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Abstract

We investigated the non-supersymmetric string models constructed by freely acting gen-
eral Z, orbifolding. The main subject in this thesis is the heterotic model.

In preparation for this thesis, we first review two types of closed superstring models on
d-dimensional torus: type II and heterotic ones.

We review the construction of non-supersymmetric string models, d-dimensionally com-
pactified with the arbitrary number of freely acting Z, twisted directions. We also construct
the 10-dimensional non-supersymmetric models from type II and heterotic superstring the-
ories, especially focusing on the tachyon-free SO(16) x SO(16) heterotic models.

We study the behavior of 9D and 8D models in the limits of the compactified radii to
zero and infinity, so-called endpoint limits, and then classify the models in terms of the
endpoints. In particular, we show that there are various patterns of interpolation between
endpoints in 8-dimensional heterotic models.

We investigate the massless spectra of non-supersymmetric heterotic models toward the
evaluation of cosmological constant. Considering the massless conditions, we clarify the
relation between toroidally compactified superstrings and non-supersymmetric models.

Next, we evaluate the cosmological constant in the heterotic models with general Z,
twists. We show that even in the general setup, the leading behavior of the cosmological
constant is controlled by the massless spectra, as in the case of the simplest 9-dimensional
interpolating model.

Finally, we study the stability of Wilson-line moduli using the one-loop effective potential
in the case with general Z, twists. We show that the configuration of moduli, which gives to
the suppressed cosmological constant, corresponds to the saddle point in the moduli space.

This thesis is mainly based on our work [I] and also based on [2,8] in collaboration with

Hiroshi Itoyama and Sota Nakajima.
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1 Introduction

The ultimate goal of particle physics is to construct a unified theory of all four interactions.
String theory is one of the leading candidates for a unified theory. In particular, from a
theoretical point of view, most of the research has focused on supersymmetric string theory.
In addition, superstring theory determines the dimension of spacetime to be ten from the
consistency of the theory. Therefore, it predicts an extra six-dimensional space in addition
to the four dimensions we inhabit. Since supersymmetry can solve several problems faced
by the Standard Model, when obtaining a 4-dimensional theory from a 10-dimensional one,
compactifications such as Calabi-Yau manifolds [4] and orbifolds [, 6] that preserve super-
symmetry have been the main research subjects. However, recent accelerator experiments
have found no evidence of supersymmetry on the expected energy scales. Therefore, the
scenario in which supersymmetry is broken at very high energy scales has also attracted in-
terest, and attempts have been made to construct a realistic model from non-supersymmetric
string theory.

While most non-supersymmetric string theories include a tachyon in their spectrum,
tachyon-free models without supersymmetry also exist: there are SO(16) x SO(16) heterotic
models in 10 dimensions originally constructed in [[,8] and tachyon-free string theories were
constructed in 4 dimensions and in general dimensions [U,10]. However, a top-down approach
from a tachyon-free non-supersymmetric string theory faces a serious problem: the energy
density of the vacuum, or cosmological constant, is very large. This very large cosmological
constant is not only inconsistent with the observations but also induces the instability of
vacua.

In this thesis, we focus on the string models constructed by orbifolding with freely acting
Zs twists in which the cosmological constant can be exponentially suppressed [[-3, 1I1-29]
(other non-supersymmetric string models with small or vanishing cosmological constants
have been proposed [30-41]). This construction is a stringy version of the Scherk-Scwharz
compactifications, which breaks supersymmetry [42-44]. In the 9-dimensional model based
on this, a 10-dimensional supersymmetric model can be obtained by setting the limit of
the compactification radius to zero or infinity in a particular choice of Zy twists. Of these,
of particular interest are the so-called interpolating models, which connect the superstring
and the non-supersymmetric string in 10 dimensions and whose interpolation properties are

related to the target space duality of the non-supersymmetric string; in the interpolating



heterotic model in 9 dimensions, as the dimensionless radius R of the circle increases (su-
persymmetry is asymptotically restored), It is shown that the leading contribution of the

one-loop cosmological constant can be evaluated as follows. [T, 2]
A = (np —np)ER™? + O(e™ 1), (1.1)

where np and npg represent the degrees of freedom of massless fermions and bosons, respec-
tively, and ¢ is a computable positive constant.

The formula (1) implies that the cosmological constant is exponentially suppressed in
the 9-dimensional interpolating heterotic models when the degeneracy between boson and
fermion is realized at the massless level. The heterotic interpolating models with Wilson-
line moduli were investigated [I3-15], where only one direction is twisted. In this thesis,
we further generalize the d-dimensionally compactified (interpolating) models to the ones
with the arbitrary number of Z, twisted directions. In bosonic constructions, the Zs twists
in non-supersymmetric strings are characterized by the shift vector ¢ [2,17,9]. As discussed
later, the components of § determine the internal directions where supersymmetry can be
restored.

This paper is organized as follows. In section B, we review the toroidal compactification of
closed superstrings. In section B, we construct non-supersymmetric models d-dimensionally
compactified with general Z, twists. In section H, we investigate the behavior of the parti-
tion functions at the limits of the compactified radii to zero and infinity (which we call the
endpoint limits) and show some examples of interpolations in 9- and 8-dimensional models.
In section B, we study the massless spectra of the heterotic models with general Z, twists. In
section B, we evaluate the one-loop cosmological constant in the region where supersymme-
try is asymptotically restored. We can then obtain the formula generalized from (1) and
find the configurations of Wilson lines that give the exponentially suppressed cosmological
constant. In section [, the stability of Wilson-line moduli on the cosmological constant is
also analyzed. Finally, we conclude this thesis in Section B. In appendix [Al, we summa-
rize the SO(2n) conjugacy classes and characters used to express the partition functions.
In appendix B, we show the complete classification of 8-dimensional non-supersymmetric

heterotic models.



2 Toroidal compactification of superstrings

In preparation for the construction of the non-supersymmetric string models, we first look at
the closed superstrings toroidally compactified where supersymmetry is maximally preserved.
Though the main subjects in this thesis are the heterotic models, the non-supersymmetric
models from type II strings can be constructed in the same way as heterotic ones.

The one-loop partition function of the string models compactified on 79 can be written

as follows:
7T = 78D 70 Zay an, (2.1)

where each contribution to the partition function is given as®
8—d

2870 = 7

(Vs — Ss) (Vs — Ss) or (Vs — Ss) (Vs — Cs) (type IIB or type IIA string)

(2.2a)

)

(i)~

p =14 - ’
Vs — S (heterotic string)
(2.2b)
dp =dr=4d t IT stri
Zpopan =Y APRPR witn 4T R (type II string) |
Perdsdr dp — 16 = dg = d (heterotic string)
(2.2¢)

Here g = €*™™, (1) is the Dedekind eta function and (Og, Vi, Sg, Cg) denotes a set of SO(8)
characters defined in appendix [Al. Modular invariance of the one-loop partition function
requires that the lattice I'Y2?® must be a Narain lattice, an even and self-dual one with
Lorentzian signature (dr,dg). Using the generalized vierbein £(A*) of the Narain lattice

which is expressed as a (dy, + dg) x (d;, + dg) matrix, an element P of ‘247 is written as
P =Z&E\Y), (2.3)

where Z € Z%tdr ig g (dr + dg)-dimensional row vector with integer components, and A\
represents a set of d; X dr parameters called moduli. This element is interpreted as an

internal momentum. We define the inner product of P, = Z:€ and P, = Z5€ as
P1 . P2 = Zlgnth§ = ZLJZ;, (24)

where n = diag (14,, —14,,) and J = EnE" is called the Narain metric.

"'We omit a modular parameter 7 = 7 + i3 of the world-sheet torus.
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2.1 The type II case

The type II models compactified on 7% have d x d moduli: a metric G = ee’ of the compact-
ification lattice and an anti-symmetric two-form B. These moduli can be combined into a

d x d background matrix £ = G+ B. We can take the simple choice of a Narain metric in

[dd a5
0 1
J = ‘. (2.5)
1, O

An element of the Narain lattice in the type II case is then written as

P = Z&(e,B) = ZE(e, B)&,, (2.6)

N e Bet ~ 1 1, -1,
8(6,3)2(0 St >, 50:E<1d y ) (2.7)

We can check EmEl = J and EJE' = J so that EnE* = J. The internal momentum

P = (pr;pr) is written using the background matrix F as

where

1
P=—(n+wE;n—wk" e, 2.8
o ) 25)
where Z = (w;n) = (wl, o wthing, - ,nd). Here w' is the i-th winding number while n;

is the i-th KK momentum.

2.2 The heterotic case

The heterotic models compactified on 7% have (16 + d) x d moduli: a metric G = ee! of the
compactification lattice, an anti-symmetric two-form B and Wilson lines A. The standard

choice of a Narain metric in I'*6t4d a9

g 0 O
J = 0 0 15 |, gi6= &16041;6 (2.9)
0 1, 0

where «q4 represents a set of the basis of a 16-dimensional even and self-dual Euclidean

lattice I''6, discussed in detail below. An internal momentum P € I''6t%4 js then expressed

8



as
P =ZE(e,B,A) = ZE(e, B, A)&, (2.10)

where Z = (q,w,n) € Z'6 x Z¢ x Z% and

1 0 alﬁAte_t 16 0 0 .
E(e,B,A)=| —Aayy e Cet , &= 0 \/Lild —\%ld , C=B- EAAt.
0 0 et 0 Fli 5la
(2.11)
We can write down P = (1, pr; pr) explicitly as [45]
0 =TI — wA, (2.12a)
1
= — [MA'"+w (G+C)+nle, 2.12b
PL= s [ ( )+ 7] (2.12b)
1
pr=—=[ITA"—w (G- C) +n]e™, (2.12¢)

N

where II = gayg lives in T''®. One can easily check that EnEL = J and EJE' = J, and the

inner product is independent of the moduli as follows:
Py, - Py = PPy = Z,J 7% = TLH 1T, + wynk, + njwh. (2.13)

In this thesis, we will consider the specific background that the internal circles are all

perpendicular. Then, the internal metric GG is diagonal and expressed as

where i = 1,2,...,d and R; is the radius of the i-th compactified circle. Then the internal

momenta (ZZ12) are expressed as

=T —w'Al (2.15a)
1 . 1

PLi = 5m (HIA{ + n; + w’ (Gij + By — §A{A§>> , (2.15D)
1 , 1

PRi = 5 (HIA{ +n; —w’ <Gij — B + §A{A§>> : (2.15c¢)

where I =1,...,16, i =1,...,d.



It is known that there are only two types of the 16-dimensional Narain lattice I''%: one

is the Spin(32)/Zs root lattice and the other is Eg x Eg root lattice. We can write down

these lattice using SO(2n) conjugacy class (see appendix [Al) as follows:

16 16 16
FSpin(?)Q)/Zg = Fg ) + Fg )7

[ = (1) 4 10) x (1) + 1),

Using the SO(2n) characters, we can write Zriso = Zrie explicitly as follows:

Zréﬁpin(32>/22 = O3z + S32 = 016016 + ViVie + S16516 + C16Cl6,
Zr}gngS = (016 + S16) (O16 + S16) = 016016 + O16516 + S16016 + S16516-

10



3 Non-supersymmetric string models

In this section, we review the non-supersymmetric string theories constructed from closed
superstring models discussed in Section 2 by Z, twisted compactifications. In this thesis, we

focus on the bosonic construction, which was proposed in [[7,9].

3.1 Construction

The non-supersymmetric models are constructed by Zs freely acting orbifolding the toroidal
model (Z0). The Z, shift action is expressed as (—1)"«, where F is the spacetime fermion
number (F' = Fp Fr for Type Il models and F' = Fg for heterotic ones), and « is an order
two operator in the Narain lattice, which gives an eigenvalue a = 2™ for a state with
an internal momentum P. Here ¢ is called a shift-vector in the Narain lattice, satisfying

26 € T9:97 which gives P-26 € Z. For convenience, ['“2-9 is splitted into two subsets I'4*%%

and T'%%% a5 follows:

1
Pt @) = {Perdde |p.gez), () = {P er®i|pP-sez+ 5} - (31)
Since 2§ € I'9%  the shift vector ¢ is expressed as
1~
0= §Z5()\“), (3.2)

with a certain integer vector Z € Z4tdr For type II string theories, we can write Z =

(w,7n) € Z¢ x 74, then the inner product P -J can be written from the definition (24) as

1, 5 1
P-§= §ZJZt =5 (wn® + na') . (3.3)

For heterotic string theories, Z = (§,w,n) € Z'6 x Z% x Z% and P - § can be written as
1 i N At
P-5:§<H-H+wn —i—nw). (3.4)

Modular invariance of the one-loop partition function requires that 62 be an integer, as
discussed later in footnote two from the transformation rule of the partition function under
the T-transformation of SL(2, Z). Thus Z must satisfy

ZJZ' =0 (mod 4). (3.5)

11



For type II string theories, the condition (B:H) reads
@t =0 (mod 2), (3.6)
while for heterotic string theories, (B33) reads
112 + 2wnt =0 (mod 4), (3.7)

where we define IT = Gayg. Moreover, if two choices Z and Z' satisfy Z = Z' (mod 2), these
give the same splitting of the Narain lattice by definition of %% (). We can thus choose
7 whose components take either 0 or 1%.

