
_ -1 * (n)_(n)
PeliPL= —ps > €€ Pr <1/} ) Pr

—1 N )~ (1)
PpZrPr = e Z €repPL <¢( P >E Pk, (3.7)
_ * (n)
MPR_WTWZGLERPR<¢ 1/) >EPR,
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where the bulk fermion propagator <¢(”)E(n)>E (1,1) component of A¢<”> in Eq. (3.4).
We can calculate the summation of the KK fields,
ipp — my
— R <,/ 2 + /\2’ >
En:p%%—m%%-()\/wR) =iPr e 2+)\2 ol (Ve i (3.8)

+ TRImf(gT) (V ZZ'2 + >\2,q05> )

where T is the eigenvalue of periodicity, £1, and z is the dimensionless momentum p7R.
The functions féT) are the bulk fermion propagator from y = 0 to y = 0 in the bulk, and
given by

(1) _ 1
o _;x+iﬂ(n+u+a)
3.9
_ Jeoth(z +ima) T =+1(r=0) (3.9
~ |tanh(z +ire) T =—1(v=1/2)
Therefore, Eq. (3.7) is rewritten as

€€y £

ZL:— (\/1‘2—1-/\2 qa)
V2 +

_ ﬂ (T) /2 2 3.10

M = 6LERIme <\/:v2 + )\Z,qa> .
TR

Integrating out all bulk fermions and normalizing the kinetic term to be canonical, we

obtain the physical mass for the quarks and leptons.
Ma
Mmoo = ——— a=u,d,e,v), 3.11
phys \/m ( ) ( )
where M and Zj p are the summation of all M and Z, g for corresponding bulk fermions.
u, d, e and v stand for up-type quark, down-type quark, charged lepton and neutrino.

In this model, these are explicitly given by

2
mY = % [IHIfSPQO)(\/ 24 )\20; ) + Imf(g_PQO)( \/ z? + )‘207 ):| J
T
2
Zr =1+ %0 Refépm)(\/ 2% + )‘20: a) + Ref(g_Pm)(\/ z? + )‘207 )
2 4+ N3

20
2
€15 (—=Pis)
+ ——=Ref (1\/22 + X2, 0),
Va2 Az Y ' (3.12)

2
Zp =1+ S [Re SPQO)( 2?2 + A3, @) + Ref(g_PZO)( 2?2 + A3, @ )}

Vo2 4+ A3,
2
€15 (P15) 2
+ —2___Re 2 4+ \2.,0),
el (2 4 245,0
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6
md: 151 f( P15 ( 2+>\157 )7

62 (P —P
Zd:1+—[Re 20)(\/22 4+ A2, 0) + Re f 720 (/22 + A2 ,0]
L \/m fO ( 20 ) fO ( 20 )

615 Re (—Pls)( x2+>\%57a)7 (3.13)

" NZE Y
2 2
€ _p €6 (Ps)
78 = 1+—x21j)\%5Re TP (e 402 a) + —WR S (a2 + 22,0,

2
m* = LI fi" (a2 4 5 ),
T
2 2
78 = 14— _Ref{™) (1/a? + Ny, a) + ———=Ref{ (/22 + 22,0),
L \/7/\%5 fO ( 15 ) \/m fO ( 6 )
e € Pao) (—P20)
A :1+¢{Ref( (/3% + 22,,0) + Ref NEZESY ,o]
R el 0 50:0) ( 50:0)
2
€15 (P15)
+ —————Re/, \/ 22+ )\ a),
el o 15, @)
2
m’ =l f (a2 103 a),
7r
2 2
v € Pi5) €6 (=Ps)
7V =14 ——15___Refl \/22+ X2, 0) + ———Re \J 22+ A2, ),
L P+ fo 15, 0) ey o 6 @) (3.15)
2
v € —P
ZR:1+—_x26+/\%Reé 6)(\/.%2—1—/\%,(1).

In the case of z > A, the physical mass in Eq. (3.11) is approximated as

(3.14)

M pys ™ %e‘A = mye . (3.16)

where my = a/ R in Eq. (2.21) is used. Since the fermion mass generating this mechanism
has an upper bound my,, the top quark mass cannot be reproduced. Therefore, we
consider some mechanism to enhance the fermion mass. Next subsection, we discuss that

this problem is solved by deforming the mass spectrum of the gauge field.

3.2 Localized gauge kinetic terms

In the previous subsection, we discussed that the quark and lepton masses are generated
by propagation of the bulk fermions. However, the top quark mass cannot be reproduced.
We have to consider some mechanism to enhance it. From Eq. (3.16) the physical mass

is proportional to a/R. Therefore, if the mass spectrum of the gauge boson is deforming
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by some mechanism and the weak boson mass becomes my ~ C~' x o/ R, the physical

mass is corrected as

Mphys ~ Cmye . (3.17)

C must be larger than two to reproduce the top quark mass.
In this subsection, we consider introducing the localized gauge kinetic terms to obtain
the enhancement factor C' [2]. Lagrangian for SU(6) gauge field including the localized

terms is

1 1 1
L= JF"MNFyy = 2nRed(y) F" L Fy, — 2rRexd(y — mR) L F F, (3.18)

pvo

where the first term is the gauge kinetic term in the bulk and M, N = 0,1,2,3,5.
The second and third terms are the gauge kinetic terms localized at fixed points, and pu,
v=0,1,2,3. ¢ are dimensionless free parameters. The superscript a, b and ¢ denote the
gauge indices for SU(6), SU(5) and SU(3)c x SU(2)r, x U(1)y, respecting the unbroken
gauge symmetries in Eq. (2.14).