The action « to a state with an internal momentum P is expressed as
a|P) = =£|P) for P e T (3.8)

Projecting out the partition function of the toroidal models (21) by (1 + (—1)"a) /2, then

we get
Zg_d) {(Vévs + S355) Z pdd — (VaSs + SsVs) rdd} ; (type IIB string) (3.9a)
Z(S d) {VE;Z \ordd — S5 7 16+d7d} , (heterotic string) (3.9b)

where we define Z ., .45 as
+

_dL __dR 1P2 1P2 dL __dR 1 :l: 627TZP g 1P2 1P2
ZFiL’dR =17 7 Z q2 Lq2 R — =1 7 Z TqQ Lq2 . (310)

per{L‘r PerdLdr

These are the contributions from the untwisted sectors. One can easily find that they are
not modular invariant. We must impose the modular invariance on the one-loop partition
function, which requires adding twisted sectors. The contributions from the twisted sectors
can be obtained by the modular covariance of the partition functions as follows. First, we

can rewrite (B4) as

1 Y / Q .

§Z (=d) {(Vé — S3) (Vs — S8) Zraa + (Vs + Ss) (Vs + Ss) Zpd d)} ,  (type IIB string)
(3.11a)

1 s _ _ _ _

§Z1(38 @ {(Vs — Ss) Zrisraa + (Vs + Ss) Zé?ﬁzd,d} : (heterotic string)
(3.11b)

27 = (OdL,OdR) corresponds to the toroidal compactification.

12



where Zég’f,)dR is defined as

Z(Ofé)

rdr-9r

—dy —— - 2 _1p2
— ZFiL»dR . ZFiLvdR =7 dLn dr Z 2 2P6q2PLq2P (312>

PerdrLdr

and (twice) the first and second terms in (B7I1) are referred to as Z and Z* respectively.
Note that the first terms in (BI) are independently modular invariant since they are half

of the partition functions for toroidal models. By the formula
o s(P-P)= > exp2miP-P), (3.13)
PGFdL’dR PIIEFdL,dR

and S-transformation laws of the SO(8) characters (A1), we can find the S-transformation
for the second terms in (BI) as

28D (Ve + Sy) (Vo + Ss) 299
& 78 (05 — 08) (05— Cs) 255, (type IIB string)  (3.14a)
Z (8-d) (V + Sg) F?Qdd — Z (Og C’g) F‘Loldd, (heterotic string) (3.14b)

where Zﬂ’g?dR is defined as

Z(5 0)

rdpdr = ZFdL dpys = 77 Z q% (PL+dL)* %(PR+5R)2, (315)

Perdr-dr

and right-hand sides of (B14) are referred to as Z,. Note that Z is obtained by S-
transformation of Z* and vice versa (this is the reason why we use two-way arrows), so
the sum of (BI) and right-hand sides of (314) (Z + Z¥) + Z is invariant under S-
transformation. We also find that under T-transformation, (Zi +Zt ) is invariant and Z,

transforms as

Z5 ™" (05 — Cs) (05 — Cs) Féd(t)i)
& 528D (05 + Cs) (05 + Cs) 2850, (type 1IB string)  (3.16a)
Z(8 9 (O C’g) F‘L?J)rdd — iZ(S 4 (O + 08) Fﬁﬁjdd, (heterotic string) (3.16b)

55) .
where Zl(%ldﬂ is defines as

A ZFiL,dRJra — Zpapan 5 = e Z 2P g3 (Pt g3 (Prbon) — (3.17)

FdL dR
Perdr dr

13



Here the upper and lower signs in (BIH) are applied for 6> odd and §? even respectively®,
and right-hand sides of (B8) are referred to as Z~. Therefore, the partition function of the

non-supersymmetric models is given as the following general formula:

1
SUSY __ - -
Zy" =5 (Zt+2t+2Z,+27). (3.18)

For type IIB strings, (BIR) is expressed as

2855 = 25 L (VaVs + 8555) Zyaa — (VoS + SsTh) Zyaa

+ (0808 + 0808) ZF(:iF,d+5 — (Ogég + Cg@g) ZFi’d-&-tS} , (319)
and for heterotic strings, (BIR) is expressed as

ZA(SZP)LSY — Zg*d) {%ZFLHd’d — SgZF1_6+d,d -+ OgZFIiG+d,d+6 — C’gZFiFG-s-d,d_HS} . (3.20)

In the following subsections, we look at the simplest case of the ten-dimensional models.

3.2 10D type 0 models

The 10D type II models have no internal direction, and hence the Zs generator is simply
written as (—1)¥". Orbifolding by this Z, twist gives the ten-dimensional non-supersymmetric
models, so-called the type 0B model and the type OA model. Both their spectra include
tachyon as the ground state. The partition functions of the type 0B and type 0A models are

Z0B) — ZS;) (0808 + VgV + SgSg + CBC'S) ; (3.21a)
7 = 73 (0505 + ViVs + S5Cs + Cs5s) - (3.21b)

We can get these functions as follows. Since the internal momentum P = 0 and the shift
vector 6 = 0 in the case of d = 0, the splitted lattice Fi’d is equivalent to I while [

cannot be constructed from the definition (B). We can then get Ziui« = Z = 1 and
+

ry4s
Zraa = Zyaa, s =0, so the partiton functions (B=2Il) can be obtained from (B9).

mi( P2 +8°+2P-0)

3T-transformation gives the phase factor e , where P? is even and 2P -§ is an integer. Thus,

42 must be an integer in order to make the partition function modular invariant.

14



Lattice 6 =11/2 Gauge symmetry
Spin(32)/Z (1,01) SO(32)
Spin(32)/Zs ((% 4,012) SO(24) x SO(8)
Spin(32)/Zs ((i)16 SU(16) x U(1)
Spin(32)/Zs <(§)8 , 08> SO(16) x SO(16)

Fs x Eg (1,07; 0%) SO(16) x Es

Bsx Bs | ((1)7,0%(5)°,0°) | (B x SU(2)?

Fs x Ey (1,07:1,07) SO(16) x SO(16)

Table 1: The 10-dimensional non-supersymmetric heterotic models constructed from the

Spin(32)/Z2 and Eg x Eg lattice by the shift vector § and the realized gauge symmetries.

3.3 10D heterotic models

We can obtain the 10-dimensional non-supersymmetric heterotic models from the heterotic
Spin(32)/Zs and Eg x Eg models by setting d = 0, as shown in Table [ which was originally
discussed in [7]. In this case, the shift vector = II/2 is one-half of an element of the
Spin(32)/Zs or Eg X Eg root lattice.

The partition function is

Z»(%%LSY = Z(;) {%Zpﬁ — ggZplf + O_gzlﬂiﬁ_,_(; — C_'SZF%FG_H;} ) (3.22)
where
Zrs =00 > ™, (3.23)
Meris
— 1172 _ 1 2
Zrpis =00 Y @@" =70 ) (3.24)
eris+6 Heris

In this case, the shift vector § = f[/2 satisfies 20 € T''% and T'1° is written as
1
@) ={ler|6-Mez}, T'%0) = {HeFlG \5-Hez+§}. (3.25)

Note that the inner product is taken by an Euclidian metric. In the following, we see these

models in more detail.

15



3.3.1 S0(16) x SO(16) model

Among ten-dimensional non-supersymmetric heterotic string theories, the most interesting
model is tachyon-free SO(16) x SO(16) one. This model is constructed by ¢ satisfying
62 € 27. First, we see the construction from the supersymmetric Spin(32)/Z, model. Using

the SO(2n) conjugacy classes, the lattice (E-I6) can be written as

Fé?;m(:az)/m = F_S;lﬁ) + T
=T xTE +T® xT®) + (T® xT® +TE x 1)) . (3.26)

The SO(16) x SO(16) model can be obtained from § = ((%)8 ; 08> in Table M. From this 4,
(BZ3) is written as

8
ZHIE2Z+1}.

8
I = {H € Tinzyz ) 11 € 2Z} o I = {H € Tspin()/22
I=1

I=1
(3.27)
Using the SO(16) conjugacy classes, I'l% in untwisted sectors are written as
MO =TE xT® 47O x1® T =T x T +1® x 1V, (3.28)
and IS + § in twisted sectors are written as
MO+ =TE xT®+T® x7E T4 5=T® xT® 4+ TE x 1. (3.29)

Then we can write down Zpis and Zpis,s in terms of SO(16) characters (AH) as follows:
er = 016016 + S16516,  Zri6 = VigVie + C16Cls,
Zrisys = 016516 + 516016, Zrisis = VigCre + C16Vie. (3.30)
Therefore, the partition function is expressed as

Z’(Sé?;siog) = ngf) {‘78 (016016 + S16516) — Sg (VieVie + C16Cl16)

+0s (VigCis + C16V16) — Cs (016516 + 516016)} : (3.31)

Next we consider the construction of SO(16) x SO(16) model from the supersymmetric

Es x Eg model. The lattice (217) is written as
Iep = [T +T®) x (1® + 1)

=T® % PO 4 1) 5 1E 4 1) 5 1®) 4+ 18 5 1), (3.32)

16



From Table 0, SO(16) x SO(16) model can be obtained by choosing 6 = (1,07;1,07). The
lattice (B=2H) is written as

D (e, |I' 40 cz), T {Hel“g;ws

IP+H9EZ+%}. (3.33)
Thus we can write ['}® as
IS =T® xT® L T® % 1® T =T® xT® 4 T® xT®), (3.34)
and 'S + § as
T4+ =TOXxT® 4T xT® 161 5=T® x1® 4 T® x 7O, (3.35)
From these expression, Zpis and Zyis 5 is written as follows:
Zris = 016016 + 516916, Zris = 016516 + 516016,
Zris, 5= VieVie + Ci6Cr6,  Zrisys = VigCis + Ci6Vis, (3.36)
The partition function is, therefore expressed as

ZEET 1 = 75 { Vs (016016 + S16816) — Ss (016516 + S16016)
+0s (VigCis + C16Vi6) — Cs (VigVis + C16C16) } - (3.37)

Note that Sg = Cy, so two partition functions (B=31) and (B237) are equivalent (the difference
is only chirality).
From (B28),(B29) and (ZI1), we can find

I8+ (T +9) =T® x 1O 4 1E) 5 1® + 18 5 1®) 4+ 1) 7®)

| Spin(32)/Z2
=I5 k.- (3.38)

Likewise from (B234)),(B=33) and (2-18), we can get
I8+ (T +9) =T XTE 4+ TE x T +TF x T + 1O x 1P

= Fg;j)in(32)/Z2‘ (3-39)

‘EgXEg

Equivalently, using SO(2n) characters, we obtain

ZF1+6 + ZIEP‘H;

' = 016016 + S16516 + 016516 + S16016 = Zr1s
Spin(32)/Z2 EgxEg

= 016016 + S16516 + Vi6Vie + C16Cr6 = Zris (3.40)

Egx Eg Spin(32)/Zo )

Z Z
rie + Zris s
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These mean that if SO(16) x SO(16) model is constructed from one supersymmetric heterotic
string theory, the sum of Zpis and Zpis 5 in the partition function of the SO(16) x SO(16)
model is equal to Zris of the other supersymmetric heterotic string theory. This nice property
will play a crucial role later when the supersymmetric string theory is restored by tuning
the moduli of Wilson lines, discussed in Subsection EZ2T. Note that ZF1+6 + ZF1+6 45 in the
SO(16) x SO(16) model is modular invariant since Zris in the partition function of the 10D

SUSY string is modular invariant.