3.2.1 Mass spectrum

Introducing the localized gauge kinetic terms, the mass spectrum of the gauge field is

modified. In general, the KK-expansion is given by
A(x,y) =Y faly) Ap(2). (3.19)

The wave functions satisfy a conditionf,(y + 7R) = e*™@+) £ (y), where v is the peri-
odicity or v = 0 (1/2) in periodic (anti-periodic) sector. Moreover, the wave function in

the same basis satisfy the equation
(02 +m? (1427 Re16(y) + 2w Read(y — wR))] fuly) = 0, (3.20)

where m,, is the KK mass in Eq. (2.20). Solving first this equation without delta function

terms, the solutions of the wave function are given by

cos(mypy) + B, sin(myy), y € [-7R, 0]

faly) = Na { (3.21)

cos(mypy) — B sin(myy), y € [0, 7R,

where A, is a normalization factor determined by [ |f,|*dy = 1. BF and m, can be

determined by the continuity conditions at y = 0, 7R and the boundary conditions:
BE = ™) soc(n(qa + v))éner Fitan(m(qa 4 1)) cot &, (3.22)
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Figure 3: The mass spectra with (¢, a) = (1,0.1), which are solutions of Eq.(3.24), nor-
malized by the compactification scale R~! in the range of 0 < ¢; + ¢ < 11. The upper
figures show the mass spectra of the periodic fields (v = 0) with r = ¢;1/(c1 + ¢2) = 0,1
(left) and r = 1/2 (right). The lower figures show the mass spectra of the anti-periodic
fields (v = 1/2) with r = 0,1 (left) and r = 1/2 (right).

2 (1= 10282 sin® &, + (c1 + ¢2) &, 5in 26, — 2sin®(w(ga + v)) = 0, (3.23)
where &, = TRm,,
Since mg is around weak scale (~ 100 GeV) and 1/R is larger than 1 TeV, it is
reasonable to suppose &y < 1. The mass of zero-th KK field in this limit is obtained by
sin(m(qa + v))

\/1+Cl+62 ‘

For instance, the W boson is the gauge boson whose ¢ and v are 1 and 0, respectively, so

)

(3.24)

that the W boson mass is given by

sin(mra)
TRV1+c¢ +co

Therefore, we can obtain the enhancement factor,

(3.25)

mw ~

oa/R  7moa1+4+c¢ +c
O - i L2 o VI¥ctoy

mw sin (ma)

(3.26)

The mass spectrum given by Eq. (3.23) is shown in Fig. 3. This figure indicates that

the mass spectra have the limited value at large ¢; and cy. This values can be evaluated
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Figure 4: Higgs VEV « in the range 0 < ¢; 4+ ¢ < 40 (horizontal axis) and 3000 GeV <
1/R < 10000 GeV (vertical axis).

by Eq. (3.23). In the case of only one localized parameter r = ¢;/(¢; + ¢2) = 0 or 1, the

mass spectrum tends to be integer and half-integer KK mass,

n+1/+a_>n+u

R R’
n+v n—l—u—a_>n+y—1/2
R’ R R '

(3.27)

Similarly, in the case of r = 1/2, the mass spectrum tends to be integer KK mass,

n+v+a«o n

R R’
n+v n+v—o n—1 (3'28)

%
R R R
Fig. 4 shows the Higgs VEV «a obtained from Eq. (3.25) with my = 80.3 GeV.
According to this figure, the condition a@ < 1 is obtained when the compactification scale

1/R is lager than a few TeV. Since the masses of the weak boson in Eq. (3.25) and the

SM fermions in Eq. (3.11) are proportional to « under this condition, the ratios between
the SM fermion masses and the W boson mass are independent of a. Fig. 5 shows the
bulk mass Ay dependence on the ratio of W boson mass and the physical up-type mass
M given by Eq. (3.11). The localized term dependence on the maximum of the ratio
is displayed in a range of 0 < ¢; + ¢ < 20. To reproduce the top quark mass, ¢; +co > 4

is required.
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Figure 5: The bulk mass \yg dependence on the ratio of the physical up-type mass and

W boson mass mz, . /mw with ¢; +cz = 0 (left side) and the maximum ratio in the range

of 0 < ¢1 + ¢ < 20 (right side). Other parameters are taken to be 1. Dotted line means

top quark mass: mghys/mw = Myop/Mmw ~ 2.15.

3.2.2 Fermion mass hierarchy

We have to analyses the neutrino masses, prior to reproduce the value of the quark an
lepton masses. Most of the neutrino masses are dominated by the contribution of 6 rep
bulk fermion. Fig. 6 shows the A\g and €5 dependence of the neutrino mass, taking the
other corresponding parameters as ¢; +co = 10, A\;s = 1, 15 = 1, Pi5 = 1 and Fy = 1.
Since the neutrino masses are smaller than 1 eV, the suitable region is mY,  /my < 107"
(blue region in Fig. 6). In this region, \g is large (~ O(10)) or €4 is small (< 107%), and
contribution of the representation 6 are exponentially small, so that the contribution can
be ignored to reproduce the SM fermion masses except for SM neutrinos.