3.3.2 The other non-SUSY models

All of ten-dimensional non-supersymmetric heterotic models except SO(16) x SO(16) model
are constructed by § satisfying 62 € 2Z+1. The partition functions can be obtained as in the
case of 62 € 27Z. For completeness, we list up the partition functions that can be expressed
using SO(2n) characters below, except for the SU(16) x U(1) model:

e Non-supersymmetric SO(32) model:
Z’(Sl%?g = Z,(BS) {Vs (016016 + Vi6Vi6) — Ss (S16516 + C16Cl6)
+0s (016V16 + Vi6016) — Cs (S16C16 + C16516) } - (3.41)

e SO(24) x SO(8) model:

Z?(U;j‘:om) = Z5) { Vs (08024 + S5S24) — S (ViVas + CsCly)
+0s (OS24 + S5024) — Cs (VsCos + CsVas) } . (3.42)
e SO(16) x Eg model:
Z8EST = Z8) (ViOs6 — SsSi6 + OsVig — CsCig) (O + Sig) . (3.43)

e (E; x SU(2))* model:

2o

= Z8) [Ve {(04015 + 54515) (04015 + 84S13) + (VaVaa + C4Chs) (VaVia + CiCia)}
— S5 {(04013 + 54512) (ViViz + C4Cha) 4+ (VaVia + CuCia) (04012 + SuS12)}
+ Og {(C4013 + V4 S12) (C4O15 + ViS12) + (S4Vig + 04C12) (S4Vig + 04C12)}

—Cy {(C1012 + V4S12) (S4Viz + O4Ch2) + (S4Viz + O4Ch2) (C1O12 + ‘/4512)” .
(3.44)
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4 Endpoint limit and interpolation

In this section, we study the specific regions in moduli space of the non-supersymmetric
models (B19) and (B20) with d > 1 satisfying the conditions (B-3). To be more specific, we
investigate the behaviors of the partition functions in the limits of R; — oo and R; — 0,
so-called endpoint limits. Here, we only focus on the d = 1,2 cases, but the analysis can be
easily generalized to the d > 3 case. One of the purposes of the section is to understand the
meaning of the components of Z: we can find that they determine the Zo-twisted directions
in which the supersymmetry can be restored at endpoint limits. We are interested in the
limit when the supersymmetries are restored in the lower dimensional non-supersymmetric
heterotic models because the vanishing of the cosmological constant is closely related to the

supersymmetries of the models, which is the main subject of this thesis.

4.1 Case of turned-off moduli

In this subsection, we consider the non-supersymmetric models with the anti-symmetric

two-form B and the Wilson lines A turned off for simplicity.

4.1.1 9D type 1IB models

9-dimensional type II models have only one modulus R, and there are no degrees of freedom
of the anti-symmetric two forms B. From the condition on § (Bf), we can find the 9D
type IIB non-supersymmetric models are classified into the three classes as 7 = (w,n) =
(0;0), (1;0), (0; 1) and the orbifold for ITA is similarly constructed. Note that Z = (1;1) is
prohibited by the constraint of §%.

e (w;n)=(0;0):
In this case, P -6 = 0 € Z for any P. Therefore ;' and T'y' + 6 are equivalent to T'™!
while T and T"' + § vanish. The partiton function (BT9) then reads

Z3ET = 7 (VaVi + SsSs + OsO0s + CsCs) Zpia. (4.1)

This is the partition function for the 9D models constructed from 10D type 0B ones
by simply S* compactification.

4We cannot thus construct the 9D type II models in which supersymmetry is restored at both endpoints
(see also the class (4) in the subsubsection ET2).
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o (w;n) = (1;0),(0;1):
From the constraint (B8), the condition (w;n) = (1;0) ((0;1)) gives P-§ =n (w). We
can then find that (w;n) = (1;0) ((0; ))
For (w;n) = (1;0), we can write Zp., Ll(e) @

o = )™ 33 el g, (42)

weZ(+ ) ne2z

(+8) — Z Z 7”2 (#) +(WR)2}62MTW”- (4.3)

wez(+1) n€%+1

makes n(w) even in T} while odd in T

le
le

From the real part of ZFil( +4)» we can find that the limit of R — oo (R — 0) makes the

contributions from w # 0 (n # 0) vanish exponentially. Using the asymptotic behavior

00 1
o~ mr2k?m? k=20, / dpe ™R = — 44
mze:Z i N (4.4)

then, we get the behavior in the endpoint limits as

R—o00 R N—1 R—o00
Z k! E— 2 (7777) , ZF:El-HS — 0, (45)
R—0 1 \—1 R—0
ZF1+,1(+6) — —R\/T_Q (), Zpia g — 0, (4.6)

Therefore the partition function (319) with Z = (1;0) reads the 10D type IIB model
in R — oo while 10D type 0A model in R — 0. We should mention that since we
perform T-dual in order to open up the compactified dimension, the chirality of the
right-mover is flipped in R — 0. In the same way, one can check that the type IIB
model with Z = (0;1) reads the 10D type 0B model and the 10D type ITA model in

the endpoint limits.

4.1.2 9D heterotic models

The starting point of the supersymmetric heterotic string model can be either that of
Spin(32)/Zy or Eg x Eg by choosing T''® correctly. From the constraint (822), we then
classify the 9-dimensional non-supersymmetric heterotic models with A = (0'®) into the

following 2% = 4 classes depending on the choice of (w,7) as studied in [2].

(1) 112 = 0 (mod 4), (w;n) = (0;0):

In this class, the original non-supersymmetric heterotic model should be reproduced
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in the endpoint point limit since we do not introduce any moduli. The inner product
(B4) is written as

P-(S:%H-ﬂ. (4.7)

From the definition (1), T'y"" and T'y"" + § in this class are written as the following

sets:

DI = {P = 28 |(Wwn) € (1.2,2) ) e

I
it 46 = {P—Zg (IL,w,n) € <F1f+§,Z,Z>}, (4.9)

where T9(IT) and T"'6(TI) are defined as
TI9(M1) = {HeF16 yn-ﬂem}, T (1T) = {HeP16 |H-ﬂ€2Z+1}. (4.10)

We can find that the states with w! = 0 (n; = 0) only contribute as Ry — oo (R; — 0)

in the case of A = (0'°) as follows. The internal momenta (2I3) are written as

1
(=11, prr= NGT:
1

In the partition function, the moduli-dependent parts are the Zrlim and Zr1i7,1

(n1 £w'RY). (4.11)

45 In

this case, we can get

2 2
17— 1172 —mr2g (7 ) +H(w'Ra miriwin
Zyariig =1 Tpt Z q2" Z e {<Rl) (wtn) }62 v (4.12)
HerliS(Jr%) wlni€Z
From the real part of Zrlim (+6) the contributions from w!' # 0 (n; # 0) vanish expo-
nentially when R; — oo (R; — 0). We then find the behavior of ZFj[“ and Zrli“ +5
with A = (0'%) in the endpoint limits:

Ri—o0 Rl R1—0o0 Rl

1 1
Zpiry ——— N ()" Zrys, Zpiras — N2 ()" Zpyo 1 (4.13)
R1—0 1 \N—1 R1—0 1 N—1
Zl—ft?’l B T\/FZ (7777) ZI—EEG? Zl—‘zlg’l—f—(s B Rl\/ﬁ (/’777) Zl—‘f—l—%’ (414>
where Zis and Z 5 n are defined as
ks ris4
~16 12 ~16 %(H+%)2
Zop=n"" ) ", Zuga=n"") 4 : (4.15)
Meris Heris
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As expected, in this class, the same 10-dimensional non-supersymmetric models con-
structed by the shift-vector § = f[/ 2 are obtained in both endpoint limits. Then,
we can find that in this class, the 9-dimensional non-supersymmetric models can be
obtained by the S compactification of the 10-dimensional non-supersymmetric ones
listed in Table 1.

12 = 0 (mod 4), (i;7n) = (1;0):
In this class, the inner product (B) is given by

1 A
P~(5:§<H~H+n1>. (4.16)
We can write I'}"! and T}"" + ¢ as

P = {P=Z&|(Ww,n) € (I'6,2,22) } & {P = ZE |(L,w,n) € (I'%,Z,2Z +1) },

(4.17)
17,1 16 11 1
Iy "+6=qP=2¢8|(Il,w,n) € Fi+5,Z+§,2Z
6 I 1
© P =2 |(I,w,n) e (T +§,Z+§,QZ+1 : (4.18)

In this case, Zp7, 11 (4g) CAN be written as

+4

Z 17, 1(+5) ?77177771 Z q%HQ Z Z 6_7”'2{ Rfl ( 1R1)2}e2m'71w1n1

meris(+ ) wlez(+5) M
2
+ Z q%HQ Z Z —TFTQ{ IT1 (w1R1)2}€2ﬂ'inw1n1
neris(+1) wlez(+5) M2+l
(4.19)
In the limit of Ry — oo, the untwisted sectors ZF17,1 behave as
Yoty e wT LY g e~ T (4.20)

Ieris ne2z HeF%FG ne2Z+1 H F16

where we use

3 = 3 e > e (4.21)

Ters nerts Merts

22



For the twisted sectors Zrlim the winding number w! runs for Z + 1/2, so there is

+67
no contribution from w' = 0. In the limit of R; — 0, the second term of (??) vanishes
for both the untwisted and twisted sectors since it does not contain the contribution

of ng = 0.

The behavior of ZFi“ and ZFf’l +s 0 the endpoint limits are given by

Ri—00 R _\— Ri—00
ng,l L \/_Tl_g (7777) ! Zrie, ZF¥’1+6 L) 0, (4.22)
Ri—0 1 -1 Ri—0_ 1 -1
7 ar, e, Zoara 220 7 s 4.2
T Ry U A At T s ) ey (02

The limit R; — oo makes supersymmetry asymptotically restored while the limit

Ry — 0 gives the 10-dimensional non-supersymmetric models in Table 1.

112 = 0 (mod 4), (w;n) = (0;1):

In this class, we can write the inner product (B4) as
1 A
P-5=§<H-H+w1). (4.24)
Then I'Y"" and TY"! + § are written as

= {P=2¢|(Mwn) € (1,22.2) } & {P = Z€|(w.n) € (1,22 +1,7) },

(4.25)
17,1 16 I 1
" +0=qP=2&|(Il,w,n) € | '} +§,QZ,Z+§
6, 1 L
© P =2 |(I,w,n) e (T +§,QZ+1,Z+§ . (4.26)

As in the case of class (2), the behaviors of Zpirn and Zpiza s in the endpoint limits
are obtained as

Ri—o0 Rl Ri—o0 Rl
ARTE =

\—1 \—1
A (1) Zrip, Zpirag NS (1) Zpss 115 (4.27)
1 _
YARTE M} (’f]ﬁ) ! Zple, Zl—‘li7,1+5 M 0. (4.28)

rl Rivm
In this class, the limit R; — oo gives the 10-dimensional non-supersymmetric heterotic
models while the 10-dimensional heterotic superstring ones can be obtained in the limit
Ry — 0.
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(4) 112 = 2 (mod 4), (w;n) = (1;1):

In this class, the inner product (B4) is written as

P.§= (H~ﬂ+w1+n1). (4.29)

N | —

We can get I\ and T + 6 as

I ={P=2Zz&|(,w,n) e (T¥,2Z,2Z) }
o {P=2&|(Lwn)e (TP 22+1,2Z+1)}
o {P =272 |(L,w,n) e (T,22,2Z + 1) }
& {P=2Z€E|(IL,w,n) e (T,2Z2+1,22) } , (4.30)

11 1 1
Iyt 6= {P:ZE (T, w,n) € (rf+5,2z+—,zz+—>

2 2

~

IT
@{P:ZE (I, w,n) € [ T¥ + =, 2Z —

1
, —, 27 —
2 2

EB{P:ZE (IL,w,n) € F16—|—E 2Z + =,27Z — )

&) {P: ZE|(Il,w,n) € Ff—i——,QZ—
In this case, Zri7’1(+5) can be written as

ZFL7,1(+6) = 77_1777_1 Z Q%HQ Z Z 6_7”—2{(%11)2+(w1R1)2}627ri7'1w1n1

Teris(+1) whe2z(+1) nie2z(+2)

n Z Z efrr‘rz{(%)2+(W1R1)2}62mnw1n1

wl€27+1(+3) n1€2Z+1(+3)

T Z ¢ Z Z e*”?{<%>2+(WIR1)Q}€2mnw1m

meris(+ 1) w€2Z(+35) n1€22+1(+3)

ny 2 2
+ Z Z 6_71—72{(1?71) +(w1R1) }eQWilelnl
w162Z+1(+%) n162Z(+%)
(4.32)
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For the untwisted sectors, the limit of Ry — oo makes the second and fourth terms of
(A232) vanish while the limit of R; — 0 makes the second and third terms of (E232)

vanish. We can also find that the twisted sectors vanish in both endpoint limits.

In the endpoint limits, Zr1i7,1 and Zrli7,1 s behave as follows:

Rj—o00 Rl _\— R1—o00
Zrim j——) _7'2 (7777) ! Zrie, ZF1i7,1+6 L—) 0, (4.33)
1 _
ZF17,1 M} (’)777) ! pr, ZF1i7,1+5 M 0. (4.34)

i Riv/m

In this class, supersymmetry can asymptotically be restored in both endpoints, though

it is broken at finite values of R;.

The non-supersymmetric models in class (2) and class (3) are so-called interpolating
models since they interpolate between two different higher-dimensional vacua. These are
originally constructed in [I1,02]. We find that w, 7 = 1 implies that there is a Z, twist on a
compactified circle: the limit of Ry — oo (R; — 0) gives the restoration of supersymmetry
ifw=1(n=1).

In preparation for the next subsubsection, we define F1i7’1|(k) and Flim + 6|k as the it
and T'}"" 4 6 in the class (k) = (1), (2), (3), (4) by classifying (i, 7), and T'"! is written as

Mot ={p=2¢&|(L,w,n) e (I'2,7)}. (4.35)

4.1.3 8D heterotic models

The 8-dimensional non-supersymmetric heterotic models are classified into 2* = 16 classes.
With d = 2, there are more patterns of interpolation (endpoint limits) than those in the d = 1
case, in the limits of compactified radii to zero and infinity. Here, we illustrate four examples
of the endpoint limits of these non-supersymmetric heterotic models in Fig. 0 [I], and the
complete classification is made in Appendix B. In each class, the interpolation patterns of
the d = 2 case are identified as the combinations of those of d = 1, but we also find a
non-trivial case.

Let 4; and 75 be the numbers that label the 9D classes to which (w';7n,) and (10?; fg)
belong, respectively. We label each 8-dimensional model with [i; : i5]. We can take the sum
on w',n; for each i-th direction independently since we consider the background that the

internal metric is diagonal.
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1
1
1
1
1

9D non-SUSY |« 9D SUSY

| Ry l | Ry
1 1
1 1
1 1
R l____: ______ Ow o ___ W————= [ —— - : ______ Q!V ___________ l____-
1 ]
1 1

H \ 1 \
' !'| 10D non-SUSY 9D non-SUSY 10D SUSY | | ' !'| 10D non-SUSY 9D non-SUSY 10D SUSY | 1
Y S i Y T i
(a) [2:1] II2 =0 (mod 4), (w;n) = (1,0;0,0) (b) [2:2] 112 = 0 (mod 4), (@;7) = (1,1;0,0)
'{, _______________________ i N e
i 10D non-susY Jie] b non-susy | 'I |
1 - -
' non ! non 10D SUSY | ' | 10D Susy 9D non-sUSY [ 10D susY | !
A S 1o S Al Tl - o1 rerEeEeile e R
| I : ’ T T © TR, I
! 1
! 1
: : 0 OS 0 0
| 9D non-SUSY | >[ 9D SUSY 9D SUSY | »| 9D susy
1 | R1 R
1 | 1
! 1
| ' v v e e Ow_ o= DS
1 . 1
: 10D SUSY ’:‘_ 9D SUSY >| 10D SUSY i | 10D SUSY 9D non-SUSY 10D SUSY | |
! :
(c) [2:3] 112 =0 (mod 4), (@;7) = (1,0;0,1) (d) [4:1] 112 = 2 (mod 4), (@;n) = (1,0;1,0)

Fig. 1: The endpoints of the 8-dimensional non-supersymmetric heterotic models. The dotted

lines refer to the 9D models classified into four ones.

[2:1] 12 =0 (mod 4), (w;n) = (1,0;0,0):

In this class, the inner product (B4) is written as
1 .
P-6:§<H-H+n1>. (4.36)
From this, I}>* and T'}>? 4 § are written as

I'®?={p=2z&|(Lw,n) e (I'%,2%2Z x Z) }
& {P=2E|(IL,wn)e (I 2° 2Z+1)xZ)}, (4.37)
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Y% +6= {P:ZE

I1 1
(IT, w,n) € (rf+§, (Z+§) ><Z,2Z><Z>}

II 1
(IT,w,n) € (Flf—i-g, (Z+§> X Z,(2Z + 1) XZ) }

(4.38)

EB{P:ZS

There are four ten-dimensional endpoints obtained from R; — oo and R; — 0. The
important point is that in the case of turning-off moduli A = B = 0, the states with
w' =0 (n; = 0) only contribute to the partition function as R; — oo (R; — 0) for each
i-th direction, as discussed before. From these I'}*? and T 4§, we find the behavior

Of ZF18,2 iS
+

Ry Ro—soo I8 Ry

Zpis.2 RERAS N (i) ™" Zpara == 72 (nin) ™" Zps,
T B2 ()™ g, S S ) 2
Zopa B2 e ) Zy P e ) g
Zypts2 =2 R:/T—Q (i)™ Zpiry = R1f1‘327‘2 (i)~ Zrig,
while that of er,er(S is
Zyisas =3 0,
Zpisa s 20, % (i)™ Zrli7’1+5|(2) =20,
s P G ) g, B e )
Zpisa s =2 R:/T—2 ()™ ZFf’lJﬂSl(z) == R1}1%272 ()™ ZFer%?

Ry —>0,R2 —)O(>\ 1 32
23 18,2
. Rim

In the limit Ry — 0, we can obtain the 9-dimensional non-supersymmetric model be-

longing to the class (1). Both Ry — oo and Ry — 0 limits give the 9-dimensional
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non-supersymmetric model belonging to the class (2), so-called interpolating model,
in which a 10D superstring is obtained in Ry — oo while a 10-dimensional non-

supersymmetric string in 2y — 0.

[2:2] TI2 =0 (mod 4), (w;n) = (1,1;0,0):

In this class, the inner product (B4) is written as

P.5— (H-ﬁ+n1+n2). (4.39)

N | —

Then I'}*? and T'1%? 4 § are written as

I$? ={pP=2z¢|L,w,n) e (I, 2% 2Z x 2Z) }
o {P =2z |(I,w,n) e (T, 2% (2Z+1) x (2Z+1)) },
o {P=2E|(,w,n) e (T, 2°2Z x 2Z +1)) },
o {P=2zE|(I,w,n) e (T2 (2Z+1) x 2Z) } , (4.40)

11 1\°
(I, w,n) € (Fli6+§,<z+§) ,2Z><2Z>}

e 2
@{Pzzg (IL,w,n) € Ff+g,(z+%) ,(2Z +1) x (2Z+1)>},

3

- 2
@{Pzzg (I, w,n) € F$+g,(z+%) ,(2Z+1)><2Z)},

246 = {P—Zg

II 1\2
EB{P:ZE (I, w,n) € F§§+§,(Z+§) 27 % (274 1)

(4.41)
The behavior of Zrlf’z in the endpoint limits is given as

oo R — o0 R R N —
ZI—\;:S,Q Rl;) _1 (7777) ! Zl"17,1 2 172 (T]T]) 2 ZFIG,

——
VT2 T2
R Rz N— R RlRQ
ZF18,2 i—o&) — (7777) ! Zl“17,1 j—o.i)
+ /T2 T2
R1—0 1 1 Z - Ro—0 1

Ziasa 220 1) 7
FfQ Rl\/T_Q (nn) Iy Ri1Rs1o

R2—0 1 \—1 R1—0 1 _
ZF18,2 2—} a1 !
+

(7777)72 Zr1s,

(7777)_2 Zfliﬁ 9




R1~>OO,R2~>0 Rl
ZF18’2
+

R14>0,R24>OO R2
ZF18’2
+

and that of er,2+5 as

R1~>OO
ZFliS’Z—i-(S — 0,

Ro—00
erz_'_é — 0,

R1—0 1 1 Ro—0 1 _\—2
ZF18,2 ! 2 ) Z

e
340 Rl\/T_Q

Ra—0 1 1 R1—0 1 9
Z o, A
Ro/T () i 4ol R Ry ()

R1—0,Ra—00
0,

Zl“f‘%ré

ZF:‘:S 2+6

7 18,2
Y% +6

RQ-)O,R1 — 00

0.

We can find that the limits of Ry — 0 and Ry — 0 give the same 9-dimensional
interpolating model belonging to the class (2). A 10-dimensional superstring model

can be obtained in the limit of Ry — oo or Ry — 00.

[2:3] 12 =0 (mod4), (w;n)=(1,0;0,1):

In this class, the inner product (B4) is written as

P.§= (H T+ w? +n1> (4.42)

l\DIH

Then I‘18 2 and Fls 2 4 § are written as

™ ={P=2z¢|wn) e (T Zx2Z2ZxZ)}
& {P =2z | wn)e (IS Zx(2Z+1),2Z+1)xZ)}
& {P=2E|(L,w,n) e (T Zx2Z,(2Z+1) x Z) }
o {P =2 | wn)e (T Zx (2Z+1),2Z xZ)}, (4.43)
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I 1
24 5=Ap=2E|(ILwn)e |T¥+ = (Z2+=)x222Zx (Z+ =
+ + 9 9
P 1 1
®d< P=27E|(Il,w,n) e | T} +3 Z+5 X (2Z+1),(2Z+ 1) x Z+§
P 1 1
© P =2 |, w,n) e (T + 3 Z+5 X 27, (2Z + 1) x Z+§
6 1 1
e P=7Z& (HJU,H)G F¥+§, Z+§ X<2Z+1),QZX Z+§ .
(4.44)
In the endpoint limits, Z.1s2 behave as
+
Zpasa B2 —R% () Zpara 222 R;fz (n77) > Zpss,
Ry—o0 RZ _\—1 Ri—o0 RlRZ _\—2
718, — Z Zrie,
risz NS () Zpiray ) 2
R1—0 1 \N—1 Ro—0 1 \N—2
7 18,2 —> 7 1 i ,
e’ Ri\/T2 () I Ri Ry () e
R2—0 1 \—1 R1—0 1 _\—2
/A 22— Jrirn —— i s
Fig RQ\/T_Q (nn) 7 R1R27—2 (7777) Trie
Ri—oo,Ra—0 R N
ZF1i8,2 1— 2— N RQ;Z (,r]n) 2 ZFI()’,
Ri—0,Ra—oo o,
ZFf’2 ! 2 > R1T2 ( ) ZF%tG’
and ZFE"QM as
R1—)OO
ZFlig’2+6 0,
7 Ro—o0 R2 ( _)—1 7 Ri—o0 0
Flis,2+5 —\/772 777] F17 1+6|( y
R1—0 1 \—1 R2—0
Zl“f’2+6 1 RiJm (n1) ZF£1+5|( ) : 0,
Dpasi s 2% 0,
Ri—0,Ra—oo o
ZFlf’er& : 2 ’ Rim (7777) Zp;@_%

By Ry — oo limit, we obtain the 9-dimensional interpolating model belonging to the

class (2), in which we get a 10-dimensional supersymmetric model in Ry — oo while
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a 10-dimensional non-supersymmetric model in £; — 0. By the limit R; — 0, we
also obtain the 9-dimensional interpolating model belonging to the class (3), in which
Ry — oo gives a 10-dimensional non-supersymmetric model while Ry — 0 gives a

10-dimensional superstring one.

[4:1] 12 =2 (mod 4), (w;n) = (1,0;1,0):

In this class, the inner product (B4) is written as

P.§= (H-ﬂ+w1+n1>. (4.45)

N —

L l82 18,2
We can write [';” and I';" + § as

I = {P=2z&|(Mw,n) e (T¥,2Z x Z,2Z x Z) }
e {P=2E|Mwn)e (T 2Z+1)xZ,2Z+1)x Z) }
& {P=2E | wn)e (IE2ZxZ,(2Z+1) x Z) }
& {P=2E|Mwn)e (NS, 2Z+1)xZ,2Zx7Z)}, (4.46)

Ff’2+5:{P:Z<‘,’

@{P:ZS (I, w,n) € [ T¥ + —

I 1 1
@{P:ZS (I, w,n) € F1¢6+§,(QZ—§) X 7, (ZZ+§> X 7.

2 }
P 1 1
®QP=2ZE|(Lw,n) € TP+, (2Z+5 ) xZ (22— | X
4

Therefore the behavior of Zrlisz is

Ro—00 R]. R2

Ri1—00 R]_

Zrpe == = (ni) ™" Zpira === - (nin) ™ Zps,
Zpuss 22, R? )" Zg 22 S ()2 2
Ty B2 )™ s P e () Zi,
Zpise 2% R:/E(nﬁ)_erglm e R }1%272 (n17)"~ Zpse,



Limits of (Rl, RQ)

(00, 00)

(00,0)

(0, 00)

(0,0)

10D SUSY model

wt +w? >0

W + gy > 0

ny + % >0

iy + g > 0

10D Non-SUSY model

W' 4 * =0

w1+ﬁ2:0

ﬁ1+22)220

’le—f-fLQ:O

Table 2: The conditions on %, 7; (i = 1,2) which give the 10D (non-)supersymmetric endpoints.