We have also to determine the parities of the 15 rep bulk fermion. Since the most
of the down-type quark and charged lepton masses are dominated by the contribution
of 15 rep bulk fermion, the ratios of down-type quark and charged lepton constrain the
parities of the 15 rep bulk fermion. Fig. 7 shows A5 dependence of the ratio, in the
two cases: Pj5 = +1, where other parameters are taken as €15 = 1, Ay = 1 and €y = 1.
According to this figure, the down-type quark mass is smaller (larger) than charged lepton
mass in the case of Pj5 = +1(—1). The experimental data tell as

Mdown Mpyottom

~ 91> 1, Dstange g o

Melectron Mmuon Mtauon

~23>1, (3.29)

therefore the parity assignments of 15 representation for each generation have to be taken
as

Pst=—1  pxi=1 PpPili=_1 (3.30)

Ignoring the contribution of 6 rep bulk fermions, the up-type quark, down-type quark

and charged lepton are reproduced by the four parameters, Aoy, €39, A15, €15. Fig. 8 shows
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Figure 6: Common logarithms of the ratio of physical neutrino mass and W mass
mYs/Mw. The vertical axis is logyg[eg]. The horizontal axis is Ag. Parameters ¢; + cg,
A15, €15, P15 and Py are taken to be 10, 1, 1, 1 and 1, respectively. Red lines mean the
order of magnitude for mp, /myy. Blue region is an allowed region for neutrino mass.

the suitable parameters A9y, A5 and €15 by changing the value of €5 for each generations.
We can find allowed parameter sets in a broad region. In the case of the first generation,
the region lacking the data points appears around €5y ~ 0.8 since it is difficult to reproduce
the mass hierarchy between the down quark and the electron, which is lager than those
of the second and the third generation in Eq. (3.29). In the case of the second (third)
generation, the region lacking the data point appears in that of ey < 0.05(0.6) since the

up-type quark mass cannot be reproduced.
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Figure 7: The ratio of the physical down-type mass and the physical charged lepton mass
mghys / m;hys. Parameters €15, Ayg and €9y are taken to be 1.
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4 Flavor mixing angle in gGHU

In this section, the flavor mixing angle in SU(6) gGHU is discussed. The flavor mixing
angle is originated form the difference between the bases diagonalizing the SM fermion
kinetic terms and the charged weak interactions. Unfortunately, the model discussed in
the previous section has no mixing term of bose of the fermion kinetic term and the
charged weak interaction. Therefore, we have to introduce the mixing of the bulk and
boundary fermions to obtain the flavor mixing angle of the boundary fermions. In the
first half of this section, we review the flavor mixing angle in SM. In the second half of
this section, we improve the interaction of the bulk and boundary fermions. The number

of the bulk fermions can be reduced and the flavor mixing angle can be reproduced.

4.1 Flavor mixing angle in Standard Model

When the Higgs VEV is absent, the interaction of the quarks and the Higgs fields H is
given by Yukawa coupling

~YUQL Hdlh; — YiIQ] eH uly ;. (4.1)

where 7,5 = 1,2, 3 are the generation of the quarks, Y are the complex matrices and €
is 2 x 2 anti-symmetric tensor. This term can be diagonalized by the new basis uy r =
Uj gup, g and dp g = Uf pd] g, then we obtain the diagonal mass matrix of the quarks

MY = (02Ut AU Lt = diag(m}?, my?, me?), where m¥ (m¢
l 2 3 7

diag 9) is the mass of the

i-th generation up(down)-type quark. Furthermore, the charged weak interaction terms

can be rewritten by this basis,

—%E’}/MW:CZQZ + h.c. = _%W’YMW:VCKMi,jdL,j + h.C., (42)
Vexm = ULUST, (4.3)

Veku is Cabibbo-Kobayashi-Maskawa (CKM) matrix which is 3 x 3 unitary matrix. This
matrix can be parameterized by three flavor mixing angles (602, 023, 031) and the CP-

violation phase d. In this thesis, we choice the standard parametrization,

1 0 0 C13 0 8136_26 cio  S12 0
Vexkm = 0 ca3  s23 0 1 0 —5s12 ci2 0
0 —S8923 Ca23 —51367'6 0 C13 0 0 1
_2.5 (4.4)
C12C13 S512€13 S513€
_ i 19
= —512C23 — C12523513€" C12C23 — S12523513€" $23C13 )
6 i&
$12523 — C12C23513€" —C12523 — S12C23513€" C23C13

where s;; and ¢;; are sin 6;; and cos 0;;, respectively.
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4.2 Improving the interaction of the bulk and boundary fermion

In the previous model, the bulk fermions are introduced per generation. To reproduce
the three flavor mixing angles and the CP phase, the interaction of the bulk and the
boundary fermions must be modified [3]. We will discuss the case of one and two bulk
fermions. For one bulk fermion case, we will find that massless SM fermions inevitably

exist. Interaction with one bulk fermion and three generations of the boundary fermions

/dyZé \/ eL\I/uL+6R\IJuR+hc)

2:2: 1 i () i 7 (n)
D) % (ELw UL+ER¢ UR+h.C.) .
i=1 n

The contributions of this interaction to the wave function renormalization factors and

is considered:

(4.5)

mass of SM fermions are generated by integrating out the bulk fermion

szR_—LRLRRfo Va? + A2 qa
; 2
vt A ( ) (4.6)

MY = —GLER ImféT) <V$2 + )\2,qa> .

2+ \?
However, since the mass term M% is proportional to the couplings €’e/*, the rank of M¥
is one, This fact indicates that two massless boundary fermions are remaining.

To solve this problem, one generation of the boundary fermions is located at y = 7R

boundary. In this case, the interaction terms between the bulk and the SM fermions are
modified
/dyz5 \/ eL\I/uL+eR\I/uR+hC)
2 (35,3 . 37,3
: 1 (n) (n)
S5 Z Z — (ew i + ey + h.c.)

+ Z <6L¢ 3+ E%E(n)u% + h.c.) .
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Then, the corresponding wave function renormalization factors and masses are obtained

() 1 Ty 1 (T)
1 6L REL RRefO €r, RGL RRefO €r, R€L RRef( )
- 2 2 3% T
V2 + A2 EL REL RRefO €L, REL RRefO €L,RCL RRef( )
3 3 T

EL REL RRefl €L RGL RRef1 €r, RGL “rRe fo

ZLr =

) (4.8)

1 eLeRImf eLeRIme eLeRImf1

M=—— ¢ el*Imf €2 ¢2 Imf € 63*Imf

SRRV L¢R o L¢R 0 L€R 1 ’
A GLG}Q*Imfl GLE%*ITHJL} " eLe?j{Ime
with (1)
(T) _ —
S ;x+i7r(n+l/+a)

(4.9)

B {Sinh(x +ira)™t T =+1(v=0)
cosh(z +ima) T =-1(r=1/2).
However, in the case of 15 and 6 rep bulk fermions, the rank of M is two, that is, one
massless boundary fermion is remaining. We avoid this problem by introducing two bulk
fermions with different bulk masses.
If some bulk and mirror fermions are introduced, all of the contributions for the kinetic

and mass mixing in Eq.(4.8) must be summed,
Zia=o+ Y224

3 =3 e

a

(4.10)

In the expression above, the superscript "a” in ZZ% and M%% mean that its contribution
comes from some bulk and mirror fermions.
To obtain the physical masses of the SM fermion, we have to diagonalize the matrices

in Eq. (4.10). The kinetic mixing can be diagonalized by unitary matrices Uz, ,
Zir=U}, Z3%Usz, 4 (4.11)

where Z a are diagonal matrices. After rewriting the mass term in terms of new basis

dlagonahzmg the kinetic mixings and normalizing the kinetic term, we obtain the following

=/ (Zgiag)—lUZLMU}R\/ (Z328)-1, (4.12)

Next, we perform unitary transformation in order to move on to the mass basis of the

SM:

mass matrix

Vg = Urr, Yy =Urir. (4.13)
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In this new basis, the physical mass matrix is obtained

MYee = U, M'UT = diag(my, ., m2e Mo, (4.14)

phys ) phys » ' ophys

where mphys(z = 1,2, 3) are the physical masses of the i-th generation of the SM fermions,
the charged lepton and the neutrino, respectively.

We have to take into account the mixing effects between the bulk and the boundary
fermions. The additional mixing in the charged weak interaction of the boundary fermion,
which is not present in the SM, seems to be generated. According to the interactions
between the bulk and the boundary fermions in Eq. (4.5) and the weak interaction of the

bulk and mirror fermions
g 7 T7d(n
_ I § :W—i‘wun u¢d NG § W:wu(n)7M¢d( )7 (4.15)

the additional mixing in the charged weak interaction of the boundary fermion is given

by

-5 Z W Fui v Mdy, + hee, (4.16)
where 2
(3 ui dj*
s = P Y S ST A R e
mR)? e (4.17)

+ <¢U(n)W>E 7 <¢d(n)W>E} '

The KK fields of the bulk fermions interacting to wu; (dy) and the strength are de-
noted by 9@ () and €% (e}), respectively. &% is (—1)" in the case of (i,j) =
(1,3),(2,3),(3,1),(3,2) or 1 in the other case. Similarly, this contribution can be rewrit-
ten by the functions in Eq. (3.9) and Eq. (4.9). Then, we found the additional mixing
in the charged weak interaction to be the same as the kinetic mixing for the left-handed

fermions localized on the boundary,
M = 79, (4.18)

This property ensure that no additional mixings is needed as will be shown below. In the
case where some bulk and mirror fermions are introduced, the kinetic and mass mixing

are the summation of all contributions in Eq. (4.17),

My =69+ Mgy, =Z7. (4.19)

2The subscript “I” in Msy1 is put to avoid a confusion with the W boson mass.
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bulk fermion SU(6) — SU(5) | mirror fermion
200+ = 10 @ 10* 200
155 =1005 15(-7)
1557 =10 @ 5 15/
67 =5a1 6(+H+)
6/(+,+) —_ 5/ D 1/ 6/(7,7)

Table 5: Representation of bulk fermions and the corresponding mirror fermions. P,
are parity of bulk fermion for representation i in SU(6). R in R+ means an SU(6)
representation of the bulk fermion. r; in 1 @ o are SU(5) representations.

After rewriting the charged weak interaction in terms of new basis in Eq. (4.13), CKM

matrix and PMNS matrix are given by

Verm = Uy \/W Uy, MusUg WU?
= Uz ez o
= ULU,

Vians = U/ (Z0°8) 105, MUy /(25 ) Uy
= Up\/(ze) gz 0

= UsULT,

(4.20)

We utilized the fact that the contributions of the left-handed SU(2) doublets to the kinetic
mixing are the same, for instance, Z% = Zﬁ and ZE = ZZ.

The expressions in Eq. (4.14) and (4.20) allow us to calculate the SM fermion masses
and the flavor mixing angles, respectively. The quarks and leptons are introduced at y = 0

and y = mR boundary,

L = 8(y)[X6iT" Dyl + X1 Dy + il D],
LIP = 0y — nR)[ G Dy} + Tl Dyasy + d4il" D,d5,
—l—l_iiF“D#l% + é%iFuDue?l)% + D%ZT”DMI/?%]- (4.21)

since the gauge symmetry SU(5) remains at y = 0, the quarks and leptons are embedded
into SU(5) multiplets, x10, x5+ and x1. On the other hand, the quark and lepton localized
at y = mR are embedded into SM multiplets because the gauge symmetries SU(3)c X
SU(2)r x U(1)y are unbroken at y = 7R. We introduce one 20 rep bulk fermion, two 15
rep bulk fermions and two 6 rep fermions and the corresponding mirror fermions shown

in Table 5. The interactions of these bulk fermions with the boundary fermions are given
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bulk fermion SU(5) — SU(3)c x SU(2), x U(1)y