Ri—00,Ra—0 Iy
ZFIS,Q
+ Ryt
Ry
Rimy

(7777)72 ZFIG ;

R1 HO,RQ‘)OO

erz (777?)72 Zrie,

and that of er,zﬂS is

Ri—00
Zplis,2+5 —_— 0,

Ry

VT2

R1—0
— 0,

Ra—0 1
Z 18,2 2

—
r 5
+ t Ry /T2

We can find that the 9-dimensional supersymmetric models can be obtained in both

Rl —00

— 0,

RQ*)OO

Z 18,2

—\—1
F:t +5 (7777) ZF;7’1+5|(4)

ZFli8,2+5

Ri1—0o0 or 0
0.

\—1
(1) Zpira ),

+

Ry — oo and Ry — 0 limits, and both Ry — oo and Ry — 0 limits give the 9-
dimensional non-supersymmetric model belonging to the class (4). In this class, the

same four 10D endpoint models are obtained.

Note that we construct the model of this class by the condition, which can be recog-
nized as the combination between 9D class (4) and (1), but there is no structure of
9D class (1), while the 9D model in class (4) can be obtained. This non-trivial phe-
nomenon occurs because once the supersymmetry is restored by taking a limit along
one direction, we cannot obtain the non-supersymmetric model in the limit of the other

direction.

The 8-dimensional non-supersymmetric heterotic models with the moduli turned off are
completely classified in Appendix B.
We find that the 9-

dimensional supersymmetric model can be obtained by the limit of B; — oo (0) if @* (7;) = 1

We would like to comment on the behavior in endpoint limits.

for i = 1,2. This is the same behavior as in the d = 1 case: the limit of R; — oo (0) gives
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the 10-dimensinal supersymmetric model with @' (7;) = 1. In addition, the sum of @', 7;
determines whether the 10-dimensional endpoints are supersymmetric or not. We show the
conditions to obtain the 10-dimensional (non-)supersymmetric models in Table B. These

discussions can be easily extended to the case of d > 3.

4.2 Case of turned-on moduli

In this subsection, we focus on the 9D non-supersymmetric heterotic models in class (1)
and (2), with the non-zero Wilson line A. We can see the supersymmetry restoration at the

specific value of A.

4.2.1 Non-supersymmetric heterotic model on S!

Here we focus on the 9D SO(16) x SO(16) model obtained by S! compactification from
(B231). That is, consider the d = 1 case of the following 9D class (1) conditions:

el g, 0= % =(1,0"1,0"), w=n=0. (4.48)

The partition function is expressed as
Z(1 07;1,07;0;0) — Z {‘/;3 it — SsZ it +08ZF171 —CsZ 171+5}’ (4.49)

where T} and "' + § is written as

Py = {P e T |(I,w,n) € (I'%,2,Z) },
Ly +6={P el |(ILw,n) € (T + 61, 2,2) } (4.50)

Here T'1° and 'l + 6, are given in (8334) and (BZ33). The internal momenta (2ZI3) are

expressed in d = 1 as

0 =1 —wAl, (4.51a)

pr = \/_R (H A+n+w (R2 — %\AP)) : (4.51Db)
pr= o (A= (R4 312 ) ). (4510

1p2_1p2
. 7P _7P .
We can then write ¢2°2¢2"% in ng,l(w) as

g = s h) e () (452
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where

16 2
2 2 I 2 1 2 2, 2
PL+PR_;(H —wA") +{R2 (H A+n——w|A|> + R*w } (4.53)
16
P?— P2=3" (1) + 2wn. (4.54)
I=1

In the following, we study the behavior of the partition function in endpoint limits.

e R = oo limit

From (E53), the limit of R — oo behaves as follows:
e—TrTg(Pg-‘rPIQ;{) ~ 677TT2R2’LU2’ (455>

Thus, in Z, 17 and Z, s
tially, and the only contnbution in this limit is when w = 0. From (£250), both ZF1i7,l

the contribution from the sum of w # 0 vanishes exponen-

and ZFf’lJré contain w = 0, so in R — oo we have

—17-—1 1H2 T2 (n+11-A 2
Zriragy =N Z Ze 2 )

HEF1i6(+616) nez
~p Tt Y et / R
HEF%E6(+516) o0
R
() ™" Zr15(1510), (4.56)

= \/_7__2
Therefore, in the limit of R — oo, the partition function (£-49) reads 10D SO(16) x
SO(16) model (B231).

e R =0 limit and SUSY restoration
Let us see that the non-trivial phenomenon of supersymmetry restoration can occur in
the limit of R — 0. From (E53), in the limit of R — 0 we get

(L) 1 o5 (e ) (4.57)

Ne ‘R2 5

Thus, in Z, 17 and Z, i

vanishes exponenmally. In this limit, the contribution comes only from the states

the contribution from the sum of IT- A +n — Jw|A[|* # 0

satisfying

1
IM-A+n-— §w\A]2 = 0. (4.58)
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The difference in the R — oo case is that the terms contributing to ZFL” and Zrlim w5

are dependent on the Wilson line A value. In the configurations of A such that there
exists (II, w, n) satisfying the condition (E5S8), the behavior of Zpi11(15) in the limit of
R— 0 as

Zopany =2 Y Y e [M—wA?+RPw?] imr (TP 42nw)

II-A+n—Lw|A|2=0
el (+616) wn€Z 2wl

=n g} Z Ze—WTQ[(H—wA)2+R2w2]€i7T7'1 [112+2w (3 w]|A]2-11-A)]

16 wEZ
€T (+d16) Lw|A]2-11- A€z

_ 77—1777]—1 Z 6—7r7'2R2w2 Z q%(l_[—wA)2 , (459)

wEZ I1eT15(+616) (M—wA)2€27

Note that after the second line, we only sum over (II, w) which satisfies Jw|A]*—1II- A €
7, that is, (I — wA)2 € 27. In the following, we consider the case where the Wilson

line A takes particular configurations.
In the case of A € I''®, the following equation is valid:
Sooogpie = N gl (4.60)
Hel“f(-‘,—ém) HEF}tﬁ(-i-(Su;)

We then get the behavior of ZF!’I (+5) 88

—17-—1 12 —7mra R2w?
A D DI Y

HEF%E6(+516) wWEZ
T S [T
HEF}E(+516) o0
1 o
- (1) ™" Zr15(1510)- (4.61)

R\/7
Therefore, the partition function (E29) with A € T''% in the limit of R — 0 becomes
10D SO(16) x SO(16)model (B=37).

As a non-trivial case, let us consider the case A = d15 (24 = 2046 € F16). In this case,

the condition (E5R) is written as
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Since w,n € Z and from (B333), we get Zpir1, Zpara 5 — 0 in the limit of R — 0. We

also get the behavior of ZF1+7,1 as

171 o R202 L (T w8 1)2
er*l —"n n Ze 2w Z qz( wdie)

weZ eris
— 1T Z o2 R2w? Z qgn2+ Z o2 R?w? Z q%(nmw)?
we2Z Herlf we2Z+1 Hel“}f
1 -1
~ 2R\/7T2 (7777) <ZF_1~_6 + ZF},_6+515> ) (463)

and that of Zl“f‘1+6 as

—17——12 : — o R2w? 2 : L(MI—wdy6)?
ZFf’lJr& - 7 e 2 qQ( 16)

weL Nelif+616
_ n7177—771 Z e*Tl'TQRQ’wQ Z q%HQ + § : e*7l'T2R2'w2 § q%HQ
we2Z Eerif46,6 we2Z+1 Ierts
1 _\—1
~ QR\/T_Q (7777) ZF}E-{-(SlG + ZF}S ) (464)

where we use the equation (E60). From (B=40), we can find

(4.65)

Z]_"lﬁ .
Egx FEs Spin(32)/Zy

ZF#G + ZF1+6+516

For A = 016, the partition function (E29) in the limit of R — 0 is 10D Spin(32)/Z,

model. That is, supersymmetry is restored at the configuration of A = 6,5 and R = 0.5

In the following, we investigate the T-dual region of A = 414, R = 0. For radius R and
Wilson A, the dual radius R and dual Wilson line A are given by

R A

R=— "o A=—-——_. 4.66
R? + 1| AP? R? + 1|AP? (4.66)
Equivalently we can obtain
R A
R? 4 3|AJ? R? 4 ]AJ?

®See also [U,486].
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Substituting these into (E-53), we can get

2 2 - I ir)? 1 i Lo e ’ 52, 2
P24 p :Z<H —nA) e (At w—n]AP) + R22). (4.68)
=1 i 2
Therefore, when we move to dual moduli, the positions of w and n are interchanged.
When the Wilson line A = 0, (E66) becomes R = 1/R, so the tranformation R — R
represents the usual T-dual transformation. When the Wilson line is fixed to a finite A # 0,
the limit of R — oo gives R — 0, but the limit of R — 0 also gives B — 0. We can get

R = 1/R when considering limits on both R and A at the same time as

AP
R

Let us see whether supersymmetry can be restored in the T-dual region. The restoration

0. (4.69)

of supersymmetry occurs when R =0, A = §;5 = (1,07;1,07), and the corresponding dual

moduli are as follows from (E68):
R=0, A=—0;5=(-1,0";—1,07). (4.70)

From this and (E68), we can find that supersymmetry can be restored in the T-dual region,
as discussed before.

The above discussions can be made for the other models than SO(16) x SO(16). However,
we find that supersymmetry is not restored in those models even if A = §;5. The endpoint

limits for the other models with moduli A # 0 are left for future work.

4.2.2 9D interpolating model

Next, we consider the interpolating model belonging to 9D class (2) obtained by twisted S*
compactification from a superstring model. Here we focus on a 9D model that interpolates
a 10D supersymmetric Eg x Eg model and a 10D non-supersymmetric SO(16) x SO(16)

model. In particular, we consider the case of d = 1 of the following conditions:
Mery 5—ﬂ—17-17 v=1,n= 4.71
c FEsxEg» 16—5—(,0,,0), w = ,TL—O. ( )
In this case, 6% = §%5 + wn/2 = 2 and then the partition function is
2%07;1;0) = Zg) {%ZF}:J — SgZF1_7,1 + O$ZF1_7’1+6 — C'SZFH’IHS} . (4.72)

In the following, we study the behavior of the partition function in endpoint limits.
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e R — oo limit
In the limit of R — oo, only w = 0 contributes to the partition function. However we

find that w € Z + in T + 6, so Zra s — 0. The behavior of Zp7.1 is given as
+ +

Zpara _>7]—1777—1 Z qln2 Ze TF (n+11-A)? 4 Z q1H2 Z A n+Il-A)?
+

nglﬁ ne27 Hel‘16 ne2Z+1
2\/7—_2 Ierls HeFlG
R
( ) ZF16 (473)

NG

where I''® =T')0 5 . In the limit as R — oo, the partition function (BZ72) becomes

Zﬁ%‘iﬁmlo) —Z {Vé 171 —Sg 171+08Zr£771+5_08 171+6}

R
-5 ~78 (Vs — Sg) Zpus (4.74)

Egx Eg

Therefore, the limit of R — oo gives 10D Eg x Eg superstring model, and supersym-
metry is restored at this limit. Note that in class (2) of the 9-dimensional model, the
supersymmetric model can be obtained in the limit of R — oo even when Wilson line

A takes any value.

e R — 0 limit
In the limit of R — 0, only I, w, n that satisfy the condition (E-58) contribute to the
partition function. From I'}Y"'(+6) in the class (2) of 9D model, we get

Zrir (4s)

_ 77_1777_1 Z Z Z e—m’g[(H—wA)2+R2w2]ei7r7j(l'[2+2nw)

el (+616) weZ(+ 1) n€2Z

+ Z Z Z 6—7r7—2[(l'[—wA)2+R2w2] 62'7r7-1 (H2+2nw)

IIerié 1y ne2Z+1
€ri0(+d16) weZ(+3) I A+n—Jw|A|2=0
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,’77177—771 Z efm‘gRsz Z q%(waA)2

wEZ(+1) T (+616) Lol AJ2—T1-A€2Z
2

Y R ST ety . (4.75)

1 16
weL(+3) el (+016) Lu|A[2—T1- A€2Z+1

In this case, we can check that supersymmetry is not restored even if A = 14, as in the
case of the other heterotic models than SO(16) x SO(16). It is left to future work to find a
configuration A # 0, R = 0 in which supersymmetry is restored in the 9D model belonging

to class (2).
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5 Massless spectrum

In preparation for evaluating the cosmological constant in the next section B, we investigate
the spectra in the non-supersymmetric heterotic model d-dimensionally compactified. Since
we will show that the leading behavior of cosmological constant is controlled by massless
states and the contributions from twisted sectors are exponentially suppressed, we focus on

the massless spectra in the untwisted sector in this section.