SM fermion coupling to bulk

10 = Q20(3,2) 7.7 @ Usy (37, W”@@NJW”

qL(37 2)1/67 u(i{(?)*a 1)—2/37 e%(17 1)1

:Q§0(3*7 )(77 EBUv20<3 1) )@Ezo(l 1>(7 +)

qz(?)*a 2)—1/67 uR<37 1)2/37 6R<17 1)71

Table 6: 20 bulk fermion and SM fermions. 715 in (11, 72), are SU(3), SU(2) represen-

tations in the SM, respectively. a is U(1)y charges.

bulk fermion SU(5) — SU(3)c x SU(2), x U(1)y

SM fermion coupling to bulk

10 = Q15(3,2) ) @ U (3, D)) @ By (1, 1))

qL<37 2)1/67 uCR(3*7 1)—2/37 6%(17 1)1

5= D53, 1)V @ Li(1,2)0;

dR<37 1)—1/37 12(17 2)1/2

SM fermion coupling to bulk

bulk fermion SU(5) — SU(3)c x SU(2), x U(1)y
(
1

— Q3,20 aun, 3,0 @ B (1, 1)

qL<37 2)1/67 U%(v?)*, ]-)—2/37 6%(17 1)1

5 = Dy (3,1) ) @ L1, (1,2) ;7

dr(3,1) 13, 15(1,2)1/2

Table 7: Upper (Lower) table shows 15 (15’) bulk fermion and SM fermions. ryy in
(r1, m2)q are SU(3), SU(2) representations in the SM, respectively. a is U(1)y charges.

bulk fermion SU

SM fermion coupling to bulk

(

Dg(3,1)C 1?%*(1 2>§2 ]

dR(3, 1)—1/37 ZE,(lv 2)1/2

:Na1ﬂ3

v5(1,1)o

1
bulk fermlon SU(B) = SU3)e x SU((2), x U(1)y

SM fermion coupling to bulk

dR(ga 1)71/37 li(la 2)1/2

= De(3, 1)) @ Ly (1,2) 7
U= Ng(1,1)57)

v5(1,1)o

Table 8: Upper (Lower) table shows 6 (6') bulk fermion and SM fermions. 719 in (rq, 72),
are SU(3), SU(2) representations in the SM, respectively. a is U(1)y charges.

by

_ 2 N
Lot = 5(y)\/W—R[Eéo(xio‘l’loczo+X{’o‘1’10*c20)

+€ji5(>_<{0\1’10c15 + )Zéf‘l’f)cm) + 6{5/ (X{O‘I/w'cw + Xéf‘ljs/as/)

b (X5 W56+ X3 Wics) + Eé/(f(é’f‘l’ac«a' + X Urce) +hel, (4.22)

_ 2
Lot = Oy—7 R),/ ﬁ[Gzoe(égéE% + uUz0) + €20007 Q20

—3,c

+€15uuR U15 + 6156<6R ET5 + l_3 CL15) + 515/d(qLQ15/ + dRD15’)
tee (1L + U5°NE) + egradsDer + hec.]. (4.23)

e are the strength of the mixing term between the bulk fermion and the SM fermions and

should be complex numbers so that we can avoid a problem of vanishing the determinant

of mass matrix. The decomposition of the introduced bulk fermions in the 20, 15 (15’),
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/R c My, me my
10TeV | 80 2.163 MeV 1.217 GeV 166.294 GeV
10TeV | 90 2.320 MeV 1.229 GeV 167.931 GeV
15TeV | 80 2.316 MeV 1.214 GeV 165.300 GeV
15TeV | 90 2.156 MeV 1.225 GeV 166.89 GeV

Data 2.167050 MeV | 1.27 £0.02 GeV | 172 + 0.30 GeV

1/R c mq Mg my
10TeV | 80 5.583 MeV 75.7 MeV 4.155 GeV
10TeV | 90 5.505 MeV 75.8 MeV 4.321 GeV
15TeV | 80 5.522 MeV 75.5 MeV 4.201 GeV
15TeV | 90 5.545 MeV 75.1 MeV 4.183 GeV

Data 4677015 MeV 937 MeV 4187055 GeV

1/R c sin 01 sin 0,3 sin Go3 )
10TeV | 80 0.191797 0.003537 0.041430 1.1560
10TeV | 90 0.195857 0.003510 0.039893 1.2424
15TeV | 80 0.190839 0.003556 0.041459 1.1831
15TeV | 90 0.192085 0.003518 0.040088 1.1750
Data 0.22650 £ 0.00048 | 0.003617055008 | 0.04053700008% 1" 1.19670533

Table 9: Our results of parameter fitting in quark sector for some parameters 1/R and
¢ = ¢1+ co. The up, down, and strange quark masses are the MS masses at the scale 1 =
2 GeV. The charm and bottom quark masses are the MS masses renormalized at the MS
mass, i.e. m = m(u = m). The top quark mass is extracted from direct measurements.

6 (6’) representations into the SM gauge group and the corresponding the SM fermions
to be coupled on the boundary are summarized in Tables 6, 7, 8, respectively. Note that
only the (conjugate of) bulk fermions with parities (+,4) ((—, —)) can couple to the SM
fermions on the boundary.