5.1 Untwisted sectors

The mass formulae for supersymmetric models are valid for the non-supersymmetric ones.
Some of the massless states exist independent of the details of the moduli, while others
depend. We will refer to the former sector 1 and the latter sector 2.

The left- and right-moving mass formulae for heterotic models in the untwisted sectors

are expressed as
M} =0 +pj +2(Np — 1), (5.1a)
M3 = pg + 2(Ng — ag), (5.1b)

where ar = 0 for R-sector and ar = 1/2 for NS-sector. The physical states must satisfy
the level-matching condition M? = M3%. There are two possibilities to obtain the massless

states from (B). The first possibility is when the states satisfy the following condition
Np =1, Nr=agr, L =pr=pr=0. (5.2)

We call the set of the massless states sector 1. We can find that from the internal momenta
(13), the condition (B2) reads

H=w=n=0, (5.3)

which does not rely on the moduli. Thus, the massless states with (52) always exist at any
point in the moduli space. These massless states consist of a gravity multiplet and gauge
bosons transforming as U(1)1% x U(1); x U(1),.. Their degrees of freedom are 8 x 8 and 8 x 16
respectively.

The other possibility is when the states satisfy the following condition

N, =0, Np=ag, /2+p2=2 pr=0. (5.4)
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We call the set of the massless states sector 2. In order to evaluate the cosmological constant
in the next section, let us focus on the zero-winding massless states with w® = 0. For such

states, the massless condition can be expressed as
ng=—I-4;, II*=2, (5.5)

where the first condition holds for all « = 1,...,d, and the second one is the condition for
the nonzero roots of a subgroup ¢’ of ¢ = SO(32) or Eg x Eg. Here, we define A, as a set

of nonzero roots of g’. A, is written as

Aso@z) = {(£,£,0")}, (5.6)

Apaxp, = {iioﬁos Q(iiiiiiii 08)}

1
+ {(08; +, i,oﬁ) 5 <08; e e e e e i = i+)} , (5.7)

where the underline indicates permutations of the components, and the subscript + (/—)
denotes the number of + is even (/odd).

We clarify the difference between the superstring theories on 7% and the non-supersymmetric
models. In the superstring theories, Il € I''®, w € Z¢ and n € Z? for both spacetime vectors
and spinors. From the condition (b3), we find that in toroidal models, a non-Abelian part

of the gauge group is ¢’ if the Wilson lines A;7) = A(fT) satisfy

(9')
i €Z for Il € Ay,
(m (5.8)

- A% ¢ Z for T € A)\Ay,

where the subscript 7" implies the toroidal models.

In the non-supersymmetric models, however, it is more complicated to identify the mass-
less states since the Narain lattice is split into Ff’l where bosonic states live and I'*"! where
fermionic states live. First, we consider the sector 1. The momentum with (533) lives in
Ff’l independent of the choice of Z. So, there are no fermionic massless states in sector 1.

Below, we study the massless states satisfying (5H) for sector 2 in the specific models.
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5.2 Specific models and Wilson-line relations

In the following of this thesis, we focus on a specific non-supersymmetric heterotic model

d-dimensinally compactified with (1;7) € Z?? as follows:

(wa<2>,m(2)) = (1,0), (5.9a)
(w® 4>,'fza(4)) =(1,1), (5.9b)
(wb<3) ) ﬁb(3)) = (07 1)7 (59C)
("0, iy ,) = (0,0) (5.9d)
Here a2), as), bes), b1y are defined to run over as follows:
a:]_,...,D; a(g)zl,...,DQ, a(4):D2—|—1,...,D,

b=D+1,....d; bsy=D+1,....,D+Ds, byy=D+Ds+1,....d,

The subscripts (1),...,(4) are the numbers of 9D heterotic classes. From (B9), (w;n) is

explicitly written as
(w;n) = (17,07 P;0P2 1PHDPs=D2 d=D=Ds), (5.10)

In this model, the inner product P - is expressed as

D+Ds3

P-§= (H H—l—Zna > ) (5.11)
i=Do+1

Then F16+d “ can be written as the following sets:

D+Ds3
Pt = { ( doow Zn) e (I, 2z, zz)}

i=Do+1 a=1

D+Ds3 D

@{pzzg oY w')) n, e(rf’,zz+1,2z+1)}
@{p—ZS oY w')) ne e(Flf,2Z,2Z+1)}

@{p:ZS 11, w', Yy ng e(rg,zzﬂ,zz)}. (5.12)

i=Do+1 a=1

Note that n, is even or odd, which implies that (b3) leads to II- A, € 27Z or 2Z + 1.
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Let us study the massless condition (5H) for sector 2 in this model. We define Agi as
subsets of T'}¢ with I1? = 2. From the partition function (BZ2), we can see that the massless
vectors and spinors live in T2 and T'%7*? respectively. Therefore the condition (E3)

implies that for massless vectors,

D D
> M-A,€2Z TM-Ay€ZforTTe Al and/or Y - A, €2Z+1, - A, €Z for I € A,

a=1 a=1
(5.13)
while for massless spinors,
D D
> M-A, €2Z, w-Ay€ZforTT€ A andfor Y T1-A, €2Z+1, - A, € Z for Il € A,
a=1 a=1
(5.14)

From the conditions (58) and (513), we find that Agg " which realize a gauge group ¢’ in the

non-supersymmetric models are expressed in terms of Al(.f;)) in the toroidal models as follows:

D D
YA =23 AY) 411, AT = A (5.15)
a=1

a=1

This relation makes the conditions (5T3) for the massless vectors expressed in terms of A;r)

as
D
> - Ayr) €Z, - Ayqy €Z for L€ Ay, (5.16)
a=1

while the condition (514 for the massless spinors as

D
> - Ay ez+%, - Ayr) €Z for IT € A, (5.17)
a=1

Since these two conditions do not depend on f[, we can identify the massless spectra with

w = 0 in the non-supersymmetric models without specifying the choice of 11, using A;iry but

not A;.

Although we can get the massless spectra with w = 0 by the conditions discussed above,
we further discuss the massless conditions (b13), (b14) and (516), (517), and the Wilson-

line relation (AIH) in order to evaluate the cosmological constant.
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Recall that the massless condition (BH) gives II - A, € 2Z or 2Z + 1. In addtion to

IT- Ay € Z, we can write the condition for massless vectors (b13) as

D D
Z(Qna —1)(IT- A,) € 2Z for IT € A and/or Z(2na —1)(m-Ay) €2Z+1forme A,
a=1 a=1
(5.18)
while for massless spinors (B14) as
D D
Z(Qna —1)(IT- A,) € 2Z for IT € A and/or Z(Qna —1)(IT- Ay) € 2Z + 1 for Il € AJ.
a=1 a=1
(5.19)
We can also obtain the relation on the Wilson lines from (B13) as follows:
D D
D @20y —1)A =2 (20, — DAy + 11, Ay = Ay, (5.20)
a=1 a=1

From this relation, we can write the condition expressed with A;i7) for massless vectors as

D
> @ng = 1)(I1- Ayr)) €Z, T Ayy € Z for TL€ A, (5.21)

a=1
while for the massless spinors, as

D
1
> @n, = 1)(IT- Ayr)) € Z + 5 - Ay € Z for I € A, (5.22)

a=1
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6 Cosmological constant

In this section, we evaluate the one-loop cosmological constant of non-supersymmetric het-
erotic models with general Z, twists and show it is exponentially suppressed in the region
where supersymmetry is asymptotically restored if there is a Bose-Fermi degeneracy in the
massless level. We find that this holds generally even independently of the details of the
models. We also show that the formula of the cosmological constant depends on only a
10D supersymmetric endpoint and find points in the Wilson-line moduli space where the

cosmological constant is exponentially suppressed.

6.1 The formula of the cosmological constant

The one-loop cosmological constant (vacuum energy density) is defined as the integral of the

partition function:

A(IO d) (27T\/_) (10— d)/ dTZM (61)

]—'7—2 ()

where F is a fundamental domain of the modular group:
. 1 1
f:{TzﬁwLmeC‘ —ysnsg bz}, (62)

Let us evaluate the one-loop cosmological constant of the models with (B10) and D > 1
constructed in section B, in the region that all R; > 1 (i = 1,...,d) where supersymmetry
is asymptotically restored. In this region, only zero-winding states with w’ = 0 make the
contribution to the cosmological constant. The contributions from the states in the twisted
sectors are exponentially suppressed.

Using Jacobi’s abstruse identity V3—Sg = 0, the partition function of the non-supersymmetric
heterotic model (B=20) can be expressed as

25557 (R; A) ~ 25V { Zyroraa(B; A) = Zysoras(R A)} , (6.3)

where (R; A) denotes two types of the moduli, radii of the internal circles and Wilson lines:

(Ry,...,Rq; Ay, ..., Ag)%. Here we define the internal part of the partition function I as

6The B-dependence of the partition function vanish in these limits since B only couples to the winding

number w in the momentum P (2TH).
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I= ZF1+6+d,d(R; A) — Zperaa(R; A). Then I can be expressed as follows:

I~ 77*16(7777)*(126 Z H ( Z Z ) T3 (natIl-Aq)? H Z R2 2 (ny+11-Ap) 2'

e=t TIeTl6 ng €27  mg€2Z+1 b=D+1 nyEZ

Using Poisson’s resummation formula,

(Z _ Z ) 2(na+HA —472 2na—1)2 i(2nq—1)(II- )
ng €27 ng€27+1 nEEZ
Z 6_%(nb+H.Ab)2 _ Rb - ggnie%inb(ﬂ-flb).
nyEZ \/T_anEZ
Then, the partition function is expressed as
2
A ~ [ i S o
e=* [lel'l6
D d
X H Z exp [m{Z(Qna—l)(H~Aa)+ > (2nb)(H-Ab)}
i=1 n;=—o0 b=D+1
. D d
X - 2n, — 1)°R 2ny)° R 6.4
on |- S 3 ny (64

Decomposing the integral domain F into ., and F>; above and below 7 = 1, we can show
that since F.; is a finite domain and contains no singular points, the contribution from this
integral is exponentially suppressed. Therefore, the leading term is obtained by integrating
(64) in the region of F>;. Furthermore, expanding n~2* and 7778V by ¢ and ¢ respectively
" =q'+24+ O(q), (6.5a)
Vs =8+ 0(q), (6.5b)

we can then rewrite (64) as

(HR)B X8> > (24q2n2+q2 —1+O(q,q))

e=t Ilel'l6
X H1 Z exp [m{Z(Qna—l) (H-Aa)+sz: (2n,) (H-Ab)}
X exp [—— {Z 2, — 1)2R% + Z (2n,) Rb} (6.6)
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Integrating this in the F>; region, we can show that only the part of (¢q)° in the ¢,¢
expansion terms, that is, the massless states, contribute to the leading term®. From the
above equation, (¢q)° is obtained when IT = 0 and II> = 2, which correspond to sector 1
and sector 2 discussed in Section B, respectively. Therefore, the leading behavior of the

cosmological constant is expressed as

AW Lo/ 000 (HR) 11 Z

X824+ Y " eexp m{Z(2na—1)(H-Aa)+ > (2nb)(H-Ab)}

e=+ IIEAS b=D+1
*dr T D d
X / —62 exp | =7 — Z(Qna —1)’R% + Z (2ny)*R;
17 2 = b=D+1
Here, the following formula can be used for the integral of 75:
Cdr _.a 1 1

where I'(z) is the gamma function and I'(r,a) is the incomplete gamma function of the
second kind. Let us consider that 7, a are both positive real numbers. Using the property

I'(r+1,a) =rI'(r,a) + a"e™*, then we get

L(r.a) = ”“<+Z = 1) “2) (T_@). (6.8)

0 . d—2
[dﬁe_gzﬁr(d—l)—ea <1+ (d_Q)(d_g);'(d_k_D). (6.9)

a

Now a is large enough so that the second term in the right-hand side of (E22) is exponen-

tially suppressed. Therefore, the cosmological constant can be obtained up to exponential

"More precisely when the integration in the 7 direction is performed, the contribution from states satis-
fying the level-matching(-like) condition is 0 except for (¢g)”. Furthermore, integration in the 75 direction

suppresses exponentially the contribution of the massive states N ## 0.
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suppressed terms as follows:

d—1 D d -
AT~ ts 4d - )10—d (H Rl) Z {Z(Qn“ — 1R+ Z (an>2R5}
i=1 a=1 b=D+1
D d
x 8|24+ Z Z € exp [m {Z(Zna —1)(II- A,) + Z (2np) (11 - Ab)}] ,
== MeA; a=1 b=D+1

(6.10)

d 00
where we define Y = [[ > . Here 8 x 24 comes from II = 0, which corresponds to the

n i=1n;=—o0
massless states in sector 1, and the second term in the parentheses corresponds to those in

sector 2.