Finally, we analyze the SM fermion masses and the flavor mixing angles numerically,
and have found the suitable parameter sets reproducing these experimental values. Some
sample data sets are shown in Table 9 and 10. In this analysis, we refer to the experimental
data of CKM and PMNS matrices shown in Particle Data Group [14]. As for the neutrino
hierarchy, we assume the normal hierarchy although it is not essential. The results are
remarkable since the generation mixing in the bulk and newly introduced resulting from
the reduction of the number of bulk fermions, which makes, in particular, reproducing

the quark and lepton mixing angles highly nontrivial.
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/R c Me my, my
10TeV | 80 0.5136 MeV 98.750 MeV 1687.12 MeV
10TeV | 90 0.5140 MeV 98.188 MeV 1689.56 MeV
15TeV | 80 0.5135 MeV 98.776 MeV 1695.46 MeV
15TeV | 90 0.5139 MeV 98.610 MeV 1687.59 MeV
Data 0.5109989461(31) MeV 105.6583745(24) MeV 1776.86(12) MeV
I/R | ¢ Am2, Am3, (Normal) o
10TeV | 80 7.7306 x 107° eV? 2.4524 x 102 eV? 1.5397 rad
10TeV | 90 7.7087 x 107° eV? 2.4367 x 102 eV? 1.5367 rad
15TeV | 80 7.8054 x 107° eV? 2.3895 x 10~%eV? 1.5317 rad
15TeV | 90 7.6544 x 107° eV? 2.4577 x 102 eV? 1.5367 rad
Data (7.53 £0.18) x 107°eV?* | (2.453 £0.033) x 103eV? | 1.3675%07 rad
1/R | ¢ sin? 6,5 sin? 6,5 sin? 03 (Normal)
10TeV | 80 0.3313 2.240 x 1072 0.5161
10TeV | 90 0.3294 2.155 x 1072 0.5187
15TeV | 80 0.3505 2.094 x 1072 0.5069
15TeV | 90 0.3308 2.123 x 1072 0.5161
Data 0.307 +0.013 (2.20 +0.07) x 1072 0.546 4+ 0.021
Table 10: Our results of parameter fitting in lepton sector for some parameters 1/R and

¢ = ¢1 + ¢o. In neutrino sector, the normal hierarchy is assumed.
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5 Gauge Coupling unification in gGHU

In SU(6) grand Gauge-Higgs unification, Standard Model gauge symmetry SU(3)¢ X
SU(2)r x U(1)y should be unified to SU(6) in higher dimension. Therefore, in this
section we discuss the gauge coupling running for the SM gauge symmetry. In the first
half of this section, we explain how the gauge couplings run with the contribution of
KK fields. In the second half of this section, we analyze the gauge coupling running of
the models introduced in Sec. 3 and Sec. 4. In the latter model, the perturbative gauge

couplings are realized.

5.1 Gauge coupling running in the Standard Model

In four-dimensional case, the energy dependence of the gauge couplings are determined
by the renormalization group equation (RGE),

d b;

where p is a renormalization scale, o; = g2 /47, and i = Y, 2, 3 denotes the SM gauge group
U(l)y, SU(2), and SU(3)¢c, respectively. b; is the one-loop beta function coefficient,

which is given by
—11/3 x T'(Ry) : Gauge field
b; = 2/3x T(Rp) : Weyl fermion |, (5.2)
2/6 x T(Rg) :Scalar field

where R; denotes the representation of the fields. T'(Ry ) is the quadratic Casimir invariant
of the adjoint representation 7y and T(Rpg) are the Dynkin indices of the irreducible
representation Rpg. In the SM, the beta functions are obtained as
41 19

by, by, bs) = | —, ——, =T . 5.3

( Y, V2, 3) ( 6 3 6 ) ) ( )
The solutions of RGE in Eq. (5.1) are given by
a;Y(A) = a; M (i) — —~ln—, (5.4)

where A is the cutoff scale of the theory. Thus, the SM gauge couplings depend on the
energy scale logarithmically.
In SU(5) GUT, the gauge couplings satisfy the following relation at the unification
scale Ag,
43

ag' = zay' (M) = a3 '(Ag) = a3 (Aq), (5.5)
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Figure 9: The energy dependence of the SM gauge couplings, which is defined by Eq. (5.4)
and Eq. (5.6).

where ag is the gauge coupling constant at the unification scale. The factor of the 3/5
comes from the different normalization of the generators between U(1)y group and U(1)
group under the SU(5) group, Ty = +/5/3Ty)csu(s)- Then, we can relate the gauge

coupling ary to a1 = 5/3ay and from Eq. (5.1) the beta functions are also rewritten as

41 19
bi,bobs) = (=, —— —7]). .
( 1,Y2, 3) (107 67 7) (5 6)

Fig. 9 shows the gauge coupling running in the SM. We have taken the Z boson mass
to be My ~ 91.17 GeV as a low-energy reference scale. Fig. 9 indicates that the gauge
coupling unification in SM cannot be realized at one-loop level. Therefore, the extension

of the SM is necessary to explore the feasibility of the gauge coupling unification.

5.2 Gauge coupling running in the extra-dimensional model

To obtain the energy dependence of the gauge coupling constant in higher dimensional

theory we consider the vacuum polarization [12], which is given by

a; '(A) = (1= 11(0) a5 ' (). (5.7)

2 K3

I1;(0) is the vacuum polarization with zero momentum at one-loop level and given by

2 ATt
I,(0) = b / L), (5.8)
with

P(t) = exp{—tm2}, (5.9)

where n denotes KK index of the fields propagating in the loop. For instance, when only

one particle propagates in the loop, 11;(0) can be calculated as

2 T2 2
g; 4 dt 9 g A
I1;(0) = b;,—= — —t =b—=In—, 5.10

(0) 1672 /ZAZ t exp{=tm’} 8r2 [ (5.10)
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which lead to
a7 (A) = (1 - T(0)) a7 (i) = o (1) — ol (5.11)
This is the usual logarithmic running of the gauge coupling in SM shown in Eq. (5.4).
In the case of KK-fields with mass m? = (n+v + a)?/R%* + (A\/7R)?, the integrand is
given by

P(t) = 3-9, (iat/R? exp|—t/R?]) exp [—%(af + )\2)} : (5.12)

where 6; (i = 2,3) are the elliptic theta functions
03(v, q) =2¢* Z ¢ cos[(2n + 1)v],

n=0

Os3(v,q) =1+ 2 Z ¢ cos[2nv].

n=1

(5.13)

They exhibit different behaviors from the logarithmic one in the SM. When the energy
scale A and p are sufficiently larger than the compactification scale, the elliptic theta

function can be approximated as follows,

0; ~ R\/? (5.14)

and we obtain

16772 A—2 t t
2 2 2
g __TmA T T )\ T )\ 515
=12 Ale 4rAD 4(Rp?) Erf | —— —— (5.15)
87r2[ {(R )e (Ruje s }+M : { > Ry 2 RA”
gQ
~—~——R(A —

where Erf is the error function, Erf[a,b] = \/LE I dte=". Eq. (5.15) shows the contribu-
tion from KK field to the vacuum polarization depends linearly on the energy scale, not
logarithmically.