In the following, we show the cosmological constant (BI0) is proportional to ng — np,
where ng and np are the degrees of freedom of massless bosons and fermions respectively.
Let us assume that A; satisfies Il - A; € Z for all II. We can then find that

€ exp [m’ {Z(Zna —1)(IT- A,) + Z (2n,) (1T - Ab)}

a=1 b=D+1

+1  for A; with (BIR)
—1 for A; with (B19) .

As studied in the previous section, since the conditions for massless vectors and spinors in
sector 2 are given by (BI8) and (B19), respectively, we can find that this factor assigns +1
to massless vectors and —1 to massless spinors. Hence, we can obtain the formula of the
cosmological constant, including the contribution 8 x 24 from sector 1, up to exponential

suppressed terms as follows:

A0=d) 7T15—4d!(jd_)110 - (HR) Z {2(27% —1)’R% + Z (2715)2]%?} :

n a=1 b=D+1

(6.11)
This equation (611) shows that if np = ng, which implies that the Bose-Fermi degeneracy

occurs at a massless level, the cosmological constant is exponentially suppressed in the region
where supersymmetry is asymptotically restored. This is a generalized expression for a d-
dimensional compactified model with a general Z, twist.

The remarkable point is that the cosmological constant (610) is independent of II. We

can find

. +1 for I e Af
exp [m’(H : H)} g

9

-1 forHEAg_
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then using the relation on Wilson line (520), the cosmological constant (B10) can be ex-

pressed as follows:

4[ 2d—1 d D d -5
A0=d) " R; 2N, — 1)2R2 + 2n,)? R
Wled(\/J)lo—d g Zn: ;( ) a b:;H( b) b
D d
X8 |24+ Z exp l2m‘ {2(2% —1)(IT- Agry) + Z n(IT - Ab(T))}]
leAy a=1 b=D+1

(6.12)

Note that the sum on II runs over Ay, not AF. Thus, the formula (612) depends only on
the endpoint given by R; — oo for all 7. In the next section, we use the expression (B12) to
analyze the Wilson-line moduli stability.

Finally, we further comment on the formula of cosmological constant. The formula (61)
can be obtained from the expression (612) using the conditons (521) and (522). Since A;(7)
with > II- Ay € Z and Z + 1/2 give the contributions of +1 and —1 respectively, (617)
is valid for A;) which satisfy

I1-244r) € Z and II- Ayry € Z  for all 11 (6.13)

6.2 Exponential suppression with Wilson line

Using the formula (612), we study the massless spectra with ngp = ng, which gives the
exponential suppression of the cosmological constant. Let us focus on the Wilson lines A;r)
satisfying II - 24, € Z and 1I - Ab(T €L for all IT in order to use the formula (BIT) .

For convenience, we define A'? pr ) and AY g, in terms of (618) and (B17) as follows:

D
A = {HEA ZH-AG(T)eZ and H-Ab(T)eZ}, (6.14a)
A;fp):{HEAg ZH Aucr €Z+— and I - Ay } (6.14b)

One can notice that ny = np is realized if the Wilson lines A;7) give the massless states

which satisfy the following condition:

‘A()

=24, (6.15)

(B)
|l
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where |A| implies the number of elements belonging to a set A, and 24 comes from the
left-moving massless states in sector 1.

In the following, we consider two types of A,.

6.2.1 Spin(32)/Z, supersymmetric endpoint model

In this model, A, = Agos2) given by (B8). Here we consider the following simplest config-

urations of Wilson lines A;(7):

Ag(r) = <0p, (%)q) (p+q=16), Ay = (0"), (6.16)

which implies that the Wilson lines Ay (¢ = 1,...,D) are the same configuration and

Apry (b=D +1,...,d) is taken to be 0. We can then rewrite this configuration as

iAa(T) = (op, (g)q> (p+q=16), Ayr) = (0'%). (6.17)

a=1

Note that (B18) satisfies the condition (BI3) for all II € Agpsz). In the following, we

consider the two cases according to whether D is even or odd.
(I) De2z
From (B8), Aé{g) = Aso(s2) and Ag) is empty. Therefore we get

)Aéﬁ”)) - ‘A;?) — 480, (6.18)

and we find that there is no solution of (6I3) in D € 27 case.

(I) De2Z+1

In this case, we can write (614) as follows:
AP = {(£,4,007%,09), (0P, +,+,07%) ), (6.19a)
AU = {(£,0 1 £,00 ), (6.19b)

We can find that there are massless gauge bosons transforming in the adjoint rep-
resentation of SO(2p) x SO(2q) and massless spinor transforming in (2p,2q) of
SO(2p) x SO(2q). We can then count the number of elements in Aé{g) and AEP

as follows:

Al = dpq — {2p(p — 1) + 2q(q — 1)} (6.20)

(B)
|l
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Using p+q = 16, the solutions of (B13) are (p, q) = (E) Therefore, the cosmological
constant is exponentially suppressed when the gauge symmetry is SO(18) x SO(14)
under the configurations of Wilson lines (B18) in D € 2Z + 1 case.

6.2.2 FEyg x Fg supersymmetric endpoint model

In this model, A, = Apg, g, given by (B1). Apg,«g, can be decomposed into two copies of

Ap, as Apyxp, = Apy ® Ap,, and it is known that Ap, is further decomposed as
Apgy = Agsogie) ® Aq2s., (6.21)

where Ago(i6) and Ajgg, are defined as

1
Asoie) = {(:l:, :E,OG)} , Aqgg, = {5(:&, + 4+, 44+, iﬁ} . (6.22)

We also express Aéfg) and Ag) as the direct sums of two sets as follows:

(B) _ AB) | AB) A(F) _ A(F) | A(P)
AP = AP AP AT = AT AL, (6.23)

where we define A;j,g) and Ay) for IT = (II;; II,) and the Wilson lines Ay = (A41; A2) and
Ayry = (Al; A5) as follows:

D

AL = {HmeAEs > 1L, - A, € Z and Hm.A;nez}, (6.24a)
a=1
< 1

A;Z):{HmEAES an.AmeZ+§ande-A;neZ}. (6.24b)
a=1

Then the condition (BI3) can be rewritten as

(o
> (|a

(B)
|l

m

) — 24, (6.25)

Therefore, it is sufficient to investigate only the first eight components of the Wilson lines
and to identify A;J,f) and A(gfj).

Let us study the simplest configurations of Wilson lines A,y = (A1; Az) and Ay =
(Af; A5) as

1 qm
A, = <0pm, <§> ) (Pm + gm =8), A, = (0%), form=1,2, (6.26)
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where gy, is even so that II - 24,7y € Z for all II. Since p,, and ¢, are independent of a,
the Wilson lines Ayry (@ = 1,..., D) are the same configuration. As in the Spin(32)/Zs,
supersymmetric endpoint model, we consider two cases with D even or odd. However, when

D is even, we can find that A;?) = Ap, and A;f) is empty, which gives

‘A(F ) — 240 (6.27)
g

1

N ‘A(B)
91

Then, we cannot find a solution of (B13) in D € 2Z. Next, we consider the D € 2Z+ 1 case.

(1) P = 07 8
In this case, A;f) = Ap, and Ag) has no elements, so we get (627).

<2> b1 = 27 6
For p; = 2, we find that the following 7 € Ago(16) are in A;]f) and Agj):
B
(£,%,0%), (0%, +,4,0%) € A;,l ), (6.28a)
5 (F)
(£,0,+,0%) € Ay, (6.28Db)

and the following m € Aj9g, are in Aé?) and Aé{: ).

1
SEEREE DI Aé’,f’), (6.29a)
1

SEENEE B Ag). (6.29b)

Thus we find that A;]f) gives nonzero roots of SU(2) x E; and Ag) gives (2,56) of
SU(2) x E;. The same results can also be obtained in p; = 6. We then get

’A“f) - }A@ — _16. (6.30)
91 91
(3) p1=4
In this case, we find that the following m; € Ago(i6) are in Aff) and Aéf):
(£, 4,0%,0%), (0%, +,£,0%) € ALY, (6.31a)
3 3 (F)
(£,0%£,0°) € A7, (6.31D)

and the following m; € Aqgg, are in Aé?) and A;{:):

1
gt d EEdE e Aé’f), (6.32a)
1

SEEEE ke Aéf’ (6.32b)
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Therefore we find that Aéf) gives nonzero roots of SO(16) and A;?) gives 128 of
SO(16). We then get

= 16. (6.33)

From (B227), (630) and (E33), we conclude that there is no solution of (625) in D € 2Z +1

case since no combination of —240, —16 and 16 gives 24.
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7 Stability of Wilson-line moduli

In this section, we analyze the stability of the Wilson-line moduli using (612). We show that
the configuration of Wilson lines, which give the suppressed cosmological constant studied

in the previous section, corresponds to the saddle point in the moduli space.

7.1 Spin(32)/Z, supersymmetric endpoint model

First, we study the case of models whose endpoint is Spin(32)/Zs supersymmetric one.

Inserting Ay = Ago(se) into (E12), the Wilson line dependent part can obtained as

Z exp [27rz' {2(2% —1H(IT-A,) + Z ny(IT - Ab)}

IeA50(32) a=1 b=D+1

=4 Z cos [2m8'(A)] cos [2m67 (A4)] , (7.1)
I>J
where I,.J =1,...,16 and we define the fase #(A) depending on Wilson lines as

D

0'(A) =) (2na — DAL+ D mA;. (7.2)

a=1 b=D+1
For simplicity, we already omitted the subscript 7" of Wilson lines. We can then obtain the
first derivative of the cosmological constant (E12) as follows:
o A(lofd)

i~ 87rZC N; sin [270"(A)] ) cos [2m67 (A (7.3)

J#I

where we define V; as

2n;, —1 for 1=1,...,D,
n; for i=D+1,....,d,
and C,, is a positive prefactor independent of A defined as

4. 2d+2 d -5
Cn = m15-d( 10 d HR Z 2ng — 1)2RZ + Z (an)zpbg . (7.5)
a=1

b=D+1

Let us consider the simple Wilson lines given in (618). Inserting (B18) into (IZ3), we can
find that the Wilson lines (BI8) are critical points for both even and odd D:

aA(lo—d)

S ~0 (I=1...16 i=1...4d). (7.6)
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Next, we evaluate the second derivative of the cosmological constant, which is the Hessian.
From (I3), we get
92\ (10-d) —167% %", CpN;N; sin [2m67(A)] sin [2m07 (A)] (I #J), )
OA0A] | 1672 %, CoNiN; cos [2787 (A)] ¥y (A) cos 2065 (A)]  (I=J),
where K =1,...,16. The second derivatives ([d) with I # J vanish in the configuration of
Wilson lines (616). For the components with I = J, they give different results whether D

is even or odd.

(I) D €2Z
Using (618), the second derivatives () with I = J are expressed as

aZA(lofd)

SATIAT 2407 j;:Chﬁ%ﬁ@ (I=1,...,16). (7.8)

We can notice that >, C,,N;N; =0 for ¢ # j, and ), C,N;N; > 0 for i = j. Thus,
we can find the Hessian matrix is positive definite in the configuration of the Wilson
lines (616). Note that A%~9 takes a global minimum if the Wilson lines are given
by (BI8), where the gauge group is SO(32) and there are no massless fermions.