From Eq. (5.7), the running of the gauge coupling is derived as

XSO N AC ORI AC
o () =ap () - P S

T = R(A = p). (5.16)

Here b(*) (b)) denotes the beta function for (anti-)periodic field and b stands for the beta
function for the boundary fermion.

If the beta functions of the KK field satisfies the relation
b+ 07 <0, (5.17)
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our theory is asymptotically free, because the power running effects overcome those of

logarithmic running at high energy.

5.3 Analysis of the gauge coupling unification

We analyze the gauge coupling running in two cases discussed in Sec. 3 and Sec. 4. In
the former case, the fields in the bulk are the 35 representation gauge field and the three
sets of the 20, 15, 6 rep bulk and mirror fermions. 35, 6, 15 and 20 representations
have the value of T" in Eq. (5.2) are 6, 1/2, 2 and 3, respectively. Noting that there are
the same number of the bulk and the mirror fermions and they contribute to the beta
functions of KK fields as Dirac fermions, the beta function of KK fields are given by
B 457 = (=11/3) x 6 + (4/3) x (11/2) x 2 x 3 = 22 > 0. Therefore, asymptotic
freedom are not achieved.
In the latter case, the fields in the bulk are the 35 representation gauge field and one
20 and two sets of 15 and 6 rep bulk and mirror fermions, thus the beta function of KK
fields are given by
?)§+)+B§_):—Ex6+éx(1x2+2><2+3>><2:—g<0. (5.18)
3 3 2 3
Therefore, this model is asymptotically free. Fig. 10 shows the energy dependence of the
gauge couplings and the difference of each pair of the gauge couplings at ¢ = ¢; + co = 80,
r = c/(c1 +c2) =0 and R~ = 10 TeV. Since the differences of the gauge coupling

a !l — a;l (1,7 = 1,2,3) in this figure cannot be equal to 0 at the same energy scale, the

unification scale Mg and the unification coupling ag (gg) are identified with the energy
scale where U(1) and SU(2);, couplings are unified. We obtain Mg ~ 2.1 x 10! GeV
and ag' ~ 4.4 x 10° (9o ~ 5.3 x 107°). The difference between the unification coupling
and SU(3)c coupling at the unification scale is found as |(ag' — a3')/ag'| ~ 5 x 10710
(|(96 — 93)/9a| ~ 2.6 x 10719) therefore three gauge couplings unify with an accuracy of
1010, Alternatively, assuming the unification of three couplings ag at Mg, and evolving
SU(3)¢ coupling down to the weak scale by Eq. (5.16), az'(M.) ~ 10.7 (g3 ~ 1.08) is
found, which is lager (smaller) than the experimental value az' ~ 8.3 (g3 ~ 1.2). We
also analyze r = 1/2 and r = 1 cases. In the former case, almost the same result as
r = 0 case is obtained. In the latter case, the differences are smaller (~ 107!1), the
unification scale is larger (Mg ~ 4.1 x 10%) and SU(3)¢ couplings at the weak scale

is lager (a3 ~ 13.2). We analyze the coupling unification in other parameter cases,

(c,r, R71) =(80,0,15 TeV), (90,0,10 TeV), (90,0,15 TeV) shown in Table 9 and 10 and the
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Figure 10: The perturbative gauge coupling unification in the case of ¢ = 80, r = 0 and
R~ = 10 TeV. The upper figures shows the energy dependence of gauge coupling ot
(left) and ¢ (right). The lower figures shows the energy dependence of deference between
each of the gauge couplings a; ' — ozj_l (left) and g; — g; (right).

results are shown in Table 11. The unification scale in our model is comparable to that
of four-dimensional GUT, since the running of coupling constant in ¢/R? > 1 region is
dominated by the contributions linearly dependent on the energy scale and beta functions
in Eq. (5.18) are common, then the differences of each pair of the gauge couplings are
dominated by the logarithmic terms. In each case shown in Table 11, the theoretical value
for SU(3)¢ coupling with one-loop corrections at weak scale are slightly deviated from
the experimental value. We can analyze two-loop corrections to obtain more accurate
unification since the difference of the each pair of the couplings at M is extremely small.

We further analyze the coupling unification in the case of larger compactification scale,
which was not analyzed in section 4. Although this case is not realistic since the Higgs
mass is likely to be enhanced, the SM fermion masses and mixings can be reproduced
in lager compactification scale. The results are shown in Table 12. In the range of
R~ =200 TeV — 220 TeV, SU(3) coupling at the weak scale can be within a range of

error of experimental value.
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c|r Rt Mea ozél ‘(0451 — agl)/oz(_;ll agl(MZ)
80| 0|10 TeV | 2.1 x 10" GeV | 4.4 x 107 5.26 x 10710 10.7
80|10 |15 TeV || 2.2 x 10 GeV | 3.2 x 1010 6.12 x 10710 10.4
90 | 0 | 10 TeV || 2.1 x 10" GeV | 4.3 x 10? 5.25 x 10710 10.7
90 | 0| 15 TeV || 2.3 x 10* GeV | 3.2 x 10° 6.1 x 10710 10.4

Table 11: The results of gauge coupling unification analysis at » = 0. The unification
scale Mg and the unification coupling ag' are identified with the case when U(1) and
SU(2);, couplings unify. |(ag' —az')/ag'| is the difference between ag' and SU(3)c
coupling at Mg. az'(My) is the SU(3) coupling at the weak scale, assuming that three
gauge couplings unify to ac_;l at Mg.

c|r R™! Mg ag' az ' (My)
80 | 0| 200 TeV || 3.8 x 10* GeV | 4.1 x 10° 8.55
80 | 0 | 220 TeV | 4.0 x 10™ GeV | 3.8 x 108 8.49

Table 12: The results of gauge coupling unification analysis in the case of large com-
pactified scale at » = 0. The unification scale Mg and the unification coupling oz(_;l are
identified with the case when U(1) and SU(2) couplings unify. a3'(Myz) is the SU(3)
coupling at the weak scale, assuming that three gauge couplings unify to aal at Mg.
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6 Conclusions

In this thesis, we have first discussed the fermion mass hierarchy in SU(6) gGHU. The SM
fermions are introduced on the y = 0 boundary as SU(5) multiplets. We also introduced
three sets of the 20, 15 and 6 rep bulk and mirror fermions. Integrating out these fermions,
we obtain the SM fermion masses except for top quark. To achieve the enhancement of
masses, we introduced the localized gauge kinetic terms on the boundaries. By analyzing
the masses with these terms, the parities of the bulk fermions and suitable parameter
region were found.

Second, we have discussed the flavor mixing angles in SU(6) gGHU. Since the previous
model [1] has no flavor mixing term, we modified the interactions between the bulk and
SM fermions to obtain the flavor mixings. Thanks to this modification, the number of the
bulk fermions required to reproduce the SM fermion masses is reduced and the interactions
between the SM and bulk fermions become intergenerational. We have shown that the
fermion mass hierarchy and the flavor mixing angles can be reproduced by mild turning
the free parameters.

Finally, we have discussed the gauge coupling unification in SU(6) gGHU. Since the
energy dependence of the gauge couplings in five-dimensional theory is not logarithmically
running but linearly, the asymptotic freedom of the theory is nontrivial and have to be
checked. We computed the beta functions in two previous model [2] and [3] and found
that latter model is asymptotic free. This fact is due to the reduction of the number of the
bulk and mirror fermions by introducing the flavor mixing terms. Although the unification
scale in the higher-dimensional theory is expected to be very small compared to the four-
dimensional GUT scale 10716 GeV, we found the unification scale ~ 10** GeV which
is a few order smaller than the four-dimensional GUT scale. This is because the energy
dependence of the difference between each pair of the gauge couplings is not linearly but
logarithmically since three beta functions of the KK fields, which is the coefficient of
the linearly running term, are common. This is because all KK-fields are embedded into
multiplets of the unified gauge group, which is an SU(6) group in our model.

Through the above three topics, we construct the base of the realistic gGHU model.
However, there is an issue to be explored in a context of GUT scenario, specifically, a
proton decay. The X and Y gauge boson masses in the large extra dimensional model such
as gGHU are likely to be comparable to compactification scale. Thus, the proton decay

will occur very rapidly in this model. Here, we propose two ideas to avoid this problem.
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Since X and Y gauge bosons in our model do not present on the y = 7R boundary
but on the y = 0 boundary, if the first generation of the SM fermions are embedded in
the y = mR boundary and the strengths of the their interaction of X,Y gauge bosons
generating the flavor mixing are very small, a proton decay rate obtains suppression
factors. The other idea is imposing some symmetry in our model and forbidding the
possible dangerous baryon violating operators (see [15] for UED case). It would be also
interesting to investigate the main decay mode of the proton decay in our model and give

predictions for Hyper Kamiokande experiments.
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A The generators of SU(6) group

(A.1)

tr [T, 1] = 26“"

The generators of SU(6) group 7%(a = 1 ~ 35) are chosen to satisfy the relation,

These are shown as bellow.
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B Wilson line in gGHU

In appendix B, we discuses the remaining symmetry of Gauge-Higgs unification. The

gauge transformation of the gauge fields is
/ 1 8 -
Au(z,y) = Ay (,y) = Qz, y) An (2, y)Q(z, y) ™ + 5 90wz, y) Lo (B

where Q(x,y) = exp(i)_, aq(z,y)T*). Noting the periodic boundary condition of the
gauge field Ay in Eq. (2.5), 27 R transformation of A}, is obtained by

Ay(z,y +27R) = Q(z,y + 27 R) Ay (2, y)Qx, 27 R) ™!
%—éﬁggwdﬂﬁMQCLQWR)l
= Qz,y + 27 R)T Ay (0, y + 20 R)TQ, 27 R) (B.2)
+ éQ(m, 2 R)T 00Tz, 27 R) ™
=T' Ay (z,9)T",

where T" = Q(z,y + 27 R)TQ(z,y)~'. The remaining symmetries are obtained by invari-

ance of the boundary condition,
T =Qz,y+2rR)TQ(z,y) " (B.3)
The Wilson line is defined by
2R
W) = Pesp i [ dyputen}, (B.4)
0

which transforms under the gauge transformation as

W(x) = Qx, )W (2)Q(z, 27 R) . (B.5)

The gauge transformation of the product of W and 7" under transformation satisfied the

relation Eq. (B.3) is
W =WT — Q(z,0)W(2)Qz, 2rR) T = Q(z, 0)W (2)Q(x,0) . (B.6)

Therefore the trace of product is gauge invariant under the remaining symmetries.
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