(II) D € 2Z +1
In serting (B18) into (IZ71), then we get the second derivatives with I = J as follows:

92\ (10—d) 1672 (2p—17) Y, CoN;N; (I =1,...,p),
DATGAT ™ (7.9)
iU 1672 (—2p+15) >, Co,N;N; (I =p+1,...,16).
We find that the Hessian matrix is positively definite if p = 0,16 while negatively
definite if p = 8. That is, A1%~9 takes a global minimum when the gauge group is
SO(32) while a local maximum if the gauge group is SO(16) x SO(16). We also find
that the Wilson line lies in the saddle points in the case of p = 7,9, which gives the

exponentially suppressed cosmological constant.
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7.2 FEg x Eg supersymmetric endpoint model

Next, we consider the case of models whose endpoint is Eg X Fg supersymmetric one. We

obtain the Wilson line dependent part by inserting A, = A,y g, into (B12) as follows:

Z exp [2m’ {Z(Qna —1)(IT- A,) + Z ny (1T - Ab)}

7r6AE8><E8 a=1 b=D+1
= Z {4 Z cos [2m6" (A)] cos [2m67™ (A)]
m=12 \ Ln>Jn

+ 128 (H cos [m0" (A)] + Hsin [WQ“‘(A)}) } : (7.10)

I7n,

where [, J; =1,...,8 and Iy, J, = 9,...,16, respectively. Note that the sum over m = 1,2
implies that Apg,«pg, is decomposed into two copies of Ag,, so it is sufficient to study the
half part (m = 1) of A09=9. The first derivative of A1°~% can be obtained as

aA(IO—d)
o ~ 81 Cul; {sin [270"(A)] Y cos [2707 (A)]
aAZ n J17511

+ 16 (sin (761 (A)] H cos [7071(A)] — cos 16" (A)] H sin [ﬂ@Jl(A)]) } :

J175]1 J17£II
(7.11)

We can also obtain the second derivative of A19=D_ For I # J;,

aQA(lo—d)

W ~ —167* ; CnNiNj{sin (276" (A)] sin [2767 (A)]

+ 8 (Sin (76" (A)] sin [767(A4)] H cos [16%1(A4)]

K1#11,J1

+ cos [10"] cos [7671(A)] ] sin [WQKI(A)]> } , o (112)

Ki1#I1,J1
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and for Iy = Jy,

aQA(IO—d)
Aol ™ 1672 ZCnNiNj{COS (2767 (A4)] Z cos [2m0™1 (A4)]
i J n Ki#h
8 8
+8 (H cos [r0" (A)] + H sin [W@Il(A)]> } :
n=1 n=1

(7.13)

From now on, we focus on the simple configuration of the Wilson lines (628).

()

(1)

D e 2Z
In this case, the first derivative (1) and the second derivative with [, # J; ([C12)
vanish in (E28). The second derivative with I; = J; (CI3) can be expressed as
2 A(lO—d) )
Sagan "~ 240 Y CuNiN; (Li=1,....8). (7.14)
3 J n
The Hessian matrix is hence positive definite in the configuration of the Wilson lines
(626). We can also find that the half part of A1~ takes a global minimum if
the Wilson lines are given by (6228), where the gauge group is Es, and there are no

massless fermions, as in Spin(32)/Zs supersymmetric endpoint model with D even.

De2Z+1

By using (B28), the first derivative (1) vanishes since p; is even, so the Wilson lines
(628) are the critical points of A19~%. The second derivative with I, # J; (I2)
vanishes for I = 1,...,p1,Ji=p1+1,....8and [y =p; +1,...,8 J1 =1,...,p;.
We also obtain for Iy, J; =1,...,p1,

2\ (10-d) 0 2),
% - (P #2) (7.15)
0A; 0 A; —12872%" CpN;N; (p1 = 2).
and for [1,J1 =P —|—1,...,8,
2\ (10—d) 0 6),
0 . - -~ (pl 7& ) (716)
0A; 0A; —1287%%" CuN;N;  (p1 = 6).
The second derivative with I; = J; (ZI3) can be written for I = 1,...,p; as
92\ (10-d) 1672(2p; — 9)Y., CNiN;  (py # 8), (7.17)

haall
DA OA; 240m% Y CpN;N; (p1 =8),
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and for Iy =p; +1,...,8 as

52\ (10—d) 167%(—2p, +7) > n CnNiN;  (p1 #0),

Py eyl (7.18)
OA; OA; 24072 %" CpN;N; (p1 =0).

In the configuration of Wilson lines (628), the Hessian matrix is positive definite if
p1 = 0,8, while negative definite if p; = 4. The Wilson lines with p; = 0, 8 correspond
to global minima where the gauge group is Fg, while ones with p; = 4 to a local
maximum where the gauge group is SO(16) x SO(16). We can also find that the
Wilson lines (E28) with p; = 2,6 give the saddle points of A(10=%),
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8 Summary

In this thesis, we have studied non-supersymmetric string models constructed by general Z,
twisted compactification.

We have first investigated the behavior of the 9- and 8-dimensional non-supersymmetric
models in the endpoint limits. We have found that the interpolation patterns between end-
points in d = 2 are recognized as the combinations of those in d = 1, but we have also found
the specific model that does not show the 9-dimensional structure labeled by the condition.
We also found the conditions to obtain the 10-dimensional (non-)supersymmetric models
in the endpoint limits. These discussions can be easily extended to the d-dimensionally
compactified models.

Next, we have investigated the endpoints of 9-dimensional heterotic models with non-
zero Wilson lines. In class (1), both endpoints are non-supersymmetric when Wilson lines
are turned off, but we have found that the supersymmetry can be restored even in class (1)
when the Wilson line is equivalent to the shift vector.

Toward evaluating the cosmological constant, we have studied the massless spectra in the
non-supersymmetric heterotic string models with general Z, twists. Comparing the massless
condition in superstring theories with that in the non-supersymmetric models, we have
obtained the Wilson-line relation. This relation has been used in evaluating the one-loop
cosmological constant in the non-supersymmetric heterotic string models.

We have then evaluated the cosmological constant in the region where the supersymmetry
is asymptotically restored. It depends on the two types of moduli: the radii of the internal
space and the Wilson lines. Assuming the configurations of the Wilson lines, we have shown
the formula with the factor of np — ng, where ng (np) is the degrees of freedom of massless
fermions (bosons, respectively). This is the formula for the general Z, case generalized from
the one for 9-dimensional models, first calculated in |11, 12].

Using this equation, we have found Wilson-line configurations that give an exponentially
suppressed cosmological constant in the Spin(32)/Z, supersymmetric endpoint model. On
the other hand, in the Eg x Eg supersymmetric endpoint model, we cannot find a configura-
tion of Wilson lines that gives an exponentially suppressed cosmological constant. We have
further analyzed the Wilson-line stability of the cosmological constant. We have found that

10—d)

the Wilson lines giving exponentially suppressed Al correspond to the saddle points of

A(19=9) and that the global minima of A*°~9 is negative in both Spin(32)/Z, and Fg x Fg
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endpoint models.

At the end of this section, we discuss the future direction.

e The results of Section @ imply that when A0~ is exponentially suppressed, the moduli
are unstable, and the points of stable moduli live in anti-de Sitter (AdS) vacua. Though
these situations are considered undesirable in the context of string phenomenology, it
is possible to construct perturbatively stable solutions in the AdS background of non-
supersymmetric SO(16)x.SO(16) heterotic strings [47]. It may be possible to generalize

the construction of stable AdS vacua in the case of general Z, twists.

e Since the discussion and calculation in this thesis are based on the one-loop level,
it is worth computing higher-order loop corrections to the cosmological constant. In
[T9], the two-loop correction of the cosmological constant was evaluated in fermionic
construction. It is necessary to analyze the moduli stability at the two-loop level in

the bosonic construction we have studied in this thesis.

e We have evaluated A°~9 in the supersymmetry-restored region where all the radii
are very large for simplicity. However, it is not necessary to take all R; to be large for
the restoration of supersymmetry. It is sufficient to take some radii to be so and we
can leave the other ones finite. The cosmological constant could then get the moduli
dependence of anti-symmetric tensor field B, and the analysis of moduli stability would

change.

e As discussed before, we have not completely revealed the conditions that supersymme-
try can be restored in the non-supersymmetric models with non-zero values of moduli.
This is an important issue since the suppression of cosmological constant occurs in
that region. It is interesting to study the configurations of moduli, which give the

supersymmetric endpoints in the general setup.
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A SO(2n) conjugacy classes and characters

The irreducible representation of SO(2n) (D,,) can be classified into four conjugacy classes:

e The trivial conjugacy class (the root lattice):

m; € 7, zn:mz€2Z},

=1

an) — {(m17 “ e ’mn)

e The vector conjugacy class:

I‘gﬂ) — {(ml, P ’mn)

m; € 7, ZTTLzGQZ—f-l},

i=1
e The spinor conjugacy class:

1
7mn+_

1
rn — Zoa
s {(m1+2, 2)

miEZ, Zn:mz€2Z},

i=1
e The conjugate spinor conjugacy class:

1 n

i=1

5

7mn+2

The SO(2n) characters are defined as follows:

Ogy, = W%HGXF;”) LU # " 8: (0,7)+ 0" :1?2- (0,7’)) :
o T 2 0o [l 0.
Cop = ninnggn) AP = # o 1(/)2 (0,7) — " 1;2 (0,7)) .

(A1)

(A.2)

(A.3)

(A4)

(A7)

(A.8)

where the Dedekind eta function and the theta function with characteristics are defined as

n(r) =g [ -q",

V [g] (2,7) = Z exp (mi(n + a)*t 4 2mi(n + @) (z + B)) .

n=—oo
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From this definition, we find the transformations of SO(2n) characters under 7" : 7 — 7+ 1

and S: 7 — —% as follows:

T . (Ogn, ‘/Qn, SQn, C2n) 7;117
S : (OQn, ‘/Qn, S2n7 CQn) 82n7

where 75, and S, are represented as

e 0 0 0 1 1 1 1
0 —e 0 0 1 1 -1 -1
7571 — iTn p 82n =
0 0 e 6 0 1 -1 & ="
0 0 0 % 1 —1 —i» 4

(A.13)

These transformations can be used to determine twisted sectors of the partition functions.
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B 8D non-supersymmetric heterotic models

Here we give the complete classification of 8D non-supersymmetric heterotic models.

"""" K== "“'501 7?-2_"“. e
i
'
'
[ee]]
9D non-SUSY  |l&————!| 9D non-SUSY
R
'
'
'
__________________ Q:v-.-----,.---r----.--.\,

A *'". """ P ‘R’Z“"- """""" :
1 1 1 1
' 1 ' 1
1 1 ! 1
1 1 1 1
1 1 1 1
i - k +| 9D non-susy | !
i ! i !
' 1 ' 1
! 1 ! 1
v A,

[2:1] II2 =0 (mod 4), (w;7) = (1,0;0,0)

[2:3] TI2 =0 (mod 4), (w;7n) = (1,0;0,1)
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‘RZ

i

i
|: °°I|::|
9D non-SUSY H——Rblr 9D non-SUSY

4

'

'
.................. Q:L.--.._L-__

___________________________________________

[1:4] 12 =2 (mod 4), (w;n) = (0,1;0,

[2:2] I =0 (mod 4), (@;7)=(1,1;0,0)

| 10D SUsY |'4—| 9D suUsY |—'| 10D Susy |

‘RZ

I
I

' I

B |

I

: - 0 [e5)
1 | 9D non-SUSY |e————
i ! R

' 1

! I

9D SUSY
1

| 10D SUsY |’<—| 9D sUsY |—>| 10D Susy |

[2:4] > =2 (mod 4), (w;n) = (1,1;0,1)



9D SUSY

9D non-SUSY

10D non-SUSY |"

(
| | 10D SuUsy |4—| 9D non-SUSY |—h
1
\

| 10D SUsY |4—| 9D SUSY |—"r| 10D SUsY |
'

R

l
i

'

I

]

]

I

]

!

1

0 0 '
9D SUSY 4——R’r 9D non-SUSY | |
1 I

!

I

]

'

I

1

]

i

I

’

| 10D Susy |4—| 9D SUSY l—i'f| 10D Susy |
i

[3:3] 1> =0 (mod 4), (w@;n) = (0,0;1,1) [3:4] 112 = 2 (mod 4), (@;n) = (0,1;1,1)

. \
: '
! | 10D SUSY |<—| 9D non-SUSY |—>| 10D SUSY | ! | 10D SUSY |<—| 9D SUSY |—>| 10D SUSY |
' ;

3 3

-' :
 [100 susy | +{ 9D non-susy |—>| 100 susy | : [ 100 susy | «—] 9p susy > 100 susy |
:

A wl Rz A

0 I 0 )
9D SUSY | ¢—————| 9D SUSY 9D SUSY | ¢————F—>»| 9D SUSY
Ry

A Oy v 4 Oy v
| 10D Susy |4—| 9D SUsY I—»l 10D SuUsy | | 10D Susy |4—-| 9D SUSY |—>| 10D SUsy |

[4:3] TI2 =2 (mod 4), (w;n) = (1,0;1,1) [4:4] TI2 =0 (mod 4), (w;n) = (1,1;1,1)
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